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ABSTRACT: In shale rock formations, multistage hydrauli-
cally fractured horizontal wells with slick water are generally
used to enhance the production of shale gas and oil. However,
slick water proppant transport in simultaneously growing
multiple fractures has not been well studied. Motivated by
these considerations, we initially focus on the development of
a new high-fidelity model for simultaneously growing multiple
fractures to describe the fracture propagation by explicitly
accounting for stress shadow effects as well as the proppant
transport. The hydrocarbon production rate through these
multiple fractures is strongly dependent on the proppant
distribution within the fractures. To regulate the distribution
of proppant at the end of pumping in simultaneously growing
multiple fractures, we propose a model-based pumping schedule. Specifically, we develop a reduced-order model utilizing the
simulation data from the above-developed high-fidelity model, which is then used to design a Kalman filter and a model
predictive controller (MPC) to estimate unmeasurable states and compute online fracturing fluid pumping schedules,
respectively. By utilizing the proposed MPC, we show that the proppant bank height at the end of pumping is uniform across
multiple fractures.

■ INTRODUCTION
Shale gas and oil are produced from tight shale rock formations
with extremely low permeability (10 to 100 nanodarcies).1

Recent advances in horizontal drilling and hydraulic fracturing
technologies have been the game-changer in the petroleum
industry and have enabled producing a prolific amount of
hydrocarbon from extremely low-permeability shale rock
formations. One of the most commonly used completion
techniques in unconventional reservoirs for horizontal wells is
the plug-and-perforation completion technique. With the use
of this technique, multiple isolated fracturing stages are created
along the horizontal wellbore from the wellbore toe to the
wellbore heel, where in each stage, three to six fractures are
generated (Figure 1). Each fracture is created using a cluster of
perforations, and typically each perforation cluster consists of 6
to 20 perforations.2 Specifically, the operation begins by
placing a bridge plug to isolate the created fractures, and
perforations are generated along the wellbore by firing guns in
order to create initial paths for fractures in the current stage.
Then, a fracturing fluid is pumped through the perforations at
very high-pressure (high enough to overcome the compressive
stress of the shale rock formations) to propagate fractures by
breaking the shale rock formations. Typically, the fracturing
fluid consists of water, proppant (e.g., quartz, sand, silica), and
chemical additives. After pumping of the fracturing fluid is
stopped, some of the water will leak into the formation from
the fracture and the proppant will be trapped inside the
fracture during the closure stage. Since the permeability of the

propped fractures is high compared to the rock formation, gas
and oil will be transported from the shale rock formation to the
horizontal wellbore through these created fractures. After
generating simultaneously growing multiple fractures within a
stage, another stage is created along the horizontal wellbore
using the plug-and-perforation completion technique.
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Figure 1. Illustration of multistage hydraulic fracturing operation in a
horizontal wellbore.
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Typically, the spacing between fractures in simultaneously
growing multiple fractures is between 10 to 30 m, and the
closely spaced fractures often distribute the fracturing fluid
unevenly between the fractures resulting in nonuniform
fracture geometry.3,4 Although multistage hydraulic fracturing
has resulted in tremendous cost savings by generating
simultaneously growing multiple fractures, because of the
uneven proppant distribution only 30−40% of the perforation
clusters participate in gas and oil production.5,6 “Stress-
shadowing” phenomenon is one of the important contributing
factors for the uneven proppant distribution.7−9 Stress shadow
effects refer to additional stresses exerted by an opening
fracture on the surrounding rock formation and adjacent
fractures. For simultaneously growing multiple fractures,
fracturing fluids are distributed into multiple fractures based
on pressure drops because of perforation friction, wellbore
friction, and fracture propagation. Stress shadow effects exert
extra compressional stresses on the interior fractures and due
to the increase in flow resistance within interior fractures, the
fracturing fluid diverts into the exterior fractures, resulting in
nonuniform fracture geometry.
The proppant transport takes place along the horizontal

direction by the fracturing fluid and the vertical direction
because of the gravitational settling. Specifically, the proppant
transport in the horizontal direction is mainly governed by
three mechanisms. First, the proppant particles may transport
in suspension in a fracturing fluid due to advection. Second,
the proppant particles may roll over the surface of a proppant
bank. Lastly, the proppant particles on the proppant bank
surface may arise due to shear force, and then travel in the
horizontal direction before landing on the other proppant
bank. In addition to these three mechanisms, the use of slick
water may lead to fast proppant settling resulting in the
creation of a significant proppant bank at the bottom of
fractures, which will influence the subsequent proppant
transport mechanism inside the fractures.
In hydraulic fracturing, proppant transport is simulated using

two kinds of numerical methods: Eulerian−Lagrangian method
and the Eulerian−Eulerian method. In the Eulerian−
Lagrangian method, the Lagrangian method is used to solve
proppant transport and Eulerian grids are used to solve the
fracturing fluid flow.10−13 This approach is computationally
very expensive to be applied to the case of simultaneously
growing multiple fractures. Therefore, the Eulerian−Eulerian
method was developed to simulate proppant transport and
fracturing fluid flow in Eulerian grids. In the following models,
proppant transport is simulated using the Eulerian-Eulerian
method. Schols and Visser14 developed a model to determine
the proppant bank formation in a vertical fracture by
neglecting the fracturing fluid loss. Based on this model, Gu
and Hoo15 proposed a model to simulate the proppant
transport with a high-viscosity fracturing fluid. However, they
did not consider proppant resuspending. Recently, Hu et al.16

developed a new model that describes the proppant transport
in a single vertical fracture. These proppant transport models
focused on simple fracture geometry, that is, a single, planar
fracture. While some efforts have been made to describe
simultaneously growing multiple fractures under a stress
shadow effect, they did not incorporate proppant transport
mechanisms.2,17,18 Motivated by these considerations, the
proposed research will develop a new model that accounts for
proppant transport as well as simultaneously growing multiple
fractures.

The hydrocarbon production rate through multiple fracture
networks is strongly dependent on the distribution of proppant
within the fractures at the end of hydraulic fracturing
operation, because they will create conductive channels for
gas and oil transport.5 Achieving optimal fracture geometry is
very important, because even a 10% change in the length of
fracture from the optimal value will result in a 50% decrease in
gas and oil production rates from shale formations.19,20 To this
end, several studies were conducted recently using real-time
model-based feedback control strategies to regulate the
uniformity of suspended proppant concentration for conven-
tional reservoirs and proppant bank heights for unconventional
reservoirs over the optimal fracture length inside the hydraulic
fracture to improve the well productivity;20−27 however, these
studies focused only on a single hydraulic fracture. Recently,
we started working on simultaneously growing multiple
fractures in multistage hydraulically fractured horizontal
wells. One of the important challenges in closely spaced
simultaneously growing multiple fractures is that they often
result in a nonuniform development of fractures because of
stress shadow effects. Stress shadow effects exert extra
compressional stresses on the interior fractures and due to
the increase in flow resistance within interior fractures, the
fracturing fluid diverts into the exterior fractures, resulting in
nonuniform fracture geometry. In our recent work,22 we
proposed an optimization-based limited entry fracture design
technique to determine the optimal perforation conditions to
achieve uniform development of fractures in simultaneously
growing multiple fractures by mitigating the stress shadow
effects. But the main limitations of our previous work are that
(1) we did not consider the proppant transport within the
fractures, and (2) the optimization-based limited entry fracture
design technique was solved once and offline by utilizing a
reduced-order model (ROM); therefore, it may result in poor
performance when there are plant-model mismatch, dis-
turbances, or the uncertainties in process model parameters.
From a practical standpoint, another challenge in simulta-
neously growing multiple fractures is achieving uniform
proppant distribution and optimal fracture geometry, which
is directly related to the gas and oil production rates of
stimulated wells. To deal with these two challenges
simultaneously, in this work, we will initially develop a high-
fidelity model of simultaneously growing multiple fractures to
describe the fracture propagation by explicitly accounting for
stress shadow effects as well as proppant transport. Then, we
will apply optimal perforation conditions obtained from our
previous work to the high-fidelity model of simultaneously
growing multiple fractures. Lastly, we will focus on developing
a new model-based control system by utilizing a ROM of the
new high-fidelity model developed in this work, to compute
online fracturing fluid pumping schedules to achieve uniform
proppant distribution in simultaneously growing multiple
fractures. In summary, we will develop a new high-fidelity
model and utilize a state-of-the-art model-based control
algorithm to achieve a desired fracture geometry and uniform
proppant distribution at the end of pumping. In any practical
hydraulic fracturing operation, the available real-time measure-
ments are the fracture width near the wellbore and fracture
length. Utilizing these available real-time measurements as
feedback from the system to design state estimators, in this
work, unmeasurable states are predicted, and the plant-model
mismatch and the uncertainties in process model parameters
are handled.
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The rest of the paper is organized as follows: initially, the
high-fidelity model of simultaneously growing multiple
fractures including proppant transport and proppant resus-
pending is introduced. This is followed by the section on the
development of a ROM utilizing the simulation data from the
high-fidelity model, which is then used to design a Kalman
filter to estimate unmeasurable states. Lastly, in order to
achieve uniform proppant bank height in simultaneously
growing multiple fractures at the end of pumping, we
presented a model-based feedback controller by mitigating
undesired stress shadow effects.

■ DYNAMIC MODELING OF SIMULTANEOUSLY
GROWING MULTIPLE FRACTURES

In this work, a simultaneously growing multiple fracture
process is modeled by including: (1) fracture propagation as
well as stress shadow effects, (2) proppant transport, and (3)
proppant settling and proppant resuspending.
Modeling of Fracture Propagation. Wu and Olson28

developed the fracture propagation model by including stress
shadow effects based on these two main assumptions: (1)
fractures cannot propagate to outside of the pay layer, and the
height of fractures is constant; (2) all the fractures are vertical,
and can generate nonplanar fracture propagation. Pay layer is a
reservoir or portion of a reservoir that contains hydrocarbons
which can be extracted economically.
Rock Deformation. Stress shadow effects refer to additional

stresses exerted by an opening fracture on the surrounding
rock formation and adjacent fractures. Stresses at a point (ζ)
within an elastic region are integrals of displacement
discontinuities, Di:

∬σ ζ ζ η η η= E D A( ) ( , ) ( ) d ( )jk
A

ijk i (1)

where σjk is the traction boundary condition, and Eijk(ζ, η) is a
tensor field that represents the influence of displacement
discontinuities at a point η on the stresses at the point ζ (stress
shadow effects). Since it is very hard to obtain analytical
solutions for displacement discontinuities, numerical solutions
are usually used to solve for displacement discontinuities. In
this work, shear, normal, and vertical displacement disconti-
nuities (Ds, Dn, and D2, respectively) on fracture surfaces are
determined using the simplified 3D displacement discontinuity

method, which is proposed by Wu and Olson.28 This method
is derived from the fully 3D displacement discontinuity
method by neglecting the vertical shear components on the
vertical fracture elements, and provides the solution at a
fraction of the time that would be required for state-of-the-art
techniques.29,30 In addition, this method accounts for stress
shadow effects from nearby fracture elements by considering
the 3D mechanical interactions. The shear displacement
discontinuity, Ds, induces nonplanar fracture propagation in
the fracture-length direction, the normal displacement
discontinuity, Dn, represents the fracture opening (fracture
width), and D2 represents the displacement in the vertical
direction. The normal and shear displacement discontinuities,
Dn

p and Ds
p, respectively, can be determined for given normal

and shear stress conditions, σs
p and σn

p, respectively, which are
determined from the fluid flow model, on a fracture element, p,
by solving the following set of linear equations:
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where two different vertical fracture elements are represented
using p and q (Figure 2), the total number of vertical fracture
elements is represented using M, the normal stress at fracture
element p activated by the shear displacement discontinuity at
fracture element q is represented by An,s

pq, the normal stress at
fracture element p activated by the normal displacement
discontinuity at fracture element q is represented by An,n

pq , the
shear stress at fracture element p activated by the shear
displacement discontinuity at fracture element q is represented
by As,s

pq, and the shear stress at fracture element p activated by
the normal displacement discontinuity at fracture element q is
represented by As,n

pq. The matrix A in the simplified 3D
displacement discontinuity method is equivalent to tensor field
Eijk(ζ, η), which represents the stress shadow effects. The
detailed derivation of A is given in ref 28.

Fluid flow. For simultaneously growing multiple fractures,
the total injected fracturing fluid and proppant at the wellbore
are split into multiple fractures based on pressure drops
because of wellbore friction, perforation friction, and fluid

Figure 2. Boundary elements of a fracture.
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pressure within the fractures. The total injected fracturing fluid,
Qz0, is equal to the summation of the fracturing fluid injection
rates at each fracture, Qi, which is given by

∑=
=

Q Qz
i

N

i0
1 (3)

where N is the number of simultaneously growing fractures
(Figure 3).
To satisfy the continuity in pressure along the horizontal

wellbore, the pressure at the horizontal wellbore heel, po, is
equal to the summation of pressure drops because of wellbore
friction, Δpwf,i, perforation friction, Δppf,i, fracture propagation,
Δpfp,i(z), and the pressure at a vertical element of a fracture
branch (Figure 3), pi(z), which is represented as follows:31

= Δ + Δ + Δ +p p p p z p z( ) ( )o wf i pf i fp i i, , , (4)

where the fracture number is denoted using subscript i, and the
spatial coordinate in the direction of fracture propagation is
denoted by z. The fluid flow through a fracture is modeled
using Navier−Stokes equations assuming that the fracture is
represented using two smooth parallel surfaces with a constant
fracture height, and the pressure drop inside the fracture i due
to fluid flow is determined using the following equation:32

∂
∂

= ′ + ′
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k
jjj

y
{
zzz

(5)

where H is the fracture height, Wi is the fracture width, and n′
and k′ are the fracturing fluid power-law index and consistency
index, respectively. The viscosity of fracturing fluid is given by

μ = k′γn′−1, where γ is the shear rate. The consistency index
parameter, k′, is one of the important factors in the viscosity
model, and we can compare the viscosity of different fluids by
roughly comparing k′ values when they have similar power-law
expressions. The pressure drop due to wellbore friction, Δpwf,i,
is determined as follows:32

∑
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1

(6b)

= =Q Q lat 1w l z, 0 (6c)

where the wellbore diameter is represented using D, the spatial
coordinate in the direction of horizontal wellbore is given by x,
the fracturing fluid flow rate in fracture k is represented by Qk,
and Qw,l is the fracturing fluid flow rate between two immediate
fractures in the horizontal wellbore. The pressure drop due to
perforation friction, Δppf,i, is calculated for the given number of
perforations in each cluster, np, and the diameter of each
perforation in a cluster, dp, using the following equation:31

ρ
Δ =p

n d K
Q

0.807
pf i

s i

p p d
i,

,
2 4 2

2

(7)

where ρs,i is the density of slurry, and Kd is a dimensionless
discharge coefficient.

Modeling of Proppant Transport. The proppant volume
concentration, Ci, is given by16

∂
∂

+ ∇· =
C W

t
WC V

( )
( ) 0i i

i i p i, (8)

where the vector differential operator is denoted by ∇. The net
proppant particle velocity inside the fracture, Vp,i, is
determined by describing the proppant transport along the
horizontal and vertical directions by the slurry velocity, Vhz,i,
and the settling velocity, Vs,i, respectively, in the form
presented below:20,21

= +V V Vp i hz i s i, , , (9)

The gravitational settling velocity of proppant particles in the
vertical direction inside the fracture, Vs,i, is determined by33

Figure 3. Illustration of the distribution of fracturing fluids into each fracture and the pressure drops because of wellbore friction, perforation
friction, and fracture propagation.
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ρ ρ

μ
=

− −
V

C gD(1 )
10

( )

18s i
i

C
p f p

,

2

1.82

2

i (10)

where μ is the viscosity of fracturing fluid, ρp is the density of
proppant, ρf is the slick water (pure fluid) density, Dp is the
diameter of proppant, and the gravitational acceleration
constant is represented by g. The viscosity of fracturing fluid
depends on the proppant concentration, Ci, and can be
obtained using the empirical model given below:34

μ μ= −
β−

C
C

C
( ) 1i

i
0

max

i
k
jjjjj

y
{
zzzzz (11)

where μ0 is the effective Newtonian viscosity of clean fluid, and
β is a constant obtained from experiments, ranging between 1
and 3.35

Modeling of Proppant Settling and Proppant
Resuspending. Because of the low-viscosity of slick water
in unconventional reservoirs, most of the proppant settles
quickly to the fracture bottom forming a proppant bank with a
height, the value of which is dynamically determined by two
factors: the rates of proppant bank formation and proppant
resuspending. The proppant bank formation due to the
proppant settling can lead to an increase in proppant bank
height, and the proppant resuspending due to the shear force
can contribute to a decrease in proppant bank height.
Therefore, the overall evolution of proppant bank height,
Hbank,i, is described by16

∫= −H
H

t

H

t
t

d

d

d

d
di

t b i w i
bank,

0

, ,i
k
jjjj

y
{
zzzz
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where
H

t

d

d
b i, is the rate of proppant bank formation, and

H

t

d

d
w i, is

the rate of proppant resuspending. The formation rate of
proppant bank through gravitational proppant settling is
described by

=
H

t

C V

C

d

d
b i i s i, ,

max (13)

where Cmax is the theoretical maximum concentration of
proppant bank. The rate of proppant resuspending due to
shear force is given by16

ρ

ρ
=

H

t

Kf Vd

d 2
w i i s i hz i

p

, , ,

(14)

where K is the comprehensive experimental factor which is set
as 0.8 to obtain a good match with experimental data,16 f i is the
friction factor of ith fracture, and Vhz,i is the slurry velocity. The
following expression can be used to compute f i.

36

= − −
f

D D

Re f
1

(2 )
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( / )
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p h i
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jjjjjjjj
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{

zzzzzzzz (15)

where Rei is Reynolds number, and Dh,i is the hydraulic
diameter given by

=
+

D
WH

W H

2

( )h i
i f i

i f i
,

,

, (16)

where Hf,i is the free height for the fracturing fluid flow inside a
fracture, which is the distance between the fracture height and

the proppant bank height, (Hf,i = H − Hbank,i). Then, Rei and
ρs,i are obtained by the following equations:

ρ

μ
=Re

V D
i

s i s i h i, , ,

(17a)

ρ ρ ρ= − +C C(1 )s i i f i p, (17b)

■ OPTIMAL FRACTURE GEOMETRY IN
UNCONVENTIONAL RESERVOIRS

The section-based optimization method is an offline
optimization-based technique for determining the optimum
number of wells nc, the number of fractures per well nr, and
fracture half-length xf, at which the productivity of a stimulated
well is maximized subject to a fixed amount of fracturing
resources such as proppant.37 As illustrated in Figure 4, the

section is the drainage area of an unconventional reservoir, and
it is assumed to be a square shape. The section is evenly
divided into nc horizontal wells, and each horizontal well has nr
fractures. The drainage area stimulated by a single hydraulic
fracture is called the subsection. Assuming constant values for
reservoir properties, such as reservoir permeability, k, the
volume factor of formation, B, and the oil viscosity, μoil, the
section productivity is given by

π
μ

=J
kH

B
n J A I

2
( , )f D f r x

oil
,

(18)

where nf = ncnr is the aggregate number of fractures created in a
section, and JD,f is the dimensionless productivity index (PI)
for each fracture (i.e., a subsection), which is a function of the
aspect ratio, Ar = xe/ye, and the penetration ratio, Ix = xf/xe, of a

Figure 4. Illustration of a section for the case of two wells (nc = 2) and
eight fractures per well (nr = 8).
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subsection, where xe and ye are the half-width and half-length of
a subsection, respectively.
In this work, we assumed the total amount of proppant

available to stimulate a section is Mprop = 3.96 × 107 kg. With
this amount of proppant, the optimal values that maximize the
productivity from a section are found to be nc = 6, nr = 55, xf =
120 m, and Ix = 0.895. More details regarding how to apply the
method to hydraulic fracturing can be found in ref 20.
Figure 5 illustrates the proppant bank development and

propagation over the course of a hydraulic fracturing process.

Because of predominantly low-viscosity fracturing fluids used
in unconventional reservoirs, the proppant settles quickly. The
settled proppant forms a bank, and after some time the
proppant bank formation rate due to gravitational proppant
settling will be equal to the proppant resuspending rate due to
shear force leading to an equilibrium height, heq. The main
objective of hydraulic fracturing is to achieve a proppant bank
height of heq and a fracture length of xf. These objectives can be
translated into achieving an average width of Wavg,target, which
can be obtained as follows:

ρ ϕ
=

−
W

M

h x2 (1 )p f
avg,target

prop,frac

eq (19)

where the amount of proppant to be injected into each fracture
is Mprop,frac = 72 000 kg, proppant bank porosity is ϕ = 0.54,
and the equilibrium height of proppant bank for the considered
flow condition is heq = 57 m. In our case, the calculated target
width for each fracture at the end of pumping is Wavg,target =
3.74 mm. In the following section, we focus on the design of a
model predictive controller (MPC) whose objective is to
achieve an average fracture width of Wavg,target = 3.74 mm. In
simultaneously growing multiple fractures, close spacing
between neighboring fractures often results in a nonuniform
development of fractures because of the stress shadow effects.
In our previous work, we proposed an optimization-based
limited entry fracture design technique to mitigate stress
shadow effects.22 For simultaneously growing multiple
fractures, fracturing fluids are distributed into multiple
fractures based on pressure drops because of perforation
friction, wellbore friction, and fracture propagation. We can
achieve equal distribution of fracturing fluids into simulta-
neously growing multiple fractures by creating a uniform
pressure drop in each fracture, which will result in a uniform
fracture length. Specifically, we considered one of the widely
used multiple hydraulic fracturing techniques called the limited
entry fracture design technique; that is to manipulate the
pressure drop in each perforation cluster by varying the
perforation conditions such as diameter of perforations, and

the number of perforations to mitigate stress-shadow effects.

First, we developed a model order-reduction technique by

integrating the analytical models to calculate the pressure drop

due to perforation friction and wellbore friction, and a data-

based ROM that accounts for the pressure drop along the

fractures due to stress shadow effects. Then, we developed a

model-based design technique by utilizing the integrated ROM

and the limited entry design technique to compute the optimal

perforation conditions which will drive the system to achieve

uniform growth of simultaneously propagating multiple

fractures by creating an equal amount of pressure drop in

each fracture while mitigating the undesired stress shadow

effects. We employed the values of np = 12 and dp = 0.011 m,

which was already obtained from our previous work.

■ MODEL PREDICTIVE CONTROL FOR MULTISTAGE
HYDRAULIC FRACTURING

In this section, we first develop a ROM of hydraulic fracturing

using simulation data from the above-described high-fidelity

model of simultaneously growing multiple fractures, using the

multivariable output error state-space (MOESP) algorithm.

Then, we assume that the width at the horizontal wellbore (can

be determined using pressure data from horizontal wellbore),

and the fracture length (can be obtained from microseismic

data) are measurable in real-time at every sampling time,38

which are then used along with the ROM to develop a Kalman

filter to estimate unmeasurable variables such as the average

width of multiple fractures at each sampling time. Then, we

develop an MPC to obtain the optimal pumping schedule

required to achieve the desired average fracture width at the

end of pumping. As mentioned earlier, achieving the desired

average fracture width will lead to the desired proppant bank

height as well as the fracture length, which can be translated

into the maximum gas and oil production rates.
Reduced-Order Models. Due to the large computational

requirement of a dynamic model of simultaneously growing

multiple fractures, eqs 2−17, we seek a computationally

efficient ROM to design an MPC. First, we obtain input−
output data of proppant transport from the dynamic model of

simultaneously growing multiple fractures by applying a series

of step inputs. Using the MOESP algorithm and the collected

simulation data, we obtain a linear time-invariant state-space

model of the following form:39
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Figure 5. Growth and propagation of proppant bank during hydraulic
fracturing.
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(21)

where the vector of input variables is denoted by U(tk), Y(tk)
denotes the vector of output variables, and X(tk) represents the
states of ROM. Specifically, Qz0(tk) is the flow rate and C0(tk)
is the proppant concentration at the wellbore, Wavg,i(tk) is the
average width of fracture i, W0,i(tk) is the width at the
horizontal wellbore of fracture i, Li(tk) is the length of fracture
i, and ∈ ×A n n, ∈ ×B n 2 and ∈ ×C N n3 are computed by
applying the MOESP algorithm to the collected simulation
data, U and Y. In the field, available measurements in real-time
are the width of fracture at the horizontal wellbore and length
of simultaneously growing multiple fractures at every sampling
time. These available measurements are then used within a
Kalman filter for estimating the average width of simulta-
neously growing multiple fractures, which is given in the
following section.
Kalman Filter Design. The Kalman filter is presented in

the following form after combining the prediction and
measurement update steps:

̂ = ̂ + + − ̂+X t AX t BU t M t Y t Y t( ) ( ) ( ) ( )( ( ) ( ))k k k k m k k1
(22a)

= + −M t P t C R t CP t C( ) ( ) ( ( ) ( ) )k k k k
T T 1

(22b)

= −+P t I M t C P t( ) ( ( ) ) ( )k k k1 (22c)

where Q and R are process and measurement noise covariance
matrices, respectively, the estimated unmeasurable variables

are denoted using the notation · ̂( ), M(tk) is the Kalman filter
gain, P(tk) denotes the covariance of the state estimation error,
and Ym(tk) = [W0,1(tk) ... W0,N(tk), L1(tk) ... LN(tk)]

T is a vector
of the widths at the horizontal wellbore and the lengths of
simultaneously growing multiple fractures (available measure-
ments).
Figure 6 shows that the estimated values of the average

width of fractures using the proposed Kalman filter quickly
converges to the true values computed from the dynamic
model of simultaneously growing multiple fractures.

MPC Formulation. After constructing the ROM and
Kalman filter, we design the following MPC to compute an
optimal pumping schedule to achieve the desired average
width of simultaneously growing multiple fractures (i = 1, ···,
N):

∑ ̂ −
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W t Wmin ( ( ) )
C C i
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i f
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1
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s.t.

Kalman filter, eq (22) (23b)

ROM, eqs (20) and (21) (23c)
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Figure 6. Comparison between the true values and the estimates of average width profiles of simultaneously growing multiple fractures.
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where N is the total number of simultaneously growing
fractures, Wavg,target is the desired value of average fracture
width at the end of pumping, Ŵavg,i(tk) is the predicted average
width of fracture i using Kalman filter, eq (22), tf is the total
treatment time of hydraulic fracturing, tk is the current
hydraulic fracturing treatment time, Δ is the time duration of
each pumping-stage, which is also equal to the sampling time,
measurements of W0,i(tk) and Li(tk) are available at t = tk, and
Qstage,k and Cstage,k are the injected flow rate and proppant
concentration during the kth pumping stage (t ∈ [tk, tk + Δ]),
respectively.
In the above presented optimization problem of eq 23, the

objective function, eq 23a, is the overall quadratic deviations of
the predicted average widths from the desired value at the end
of pumping. The available measurements of fracture length and
the fracture width at the horizontal wellbore, eq 23d, are used
to initialize the Kalman filter, eq 23b, to predict the
unmeasurable average fracture width trajectories of simulta-
neously growing multiple fractures. Please note that the
Kalman filter plays a role as a soft sensor to provide
measurements to the MPC formulation. The maximum
proppant concentration that can be transported using slick
water has been constrained via eq 23e. By considering the
available pumping capacity, we impose a constraint of eq 23f
on the fracturing fluid flow rate at the wellbore. The constraint
of eq 23h describes the total amount of available proppant,
which will be injected over the course of the hydraulic
fracturing treatment to create N fractures. In multistage
hydraulic fracturing, there are two challenges: (1) mitigating
stress shadow effects to achieve a uniform fracture growth; (2)
driving the average fracture width over multiple fractures to a
set-point value, which will result in a uniform proppant bank
height in simultaneously growing multiple fractures. We
mitigate the stress shadow effects by using the optimal
perforation conditions obtained in our previous work.22 The
remaining challenge of regulating the average fracture widths of
multiple fractures will be handled by the proposed MPC
scheme.
Remark 1. The operation of hydraulic fracturing can be

viewed as a “semibatch” process. Similar to a standard
“semibatch” reactor, where the partial filling of reactants with
the flexibility of adding more as time progresses is allowed, the
addition of more fracturing fluid and proppant is allowed.
Semibatch processes are finite duration processes with the
absence of equilibrium points and time-varying dynamics over
a range of operating conditions, and the primary control
objective is to reach a specified product quality. Similarly, in
hydraulic fracturing, the duration of the operation is
prespecified, and the primary control objective is to reach
the desired average fracture width at the end of pumping,
which will lead to the desired proppant bank height as well as
the fracture length at the end of pumping; in particular, these
attributes are directly related to the gas and oil production
rates of stimulated wells. We considered the entire duration of
the hydraulic fracturing as the prediction horizon of MPC. The
input variables, Cstage,k and Qstage,k, are obtained by solving the
optimization problem with a shrinking prediction horizon Np =
tf − tk, and the first step of a series of solutions was applied to
the high-fidelity process model in a sample-and-hold fashion.

This procedure was repeated at every sampling time until the
end of the process, which is analogous to applying an MPC
system to a semibatch system.

■ A CASE STUDY FOR THREE SIMULTANEOUSLY
GROWING FRACTURES

In this section, we first presented a base case with three
simultaneously growing fractures, which may result in
nonuniform propped fracture geometry because of stress
shadow effects, leading to poor gas and oil production rates
from shale reservoirs. We applied the proposed MPC to
regulate the average width of simultaneously growing multiple
fractures to a desired fracture geometry. The parameters used
in the dynamic model of eqs 2−17 are presented in Table 1.28

Base Case with Nonuniform Propped Fractured
Geometry. In the base case, we injected the fracturing fluid
with a constant flow rate, 0.18 m3/s, and a total proppant
amount of 3Mprop,frac is injected over the course of hydraulic
fracturing. We considered 20 perforations per cluster (np = 20),
and the diameter of perforation was dp = 0.015 m. For this
case, Figure 7 shows that the exterior fractures were
propagated more compared to the interior fracture, while the
interior fracture width was greatly restricted. The stress shadow
effects exerted additional stress on the interior fracture, and the
increased flow resistance diverted the fracturing fluids into the
exterior fractures. As a result, the propped fracture geometry of
fractures is different from the desired one obtained from the
section-based optimization method as shown in Figure 8.

Closed-Loop Simulation Results for Three Simulta-
neously Growing Fractures under the Proposed MPC.
In this subsection, we applied the proposed MPC for the case
of three simultaneously growing fractures to regulate the
average width, which is highly related to the main objective of
achieving uniform proppant bank height across fractures at the
end of pumping. To achieve an equilibrium proppant bank
height of heq = 57 m, and an optimal half-length of fracture, xf
= 120 m, the desired average fracture width was found to be
Wavg,target = 3.74 mm. For all the simulations, the pumping time
of pure fracturing fluid (pad), tp, was fixed to be 1200 s, which
was found to avoid premature termination of fracture
propagation. The proposed MPC system and the Kalman
filter were initialized from the beginning of hydraulic fracturing

Table 1. Model Parameters Used for the Base Case
Simulation

parameter symbol value

fracture spacing Xsep 29.3 m
Young’s modulus E 0.87 × 1010 Pa
Poisson ratio of formation ν 0.2
density of proppant ρp 2650 kg/m3

leak-off coefficient Cleak 1 × 10−5 m/s1/2

diameter of proppant Dp 0.001 m
fracture height H 60 m
fracturing fluid power law index n′ 1
fracturing fluid consistency index k′ 0.01 Pa·s
horizontal wellbore diameter D 0.1 m
distance from horizontal wellbore heel to the first
fracture in each stage

x1 268 m

dimensionless discharge coefficient Kd 0.89
minimum horizontal stress Sh,min 6.95 × 107 Pa
maximum horizontal stress Sh,max 7.16 × 107 Pa
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operation. The sampling and total treatment times, Δ and tf,
respectively, were fixed as 600 and 4800 s, respectively. In
total, we considered eight pumping stages for proppant and
fracturing fluid injection.
One of the challenges in closely spaced simultaneously

growing multiple fractures is that they often result in a
nonuniform development of fractures because of stress shadow
effects. In this work, we used an optimization-based limited
entry fracture design technique to determine the optimal
perforation conditions to achieve uniform development of
fractures.22 Specifically, we considered the conditions of np =
12 and dp = 0.011 m for perforations in each cluster through
which we were able to achieve almost uniform distribution of

fracturing fluids into simultaneously growing multiple fractures
as shown in Figure 9.

Then, we applied the proposed MPC to the dynamic model
of simultaneously growing multiple fractures to achieve the
desired average fracture width. The average fracture width
profiles of the three fractures are presented in Figure 10, where
they are close to the desired value at the end of pumping. The
computed optimal pumping schedule by the proposed MPC is
shown in Figure 11. Since we are able to regulate the average
width, the proppant bank height of the simultaneously growing
multiple fractures is uniform with the equilibrium value, over
the optimal half-length, xf, as shown in Figure 12. After
applying the obtained optimal pumping schedule, still some of
the proppant (2000 kg) is in the suspension, which are
assumed to quickly join the bank during the shut-in period.

■ CONCLUSIONS
A MPC system is presented to achieve the uniform proppant
bank height across the optimal fracture length in simulta-
neously growing multiple fractures at the end of pumping.
First, we introduced a dynamic model of simultaneously

Figure 7. Fracture length and width distributions obtained at the end
of pumping for the base case.

Figure 8. Spatial proppant bank height profiles of the simultaneously growing three fractures obtained at the end of pumping for the base case.

Figure 9. Percentage of the total fracturing fluid volume distributed
into each fracture at the end of pumping under the optimal
perforation conditions.
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growing multiple fractures to describe the formation of a
proppant bank including proppant settling and proppant
resuspending. Second, we determined the optimal well-fracture
configuration by employing the section-based optimization
method, which maximizes the overall production of gas and oil
from shale formations. Third, a ROM was developed utilizing
the simulation data from the dynamic model of simultaneously
growing multiple fractures, which is used in the Kalman filter
to predict the average width of simultaneously growing
multiple fractures. We employed optimal perforation con-

ditions in the dynamic model of simultaneously growing
multiple fractures which were available from our previous work
to mitigate the stress shadow effects. Lastly, the proposed
MPC scheme was applied to compute online fracturing fluid
pumping schedules. The proposed methodology was able to
generate a uniform proppant bank height along the targeted
fracture length while simultaneously incorporating the
limitations of actuators, process operational safety, and
economic considerations.
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