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a b s t r a c t 

In hydraulic fracturing, higher fracturing fluid injection rates can trigger increased stress, thereby creat- 

ing more microseismic events; particularly, simultaneously occurring multiple microseismic events can 

reduce measurement errors. This suggests a new state and output estimation scheme that utilizes the 

dependence between the fracturing fluid injection rate (i.e., manipulated input) and measurement errors. 

Motivated by this, we propose a novel control framework for measurement uncertainty reduction while 

achieving the original control task of proppant bank height control in hydraulic fracturing. Initially, using 

the simulation data from the high-fidelity model of hydraulic fracturing, a reduced-order model is con- 

structed to design a Kalman filter. Then, a model-based feedback control system is proposed to regulate 

the uniformity of proppant bank height along the optimal fracture length and achieve accurate state and 

output estimation by manipulating the fracturing fluid pumping schedule that includes the fracturing 

fluid injection rate and proppant concentration at the wellbore. 

Published by Elsevier Ltd. 
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1. Introduction 

Unconventional resources, generally oil or natural gas resources,

are found in ultra low-permeability rock formations, and require

specialized extraction techniques such as hydraulic fracturing and

horizontal drilling to obtain oil and gas from shale rock forma-

tions ( Economides et al., 1998; Economides and Nolte, 20 0 0; Bhat-

tacharya and Nikolaou, 2013 ). Specifically, in hydraulic fracturing

highly pressurized fracturing fluids are pumped into shale for-

mations to create fractures. Proppant (e.g., sand, alumina, or zir-

conia) carried by the injected fracturing fluid into the fractures

will hold them open after the hydraulic pressure is removed from

the well. After forcefully injecting proppant into fractures and re-

covering wastewater back, oil and gas will flow more freely to-

wards the well through the created propped fractures ( Howard and

Fast, 1970 ). 

In hydraulic fracturing, it is important to create fractures

with a desired geometry to maximize the oil and gas ex-

traction from unconventional oil and gas reservoirs. To deter-

mine the optimal fracture geometry in conventional oil and

gas reservoirs, unified fracture design (UFD) was proposed by

Economides et al. (2002) for a given amount of proppant to be
∗ Corresponding author. 
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njected. Recently, Bhattacharya et al. (2012) extended UFD to un-

onventional oil and gas reservoirs using rock formation proper-

ies and the injected amount of proppant. However, in practice,

uring the planning stage of hydraulic fracturing, the available

nformation regarding rock formation is very limited. Therefore,

he use of computationally extensive nonlinear optimization al-

orithms and complex reservoir simulations ( Boulis et al., 2013;

ilson and Durlofsky, 2013; Yu and Sepehrnoori, 2013; Ma et al.,

013 ) to determine the optimal fracture geometry in unconven-

ional oil and gas reservoirs may not be possible at the plan-

ing stage. To overcome these limitations, recently Liu and Valkó

2017) proposed a section-based optimization method by assuming

nfinity-conductive fractures, which implies that there is no pres-

ure drop inside fractures during the oil and gas production stage,

nd a constant wellbore pressure is maintained in order to maxi-

ize the dimensionless productivity index. 

Recently, several effort s have been made to achieve the de-

ired fracture geometry by developing real-time feedback con-

rol systems for hydraulic fracturing to regulate suspended prop-

ant concentration for high-permeability reservoirs and proppant

ank height for low-permeability reservoirs ( Gu and Hoo, 2014;

arasingam et al., 2017; 2018; Sidhu et al., 2018a; 2018b; Yang

t al., 2017; Siddhamshetty et al., 2017; 2018a; 2018b; 2019 ). In

hese studies, unmeasurable output variables (e.g., average frac-

ure width) and states were estimated using Kalman filters for

he purpose of controller design using available measurements. In

https://doi.org/10.1016/j.compchemeng.2019.05.025
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2019.05.025&domain=pdf
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Fig. 1. Schematic of how MSM works. 
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ydraulic fracturing, among a variety of available measurement

echnologies, microseismic monitoring (MSM) is the most com-

only used one to determine the geometry and location of created

ydraulic fractures because it provides the most comprehensive

icture of hydraulic fracture growth ( Maxwell et al., 2010; Cipolla

t al., 2011; 2012 ). 

The principles of MSM are as follows: energy is released due

o the cracks propagated in a shale rock formation. This microseis-

ic energy will travel away from the cracks in the form of seis-

ic waves through the surrounding rock formation as shown in

ig. 1 ( Clarkson et al., 2012 ). These seismic waves will temporar-

ly deform the surrounding rock formation when they travel and

an be classified into two types: primary (P-) waves, which are

he fast propagating waves and secondary (S-) waves, which are

he relatively slow propagating shear waves. These microseismic

vents are then picked up by arrays of accelerometers or three-

omponent geophones which are placed at a nearby monitoring

ell. Then, the distance between the microseismic event location

nd the geophone is determined based on the difference in ar-

ival times between primary and secondary waves and a previ-

usly calibrated seismic-wave velocity model. Using three or more

eophones to detect the same microseismic event location will al-

ow us to determine the location of created fractures in the three-

imensional (3D) space. In general, the measurement uncertainty

ssociated with geophones is very high due to the remote nature

f hydraulic fracturing taking place in an underground environ-

ent, placing multiple sensors and drilling monitoring wells are

equired to reduce measurement uncertainty, which is often very

xpensive. 

However, unlike other industrial applications, in hydraulic frac-

uring the occurrence of measurement depends on the fracturing

uid injection rate at the wellbore ( Maxwell et al., 2010 ). More

icroseismic events can take place due to increased stress trig-

ered by higher fracturing fluid injection rates. Therefore, creating

ore microseismic events can reduce measurement errors using

SM. Based on this, Sun et al. (2016) proposed an idea of reduc-

ng measurement uncertainty for state and output estimation by
anipulating the fracturing fluid injection rate. However, they did

ot consider regulating the optimal fracture geometry, which can

e done by manipulating the same variable. Motivated by this, we

ropose to develop a model-based feedback control system to re-

uce the measurement uncertainty while at the same time accom-

lishing the original control task of achieving the desired fracture

eometry at the end of hydraulic fracturing. In this regard, a con-

roller is formulated to minimize the estimation error covariance

uncertainty reduction) as well as the deviation of fracture geome-

ry from its target (set-point tracking). 

This paper is organized as follows: in Section 2 , we explain the

roblem statement, and describe the Kalman filter and the rela-

ionship between the manipulated input and measurement error

ovariance. A dynamic model of hydraulic fracturing is described

n Section 3 . In Section 4 , we present the section-based optimiza-

ion method to obtain the optimal configuration of fractures and

ells, and the optimal fracture geometry in unconventional oil

nd gas reservoirs. In Section 5 , we present the development of a

educed-order model (ROM) using the simulation data generated

rom the dynamic model of hydraulic fracturing, which is then

sed to develop a Kalman filter for state and output estimation.

ext, we introduce a novel real-time model-based feedback con-

rol system. The paper concludes with closed-loop simulation re-

ults to analyze the performance of the proposed control scheme

or simultaneous measurement uncertainty reduction and set-point

racking. 

. Problem statement 

In hydraulic fracturing, it is important to achieve a uniform

roppant bank height across the optimal fracture length at the end

f the process, which will maximize the oil and gas production

ates from shale rock formations. In order to obtain the optimal

racture geometry, we propose to design a model-based feedback

ontrol system. In the controller, we can estimate unmeasurable

tates through state estimators such as Kalman filter by utilizing

he measurement data available from MSM. 
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Fig. 2. PKN model. 
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Consider the following state-space representation of a discrete

time linear model: 

x (t k +1 ) = Ax (t k ) + Bu (t k ) + w (t k ) (1a)

y (t k ) = Hx (t k ) + v (t k ) (1b)

where the input, state, and output variables are represented using

u ( t k ), x ( t k ), and y ( t k ), respectively. The random process noise, w ( t k ),

and measurement noise, v ( t k ), are assumed to be derived from a

Gaussian distribution with zero mean and covariances Q and R , re-

spectively. 

w (t k ) ∼ N(0 , Q ) (2a)

v (t k ) ∼ N(0 , R ) (2b)

A Kalman filter consists of two steps: prediction and measure-

ment update steps. Combining these two steps, the formulations

for a Kalman filter are presented as follows: 

ˆ x (t k +1 ) = A ̂

 x (t k ) + Bu (t k ) + M(t k )(y m 

(t k ) − ˆ y (t k )) (3a)

M(t k ) = P (t k ) H 

T (R (t k ) + H P (t k ) H 

T ) −1 (3b)

P (t k +1 ) = (I − M(t k ) H) P (t k ) (3c)

E(t k ) = H P (t k ) H 

T + R (3d)

where the notation 

ˆ ( ·) denotes the estimated variables, M ( t k ) is

the Kalman filter gain, P ( t k ) and E ( t k ) denote the covariances of the

state and output estimation errors, respectively, and the available

measurement from the system is denoted using y m 

( t k ). 

In general, the process and measurement noise information

within a Kalman filter is assumed to be known a priori. However,

in some systems like hydraulic fracturing, the noise covariance ma-

trices depend on the manipulated input as follows: 

Q(t k ) = f w 

(u (t k )) (4a)

R (t k ) = f v (u (t k )) (4b)

where the nonlinear functions f w 

( · ) and f v ( · ) capture the depen-

dences of covariance matrices on the manipulated input. 

In hydraulic fracturing, the occurrence of measurements (i.e.,

microseismic events) depends on the fracturing fluid injection rate

at the wellbore which is an input to the process ( Maxwell et al.,

2010 ). More microseismic events will be generated simultaneously

due to increased stress and pore pressure triggered by higher frac-

turing fluid injection rates. The measurement error covariance of

simultaneously generated microseismic events can be determined

by R (t k ) = R single /N(t k ) where R single is the error covariance of in-

dividual measurement and N is the total number of microseismic

events per a unit time period. Since N depends on the fracturing

fluid injection rate, the measurement error covariance depends on

fracturing fluid injection rate at the wellbore which is also the in-

put to the hydraulic fracturing process. Therefore, we have an extra

degree of freedom to reduce the measurement uncertainty associ-

ated with MSM; otherwise, a high measurement error may lead to

incorrect state and output estimation and thereby to a poor con-

troller performance. Therefore, by utilizing this unique dependence

of the MSM measurement error on the manipulated input, it is de-

sirable to design a controller to achieve uncertainty reduction as

well as set-point tracking. 

3. Modeling of hydraulic fracturing 

The hydraulic fracturing process model considers fracture prop-

agation, proppant transport, and proppant bank formation. 
.1. Modeling of fracture propagation 

In this work, we considered Perkins, Kern, and Nordgren (PKN)

odel to describe the propagation of a fracture. According to PKN

odel, fracture propagation exhibits a bi-wing planar shape, which

s mirror symmetric with respect to the horizontal wellbore; there-

ore we model only one of the fracture wings as shown in Fig. 2 .

racture propagation takes place if the fracturing fluid pressure

istribution inside fractures is larger than the minimum principal

tress in the rock formation and much higher than the fluid pres-

ure inside formation pores; therefore, in order to describe frac-

ure propagation, fluid mechanics and fracture mechanics have to

e considered simultaneously. In regard to fluid mechanics, we use

he lubrication theory to compute the local fracturing fluid flow

ate along the fracture propagation direction, Q x , for an incom-

ressible Newtonian fluid, which is given below ( Nordgren, 1972;

conomides and Nolte, 20 0 0 ): 

 x = −πHW 

3 

64 μ

dP 

dx 
(5)

here the net pressure, which is obtained by subtracting the min-

mum principal stress of rock formation from the fluid pressure, is

enoted by P, H is the height of fracture which is taken as constant

n this work, W is the maximum fracture width which is repre-

ented by the minor axis of elliptical fracture as shown in Fig. 2 ,

 represents the fracture propagation direction, and the effective

iscosity of fracturing fluid is denoted using μ. 

Fracture mechanics is considered using the following elastic-

ty equation, which gives the relationship between the maximum

idth of elliptical fracture and the net pressure inside the fracture

 Sneddon and Elliot, 1946; Gudmundsson, 1983 ): 

 = 

2 P H 

(
1 − ν2 

)
E 

(6)

here the Poisson ratio and Young’s modulus of formation are de-

oted by ν and E , respectively. 

The injected fracturing fluid will further propagate the fracture

nto the rock formation, while some of the injected fracturing fluid

ill leak-off into the surrounding porous rock formation. The con-

ervation of fracturing fluid mass is given by ( Nordgren, 1972 ): 

∂A 

∂t 
+ 

∂Q x 

∂x 
+ HU = 0 (7)

here the fracture cross-sectional area is given by A = πW H/ 4

 Nordgren, 1972 ), t is the current time, and U is the leak-off rate

f fracturing fluid into the porous rock formation which is obtained

y Carter’s leak-off model ( Howard and Fast, 1957; Economides and

olte, 20 0 0 ). Essentially, we can obtain the spatio-temporal pro-

les of fracture width, W ( x, t ), and length, L ( t ), by solving Eqs. (5) –

7) . 
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.2. Modeling of proppant transport and bank formation 

During the hydraulic fracturing process, the injected proppant

ill be carried by the fracturing fluid and settle toward the bottom

f fracture because of the gravitational force. The proppant volume

oncentration, C , inside the fracture can be obtained by the follow-

ng proppant mass balance equation ( Adachi et al., 2007 ): 

∂ ( W C ) 

∂t 
+ ∇ · ( W CV p ) = 0 (8) 

(0 , t) = C 0 (t) and C(x, 0) = 0 (9)

here the vector differential operator is denoted using ∇ , the net

elocity of proppant particle is denoted by V p , and the boundary

ondition needed to solve this equation is given by the proppant

oncentration injected at the wellbore, C 0 ( t ). 

By considering the effect of proppant concentration on terminal

ettling velocity, the settling velocity of proppant is computed by

 Daneshy, 1978 ): 

 s = 

( 1 − C ) 
2 

10 

1 . 82 C 

(
ρsd − ρ f 

)
gd 2 

18 μ
(10) 

here the densities of proppant particle and fracturing fluid are

enoted by ρsd and ρ f , respectively, the gravitational acceleration

onstant is denoted by g , and d is the proppant particle diame-

er. The settling of proppant will lead to the formation of proppant

ank at the fracture bottom, and the proppant bank height, δ, is

iven by ( Novotny, 1977; Gu and Hoo, 2014 ): 

(1 − φ) 
d ( δW ) 

dt 
= CV s W , δ(x, 0) = 0 (11)

here the porosity of proppant bank is denoted by φ. In uncon-

entional oil and gas reservoirs, because of the use of slickwater

hich is a low-viscosity fracturing fluid, a significant amount of

roppant will be settled, and the formed proppant bank will grow

o an equilibrium height at which the rate of proppant washout

ue to shear force is equal to the rate of gravitational proppant

ettling. Please refer to Siddhamshetty et al. (2017) for more details

egarding how to determine the equilibrium height of proppant

ank formation. Essentially, we can obtain the spatio-temporal pro-

les of suspended proppant concentration, C ( x, t ), and proppant

ank height, δ( x, t ), by solving Eqs. (8) –(11) . 

. Optimal configuration of fractures and wells in 

nconventional oil and gas reservoirs 

In this section, we use the section-based optimization method

roposed by Liu and Valkó (2017) to determine the optimal num-

er of wells, n c , number of fractures per each well, n r , and half-

ength of fracture, x f , as this configuration will maximize the pro-

uctivity of unconventional shale formations for given amounts of

racturing resources. In this work, we fixed the total amount of

roppant available for injection as M prop = 2 . 38 × 10 7 kg, and the

esultant optimal values obtained by the section-based optimiza-

ion method were n c = 6 , n r = 55 , and x f = 120 m. Please refer to

iu and Valkó (2017) for more details regarding the section-based

ptimization method. 

In unconventional reservoirs, because of the use of slickwa-

er which is a low-viscosity fracturing fluid, the proppant settles

uickly forming a proppant bank, which will eventually reach an

quilibrium height, h eq . It is very important to achieve this equi-

ibrium height over the required fracture half-length, x f , which can

e translated into achieving the following average fracture width

t the end of the hydraulic fracturing process: 

 a v g,target = 

M prop, f rac 

2 ρp h eq x f (1 − φ) 
(12) 
here the total amount of proppant injected to create one frac-

ure is M prop, f rac = 720 0 0 kg, the proppant particle density is ρp =
650 kg/m 

3 , the porosity of proppant bank is φ = 0 . 61 , the equi-

ibrium height is h eq = 54 m for the considered fracturing fluid

ow conditions, and the calculated average fracture width at the

nd of the hydraulic fracturing process is W a v g,target = 5 . 37 mm. It

s very important to achieve this target average fracture width (set-

oint for controller design) as it will lead to the optimal fracture

eometry for the maximum oil and gas production. However, the

easurement of average fracture width is not directly available.

hus, we have to utilize the available measurement of fracture

ength to estimate the average fracture width using a Kalman filter.

n the following section, we will develop a model-based feedback

ontroller to obtain the desired average fracture width at the end

f the hydraulic fracturing process and simultaneously reduce the

stimation error of average fracture width. 

. Model-based control systems for simultaneous uncertainty 

eduction and set-point tracking in hydraulic fracturing 

In this section, we first construct a ROM of hydraulic fracturing

rocess using the simulation data from the high-fidelity model de-

cribed in Section 3 . MSM is the only reliable measurement tech-

ique available during the hydraulic fracturing process, through

hich we can obtain the real-time measurement of fracture length

 Maxwell et al., 2010 ). Utilizing this available measurement of

racture length and the ROM, we will develop a Kalman filter to

redict the average fracture width. As mentioned earlier, the esti-

ation error depends on the measurement noise which is a func-

ion of the fracturing fluid injection rate. Based on this, we de-

elop a model predictive controller (MPC) to compute the optimal

umping schedule that will allow us to achieve the desired average

racture width at the end of the hydraulic fracturing process and

imultaneously reduce the estimation error associated with the

verage fracture width. 

.1. Development of ROM 

Due to the infinite-dimensional nature of the model de-

cribed using Eqs. (5) –(11) , multi-variable output error state-space

MOESP) algorithm is used to obtain a linear time-invariant state-

pace model describing fracture propagation and proppant trans-

ort phenomena in hydraulic fracturing, which is represented in

he following form: 

 (t k +1 ) = Ax (t k ) + Bu (t k ) (13a) 

 (t k ) = Hx (t k ) (13b) 

here the manipulated input variables, u (t k ) = [ Q x 0 (t k ) , C 0 (t k )] T ,

re the injected fracturing fluid flow rate and proppant concentra-

ion into the fracture at the wellbore, the output variables, y (t k ) =
 W a v g (t k ) , L (t k )] T , are the average fracture width and length, and

 ( t k ) represents the system states. In this work we used a 3 rd 

rder state-space model, and the obtained A, B , and H matrices

sing MOESP algorithm are given in Eq. (14) . We have used the

pen-loop simulation data generated from the high-fidelity pro-

ess model to obtain a linear time-invariant state-space model of

he hydraulic fracturing process. The training input was designed

y taking into account the ranges of allowed input profile (i.e., the

inimum and maximum allowable flow rate and proppant concen-

ration). Fig. 3 shows the comparison between the estimated and

he actual average fracture width and fracture length with time.

t is observed that the estimated average fracture width and frac-

ure length quickly converge to the true values obtained from the
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Fig. 3. Comparison between the true values and the estimates of average fracture width and fracture length. 
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high-fidelity process model. 

A = 

[ 

0 . 9996 1 . 2434 e − 04 −2 . 3447 e − 04 

2 . 010 e − 04 0 . 9998 1 . 8187 e − 04 

−6 . 0175 e − 04 2 . 8465 e − 04 0 . 9996 

] 

(14a)

B = 

[ 

8 . 4973 e − 04 −2 . 0869 e − 05 

−7 . 2948 e − 04 3 . 1820 e − 05 

0 . 0011 3 . 6069 e − 05 

] 

(14b)

H = 

[
344 . 8 −89 . 7 1 . 1 

1288 . 5 −549 . 1 −1759 . 7 

]
(14c)

Remark 1. We can also use closed-loop identification methods

to obtain a reduced order model as described in Forssell and

Ljung (1999) and Kheradmandi and Mhaskar (2018) . 

Remark 2. In practice, the only reliable measurement during the

hydraulic fracturing process is the fracture length. Using this mea-

surement (i.e., y m 

(t k ) = [ L (t k )] ), the average fracture width is esti-

mated through a Kalman filter as described in Section 2 . 

5.2. Uncertainty reduction 

In hydraulic fracturing due to the use of MSM technology, the

occurrence of measurement depends on the fracturing fluid in-

jection rate at the wellbore. Higher flow rates are likely to trig-

ger more simultaneous microseismic events because of increased

stress and pore pressure resulting from higher fracturing fluid in-

jection rates. The total number of microseismic events per a unit
ime period, N , is given below: 

(t k ) = f N (Q x 0 (t k )) (15)

In this work, we assume that two consecutive microseismic

vents may occur at the same location and time with a same mea-

urement uncertainty ( Sun et al., 2016 ). The measurement error co-

ariance of simultaneously generated microseismic events can be

etermined by: 

 (t k ) = R single /N(t k ) (16)

here R single is the error covariance of individual measurement.

n practice, R single is the error band of single microseismic event

ncertainty. By combining Eqs. (15) and (16) , the relationship be-

ween the fracturing fluid flow rate, Q x 0 ( t k ), and measurement er-

or covariance, R ( t k ), is given below: 

f v (Q x 0 (t k )) = R single / f N (Q x 0 (t k )) (17)

ecause the covariance of a vector sequence is a matrix, we use the

race (the sum of eigenvalues) of a covariance matrix to evaluate

he degree of measurement uncertainty. 

.3. MPC formulations 

As indicated by Eqs. (15) –(17) , by manipulating the fracturing

uid injection rate, the measurement covariance error and thereby

utput estimation error can be adjusted as shown in Section 2 .

ithin this regard, a novel MPC is developed to minimize the

quared deviation of the average fracture width at the end of the

ydraulic fracturing process from its set-point, and the trace value
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Fig. 4. Schematic of the proposed closed-loop operation. 
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Table 1 

Model parameters used for the simulation. 

Parameter Symbol Value 

formation Young’s modulus E 0.3 × 10 10 Pa 

formation Poisson ratio ν 0.2 

reservoir thickness H r 60 m 

proppant particle density ρsd 2648 kg/m 

3 

fracture height H 60 m 

pure fluid density ρ f 10 0 0 kg/m 

3 

viscosity μ 0.005 Pa · s 

settled proppant bank porosity φ 0.61 
f the covariance of output estimation error from its desired value,

hich is given below: 

min 

C stage,k , ... ,C stage, 9 

 stage,k , ... ,Q stage, 9 

( ˆ W a v g (t f ) − W a v g,target ) 
2 + Q c 

9 ∑ 

i = k 
(tr(E(t k )) − E sp ) 

2 

(18a) 

.t. ˆ L (t k ) = L (t k ) (18b) 

Kalman filter , Eq . (3) (18c) 

C stage,k −1+ m 

≤ C stage,k + m 

≤ 2 PPGA (18d) 

Q min ≤ Q stage,k + m 

≤ Q max (18e) 

R single (t k ) = 10 , 0 0 0 + 50 0 0 sin (2 / (20 πt k )) (18f) 

f N (Q x 0 (t k )) = N 0 + 10(Q stage,k − q 0 ) /q 0 (18g) 

R (t k ) = f v (Q x 0 (t k )) = R single (t k ) / f N (Q x 0 (t k )) (18h) 

m = 1 , . . . , 9 − k (18i) 

�

( 

9 ∑ 

k =1 

2 Q stage,k C stage,k 

) 

= M prop, f rac (18j) 

here Q c is the weighted norm, the target average fracture width

t the end of the hydraulic fracturing process is denoted using

 avg, target , the average fracture width estimated by the Kalman fil-

er of Eq. (18c) is given by ˆ W a v g (t k ) , tr ( E ( t k )) is the trace of the

utput estimation error covariance matrix, E sp is the desired trace

alue, N 0 = 10 is the number of nominal microseismic events at

he fracturing fluid injection rate of q 0 = 0 . 035 m 

3 / s , the total pro-

ess operation time is given by t f , the period of each sampling time

s �, the current time is denoted by t k , the measurements avail-

ble using MSM is the fracture length, L ( t k ), and C stage,k and Q stage,k 

re the manipulated input variables at the k th pumping stage. The

chematic diagram of the proposed MPC is presented in Fig. 4 . 

In the optimization problem, the only available measurement

s the fracture length ( Eq. (18b) ) and this measurement is used

ithin the Kalman filter to estimate the average fracture width

 Eq. (18c) ), and the constraints on proppant concentration and frac-

uring fluid flow rate are considered ( Eqs. (18d) –(18e) ). The prop-

ant concentration unit is taken as (PPGA), which is 1 pound of the

roppant added to one gallon of fracturing fluid. The total amount

f proppant injected is constrained using Eq. (18j) . The trace of the

utput estimation error covariance, tr ( E ( t k )), is given by the Kalman

lter using Eq. (3) . 
emark 3. The proposed method can be easily extended to ac-

ount for system nonlinearities by adopting extended Kalman filter

echniques, which uses linearized models. By using the input de-

endent measurement error covariance relationship and extended

alman filter, we can use the proposed MPC framework for mea-

urement uncertainty reduction while achieving the original con-

rol task for nonlinear systems. 

emark 4. There is no desired threshold value on output estima-

ion error covariance and further reducing the error covariance is

lways beneficial to achieve a better control performance. 

. Closed-loop simulation results under the proposed MPC 

In this section, the closed-loop simulation results are presented

o demonstrate the performance of the proposed MPC. The high-

delity model presented in Section 3 was utilized to simulate a

ydraulic fracturing process, and the input/output data generated

rom this model was used to develop a ROM of the process. This

OM was then used to design a Kalman filter for state and output

stimation, and subsequently a MPC was designed. In Table 1 , the

arameter values considered in the high-fidelity process model are

rovided. The desired average fracture width was W a v g,target = 5 . 37

m. The pad time of t p = 800 s was used. The proposed MPC and

he Kalman filter were initialized at t = t p . In the proposed MPC,

and t f values were chosen to be 500 s and 5300 s, respectively,

mplying that the fracturing fluid pumping schedule consists of 9

tages with the duration of 500 s for each pumping stage. We as-

umed that the measurement of fracture length, L ( t k ), was available

t the beginning of each pumping stage ( Eq. (18b) ). This real-time

easurement was then used to predict the unmeasurable state,

verage fracture width 

ˆ W a v g , via the Kalman filter; then, the out-

ut error covariance was predicted. The MPC computed the control

nput to reduce the measurement uncertainty and simultaneously

rive the average fracture width to a desired value at the end of

he hydraulic fracturing process. 
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Fig. 5. The fixed pumping schedule used in the first case. 

Fig. 6. Average fracture width profile under the fixed pumping schedule. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Trace of output error covariance under the fixed pumping schedule. 

Fig. 8. Average fracture width profile under the fixed pumping schedule compared 

to its target. 
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In this study we examined two cases, where in the first case we

considered a fixed fracturing fluid pumping schedule with a con-

stant flow rate and pre-defined proppant concentration profile, and

in the second case, the flow rate and proppant concentration were

manipulated using the proposed MPC. With the pumping schedule

used in the first case ( Fig. 5 ), a discrepancy between the predicted

and actual average fracture widths was observed ( Fig. 6 ). The trace

of output error covariance, tr ( E ), is presented in Fig. 7 . As shown

in Fig. 8 , we were not able to achieve the required average fracture

width using the fixed fracturing fluid pumping schedule. 

In Fig. 9 , on the other hand, the average fracture width esti-

mated by the proposed MPC is close to the true value. The pump-

ing schedule obtained by the proposed MPC is shown in Fig. 10 .

In Fig. 11 , it is observed that the proposed MPC can effectively re-

duce the trace of output error covariance, tr ( E ). In unconventional

reservoirs, because of the use of slickwater which is a low-viscosity

fracturing fluid, the proppant settles quickly forming a proppant

bank, which will eventually reach an equilibrium height, h eq . With

the amounts of resources (e.g., water, proppant and so on) con-

sidered in this work, it is very important to achieve this equilib-

rium height over the required fracture half-length, x f = 120 m,

and the desired average fracture width, W a v g,target = 5 . 37 mm,

at the end of hydraulic fracturing process. Using a fixed fractur-

ing fluid pumping schedule, we were not able to achieve the re-

quired average fracture width as shown in Fig. 8 , and the proppant
ank height is uniform only for the first 87 m of fracture length

s shown in Fig. 12 which is less than the optimal fracture length,

nd thus, it affects the overall production rate. However, using the

roposed MPC, we were able to achieve the desired average frac-

ure width at the end of the process as shown in Fig. 13 , and the

esultant proppant bank height is uniform across the optimal frac-

ure length, x f = 120 m, as shown in Fig. 14 ; we have marked the

oint in Fig. 14 to represent the fracture length covered with the

niform proppant bank height. The fluctuations in Fig. 13 under

he proposed MPC is due to the variation in the injected fracturing

uid flow rate as shown in Fig. 10 . The growth of average frac-

ure width depends on the interplay between the injected fractur-

ng fluid flow rate and the fracturing fluid leak-off rate into the

urrounding porous rock formation. When the fracturing fluid flow

ate is dominant it will lead to an increase in the average fracture

idth; otherwise, it will lead to a decrease in the average fracture

idth if the fracturing fluid flow rate is less dominant. To demon-

trate the proposed MPC’s performance, we further extended the
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Fig. 9. Average fracture width profile under the proposed MPC. 

Fig. 10. Pumping schedule computed by the proposed MPC. 

Fig. 11. Trace of output error covariance under the proposed MPC. 

Fig. 12. Proppant bank height at the end of the hydraulic fracturing process under 

the fixed pumping schedule. 

Fig. 13. Average fracture width profile under the proposed MPC. 

Fig. 14. Proppant bank height at the end of the hydraulic fracturing process under 

the proposed MPC. 
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Fig. 15. Pumping schedule computed by the proposed MPC after extending simula- 

tion time. 

Fig. 16. Average fracture width profile under the proposed MPC after extending 

simulation time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 17. Average fracture width profile under the fixed pumping schedule after ex- 

tending simulation time. 

Fig. 18. Average fracture width profile under the proposed MPC when there is a 

plant-model mismatch in the Youngs modulus with 110% of its nominal value. 
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total simulation time from 5300 s to 6300 s. Since the output al-

ready reached the set-point value, the proposed MPC system tried

to maintain the flow rate at its lower bound to decrease the varia-

tion in the average fracture width from its set-point value. Because

of the constant flow rate in the last three stages (from 4800 s to

6300 s) as shown in Fig. 15 , we did not observe any fluctuations

in the average fracture width ( Fig. 16 ), which is similar to the case

with fixed pumping schedule ( Fig. 17 ). 

We studied the effect of a plant-model mismatch in the Young’s

modulus, E , by performing the closed-loop simulations by varying

the Young’s modulus +/-10% from its nominal value. Using the pro-

posed MPC, the average fracture width at the end of the process is

close to the desired value as shown in Fig. 18 even when there is a

mismatch in E . The performance of the closed-loop system can be

further improved when there is a plant-model mismatch by con-

sidering offset-free approaches ( Wallace et al., 2016 ). 

Comparing the above simulation results for the two cases, it is

evident that using the proposed MPC, the output estimation er-

ror associated with the average fracture width can be greatly re-
uced by taking advantage of the relationship between the fractur-

ng fluid injection rate and the frequency of microseismic events;

s a result of the accurate estimation of the average fracture width,

he desired fracture geometry was also achieved by the proposed

PC. Considering the inaccurate nature of the microseismic sen-

ors, it is very important to accurately estimate states and unmea-

urable output variables during the hydraulic fracturing process. 

. Conclusions 

In this work, we designed a novel MPC framework to simul-

aneously reduce the measurement uncertainty in hydraulic frac-

uring and to achieve the desired average fracture width at the

nd of the process. The proposed MPC was designed by taking

dvantage of the relationship between the fracturing fluid injec-

ion rate and measurement noise covariance in MSM technique;

he most widely used measurement technique for a comprehensive
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nderstanding of fracture geometry. To this end, we initially con-

tructed a ROM using the simulation data generated from the

igh-fidelity process model, which was then used to develop a

alman filter for state and output estimation. Utilizing the ROM

nd Kalman filter, we developed a real-time MPC system to com-

ute the pumping schedule that reduces the measurement uncer-

ainty while at the same time accomplishing the original task of

chieving the desired average fracture width, which will lead to

he optimal fracture geometry at the end of the process in uncon-

entional oil and gas reservoirs. 
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