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Fig. 1. lllustration of self-intersection free high-dimensional Euclidean embedding (SIFHDE?) for anisotropic Restricted Voronoi Diagram and meshing on
Riemannian 2- and 3-manifolds. Left: For some examples of 2- and 3-manifolds with Riemannian metric fields in different scenarios, such as metrics defined by
a 2D analytic function, 3D surface curvature, and 3D analytic function, we can compute SIFHDE?s of them in a high-dimensional Euclidean space. Right: Then,
we can generate the Voronoi diagrams and meshes in such embedding with Euclidean metric. Finally, when they are mapped to the original domains, the
anisotropic Voronoi diagrams (Top Right) and the anisotropic meshes (Bottom Right) will exhibit the desired anisotropy.

This article presents a new method to compute a self-intersection free high-
dimensional Euclidean embedding (SIFHDE?) for surfaces and volumes equipp-
ed with an arbitrary Riemannian metric. It is already known that given a
high-dimensional (high-d) embedding, one can easily compute an aniso-
tropic Voronoi diagram by back-mapping it to 3D space. We show here how
to solve the inverse problem, i.e., given an input metric, compute a smooth
intersection-free high-d embedding of the input such that the pullback metric
of the embedding matches the input metric. Our numerical solution mech-
anism matches the deformation gradient of the 3D — higher-d mapping
with the given Riemannian metric. We demonstrate the applicability of our
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method, by using it to construct anisotropic Restricted Voronoi Diagram
(RVD) and anisotropic meshing, that are otherwise extremely difficult to
compute. In SIFHDE?-space constructed by our algorithm, difficult 3D an-
isotropic computations are replaced with simple Euclidean computations,
resulting in an isotropic RVD and its dual mesh on this high-d embedding.
Results are compared with the state-of-the-art in anisotropic surface and
volume meshings using several examples and evaluation metrics.
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1 INTRODUCTION

Anisotropic meshes are important for not only improving the ac-
curacy of numerical simulations [Alauzet and Loseille 2010; Narain
et al. 2012] but also better approximating shapes [Simpson 1994].

ACM Transactions on Graphics, Vol. 37, No. 4, Article 62. Publication date: August 2018.



62:2 « Zhong, Wang, Lévy, Hua, and Guo

Unlike isotropic meshes, where the elements are chosen to be as
regular and uniform as possible, anisotropic meshes are designed
with elongated mesh elements that follow user specified orienta-
tions and aspect ratios or Riemannian metric tensor fields. With
the same number of budgeting elements, the anisotropic meshing
representation for the surface / volume of the original model is pre-
ferred due to the smaller approximation errors compared with the
correspondent isotropic counterpart [Heckbert and Garland 1999;
Simpson 1994].

Anisotropic meshes are notoriously difficult to compute. A pos-
sible strategy to overcome the difficulty is to map the (complicated)
anisotropic 3D space onto a higher-d space, where geometric compu-
tations are made simpler (Euclidean / isotropic). In a certain sense,
“anisotropy is traded for additional dimensions”. This idea is in-
spired by the celebrated Nash embedding theorem, which states
that every Riemannian manifold can be isometrically embedded
into some high-dimensional (high-d) Euclidean space [Kuiper 1955;
Nash 1954]. In such high-d embedding space, the metric is uniform
and isotropic. When the isotropic mesh is computed in this embed-
ding space and back-projected, the mesh elements on the original
manifold will exhibit the desired anisotropic property. Recently, a
few methods investigated this problem on surface meshing. Zhong
et al. [2013] introduced a particle-based meshing approach that
conceptualizes the inter-particle energy optimization in a high-d
“embedding space”. This embedding space was used in their energy
and force formulation without computing such a space explicitly.
However, their method has some limitations due to lack of explicit
embedding. Specifically, without an explicit embedding, K-Nearest
Neighbors (K-NN) search of particles and anisotropic Restricted
Voronoi Diagram (RVD) computation under a Riemannian metric
space are very challenging and time-consuming. Another group of
research focused on computing explicit embeddings, such as 3D
embedding [Panozzo et al. 2014], 5D or 6D embedding [Dassi et al.
2014, 2015; Lévy and Bonneel 2012]. However, these methods have
their own limitations, such as exhibiting self-intersections [Panozzo
et al. 2014], working only on specific dimensions [Dassi et al. 2014,
2015; Lévy and Bonneel 2012; Panozzo et al. 2014], or using only spe-
cific embeddings (i.e., not considering arbitrary input Riemannian
metrics) [Dassi et al. 2014, 2015; Lévy and Bonneel 2012].

The novelty introduced by our method is that our input is a
smooth arbitrary user-defined metric, from which the embedding
is deduced, whereas previous work observed that some predefined
shapes of the embedding result in some specific anisotropies when
back-mapped to 3D space. Our main contribution is to provide a
numerical method that solves the “inverse problem”. It makes our
method much more general in terms of supported metrics. Besides
that, previous work considered the surficial case, whereas we also ex-
periment with the (significantly more challenging) volume meshing
problem. Our algorithm works with arbitrary embedding dimension
and avoids self-intersections. On the computed embedded surface
or volume, we can directly optimize for a uniform, isotropic particle
distribution and generate a high-quality isotropic RVD and its dual
mesh on it. When mapped back to the original surface or volume,
an anisotropic RVD as well as a simplicial mesh are obtained. Fig. 1
illustrates the method in flat 2D, 3D surficial and volumetric settings.
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The embedding problem is formulated as an optimization that
minimizes the deviation between the given metric and the deforma-
tion gradient of a map from the original surface / volume to the high-
d embedded surface / volume. Our empirical experiments detailed
further demonstrate that our method constructs an embedding with
a small metric deviation error. The benefits of the high-d embedding
are as follows:

o the so-constructed high-d space can be used to compute an-
isotropic Voronoi diagrams for surfaces and volumes with
a prescribed anisotropy. To our knowledge, this is the first
time that an effective computational algorithm is proposed
to construct such objects in the arbitrary volumetric metric;

e it introduces new computational strategies for some recent
anisotropic meshing algorithms, such as particle optimization,
RVD, and dual meshing in the high-d Euclidean embedding
space. Our empirical evaluations in several scenarios demon-
strate that high-d embedding is a practical utility.

2 RELATED WORK

2.1 Anisotropic Triangulation

Anisotropic Centroidal Voronoi Tessellation. In order to compute well
sampled anisotropic meshes, Du et al. [2005a] further generalized
the concept of Centroidal Voronoi Tessellation (CVT) to the an-
isotropic case — Anisotropic CVT (ACVT), and then computed its
dual mesh graph. An Anisotropic Voronoi Diagram (AVD) with the
given Riemannian metric needs to be constructed in each Lloyd
iteration [Lloyd 1982], which is a time-consuming operation. To
make the computation faster, Valette et al. [2008] described a dis-
crete approximation of ACVT by clustering the vertices of a dense
pre-triangulation of the domain, at the expense of degraded mesh
quality. Recently, Zhong et al. [2014] provided a method to solve the
anisotropic meshing by conformally mapping the metric surface to
an appropriate 2D parametric domain and then compute CVT on
it. But the limitation of the conformal embedding method is that it
cannot handle surfaces with complicated topologies.

Surface Meshing in Higher Dimensional Space. Several solutions were
proposed for certain classes of surface meshing problems by em-
bedding them in high-d spaces [Boissonnat et al. 2008a; Caiias and
Gortler 2006; Kovacs et al. 2010; Lévy and Bonneel 2012]. Lévy and
Bonneel [2012] extended the computation of CVT to a 6D space in
order to achieve the curvature-adaptation. The main idea of their
method is to transform the anisotropic meshing problem on a 3D
surface to an isotropic one embedded in 6D space described by ver-
tex positions and normals. Recently, Dassi et al. [2014; 2015] used
Lévy and Bonneel’s framework to compute remeshing, but instead
of optimizing the CVT in 6D, they used local operations (i.e., edge
flips). It should be noted that both Lévy and Bonneel’s and Dassi et
al’s work does not provide user’s flexibility to control the anisotropy
through an arbitrary input metric field.

Particle-Based Anisotropic Meshing. Particle-based approaches for an-
isotropic meshing have been proposed during the past two decades.
Bossen and Heckbert [1996] simulated the repulsion and attrac-
tion forces between particles based on a distance function with the
metric tensor. Shimada et al. [1995; 1997] physically modeled the
inter-bubble forces by a bounded cubic function of the distance, and
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further extended it to anisotropic meshing by converting spherical
bubbles to ellipsoidal ones. Both Bossen et al. and Shimada et al’s
work requires dynamic population control schemes, that is to adapt-
ively insert or delete particles / bubbles in certain regions. Zhong
et al. [2013] showed that by formulating the inter-particle energy
optimization in a high-d space, such optimizations have very fast
convergence without any need for the explicit control of particle
population. But they still needed to compute the anisotropic RVD on
the surface in 3D space in their final step of mesh generation, which
is less robust and efficient. Another bottleneck in their framework
is the search speed of neighboring particles. A comparison with our
approach is shown in Sec. 6 and Appendix D.

Refinement-Based Delaunay Triangulation. Delaunay refinement-
based approaches involve iterative point insertion in a Delaunay tri-
angulation. Many researchers have extended these approaches to an-
isotropic triangulations [Borouchaki et al. 1997b,a; Dobrzynski and
Frey 2008]. Cheng et al. [2001; 2006] applied Delaunay refinement to
anisotropic surface meshing. Boissonnat et al. [2015a; 2008b; 2015b]
introduced a Delaunay refinement framework to add new vertices
gradually to reach the final anisotropic meshes. Recently, Rouxel-
Labbé et al. [2016] introduced an algorithm to compute discrete
approximations of Riemannian Voronoi diagrams on 2-manifolds by
using the numerical computation of geodesic distances. The main
strength of these methods is that they come with theoretical proofs,
both on termination (finite number of inserted points) and existence
of a straight dual. However, since they use local criteria to insert
points, the final result is often of lower quality than when using a
global optimization [Fu et al. 2014; Zhong et al. 2013]. Since they
used the same representation of the metric as in [Lévy and Bonneel
2012] and as us (piecewise constant in the simplices), their method
can be used as a post-processing after a global optimization, in order
to benefit from both advantages (quality of global optimization and
robustness / theoretical guarantees of Delaunay refinement).

Optimal Delaunay Triangulation. Another idea for anisotropic mesh-
ing is through Delaunay-based variational approach, by minimizing
the error between a lifted quadratic target function and the linear
interpolation of the constructed mesh. Chen et al. [2007; 2004] pro-
posed Optimal Delaunay Triangulation (ODT) method to minimize
the error function for both isotropic and anisotropic meshing. Alliez
et al. [2005] presented a robust approach for isotropic tetrahedral
meshing by exploiting the ODT formalism. In the context of vary-
ing densities, the objective function was carefully analyzed and
improved in [Chen et al. 2014]. ODT can be considered as lifting the
points onto a paraboloid and estimating volume integrals on this
paraboloid. Budninskiy et al. [2016] presented a variational method
to take into account an anisotropy by using a convex function instead
of a paraboloid. While elegant and interesting from a theoretical
point of view, their method is limited to a small class of anisotropies
stemming from convex functions. The constraint is not reasonable
in practical applications (for instance, it could not account for the
anisotropy in Fig. 1-Right, nor with any non-convex geometry). Fu
et al. [2014] proposed a Locally Convex Triangulation (LCT) method
to compute the anisotropic meshes based on constructing convex
functions that locally match the specified Riemannian metric. We

compare the quality of our generated mesh with Fu et al’s method
in Sec. 6.

2.2 Anisotropic Tetrahedralization

Theoretically, it is possible to extend ACVT-based method for an-
isotropic meshing from 2D domain or surface [Du and Wang 2005a;
Valette et al. 2008; Zhong et al. 2014] into 3D volume, but this group
of methods needs to compute AVD iteratively in the ambient 3D
space with specified metrics, which makes the computation very
complicated and impractical. In computer graphics and geometric
modeling areas, there is few literature in anisotropic tetrahedral
meshing: Dobrzynski and Frey’s local mesh adaptation method
based on an extension of Delaunay kernel [Dobrzynski and Frey
2008], Klingner et al’s aggressive optimization [Klingner 2008; Kling-
ner and Shewchuk 2007] and Fu et al’s LCT method [Fu et al. 2014]
on some simple 3D models. Yamakawa and Shimada [2000] pro-
posed an ellipsoidal bubble packing method, but inserting or deleting
particles / bubbles is necessary in the computation. In mechanical
and biomedical engineering, anisotropic meshing is widely used
in computational fluid dynamics (CFD) [Alauzet and Lozeille 2016;
Frey and Alauzet 2005; Loseille and Lohner 2016] and blood flow
simulations [Marchandise et al. 2013; Sauvage et al. 2014]. However,
their methods are numerical and error estimation-based approaches.
The complicated algorithms and implementations are becoming the
major bottleneck and impeding the effective utilization and better
understanding of acquired 3D anisotropic volume models.

2.3 Other Related Embedding Work

In the mathematical community, there are many theoretical work
on isometric embedding for Riemannian manifolds [Gromov 2017;
Gromov and Rokhlin 1970; Han and Hong 2006; Hong 1993]. Re-
cently, Borrelli et al. [Borrelli et al. 2012] proposed to convert the
convex integration theory into an algorithm and implementation
that produces isometric maps of flat tori. Bronstein et al. [2000;
2005] demonstrated the performance of multi-dimensional scaling
(MDS). Instead of raising the dimensions, they mapped the original
metric domain into a parameter domain (similar to a conformal
embedding). Verma [2012] proposed the distance preserving embed-
dings for general n-dimensional manifolds in the machine learning
field. It applies “spiraling perturbations / corrections” for globally
isometric mapping. This cannot compute a smooth high-d embed-
ding for our computer graphics research and applications. Recently,
Panozzo et al. [2014] proposed a 3D embedding framework with self-
intersections to compute a surface deformation that warps a frame
field into a cross field, and used it for the adaptive quad meshing. In
their method, the parameterization is used to handle the final mesh-
ing with self-intersections. However, our proposed method does
not need an extra step to parameterize the embedding for meshing,
since we can directly produce the Voronoi diagrams and meshes on
the computed SIFHDE?. Another limitation of their method is that
the frame-driven deformation for 3D embedding computation may
deteriorate the quality of the input triangulation, especially when
the stretching ratio is high, such as > 10, which leads to failure.
However, our method theoretically can compute the embedding for
any high-stretching ratio case, since we provide enough degrees of
freedom in higher dimensions. We compare the embedding quality
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with Panozzo et al’s method in Sec. 6. Besides surface cases, our
high-d embedding approach can work on volume cases, which is an
unexplored topic in the previous work.

3 HIGH-D EMBEDDING
3.1 Anisotropy and High-D Embedding

Anisotropy represents how distances and angles are distorted, which
can be measured by the dot product in geometry. We consider that a
metric M(.), i.e., a symmetric positive definite (SPD) bilinear form,
is defined over the surface or volume domain Q c R™. In this case,
at a given point x € Q, the dot product between two vectors a and b
is denoted by (a, b) p((x), Which is defined over the tangent space of
the surface or the volume:

(a,b) px) = 2l M(x)b, 1)

where a symmetric mxm matrix M(x) represents the metric. Through
Singular Value Decomposition (SVD), the metric matrix M(x) can
be decomposed into:

M(x) = R(®)S(x)’R(), @)
where the diagonal matrix S(x)? contains its ordered eigenvalues
(i.e., a scaling field), and the orthogonal matrix R(x) contains its
eigenvectors (i.e., a rotation field). In the surface case [Du and Wang
2005a; Zhong et al. 2013], they are defined on the tangent spaces
of the surface. 3£ is defined as stretching ratio in the surface metric
field M(x), where s1 and s; are the two diagonal items in S(x) and
s1 < sy. Similarly, in volume case [Yamakawa and Shimada 2000],
they represent the scaling and rotation in a 3D volume space.

Metric through High-D Embedding. For an arbitrary metric field
M(x) defined on the surface or volume Q@ c R™ (i.e., Riemannian 2-
or 3-manifold), Nash theorem [Nash 1954] states that there exists
a high-d space R™ (i.e., m < m), in which the surface or volume
can be embedded with Euclidean metric as Q c R™. In this article,
Q denotes the “embedded surface or volume”. Consider a mapping
denoted by ¢ : Q@ — Q. For a simple example of Fig. 2, the left
image shows a 2D metric field M. The unit circles and bean-shaped
curves are iso-distance contours, and the colormap represents the
stretching ratio. The right image shows that by embedding the flat
2D domain as a curved surface in 3D, one can recast the Riemannian
manifold problem (such as in 2D) as the isotropic Euclidean manifold
of a shape surface embedded in a higher dimensional space (such as
in 3D). This theorem does also hold in the higher dimensions, other
than 2D. In this work, we focus on Riemannian 2- and 3-manifold
shapes.

Fig. 2. The original 2D Riemannian manifold surface Q (left) embedded in
a higher dimensional space Q (right) (3D).

From the definition of anisotropy at the beginning of this section
and the above Eq. (1), it can be seen that introducing anisotropy
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means changing the definition of the dot product. If we consider two
vectors a and b in the tangent space of a given location x € Q, then
they are transformed into a = J(x)a and b = J(x)b on the high-d
embedded surface or volume Q, where J(x) denotes the Jacobian
matrix of mapping ¢ at x. The dot product between a and bis given
by the pullback metric of ¢, defined as: (a, b) = aTJx)TJx)b =
aT M(x)b.

Importance of High-D Embedding. (1) In a high-d space, more
degrees of freedom are available to deform and embed the given
surface or volume, so that better embedding quality is obtained.
Experiments are shown in Sec. 6. (2) When using the high-d space,
we can avoid self-intersections of the embedded surface or volume
as discussed in Sec. 3.4.2, instead of embedding them in the original
space. (3) By generating a high-d Euclidean embedding without self-
intersections, we are able to drastically simplify several Riemannian
geometric applications, such as computing anisotropic RVD and
meshing on surface and volume with high-quality elements using
only isotropic Euclidean computations. This is both more efficient
and more accurate than the computations in metric space. Details
are presented in Sec. 4.

3.2 High-D Embedding Transformation

In this work, we assume the surfaces are all represented as triangle
meshes and the volumes are all represented as tetrahedron meshes.
The two surfaces / volumes Q (in the original space) and Q (in
the high-d space) share the same number of vertices and the same
connectivity between vertices. The only difference between them
is their vertex coordinates and dimensions; thus, we assume that
the two surfaces / volumes have the same indices of vertices and
triangles / tetrahedrons. In the following subsection, we discuss the
surface and volume cases, respectively.

Surface: For a triangle j on Q and Q, let {vj;»Vj,,vj,} and {vj,,
Vj,, Vj,} denote their vertices, respectively. A basis to the tangent
space is given by their corresponding edge vectors, which can be
represented as the following two matrices W; = [vj, —v;,,Vj, =V}, ]
and Wj = [ij - le,Vh - le].

Volume: For a tetrahedron j on Q and Q, let {Vj,, Vj,, Vjs, vj,} and
{¥j,» Vj,, Vj;, Vj, } denote their vertices, respectively. Similar to the
surface case, the corresponding edge vectors can be represented as
the following two matrices W; = [vj, —v;,,vj, —V;;,Vvj, —v;;] and
W = [Vj, =9}, Vj, = V)1, Vi, = Vj |-

Their relationship can be represented as:

W =JiWj, ®)

where J; is the Jacobian transformation matrix for triangle or tetra-
hedron j, and]jTJj =M;.

In what follows, we assume that the original metric is smooth over
the surface or the volume (satisfying a Lipschitz condition [Freidlin
1968; It6 1950]), and sampled as a constant symmetric matrix M;
attached to each mesh simplex j. Note that in practice, it may be spe-
cified in the input at each vertex. In this case, several techniques can
be used to interpolate the metric and deduce a reasonable constant
value on each simplex (see [Courty et al. 2006] for a discussion).

We now elaborate on the relationship between the Jacobian matrix
of the mapping J; and the metric M}, i.e., JjTJj = M;. To better
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understand Jj, it is necessary to explore the relationship between
the original triangle or tetrahedron j on Q and the embedded triangle
or tetrahedron jon Q,J 7 is an mXm matrix, and it can be represented
as the product of a rotation in the high-d embedding space, and a
scaling and rotation in the original space. Based on Eq. (3), that is:

W, =T, SR ]w, )

where U j is an m X m unitary matrix (i.e., a rotation matrix in Rm);
0 is a (m — m) x m block of zeros; Sj and R; are the diagonal scaling
matrix and rotation matrix extracted from SVD of the metric M; as
shown in Eq. (2).

Thus, the embedding transformation J; is:

Jj=0; [Sj(:?j] . (5)
By denoting Q; = [Sf($f ], we can simply represent J; as:
Jj =U;Q;. (6)

3.3 High-D Deformation Gradient

Intuitively, the transformation between the original surface or volume
Q and its high-d embedded one Q can be considered as the deform-
ation of Q. It is represented by the field of the deformation gradient
over the surface or volume as intuitively shown by Sumner and
Popovi¢ [2004]. This field is defined per triangle face or tetrahedron
volume. We extend their idea from 3D surface to our high-d embed-
ding as well as volume cases. Given a manifold with no deforma-
tion (i.e., the original surface or volume Q) and its corresponding
deformed manifold (i.e., the embedded surface or volume 5), the
deformation gradient T; for triangle or tetrahedron j (T is an mx m
matrix) can be defined by:
T,W; =Wj. (7)

In order to obtain T;, we need to compute the inverse of W;.
Since the surface and volume have different representations of edge
vectors, there are two cases as follows:

(1) Surface: For surfaces, W is a 3X 2 matrix, so we cannot directly
compute its inverse matrix. With QR factorization of W; [Golub
and Loan 1996] (equivalent to the pseudoinverse):

W; = 0j [l:)j] = [0;a0jp ] [l:,j] = 0jaPj, (8)
where P; is a 2X 2 upper triangular matrix, O; is an mxm orthogonal
matrix, Oj, is an m X 2 matrix, and Ojﬁ is an m X (m — 2) matrix,
where m = 3. Then we have the minimum norm solution of the
deformation gradient for triangle j:

—-w.p-loT
T; = W;P;"0j,. 9)
(2) Volume: For volumes, W is a 3X 3 square matrix, so the inverse

of it can be directly computed as:

Tj = W;W; . (10)

3.4 Embedding Optimization

From Eq. (6) and Eq. (9) (or Eq. (10)), we can clearly see that in
essence, the high-d embedding transformation J; and the high-d
deformation gradient T; are the same. For J; in Eq. (6), Q; is coming
from the given metric M; on the surface or volume, while ﬁj is
the high-d rotation matrix that is unknown. For T; in Eq. (9), P;

and Oj, are from the edge vector W; of the original surface, or in
Eq. (10), WJTI is from the edge vector W; of the original volume,

while Wj is the edge vector of the high-d embedded triangle or
tetrahedron that is unknown.

Thus, knowing either of these two matrices, i.e.,J; and T}, guides
us in computing the other. We can formulate an expression to min-
imize the function E.,, defined as the difference between these two
matrices:

Nele
Eem(¥1, - ¥n,) =min Y [[T; - Jj]7. (1)
j=1

where n,, is the number of vertices, n.j, is the number of mesh
elements, i.e., triangles or tetrahedrons, and {vy,-- -,V } are the
vertices of the high-d embedded surface or volume Q. The matrix
norm ||.||f is the Frobenius norm.
By substituting Eq. (6) and Eq. (9) (or Eq. (10)) into Eq. (11), we
can get the more detailed expressions for this objective function:
Surface:

Nele
Eem(Vi. . Vn,) =min Y [W;P7'0L ~Tio/{2. (2
i=1
Volume:
Nele
Eem(¥i.- . ¥n,) =min Y [W;w7! ~T;0>. (13)
j=1

3.4.1 Regularization Term. It is well known that solutions to
Nash isometric embedding problem often present wrinkles, known
as corrugations, that can form fractal patterns (see [Borrelli et al.
2012] and references herein on convex integration). Thus, a direct
minimization of the criterion in Eq. (12) or Eq. (13) may lead to an
oscillating high-d embedding, with wrinkles (an example shown in
Fig. 3), that may have an in-
fluence on the stability / ro-
bustness of the subsequent geo-
metric operations: in the high-
d embedding space, we would
like to use the Euclidean dis-
tance to approximate the met- Fig. 3. A 3D embedding from a 2D do-
ric distance on the original sur- main with an anisotropic metric given
face or volume, in order to effi- in Fig. 4 (a) computed without the reg-
ciently compute: (1) K-NN for ularization.
particle optimization in the high-d space; and (2) high-d RVD and
dual mesh based on uniformly optimized particles. Thus the embed-
ded surface or volume has to be smooth enough, in order to ensure
that the K-NN and RVD computed with Euclidean distances in the
high-d space are sufficiently accurate.

Thus, to regularize the embedding, we add the following term:

o "B Skeno@®@ 7))
Ereg(Vl,"' ’VHU) = Z Z (%)2, (14)
i=1 d=3,4 lN(l)l

where n,_j, is the total number of vertices excluding those on the
open boundaries in surface case or boundary surface in volume
case, N (i) is the set of one-ring neighbors of vertex i, [N (i)| is the
size of set N (i), and Eld EZ are the d-th dimensional coordinates of
vertices V; and Vi (why d starts from 3 or 4 will be explained in the
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following Sec. 3.4.2). The regularity term E; ¢4 is a summation of
the square of graph Laplacian operations over every vertex in the
embedding space except those vertices on the open boundaries in
surface case or boundary surface in volume case.

Now our regularized objective function for the embedding op-
timization includes two terms: the similarity between two trans-
formations and the regularity used to achieve smoothness of the
embedding:

Etotal = Eem + PEreg, (15)

where y is a weighting factor to balance the similarity and regularity
terms during optimization. In our experiments, y is set to be 100.
The experiments for analyzing the behaviors of different y values
with embedding results are given in Appendix B.

3.4.2  Avoiding Intersections and Choosing Target Dimension. Ac-
cording to Nash embedding theorem, using the mapping ¢ : Q — Q
given by v1iI™ — (vim g™+l ... ¥™), one obtains an embedding
without self-intersections. In our case, to avoid self-intersections
that may come from numerical approximations or from the regu-
larization term, in addition we keep the original 3D coordinates,
thus, in a certain sense, the additional nD coordinates that we com-
pute act as “correcting terms” to solve for the metric. Clearly, if
the original 3D surface is free of self-intersections, then it is also
the case of our (n+3)D embedding. Compared with methods that
avoid self-intersections a-posteriori in a 3D embedding [Panozzo
et al. 2014], this is both simpler, and leaves more degrees of free-
dom to fit the user-specified metric. Generally speaking, the higher
the dimension is, the smaller the embedding error is, since more
degrees of freedom are provided to deform and embed the given
surface or volume in such an embedding space; it is necessary to
choose the dimension in a way that balances the computational
efficiency and the embedding errors. Another advantage of the pro-
posed high-d embedding is that we can automatically preserve the
original 2D / 3D shape geometric features (such as sharp feature
edges and corners) by using the strategy of keeping the original 2D
/ 3D coordinates, and only embedding and smoothing additionally
higher dimensions (d starts from 3 or 4 in the regularization term),
i.e., “anisotropic metric is traded as additional dimensions”. Our
empirical results showed that 8D is a reasonable target dimension
for embedding most general metric surfaces and volumes in small
errors and without any self-intersection. More details and empirical
validation will be given in Sec. 6.1.2.

3.4.3  Numerical Solution Mechanism. The optimization defined
above is a non-linear problem with two unknown parameters (i.e., W j
and I_Jj). We use an iterative method to obtain the optimal solution
of Wj. It should be noted that the optimized vertex coordinates
Vi,--*,Vp, of the embedded surface or volume are included in the
edge vectors Wj.

Initially, for each vertex i, we set its high-d embedding coordinates
asv; = (v}:mﬁ;’”l, S Elm) where the first m dimensions are the
same as the original surface or volume’s coordinates, and use a small
random perturbation to each higher dimensional coordinate (from
dimension m + 1 to dimension m).
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When the vertex coordinates {v;|i = 1, - - , ny} are fixed (i.e., all
st are fixed), the optimal ﬁj can be computed as the orthogonal
factor of the following Polar decomposition:

Surface:

Uj = Polar(W,;P;'0],Q7). (16)

Volume:

U = Polar(W;W;'QJ). (17)
The detailed derivations are given in the supplementary material
(Appendix A).

When all I_st are fixed, we can compute the optimal vertex co-
ordinates {V;|i = 1, -+, ny}, where 7}13 = vlm, by solving a linear
system, since the objective function E;;,; is a quadratic form of the
vertex coordinates. This is similar to the method used by Sumner
and Popovi¢ [2004].

Our goal is to ensure that the regularized objective function al-
ways decreases during optimization. The optimization strategy is
similar to [Panozzo et al. 2014; Sorkine-Hornung and Alexa 2007].
In summary, as shown in the following Alg. 1, we can optimize the
vertex coordinates vy, - - -,V of the embedded surface or volume
iteratively, until convergence by satisfying a specified stopping con-
dition, e.g., the magnitude of the gradient is smaller than a threshold
or the desired number of iterations is reached. In our experiments,
we use the number of iterations as 50 for the stopping condition.
One example of the evolution of the objective function during op-
timization is given in Fig. 4 (b), which can reach a satisfactory small
embedding error. It is noted that we optimize Eq. (15) with a reg-
ularization smoothness term, instead of Eq. (12) and Eq. (13). Not
only it forces the embedding to be C? (with the graph Laplacian
regularization), but also it smoothens, thus it prevents the energy
of the objective function from reaching zero.

Data: Original surface or volume Q with user-specified metric
M and target dimension m
Result: Vertex coordinates {v;|i = 1, -- , ny} of the embedded
surface or volume Q in 7 space
Initialize vertex coordinates in m space;
while stopping condition not satisfied do
for each triangle or tetrahedron j do
Compute ﬁj by fixing {v;|i = 1,--- , ny} and using
Eq. (16) or Eq. (17);
end
Compute {V;|i = 1, ,ny} by fixing all [_st and fixing vy,
i.e., solve a linear system to minimize the regularized
objective function E;;4; of Eq. (15);

end
Algorithm 1: High-D Embedding Optimization.

4 ANISOTROPIC RVD AND MESHING

In order to demonstrate the importance and usefulness of the pro-
posed SIFHDE?, we investigate two applications, i.e., computing
anisotropic RVD and anisotropic triangular / tetrahedral meshing.

Under the isotropic metric space, we can use the particle optim-
ization technique (Sec. 4.1) to compute isotropic RVD and its dual
Delaunay triangulation on the high-d embedded surface or volume
(Sec. 4.2), since it is efficient to generate regular hexagonal patterns
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Fig. 4. lllustration of the proposed high-d embedding for anisotropic RVD and surface meshing. (a) A simple example of a 2D domain equipped with anisotropic
metric, which has an ideal 3D embedding - the Gaussian surface as the ground truth. (b) Our embedding optimization iteratively deforms the original domain
into the embedded surface (Sec. 3). After embedding we can (c) uniformly and isotropically sample particles (Sec. 4.1) and (d) compute the isotropic RVD and
its dual mesh on the embedded surface (Sec. 4.2). (¢) When they are mapped to the original 2D domain, the RVD and the triangular mesh will exhibit the

desired anisotropy (Sec. 4.2).

of particles on 2-manifold and regular body-centered-cubic (BCC)
lattices on 3-manifold, which are similar to the results of CVT [Du
et al. 1999; Du and Wang 2005b; Liu et al. 2009]. Moreover, the
particle-based method is easily formulated in high-d space. Finally
the generated RVD and triangulation / tetrahedralization can be
mapped from the high-d embedding space to the original space, on
which RVD and triangulation / tetrahedralization will exhibit the
desired anisotropic property.

4.1 High-D Particle Optimization with Efficient K-NN

In this section, we discuss the isotropic particle optimization on the
explicitly-computed high-d embedded surface or volume, which is

the main difference between ours and Zhong et al’s method [2013].

The limitations of their methods are: (1) they made use of the concept
of embedding space for their energy and force formulations, without
computing such high-d embedding explicitly, which may lead to
more approximation error; (2) during the particle optimization, they
had to have a very large range for searching neighboring particles
in the original metric space when the anisotropic stretching ratio
is high, which is less efficient. Besides that, they only worked on
surface case without considering volume case.

However, once the high-d embedding is computed as discussed
in Sec. 3, we can directly define the inter-particle energy and force
in such embedding space. The goal is to let particles reach isotropic
uniform distribution at their equilibrium state, where the particle
distribution on the original surface or volume will exhibit the desired
anisotropy.

In our method, we formulate the isotropic inter-particle energy
and force with explicit coordinates of the particles in the high-d
embedding space, which is based on [Zhong et al. 2013]. The energy
E'? between particles p and q in the high-d embedding space is

_ _I®p—%qll?
defined as: E'? = 7 12 , where o is kernel width, and Xp and

Xq are particle positions in the embedding space. Note that our
goal is to let the particles uniformly and isotropically sampled on

Q,s00 =0.34]Q|/n, as suggested in [Zhong et al. 2013], where

d = 2 in surface and d = 3 in volume, |Q| denotes the area or the
volume of Q in the embedding space, n is the number of particles.
The force applied from particle p to particle ¢ in the embedding
space is defined as the g