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Abstract

When dilute charged particles are confined in a bounded domain, boundary
effects are crucial in the global dynamics. We construct a unique global-in-time
solution to the Vlasov—Poisson-Boltzmann system in convex domains with the
diffuse boundary condition. The construction is based on an L?-L> framework
with a novel nonlinear-normed energy estimate of a distribution function in some
weighted W!-P-spaces and C?®-estimates of the self-consistent electric potential.
Moreover we prove an exponential convergence of the distribution function toward
the global Maxwellian.
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1. Introduction

The object of kinetic theory is the modeling of many particles whose behavior is
encoded in a distribution function on the phase space, which is denoted by F (¢, x, v)
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for (¢, x, v) € [0, 00) x £2 x R3. Here £2 denotes an open subset of R>. Dynamics
and collision processes of dilute charged particles subjected to an field E can be
modeled by the Vlasov—Boltzmann equation:

&F+v-VoF +E-V,F = Q(F, F). (1

The collision operator measures the change rate in binary hard sphere collisions
and takes the form of

O(F1, F2)(v) := Qgain(F1, F2) — Qloss(F1, F2)

= / / |(v —u) - 0| [F1 () F2(v") — F1(u) F2(v)ldodu,
R} Js2

where ' = u — [(u — v) - w]w and v/ = v + [(# — v) - w]w. The collision operator
enjoys a collision invariance: for any measurable G,

/R3 [1v 2] 0G. Gyav=[000]. 3)

It is well-known that a global Maxwellian u satisfies Q (i, i) = 0, where

] vf? 4

Due to the importance of the Boltzmann equation in theories and their ap-
plications, there have been explosive research results in the analytic study of the
equation. The nonlinear energy method has led to solutions of many open prob-
lems [14,15] including global classical solutions and their asymptotical stability
of Boltzmann equation coupled with either the Poisson equation or the Maxwell
system for electromagnetism when the initial data are close to the Maxwellian .
For large-amplitue solutions, renormalized solutions have been studied extensively
from the end of 80’s (see [7,33] and references therein). An asymptotic stability of
some large-amplitude solutions is established in [8,13], provided certain a priori
strong Sobolev estimates can be verified. Such high regularity ensures an L*°-
control of solutions which is crucial to handle the quadratic nonlinearity. It should
be noted that all of these results deal with idealized periodic domains or whole
space, in which the solutions can remain bounded in high Sobolev spaces.

In many important physical applications, e.g. semiconductor and tokamak, the
charged dilute gas is confined within a container, and its interaction with the bound-
ary often plays a crucial role in global dynamics. The interaction of the gas with a
boundary is described by a suitable boundary conditions [4,31]. In this paper we
consider one of the physical conditions, a so-called diffuse boundary condition:

F(t,x,v) =cuu(v) F(t,x,u){n(x) -u}du for (x,v) ey_. (5)

n(x)-u>0

Here, the outgoing set is defined as

v ={(x,v) €02 x R? : n(x) - v < 0}, (6)
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and n(x) is the outward unit normal at a boundary point x. A number ¢, is chosen
to be ~/27 so that ¢, fn(x)<u>()l’b(u){n(x) -uydu = 1 with p in (4). Due to this
normalization, the distribution of (5) enjoys a null flux condition at the boundary:

/ F(t,x,v){n(x) -vidv=0 forx e ds2. (7
]R3

In general, high regularity may not be expected for solutions of the Boltzmann
equation in physical bounded domains. Such a drastic boundary effect has been
demonstrated recently by the second author and his collaborators as the formation
and propagation of discontinuity in non-convex domains in [10,24], and the non-
existence of some second order derivative at the boundary even in convex domains
[16]. Evidently these results show that smooth solutions are generally unavailable
to the boundary problems (cf. [8]).

In order to overcome such a critical difficulty, an L2-L framework has been
developed in [18] to study the Boltzmann equation with various boundary condi-
tions. The core of the method lays in a direct approach (without taking derivatives)
to achieve a pointwise bound using trajectory of the transport operator, which leads
substantial development in various directions [5,9,10,16,17,19,25-28,28,29,34].
Among others we briefly point out some relevant works to the Vlasov—Boltzmann
equation (1) in bounded domains. In [26], the second and the third authors estab-
lished the global well-posedness and asymptotic stability of the Boltzmann equation
near the global Maxwellian for the specular reflection boundary condition with or
without given small external fields. In [9], the second author and other collabora-
tors studied diffusive hydrodynamic limit of Boltzmann to Navier-Stokes-Fourier
system in both steady and unsteady cases in the presence of given small external
fields.

However, in the study of charged particles generating self-consistent fields,
many fundamental boundary problems of the kinetic models are still widely open.
This category of problems is important in the application to plasma or galaxy.
One of the major difficulties is that trajectories are curved and behave in a very
complicated way when they hit the boundary.

The field E, that we are interested in, is associated with an electrostatic potential
¢ as

E(t,x):=—=V¢(t,x), ®)

where the potential is determined by the Poisson equation

—Ap(t,x) = f F(t,x,v)dv—pg in $2, )
R3

with the zero Neumann boundary condition

d¢
— =0 on ds2. (10)
on
Here a background density pg in (9) is a constant number.
The coupled system of (1) with (8) and (9) is a so-called Viasov—Poisson—

Boltzmann system (VPB), which describes the dynamics of electrons in the absence
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of a magnetic field. This model has been considered as a fundamental collisional
plasma model and has attracted much attention (see [6,12, 14,19,32] and the refer-
ences therein).

From (3) and (7), a strong solution of VPB with the diffuse BC (5) preserves
total mass:

// F(t,x,v)dvdx = ff F(0, x,v)dvdx forallt 2 0. 1D
2xR3 2xR3

We set, without loss of generality,

1
po = — f/ F(0, x,v)dvdx. (a neutral condition). (12)
121 JJ 2 xr?

Then [, { [gs F(z,x,v)dv — po} dx = 0 for all > O from (11). This zero-mean
condition guarantees a solvability of the Poisson equation (9) with the Neumann
boundary condition (10).

Without loss of generality, by some rescaling, we assume that

// pudvdx = // F(0, x, v)dvdx. (13)
2 xR3 2 xR3

We consider a perturbation around pu:

F(t,x,v) = p+ J/uf, x,v). (14)

The corresponding problem of (14) is given by
v
Of+v-Vaf =Vabp-Vof+ 5 -Vabsf+Lf =T(f. P —=v-Vids /i, (15)

with (0, x, v) = fo(x, v) and

—Apyr(t,x) = /3 f(t, x,v)y/ u()dv in $2, % =0 onds2, (16)
R
and
f@,x,v) =cu/1t ft, x,u)/ u){nx)-uldu for (x,v) € y—. (17)

n(x)u>0

We note that, from (11), and (14),

/ / f(t,x,v)y/u@)dvdx =0 forallt = 0. (18)
2 JR3

The standard notions of L, v, K, and I" are defined in (54)-(58).
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1.1. A New Kinetic Weight

An intrinsic feature of the transport equation in bounded domains is the singular
behavior of its derivatives. Let us consider a solution of the Vlasov—Poisson equation

Of+v-Vof =Vigy-Vyf =0, 19)

where ¢ (¢, x) satisfies (16). Assume that the boundary condition is determined
by some given function g as

ft,x,v)y =g(,x,v) for (x,v) € y_. (20)

Throughout this paper we extend ¢y for a negative time as
Gr(t,x):=e s (x) in (16) for —oo <t <0. (21)

Note that, for all t € R, ¢ (¢, x) only depends on f (¢, x, v) for the non-negative
time r = 0.
The characteristics (trajectories) are determined by the Hamilton ODEs

i X/ (s;t,x,0) _ VI(s:t, x,v) 22)
ds |[V/(sst,x,0) | [ =Vads(s, X (531, x,0) |

for —oco < 5,1t < oo with (Xf(t; t,x,v), Vf(t; t,x,v)) = (x,v).
For (¢, x,v) € R x £2 x R3, we define the backward exit time tl{(t, X, V) as

tlf(t,x, v) ;= sup{s =2 0: Xf(‘L'; t,x,v) €2 forallte (t—s,t)}. (23)

Furthermore,wedeﬁnexl{(t, X,v) = Xf(t—tl{(t, x,v);t,x,v)and v{(t, X,v) =
Vf(t — tt{(t, x,v);t,x,v). We note that all the definitions of Xf(s; t,x,v) and
VI (s; 1, x,v) only depend on f(z, x, v) for a non-negative time and our extension
(21). Hence our definition tlf (t, x, v) does not depend on f (¢, x, v) fort < 0.

If we compel f to solve (19) and (20) even for a negative time with ¢ ¢ defined
for all r € R as (21) then

Ftx,v) = gt — 1] (1, x,v), %] (4, x, ), v (1, x,0)) fort 28/, x, ).

From direct computations (see (77) and (78)), derivatives have a singularity in
general as

1
n(xj (¢, x,v)) - vl (1, x,v)

Vo f(t,x,v) ~ Vox] (1, x, v) ~ 24)

Inspired by this observation, we introduce the following notion:
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Definition 1. (Kinetic Weight) Suppose f(t, x,v) is given for r = 0, (x,v) €
2 x R3? and satisfies (18). We define @7 (t, x) as a unique solution of (16) for ¢ =0
and extend ¢ (¢, x) for a negatwe time as well by (21). Suppose (X ! (s;t,x,v),
V£ (s; t, x,v)) solves (22) and tb is defined as (23). For ¢ > 0, we define a kinetic
weight as

afe(t,x,v) =

L f
X(t t (t,gx,v)+€>| (xb(; x,v) - vy It x,v)

; (25)
n [1 —X(t -t (t,x,v)—i—S)iI.
&
Here we use a smooth function x : R — [0, 1] satisfying
x(@)=0,7=20,and x(v)=1, 721,
(26)

d
d—x(t) € [0,4] forallt € R.

T
Note that a £+ (0, x, v) is solely determined by ¢ (¢, x) = e""¢f0 (x) fort £ 0,
which only depends on fy. Moreover, we have

afe(t,x,v) = |n(x)-v| ony_. 227)

For the sake of simplicity, we could drop the superscription/ in X/, V/ i Xt s Vp
unless this could cause any confusion.

One of the crucial properties of the new kinetic weight in (25) is an invariance
under the action of the Vlasov operator:

[0 +v-Vi— Vs Vylage(t, x,v) =0. (28)

This is due to the fact that the characteristics solve a deterministic system (22)
(See the proof in the appendix). This crucial invariant property under the Vlasov
operator is one of the key points in our approach.

Importantly we note that several different versions of kinetic weight have been
used, for convex domains, in [16] for E = 0, and in [2,20,22] for E 7~ 0 but when
an extra favorable sign condition

E-n>0 onads2

is imposed (recall that n is the outward normal at the boundary). When E = 0, this
weight takes a form of & in (162) which is basically equivalent to {dist(x, 92)2 +
In(x)-v|®+ |v|?dist(x, 8£2)}'/2 (also see [16]). For E # 0, when the Vlasov oper-
ator hits (&)2 the outcome contains |v| x dist(x, 3£2). This term can be bounded as

1
ﬁ x (@)% witha harmful factor ﬁ
v
Clearly we lose control for small velocity. Such loss of control for small velocity is
indeed a generic difficulty in the study of characteristics with external fields E: as
the velocity gets smaller, the curvature effect |v |2dist(x, 0£2) vanishes quadratically
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and therefore even small field can change the characteristics drastically when the ve-
locity is small. While, the favorable sign condition prevents a possible bad behavior
of trajectories of small velocity (an interior point can reach the boundary tangen-
tially via characteristics). In fact, in this case, an extra term (E - n) x dist(x, 9£2)
can be added to (&)2 (for example see the definition above Lemma 7 in [2]), and it
leads a control of |v| x dist(x, 0§2) by ﬁ x |v|(&@)2. Unfortunately such approach
fails in our case E - n|ye = 0 as (10). Another problem of this weight is that, & is
not exactly invariant under the transport operator (or Vlasov operator) but an extra
(v)-multiplier appears as

|[at +v-Vy—Vidy- Vv]oﬂ S (va.

Conceivably this causes a super-exponential growth in @-weighted W7 estimate,
which seems quite hard to lead an asymptotical stability of .

In this paper we establish an exponential asymptotical stability of « when the
potential satisfies zero Neumann boundary condition (10) (therefore no favorable
sign condition of E - n at the boundary). For two species of problem such a sign
condition would not be helpful anymore since a favorable sign of electrons would
be bad sign for ions (and vise versa). The new method of this paper, which does
not require the favorable sign condition, would serve an effective machinery of
two species problems in global well-posedness [3] and the hydrodynamic limit of
various two species Vlasov—Boltzmann equation [1,23].

1.2. Main Results

Construction of a unique global solution and proving its asymptotic stability of
VPB in general domains has been a challenging open problem for any boundary
condition. The main goal of this paper is to provide the first construction of a
unique global strong solution of VPB system with the diffuse boundary condition
when the domain is C3 and convex. Moreover an asymptotic stability of the global
Maxwellian y is studied.

Here a C* domain means that for any p € 952, there exist sufficiently small
81 > 0, 6> > 0, and an one-to-one and onto C 3-rnap

np{x) € R?: x| < 81} — 320N B(p, 6),

(29)
x| = (1 x,2) = np(xgn, X,2)-

A convex domain means that there exists C; > 0 such that for all p € 962 and 5,
and for all x) in (29)

2
> Gitididjny(xy) n(xy) £ —Coltl® forall ¢ € R, (30)
i,j=1

We denote
_ 0P
wy(v) =e . (31)
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TheoNrem 1. Assume a bounded open C 3 domain 2 C R3 is convex as (30). Let
0 < v <9 K 1. Assume a compatibility condition

Jo(x, v) = cpv/ 1 (v) SoGxe, w)y/ n@){n(x) - uldu ony—. (32)

n(x)u>0

There exists a small constant 0 < g9 < 1 such that for all 0 < ¢ < &g if an
initial datum Fo = u + /it fo 2 0 satisfies (13) and

||w0f0||L00(QXR3) <E§&, (33)

and
2 2
lwya Ve follLooxmsy <& for 3<p <6, 1— - < p<3  GH

and
lws Vo follL32xr3) < 00, (35

then there exists a unique global-in-time solution (f, ¢ ) to (15), (16), (17) such
that F (1) = u+ /i f (t) 2 0. Moreover there exists Lo > 0 such that

sup €' |wy £ (1)l ooy + U €'l (D)l 22y S 1, 36)
t20 120

and, for some C > 0,
lws @ Ve FOllLroxrs) S € forallt 20, 37)
and, for0 < § = §(p, B),
IVuf Ol 3 )1+ gy e 1 forall t 2 0. (38)
Furthermore, if (f, ¢ ) and (g, ¢g) are both solutions to (15), (16), (17) then

£ (@) = gD+ @xrzy St 1) — 8Ol p1+s(oxrs) forall t 0. (39)

Remark 1. A large class of functional spaces satisfy the condition (34). For exam-
ple, any initial datum fj, whose weak derivatives V, , fo are small in L? (£2 x R3 )
for some p > 3, and |Vy , fo| decays fast enough as |v| — oo, satisfies (34).

Remark 2. We note that an exponential growth bound of (37) is a stronger result
than the result of [16]. In [16], the upper bound has a super-exponential growth
" even in the absence of an external potential. The exponential growth of (37)
is crucially used (in an interpolation with an exponential decay of ¢ ¢(¢) in C L1-e
for0 < & < 1, Lemma 1) to obtain a decay of ¢ /(¢) in C 2. And this decay-in-time

of ¢y in C 2 is one of the crucial ingredient to construct a global-in-time solution.
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Remark 3. As far as the authors know, Theorem 1 provides the first unique global-
in-time solution to the Vlasov—Poisson—Boltzmann system in bounded domains
with physical boundary condition. Moreover, the result of (36) is the first proof of
asymptotic stability toward the global Maxwellian for Vlasov—Poisson—-Boltzmann
system with physical boundary. Also the result of (37) and (38) are the first regularity
results of Vlasov—Poisson—Boltzmann system in bounded domains with a physical
boundary.

Remark 4. We note that the norm in (37) is nonlinear in f. In the construction
of solutions via a sequence argument this nonlinearity causes subtle issue on the
convergence (see the proof of Theorem 2.)

1.3. Nonlinear-Normed Energy Estimates and an Interpolation
In the energy-type estimate of V, , f in a? .

v - V, causes a boundary term to be controlled:

t
[ [ e vesias
0 _

Considering the singularity of (24) and (27), this integrand is integrable if

-weighted L”-norm, the operator

p—2 _
B> so that |n-v[PP~Pth e L] (RY). (40)

On the other hand, in the bulk, we have two terms to be controlled:

t
fo / /Q VROV fa Ve 177 1)
X

t
[ [ &5erafim, “2)
0 2xR3 o

To handle (41) we need a bound of ¢7(t) in Cf. Unfortunately such estimate is
a boarder line case of the well-known Schauder elliptic regularity theory in (16)
when fR3 f+/indv is merely continuous or bounded. A key observation is that, for

and

1 1
5+F: 1, we have

m
H / VifVEd| - Ssup o/ Y )
R Ly x o, Lo* ®) X

which leads C>%*-bound of ¢ r by the Morrey inequality for p > 3 as long as

p—2
ffp € L}oc({v e R3)) for some Bp* > F (44)
We note that ¢ ¢ (¢) has an exponential decay in weaker Holder spaces C LI=if f
decays exponentially in L°°. As long as the bound (43) grows at most exponentially
in time,
an exponential decay of ¢ (t) in C )% 45)
can be verified through the following interpolation in Holder spaces.
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Lemma 1. Assume 2 C R> with a smooth boundary 9$2. For 0 < Dy < 1,
0<Dy<1,and Ay > 0,

2 DA
IVip(DllL=(2) S@.p.0, € ¢ cri-pi (o)

(46)
+ e PG (1)l 2.0, (g Sfor all t Z 0.
The proof of this lemma is given at Section 8.

1.4. Desingularization via Mixing in Velocity

To prove (44), amajor difficulty arises from the non-local feature of « 7., which
is determined on the characteristics at t — tlf (t, x, v). We exam the integrability of

oz;fp ’ by employing a change of variables

v (i (t,x,0), 8 (2, x, v)). A7)
By the direct computation, the Jacobian is equivalent to (see (140))
4 P
af,&‘ (ta -x7 U)

1 t—tf s (48)

D
x det [Id3X3 + t_f/ / Vo X (0) V2 (t; Xf(r))drds:|,
b t t

where X/ (1) = X/ (t;1, x, v).
Importantly we note that, for having a uniform-in-time positive lower bound of
(48), it is necessary to have

Vo X/ (tst,x,0)| < |t — 1| forall T <t. (49)

In the presence of a time-dependent potential we have a non-autonomous system
from (22):

i Vo X7 (s:t,x,0)
ds Vva(s;t,x,v)

. 03x3 Id33 | [Vo X7 (s:1,x,v) (50)
T =V205(s, XT(9)) O3y | [ VoV (sit,x,0) |

Using an exponential decay from (45), we prove (49) in Lemma 10 and therefore
conclude (47) as long as (45) can be verified.
Applying the change of variables (47), « r,.-factor in the Jacobian (48) cancels

out the singularity in (44) and leads ajl,;ﬂ P /(tl{)3 instead. Then we carefully use

g x|
max |V /|

e
and a bound oy, < M (see (148)) to

a lower bound of tbf 2z
%

/ a;sp*dv
ISt

- / |(x = xj) - x|
™ Jooundary |x — x‘]:|3—ﬂ1’*

have

(5D

dxy + good terms < oo,

which turns to be bounded as long as Sp* < 1.
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This estimate is good to control (41) but we have to restrict a range of p

due to ‘v— fs Vi)
1
by||m4u|a¢ ol %l XthnLg.\he“ung||w4u‘a¢ w)”Lg as||v_4w
o (l_) * " we apply the Hardy—Littlewood—Sobolev inequality to have
1
H v — P * afe ()PP e/ ™ H oF M2 + good terms. (52)

1 oc

This causes another restriction 8 < % from (51) and then p < 6 from (40).

1.5. L*®°-Estimate

Finally we use an L%-L> bootstrap argument to derive an exponential decay
of fin L°. The key of this process is to derive a positive lower bound of

s T f(+
det(—(t—s)1d3X3—// %IEI)V)%QS(I’,Xf(r/))dr/dr), (53)
t 13

except for a small set of s. Here X ) = X' (s 1, x,0). Again as (48) it is
crucial to verify (45) and (49) for obtaining a uniform-in-time positive lower bound
of (53). Finally we can close the estimates by proving an exponential growth bound

of ||a¢’ ¢ Va fllLr (2 xr3) from the Gronwall inequality and an exponential decay
of f in L* and therefore achieve (45) by Lemma 1.
1.6. A Priori L3 L'*-Estimate of V, f and L'*-Stability

For constructing a solution and proving its uniqueness, we need some stability
estimate of the difference of the solutions f — g. The difficulty comes from the term
of V¢ s -V, f. To prove L9-stability for g = 14+ we have, by Sobolev embedding

3
Veps o € Wh(2) C L(2)%7,
J[ 19 upis = g

SELASTER [ BT

-1
L,

We note that V,, f is bounded at y_, from the boundary condition (17). However
the equation of V, f has V, f as a forcing term. Therefore the key term to bound

[190 71|, fora =1+ is

t
HH/ fo(S7X(S;t’xav)aV(S;t5x’v))ds
0

L,lj+ L)Sc

/Ilot i} +I|0tf6V fligr, for p>3.

From (40), B (%—i—) < 1 and therefore ||a;f I . is bounded from (44).
I
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2. Preliminary and In-Flow Problems
We define standard notions in (15). For the hard sphere cross section (2) and
the global Maxwellian (4),
1
Lf:= ﬁ[Q(M, Vi) + O f, ] = v) f = Kf. (54)

Here the collision frequency is defined as

v(v) 1= /SZ /1;3 |(v —u) - o|p)dudw ~ (V) =1+ |v|?, (55)

and
Kf:=K)f—Kif

1
[anin(Ma \/ﬁf) + anin(«/ﬁfa M)] - =

N

1
ﬁ QlOSS(\/ﬁf? I’L) (56)
- / ko (v, ) f (u)du — / ki (v, u) f (u)du.

R3 R3

It is well-known (See [21]) that, for some constants Cx, > 0 and Cyx, > 0,

1w uf?
ki(v,u) = Cx,lv—ule” 7+,
e N 1 1 ol 67
Ko(v,u) = Cip|v —u|le™ 8 e Svu?
The nonlinear operator is defined as
I'(f1, f2) == Tgin(f1, f2) — Doss(f1, 12)
1 1 (58)
= ﬁanin(«/ﬁflv ViLf2) = ﬁQloss(\/ﬁfh Vi f2).

From now on, in this section, we prove basic estimates of initial-boundary
problems of the transport equation in the presence of a time-dependent field E (¢, x)

hf+v-Vif+E-Vyf+yf=H, (59)

where H = H(t,x,v) and ¥ = ¥ (f,x,v) = 0. We assume that E is defined
for all + € R. Throughout this section (X (s; ¢, x, v), V(s; ¢, x, v)) denotes the
characteristic which is determined by (22) with replacing —V,¢ by E.

Lemma 2. Assume that 2 is convex (30). Suppose that sup, | E(t)] ¢ 1 <00 and
n(x)-E(,x) =0 forx € 082 and forall t. (60)

Assume (t, x,v) € Ry x 2xRandr+1 > my(t, x,v). If x € 82 then we further
assume that n(x) - v > 0. Then we have

n(xp(t, x,v)) - vp(t, x,v) < 0. 61)
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Proof. Step 1. Note that we can locally parametrize the trajectory (see Lemma 15
in [16] or [27] for details). We consider local parametrization (29). We drop the
subscript p for the sake of simplicity. If X (s; ¢, x, v) is near the boundary then we
can define (X, X)) to satisfy

X(s;t,x,v) =n(X)(s; ¢, x,v)) + Xp(s5 1, x, v)[=n(X) (551, x,v)].  (62)
For the normal velocity we define
Va(s; £, x,0) :=V(s; £, x,0) - [-n(X)(s; £, x, v))]. (63)

We define V| tangential to the level set (n X))+ X, (—n(XH))) for fixed X,,. Note
that

d(nxy) + xa(—n(x))))
ax”,,-

Ln(xy) fori=1,2.

We define (V) 1, V| 2) as

Vi = (V = Val=n(X1) - (%T') X[ - %lx”)]) (64)

Therefore we obtain
Vis;t, x,u) = Vo[-n(X\P] + V) - V(X)) — X V) - Vi n(Xy). (65)
Directly we have
X(s;t,x,u) = X - Vn (X)) + Xu[—n(X D] = Xu X - Viyn(X)).
Comparing coefficients of normal and tangential components, we obtain that
X,,(s; t,x,v) = V,(s;t,x,v), X” (s;t,x,v) =V(s; 1, x,v). (66)
On the other hand, from (65),
V() = Val—=n(X)] = Vu Vi n(X X + V- V(XX
+ V) V(X)) = Xa Vi n(X V) — X Vi n(XV] (67)
= X, V) - Vi n(XPX.
From (67) - [-n(X))], (66), and V= E, we obtain that
Va($) = [Vj(s) - V(X)) - V|(9)] - n (X (5)
+ E(s, X(s)) - [=n(X)(s))] (68)
= Xy (V) () - V(X () - V()] - n(X)(s)).

Step 2. We prove (61) by the contradiction argument. Assume we choose
(t, x, v) satisfying the assumptions of Lemma 2. Let us assume

Xp(t —ty5 1, x,0) + Vot —tp3 1, x,v) = 0. (69)
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First we choose 0 < ¢ « 1 such that X,,(s; 7, x, v) < 1 and
Va(sit,x,v) 20 fort —tp(t,x,v) <s <t —tp(t,x,v) +¢&. (70)

The sole case that we cannot choose such ¢ > 0 is when there exists 0 < § < 1
such that V,,(s; ¢, x, v) < Oforalls € (t —tp(¢, x, v), t — (¢, x, v) + ). But from
(66) for s € (t — m(t, x,v), t — tp(t, x,v) + 6)

0 § Xl’l(s; t9~xa v)
N

= Xn(t—tb(t,x,v);t,x,v)—l—/ Va(t;t, x,v)dr < 0.
t—ty(t,x,v)

Now with ¢ > 0 in (70), temporarily we define that ¢, := ¢ — (¢, x, V) + &,
Xy = X0 — tp(t,x,v) +¢&;t,x,v), and v, = V(t — tp(t, x,v) + &;¢, x,0).
Then (X, (s; ¢, x,v), X} (551, x,0)) = (Xn(s; ts, Xu, Vi), X (85 1, Xy, V4)) and
(Vu(ss t,x,0), Vi(s51,x,0)) = (Vi (85 Ly X, V5), V) (85 T, X, U5)).

Now we consider the RHS of (68). From (30), the first term [V} (s)- Vzn (X)(s))-
Vii(s)] - n(X)(s)) < 0. By an expansion and (60) we can bound the second term

E(s, X(s)) - n(X(s))
= E(s, Xn(s), X)(5)) - n(X(5))

= B0, X)) - n(X(5) + | E®)lc1 01 Xn(s)]) 70
= E®lcOUXn(s)D-
From (22) and assumptions of Lemma 2,
[Vi(si 2, x,0)] = ol + (X, V)IIEllos = 0]+ (1 + DI Elloo-
Combining the above results with (68), we conclude that
V(s 1 2 0) S (0] 4 (14 DI Elloo)* X (55 £, xe, v,
and hence from (66) for t — 1, (¢, x,v) < s S ¢,
i[X,,(s; Liy X, Vi) + Vi (85 Ly, X, V4]
ds (72)

< (ol + (14 DIE00)?[Xn (55 1, X, Vi) + ViS5 L, X, 03]
By the Gronwall inequality and (69), for r — (¢, x,v) < s < 1

[ X5 (S5 L, X, Vs) + Vi (85 L, X, V4)]

< [Xu(t — tp(t, X, 1)) + V(£ — (1, x, 1)) ]eCENIHAFDIEN))

~

= 0.

From (70) we conclude that X, (s; t, x,v) = 0 and V,,(s; ¢, x, v) = 0 for all
s € [t—ty(t, x,u), t—ty(t, x, u)+¢c]. We can continue this argument successively to
deduce that X,,(s; f,x,v) =0and V,,(s;t,x,v) =0foralls € [t — (¢, x, v), t].
Therefore x, = 0 = v, which implies x € 9£2 and n(x) - v = 0. This is a
contradiction since we chose n(x) -v > 0if x € 2. O
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Lemma 3. For fixed t, a map
(x,v) € 2 xR} > (t — p(t, x, v), xp (2, x, V), vp(2, x, V) € R x y—  (73)

is one-to-one and

' (a(f_tb(t,x,U),xb(t,x,U),Ub(t,x,v)))’
det
a(x,v)

| (74)

= (. x, v) - nGep(t x, v)]

Also, a map
(t,x,v) e R X yp — (t —tp(t, x,v), xp(t, x, V), vp(t, x,v)) € R x y— (75)

is one-to-one and
a(t — tp(t, x, v), xp(t, x, v), vp(t, x, v))
det
a(t, x,v)
_ (o) - v|
|n(xb(t,x, U)) N vb(taxa U)| '

(76)

Proof. Both maps (73) and (75) are clearly one-to-one since the characteristics
solve (22), and hence are deterministic.

From (29) we denote n (xp, (£, x, v)) = n(xp,1(t, X, v), Xp2(, X, V) = xp(, X, V).
We use the notations 9; X = w, g x = L) 5y — X)) ang

Jat ax;
By X = ZELLY Thep

! i

O X (t — (2, x,0); 1, x,0) - n(xp(2, x, v))

vp(t, x,v) - n(xp(t, x, v)) 77
Oy, X(t —tp(t, x,0);t,x,v) - n(xp(t, x, v))

vp(t, x,v) - n(xp(t, x, v))

ax,-tb(ts X, U) =

8vitb(ta X, U) =

From (22)

Vi wxp(t, x,v) = Vi o[ X ([ — ty; t, x, 0)]
= Vx,vtbvb + Vx,vX(t —tp; 1, X, V),

(78)
Vx,vvb(ts X, U) - V)C,U[‘/(t - tb’ t’ X, v)]
= VyuthE(t —1tp, xp) + Vi V(I — 1 1, X, V).
From (78)
a(t — tp(t, x, v), xp, | (t, X, V), Vp(Z, X, V))
a(x,v)
—Vitp —Vutp 79)

(=Vitpvp — Vi X) - V(™11 (=Vytpop — VuX) - V(b
(=Vitpvp — Vi X) - V(1™ 1o (=Vytpvp — VuX) - V(=D |
—VthE — V.V —VutyE — V,V
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where (1, X, V) = (th(t, x, v), X (t—tp(t, x,v); t, x,v), V(E—1tp(t, x,v); 1, x, V))
and £ = E(t — ty, Xp).

We multiply —uy, - V(n_l)l to the first row and add it to the second row. Then
we multiply —vp, - V(7™ 1)5 to the first row and add it to third second row. Next we
multiply E; to the first row and add it to the (i +3)-row (elementary row operations).
Then we obtain a matrix, with the same determinant as (79):

_vxtb _vutb
—ViX-Vi™H =V X - V(Y
—ViX -V =V, X - V()

-V, VvV -,V

Then using (77) we get another matrix with the same determinant:

_ n(xp) . VXX n(xp) VUX

vy (xp) T opn(xp)
det | =VeX - V™H =V, X - V(=1
—ViX -V =V X - V(i)

-V, V -V, V
Vi X V.V nb) =1
= —det|_" Y| x det | vbn(xb) )
[VvX VvV] [ 0 0 Idsxs3

V. X V,V

By the Liouville theorem det [Vu Xv,v|= 1. Note that we can always assume

ax”,l n- 8x",2r; = 0 by reparametrization in (29). Then

n(xp) —1
‘det oty Y10 ‘:‘det[ n(xp) V,?_IH
0 0 Id3xs b (¥n)
1

™ Jub - nGep)[[1917(xw) X 927 Cew)|”

Therefore we conclude (74).
Next we consider (76). By direct computations and (78), (82),

a(t — (@, n(x)), v), xp, (&, n(x)), v), vp(Z, n(x)), v))
at, x|, v)
- %L? —wa(xn) - Vit
((1=22) vp+8X) - VO D1 (Vo (Voo + Vi X)) - V™))
an,

(=52 ) v+ 0X) VD2 (Vg (Vaytou + Vi X)) - V02

(1 — %") E(t —ty, xp) + 0,V Vi n(xp) - (VxtpE + Vi V)

—Vuty
(Votpvp + Vo X) - V(= 1)
(Votpvp + Vo X) - V(= 1),
VitwE +V,V
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By elementary row operations, we obtain

1— =V n(x)) - Vitp —Vyip
WX -V O (Van- Vg X) -V VX -V,
WX -V 2 (Vgn-VyX) - Vi )2 VX - V(i ),

3V Vi n(x)) - ViV v,V

(80)

Since the characteristics is_deterministic, foreither0 < e K lor0) < —e K1
with X (t +¢&; 1, n(x)), v) € £2,

h(t+e, Xt +et,nx),v), VI +et,n(x)),v) =, n(x)),v) +e. (81)
Differentiate (83) with respect to ¢ and use (22), and then set ¢ = 0 to have
[0r + v - Vi + E(1, n(x))) - Vol (z, n(x)), v) = 1. (82)

Also we have

X(s;t+e, X +et,nx)),v), Ve +et,nx),v) = X(s;1,n(x)), v),

Vis;t+e, X +et,n(x)),v), V(e + &1, n(x)), v)) = V(s; 1, n(x)), v).
(83)

We differentiate the above identity with respect to ¢ and use (22), and thensete = 0
to have

[0 +v- Vi + E(s, X(s; 2, n(x)), v) - VolX (s 2, n(x)), v) =0,

84
[0 +v- Vi + E(s, X(s5 2, n(x)), v)) - Vy]V(s; £, n(x)), v) =0. &

From (82) and (84) we have

v-Vity + E-Vytp
(—v-ViX — E-VyX)- V(b
(—v-ViX —E-V,X)- V(1)
—v-V,V—E.-V,V
_Vx”n . thb _Vvtb
(Vi Vi, X) - Vi~ D1 VoX - V(')
(Vayn - Vi X) -V 2 Vo X - V(1)
Vynxy) - VaV v,V

(80) =

Now we multiply v - axw n to the (i + 1)-column for i = 1, 2 and add these to the
first column. Then we multiply E; to the (i + 3)-column fori = 1, 2, 3 and add
these to the first column. Then we use (77) to get
(nGa) - 0) MR vy SEEGY SR
—v-nd, X -V Hi (V- VyX) -V H VX -V~
—v-nd, X -V 2 (Vn-VyX) -V H2 VX -V,
—v-no,V VXHU()CH)~VXV v,V
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Therefore the determinant of (80) equals

. x) V 0
n(xy)-v « det n(xy) Vyn det |:VXX Vy Vi|
n(xp) - vp 0 0 Idsxs VX V,V

n(xp) Vi 0
xdet[ 0 0 Idsys |’

which implies (76). O
Lemma 4. For fixed s > 0 so thatt — ty(t,x,v) < s < t,

(t,x,0) € [0, T] X yq > (X(s:1,x,0), V(s; 1, x,v)) € 2 x R
is injective. For fixed s > 0 sothatt < s <t + t¢(t, x, v),

(t,x,v) €[0, T] X y— > (X(s;t,x,v), V(s;t,x,v)) € 2 X R3

is also injective. For both maps (85) and (86),

‘det <8(X(s; t,x,v), V(s;t,x, v)))' — () -,
a(t, x,v)

Moreover
(t,s,x,v) € [0, T] x {—min{z, (¢, x,v)} <5 <0} X y4
— (t+s,X(t+s;t,x,v), V(t+s;t,x,v)) €[0,T] x 2 xR,
and
(t,s,x,v) €[0,T] x {0 <s <min{te(z,x,v), T —t}} x y_
> (45, X +s56,x,0), V(e +s:t,x,0) €[0,T] x 2 xR
are both injective, and for both maps (88) and (89)

ot +s5, Xt +s;t,x,0),V(t+s;t,x,v))
det = |n(x) - v|.
a(t,s,x,v)

Proof. The maps are injective since the characteristics are a solution of (22).

(85)

(86)

87)

(88)

(89)

(90)

For x € 0£2 we have x = n(x)) locally from (29). Then we compute (90) to

get
(X (s;t,n(xp),v), V(s;t,n(x)), v))
at, x),v)

— [8ZX(S9 ts T](.XH), U) VXHX(Sa tv n(xH)’ U) vU}((S’ t’ ﬁ(xll)’ U)
0V (s;t,m(xp), v) Vi Visit, n(x)), v) VyV(sst, n(x)), v)

_ [BzX(S; t,n(x)), v) Vayn(x)) - Vo X (551, n(x)), v)
0 V(sst,n(x)), v) Vyn(xy) - Vi V(ss 1, n(x)), v)

Vo X (s3 1, n(x)), v) ]
VyVisst, n(xp),v) |’

oD
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From (91) and (84),

(91)_ VXX(S;ta T’(-xH)’ U) VUX(S;ta n(-xl‘)vv)
B VXV(S;tv T](XH),U) VUV(S;Z7 U(XH),U)

92)
« —v Ay n(xy) 03x3
—E(s, X(s;t,n(x)),v)) 03x2 Id3xz |’
From Liouville theorem, we conclude that
—v 0y (x)) 03x3]
91) = det I
O [—E(s,ns;t,n(x“),v)) O3> 1dsss ©3)

= —v - (@1n(x)) x dn(x))).

Since the surface measure equals dS; = [919(x))) x d217(x)|dx we conclude (87).
For (90) we compute

det ot +s, Xt +s5t,n(x)),v), VI + 55 ¢, n(x)), v))
a(t,s,xu,v)
1 1 0 0
=det | 9 X (t + )+ 8 X(t +5) X (1 +3) Ve, X(t +5) VuX(t +5)
_asV(t +5)+ 0, V(t+s) o V(t+s) Vx” V(it+s) VyV(it +5)
B 0 1 0 0
=det |0, X +s) s X(+s) VXHX(I +5) Vo X(t+5)
L9Vt +5) 0V (E+5) Vi V(e +5) Vi V(i +5)
[0, X (1 +5) Vo X (1 +5) VuX(t +5)
GV +5) Vi VE+5) VyV(E+s) |

= det

which equals (91). O
We define the forward exit time
ig(t, x,v) :=sup{s 20: X(r;¢t,x,v) € 2 forallt € (¢,1 + 5)}. 94)

Lemma 5. Suppose h(t, x,v) € L'([0, T] x £2 x R?). Then

T
/ // h(t, x, v)dvdxdt
0 2xR3
0
B //A:ZXR3 /—min{T,tb(T,x,v)}

X h(T +s,X(T+s;T,x,v), V(T +s; T, x,v))dsdvdx

T 0
N
0 Y+ J —min{z, 1 (t,x,0)}

X h(+s, X(@t+s;t,x,v), V(t+s;t,x,v))dsdydr.
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Proof. The region {(¢, x,v) € [0, T] x £2 x R3} is a disjoint union of
A={(t,x,v) €[0,T] x 2 x R} : t4(t, x,v) +1 < T},
B:={(t,x,v) €[0,T] x 2 xR : (¢, x,v) +1 > T}.

We also define

A ={(t,s,x,v) €[0,T] x R x yy : —min{tp (¢, x,v),t} <5 <0},
B :={(s,x,v) €[0,T] x 2 x R?: s < (T, x, v)}.

Let us denote (88) by Ay : A” — A. Since (¢t + 5, X (¢ +5;¢,x,0), V(I +
s;t,x,0)+(t+s) = —s+(t+s) =t < Tif(x, v) € yyand — min{ty (¢, x, v), t} <
s < 0, this map is well-defined. For any (¢, x, v) € A, we have

(t + tf(ts X, U)s _tf(t9-x1 U), X(t + tf(tv-xv U)v ts X, U),
V(I +1(t,x,0)1,x,0) € A,

sincet+1f S T and ty(t + ¢, X(t + 15 ¢, x,v), V(t + 15,1, x,v)) > t5. Moreover
AL +tg, =1, X@ + 1558, x,0), V(I + 151, x,0) = (£, x,0)

implies that .4 is surjective. From Lemma 3, A is bijective. Applying the change
of variable A with the Jacobian (90),

/// h(t, x, v)drdxdv
A
0

T
:/ / / ht+s, X+ s;t,x,v), V(t+s;t,x,v)dsdydz.
0 Y+ J —min{ry (t,x,v),t}

Next, we consider a map
(s, x,vV) e B— (T —s5,X(T—-5;T,x,v), V(T —s;T,x,v)) € B. 95)

From (T —s, X(T —s; T, x,v), V(T —s; T, x,v))+(T —s) >s+(T—s5) =T,
the map is well-defined. Since the characteristic is deterministic, the map is in-
jective. Moreover it is also surjective since for (s, x,v) € B we have (T —
s, X(T;s,x,v), V(T;s,x,v)) € B and (T — s, X(T;s,x,v), V(T;s,x,0v)) —
(s, x, v) by this map (95). It is well-known that this map has a unit Jacobian (Li-
ouville theorem). By the change of variable of (95) and s +— —s,

/// h(t, x,v)drdxdv
B
0
- /_/_{2><R3 ﬁmin(T,tb(T,x,v))

Xh(T+s,X(T+s;T,x,v), V(T +s;T, x,v)dsdxdv.

The first result is an “energy estimate” to the transport operator.
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Lemma 6. (Green’s identity) For p € [1, 00), we assume f € L? Ry x £2 x R3)

satisfies

loc

Wf+v-Vof +E-Vyf eLl (Ry;LP(2xRY), felLl (R LP(yy).

Then f € C) (Ry; LP(2 x R*) and f € L} (Ry; LP(y-)).
Moreover

T T
||f(T)||§+/ |f|§,+= ||f(0)||£+f |f|‘n,7
0 0 (96)

+ p/OT f/QxR3{at +v Vof + E-Vy fIfIP2 .

Proof. By Lemma 5,

T
P/ // {3tf+v-fo+E-va}|f|p_2fdxdvdt
0 2xR3

0
=p// / 0 f +v-Vif +E-Vuf}
2xR3 J—min{T,t(T,x,v)}
X |fIP2f(T 45, X(T +5; T, x,v), V(T +5; T, x, v))dsdvdx

T 0
+p/ // 0 f +v-Vof +E-V,f)
0 Y4+ J —min{t,ty(1,x,0)}

X | fIP2f(t 45, Xt +s51,x,0), V(t +s;1,x,v))dsdydr.
7

Note that

d
d—If(t+s,X(t +s:1,x,0), V(e +s;t,x,0)P
S

= {0 f+v-Vif+E-V,f}
X |fIP72f (45, Xt +s:1,x,0), V(i +51,x,0)).

We plug this into (97) and apply the integration by parts in s to obtain
1 T
Sxon= [ ipaxoraas [ [ irexorad
p 2xR3 0 Jyt

— // 1754720 f (T — th, xp, vp)|Pdxdv
2xR

98);

—// 17 <nrx0! fO, XO; T, x,v),V(O; T, x, v)|"dxdv
xR

(98),
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T
— / / Listytx0) | f (t — tn, xp, vp)|Pdydt
0 Y+

98)3

T
_ /0 / Lienntre £ 0, X (0 1, x, v), V(0: £, %, v))[Pdydr
Y+

(98)4
(98)

We claim that
(98); + (98)s = / / | folPdxdv. (99)
2 xR3

IfT < ty(T, x,v)thente (0, X(0; T, x,v), V(0; T, x,v)) > T.On the other hand,
if t < (2, x,v) then (0, X (O; ¢, x,v), V(0; ¢, x,v)) < T. Now we apply the
change of variables (x, v) — (X (0; ¢, x, v), V(0; t, x, v)) to (98); and to (98)4 to
conclude (99).

Next we claim that

T
93)1 + (98)3 = /0 b . (100)
We split
[0,T] x y— ={tg(s,x,v) +s5 > T}U {tg(s, x,v) +s < T}. (101)

We consider the map (73) for fixed 7 > 0 from £2 x R3to{(s, x,v) € [0, T]x y_ :
t¢(s, x,v) +s > T}. This map is onto since t,(T, X (T; s, x,v), V(T; s, x,v)) =
T — s and therefore (X (T'; s, x,v), V(T; s, x,v)) — (s, x, v). By the change of
variables with (74)

T
(98); = /0 // Ly .oyisat | £ (s, x. v)[Pdyds.

For (98)3 we consider (75) from [0, T] x y4 to {(s,x,v) € [0,T] x y_ :
t¢(s, x, v)+s < T}. This mapisonto since (s +2¢ (s, x, v), X (s+1; s, x, v), V(s+
te; s, x,v)) = tg(s, x, v) and therefore (s + (s, x, v), X(s + t; 5, x,v), V(s +
t; s, x,v)) — (s,x,v). Applying the change of variables of (76), we obtain that

T
(98)2 = A // 1!f(S,X,U)+S§T|f(S’x7 v)|Pdyds.
V-

O
We define
yi ={(x,v) € yy :|n(x)-v| Seor|v] 2 1/e}. (102)
Lemma 7. Assume that, for Ay > 0, §1 > 0,
supe [ E() oo < 81 < 1. (103)

t>0
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We also assume é(v) <Y (t, x,v) < C(v) for some C > 0. For ¢ satisfying

2681
e>—>0, (104)
A

1

there exists a constant Cs; A, o > 0 forallt 2 0, such that

!
/ / |h|dyds
0 Jyi\vi

t
< Cal,Al,Q{HhOHl +/ A (s)Il1ds (105)
0

t
+f [(6: +v-Vi+ E-V, +¢]h(s)||1ds}.
0

If E € L™ does not decay but
IE®) oo < 9. (106)

then for ¢ > 0,

t
/ / |h|dyds
0 Jyp\ri

t
< Ca,t,e,xz{llholh +/o 7 (s)N1ds (107)

t
+/ |6 +v-Vi+ E-V, +1ﬁ]h(s)”lds},
0

where we have time-dependent constant Cs; ¢ o > 0.
Proof. Fort — (¢, x,v) < s < ¢, from (103),
t 51
[V(s;t, x,v) — v §/ |E(t, X(t;t,x,v))|dt = T (108)
s 1
Therefore, for |v| = ¢ with the condition (104),

t
~/t‘lb

) )
> [vltp(t, x, v) — A—llrba,x, v) = A—llzb(z,x, v).

IX(t —ty; 1, x,0) — x| =

t
—f |V (t;t, x,v) —v|dt
t—1Ip

This gives an upper bound as

A

t(t, x,v) < 8_] x diam(£2) for |v| = e. (109)
1

Now we consider a lower bound of 1,(z, x, v) for (¢, x, v) € [0, 00) X y+\7/j.

Since
. [(x1 —y)-n(xp)]
im —————

}'—)Xl x J—
y e [x1 — yl

=0, for x; €052, (110)
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we have [(x; — y) - n(x1)| < Colx) — y|2 for all x1, y € d§2. Thus from (108),

Colx —xpl* 2 [(xp — x) -n(x)| =

t
/ v-n(x)dr
t—ty

51 &
> {|v-n(x)| - A—l}tb > Etb'

t
/ V(t;t,x,v)dr - n(x)
t—ty

>

1
_f W Vxde (111
t—ty

Also we have

2
2
|x —xp|” =

t
thv — / (v —V(s))ds
I—1p

" 2
52t§|v|2+2</ |v—V(s)|ds>
t—tp

8 1
<22 + 2(rbA—1])2 <2650l + e

Combining above two estimates, we get Cg; (2t§|v|2 + %tﬁez) > %tb, and dividing
|v|?#, on both sides we get

I 5
(1, x, —e. 112
b (7, x U)>5C_q (112)

If & solves (59), then for (¢, x,v) € [0, T] x y4+ and — min{z, ,(f, x, v)} <
s 0,

h(t, %, v) = h(t 45, X (1 +5), V(1 + s))e~ Jims VXV @0

t
+/ e S VXAV ENAT B X (111, x,v), V(Tit, x, v))dr,
t

+s
(113)
where X (s) = X (s;t,x,v), V(s) = V(s;1,x,v).
Then
min{z, tp(t, x, v)} x |A(t, x, V)|
0
:/ |h(t, x, v)|ds
— min{z,t (¢,x,v)}
0
§/ |h(t 45, X(t +5), V(¢ +5))|ds
— min{¢, 1, (¢,x,0)}
0 t (114)
+/ / |H(t, X (t;t,x,v), V(t;1,x,v))|drds
—min{¢t,1(¢,x,v)} Jt+s
0
§f |h(t + 5, X(t+5), V(I +5))|ds
— min{z,1,(¢,x,v)}

t
+ (2, x, v)/ |H(t, X(t;t,x,v), V(r;t,x,v))[dT.
t—min{z,ty (¢,x,0)}
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Lete; := ﬁﬁ.Thenfrom(llZ),for (t,x,v) € [eq, T]xy+\yj,weintegrate

T
over [,/ fy+\Vi to get

T
61/ / |h(t, x,v)|dydt
el Jyp\vi

T
§f / min {t, (¢, x, v)} X |h(t, x, v)|dyds
e Jyp\pg lenTIxlyp\vil

T 0
< / / / h(t +5, X (1 +5), V(1 +5))|dsdydt  (115)
0 y+\vi J—minft,m(z,x,0)}

T t
+ sup it x, v) / / |H(z. X (1), V(1)
0 Jyp\yf Jr

r+\vi —min{t,m(1,x,v)}

it

T T
Sfo ||h||1+/0 I16; +v- Vi — Ve -V, + vk

where we used Lemma 5 and (109) in the last inequality.
On the other hand, from our choice € and €1,

ty(t, x,v) >t forall (¢, x,v) € [0, €] x y+\y_i. (116)

Integrating

0
Ih(t, x, v)| < [ho(X(0), V(O)| +/ |H(t +7,X(t + 1), V(t + 7)|dr

—t

over [¢' [. we get
0 Jyp\yge

€]
// |h(z, x, V)|
0 Jyp\vi
€]
_ / / (ho(X (0). V(0))[dyd (117)
0 Jys\ri
€1 0
+// /|H(t+r,X(t+t),V(t+r))|drdydt.
0 Jyp\yv§ J—t

Applying the change of variables of (88), the first term in RHS of (117) is bounded
by ||holl1. From (116) and (88), the second term in RHS is bounded by

€1
/ 10 +v - Vi =V - Vy + Y)hllidr.
0

Finally we combine (117) and (115) to obtain (105).
The proof of (107) is similar. In the last line of (114), we have ¢ multiplier
instead of tp (¢, x, v). The rest of proof is same. O
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Lemma 8. If n(xy(z, x, v)) - vp(t, x, v) # O then (ty, xp, vp) is differentiable and

1—1 Ky
oy _ ;n(xw-[e,- + / ' / (2 -V)E(r,Xm)drds]
0x; n(xp) - vp X

2£= '_aﬂv., / / 8X(f) E(r X ())dzds,
Xi

9 o —n ox
8_?,-): —ﬁE(t—tb,xb)+/ ( a(f) )E(r X (1))dx,

on, BX(I)
P n(xb> o) o ) [e’ / / o V)EC: X(r))dfds}

3 X
I e — —vb+/ f @, E(r X (1))drds,
Bvi 3

5 Py 90X
8%[; = e — a_le(t —tb,xb)+/ ( o )E(t’X(r))dr'

(118)

Proof. The equalities are derived from direct computations and an implicit function
theorem. For details see [26]. O

Proposition 1. Assume the compatibility condition

fo(x,v) =g(0,x,v) for (x,v)e€y_. (119)
Let p € [1,00) and 0 < ¥ < 1/4. Assume
Vi fo. Vo fo € LP (2 x RY),

Viwth9:8: Vi, b Vogs Vi, vXbdx, & VautbVg € LP ([0, T] x y_),
Vi H,VyH € LP([0,T] x 2 x R?),

e 1Ty, eV, € LP(10, T) x 2 x RY),
PP fo e L2 x BY), PP g € 1[0, T] x o),
PP H € L0, T] x 2 x BY).

(120)

Then for any T > 0, there exists a unique solution f to (59) such that Vi, f €
CO([0, TT; LP (82 x R*) N L ((0, T); LP ().

Proof. Along the characteristics
t
Flt,x,0) = 1™ o VEXOVONT f,0x ), v (0))

! "t
+ Ly, f ¢ VEXOVONTE (5, X (5). V(5))ds
0

; (121)
Foge o VEXOVONT X — 1), Vi — 1))

t
+ ll>fb / e_-[vt "p(f,x(f)sv(f))d‘[H(s’ X(S), V(S))ds,
1—1Ip
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where (X (s), V(s)) = (X(s; ¢, x,v), V(s; 1, x,v)).
By direct computations, we have

Ve [t x, 0) 24y
t
= Ly<ae™ DV 0X ) Vi fo + Ve VO) - Vufo

t
- fo/o (Vx,wX(0) - Vi + Vi u V(0) - Vu‘/’)}

+ 1{1,‘>th}e_ft7tb 1//{ — Vx,vih0:g(t —1p) + Vi vxp - Vi g(t —1p)
+ Vi, wvp - Vog(t — 1) — Vx vip ¥ (t — 1p) g (1 — 1)
!
— gt —1p) (Vx v X(T) - V¥ () + Vi V(7)) - va(r))dr}

t—1Ip

! '
+f e h VX @) Ve H©) + Vi V) Vo H ()
max{0,t—1,}

t
- H(S)/ (Vx o X (1) - Vi (t) + Vi o V(7) - Vv‘/f(f))dl’]d&

where Vi yth, Vi vXb, Vi pUp in (118).
From (22) with replacing —Vy¢s by E,

i VX,UX(S;tsxsv)
VX,UV(S; tv-xv U)

d
s (122)
_ |: 03x3 Id3x3i| |:Vx,vX(S; t,x, v)i|

VXE(S1X(S;t7x9 v)) 03><3 VX,UV(s;tv-x9v)

Then easily we have for C = C(||V E ||cl>é2

Ve X (531,20, 0) + Ve Visi 1,0, 0)] S €0,
By the change of variables in Lemma 3 and Lemma 5, we have

V0 f () Lrzy 1
2 _ 2
<t Ve follp + 17 follsolle P Ve il

t
+ [/ IVe,vtbdigllp + 1 Ve vxnd gl
0 (123)

1/p
+ Ve vundugllh + ||vx,vtb1pg||§}

t p Pvf? —vf? p v
+[/0 Ve oHIp + lle”""" Hlloolle™"" Vx,vl/f||p:| .

From our hypothesis (120), these terms are bounded, and therefore

Vi Vi) Vo f Ligay € L0, TT; LP (2 x RY)).
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Now we prove that Vy , 1,4, is weak derivatives of f. We claim the following:
Let @(t,x,v) € CX((0,T) x £2 x R3) then we have

T T
/ /[ fVi @ = —f f/ Vx,vfl{t;étb}q)- (124)
0 2xR3 0 2xR3

Fix the test function @ (¢, x, v). From Lemma 2, we have (61) for all (¢, x, v) €
R+ 2 xR3. Since supp(@) is compact and n(xp (¢, x, v))-vp (¢, X, v) is continuous
if (61) we have

sup [n(xp(t, x, v)) - vp(t, x,v)| > §p > 0. (125)
(t,x,v)esupp(P)

Therefore, from (118), 1, (¢, x, v) is differentiable in supp(®) and hence
M = {(tp(t, x,v), x,v) : (t, x,v) € supp(P)} (126)
is a C'-manifold in R, x £ x R3 with the normal direction
1
VIH Vit 2 + [ Vatp|?
Now we take C!-approximation (fé, H', g") of (fo, H, g) such that, as [ 1 oo

(1, =Vytp, —Vutpy) € R”.

np =

/ [

1fo = Follwir@xpron + 118" = gllwirqo.1x(y-n a2 xBr ) (127
1

+ I H = Hllwirqo.11x2xBro) = 0

where Br(0) includes projection (onto velocity phase) of supp(®). Then by the
trace theorem, for 0 < § < 1

fé(x, v) = fo(x,v) and gl(O, x,v) > g(0,x,v) in Ll(y_\yf).
We define
£l x ) = Lge bV flx(0), v0))

_rt
+ Lisye T ¥ g1 — by, xp. ) (128)
t
+/ eV H! 5. X (5), V(s))ds,
max{t—1,,0}

and fL(t,x,v) := Loy f1(t,x,v) and fL(z,x,v) := L4 f/(t, x,v). We can
derive the same estimate as (123). This implies that up to subsequence

VfL — VfL weaklyin L?. (129)

By the Gauss theorem, for a standard basis ¢; € R, x R} x R} with i =
25 37 R 79

/// ei - Vi @ fldxdvds

Z//[fi—fi]cpe.ww (130)

-1 ///% B Vol + f//Mb e Vo)
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From (128),

t
limfi(t,x,v) =e*f°tl/’gl(0,Xb,vb)+/ el H! (s, X (5), V(5))ds.
tity 0

Note thatas ¢ 1 1, (X(0; ¢, x,v), V(0; ¢, x, v)) = (xp, vp) € Y—. Therefore

t ! t
lim £, x,v) = e Jo ¥V fl(xp, vp) +/ e SV H (s, X (5), V(s))ds.
0

iy
Finally (119), (127), and above two limits imply that, as I — oo,
IFL, x, v) — fLie, x, vl
= e Y gl(t — ty, xp. vp) — e oV £LX(0), VO 1 + Ot — 1)

t
< le™Jo Vgt — t, X1, vb) — fo(xp, vp)lligr + O — 1)
— 0.

Therefore the first term of RHS in (130) converges to zero as [ — oo. From
(129) the second term of RHS in (130) converges to the RHS of (124). This
proves (124). O

3. Desingularization via Mixing in the Velocity space

The main purpose of this section is proving Proposition 2.
Proposition 2. Assume E(t,x) € C ; is given, and both (60) and (103) hold, and

sup e [V E(f)lloo < 82 < 1. (131)
t>0

Then forall0 < o < 1 and N > 1 and forall s 2 0, x € £2,

du
/ —)O' 50‘,9,A1,51,A2,52,N 17 (132)
\

u|SN Olf,e(s’ X, U

and, forany 0 <« < 2,

o—Clv—ul? 1
du So.2.41.81. 408Nk 1. (133)
/ulgN v —ul> agpe(s, x,u) 9,24, 41,01, 412,02, IV, K

The key element of the proof is the next change of variable formula.

Lemma 9. Assume (103) and (131) and 82(A2)’2 & 1. Forx e Qandt 20, we
define a map

uefuc R3 : (it x,u) St+ 1) = (h(t, x,u), xpt, x,u)) € R x 082, (134)

. Bty (,x,1) . xp (1,X,10)) ty(t,x,u)3
with det( T ) R Cnt ) G E T



1056 Ca0-KimM-LEE
Forg 2 0andallx € 2 andt >0

/ 1,00,y <t+18(F, x, u)du
R3

(135)
: tv )
S / 11 C0) O 1011k o 1) digdS,g,
992 |7p*
where the lower end of ty-integration has a lower bound as
t5 ) -
(. x,u) 2 v, ¥, 0) — x| (136)

maxffth(t,x,u)gsgt | V(S, I, x, I/t)l '
We need the following lemma to prove Lemma 9.

Lemma 10. Assume (131) with Ay + 8> + ¢ < 1. Then there exists C > 0 such
that

-2
IVoX (531, x,0)| £ CeCR24 7 — g,

(137)
for all max(t — ty(t, x,v), —&) < s <1

Proof. Recallthat V, X (¢; ¢, x,v) = Vyx =0and V,V(¢; ¢, x, v) = Vyv = Id3 3.
From (122) we have

d
I IVoX(s5t, x,0)] SIVuV(sit, x,v),
S

d
IV Vi tox 0] S IV EGs. X (s 1,6, o) Vo X (s 1,2, 0)] (13%)
S

< Sae 12NV, X (551, x, 0)).

Then

t
IVyX (s 1, x,v)] 5/ IVuV(s's 1, x,v)|ds’
s
t t p
,§|t—s|+/ / Spe 2w, X (575 1, x, v)|ds”ds’
s Js/
t ps” .
5|t—s|+/f 8¢~ 2|V X (57 ¢, x, v)|ds’ds”
) S

t
"
< |t—s|+/ Is” — 5|82 22|V, X (57 £, x, v)|ds”.
N

By the Gronwall’s inequality (set s := ¢ — s if necessary), there exists some C > 1
such that

t
"
Vo X (s;t,x,0)| < |t —s|exp (f Is” — 5|80e~ 218 I ds”
0

0
”
+/ |s// _ s|826_A2|S |ds//)
min(s,0)

8 o 1"
< |t —s|exp (ﬁ / (Azs")e” 125D d(Ans”) + (8)282)
0
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< |t — s]e(®?92C82(42) 2

C8(Ar) 72

< |t —sle , for all max(t — ty(t, x,v), —¢) <5 < 1.

By choosing C > 1 large enough we conclude (137). 0O
Now we are ready to prove Lemma 9.

Proof (Proof of Lemma 9). The lower bound (136) is a direct consequence of the
identity

t—ty(t,x,u)
xp(t, x, u) =x+/ Vis;t,x,u)ds.
t

Now we prove the inequality of (135). Except measure zero set of u (when x €
252 we only need to exclude u - n(x) = 0) we have n(xp (¢, x, u)) - vp(t, x,u) # 0
from Lemma 2. Then by the implicit function theorem #,, and x}, are differentiable
locally.

Let us choose p € 92 which is close to xp (¢, x, u). Recall (29) and the nota-
tions v); and v, in (63) and (64). Here, we temporarily define three-dimensional
local parametrization 7, near xp(f, x, u) so that it is consistent with boundary
parametrization (29). We use x| ; and x, for (62). Let us pick p € 952 very close
to xp(t, x, u) € 082 and we define

Np Gy, x),2, X0) eR3 tx, > 0} N BO; 5/1) — .QﬂB(p;(Sé),
)1, x),2, X0) = 0p (X1, X),25 Xn), (139)
Np (XY, 15 X),20 Xn) = Np (X1, X125 0) + 2 (— n(xy 1, x1.2)),

for sufficiently small 81, 8, < 1 and we assume |p — xp(t, x, u)| < 8,. We used
notation n(x 1, X||,2) to denote n(n,(x,1, x|,2, 0)). From the definition of (139),

0inp = %Hjn » belongs to tangential plane of the level set for fixed x, = 0 and

hence
@1np x danp) || n(x) 1, x),2).

To specify local parametrization of xy (¢, x, u), let us denote
xp(t, x, u) = np(xp,1, Xp,2, 0).

We compute that, with the standard notation g, ;; := 9;np - 9;1p,

0 , ,
det( (Xp,1, Xp2 b))

ou
= det [tpld3x3 — [/ " [* Vu(E(r, X (z: 1, x, u)))drds]
—1 917, (xp) v, 1(xp)  331p(xp) ] 140
€p.11(n) I:\/gp.ll(xb) Un (xp) A/ €p.33(xp) (140)
 det —1 [ 921, (xp) v 2(xp) 331, (xp) ]
/&p.220m) L y/8p,22(xb) vn(¥b) /g 33 (xn)

1 03 p (xp)

W) /gy ()



1058 Cao-KiM-LEE

where we have used direct computations (See [16,26] for details)

. t—1 s
0Xp,i - _[,bej _/ "/ B, (E(r,X(r;t,x,u)))dtds]
t t

auj

1 [ 9inp(xp) v),i (xp) 93mp(xp) ]

/2 L2y i) va () \/2p 33 0en)
1—1p s
Vulp = o Cn) [tb13x3 —/l /t Vu(E(t, X (151, x, u)))drds]
) 1)

' 8p.33 ’
Note that we have (137) from (131) and Lemma 10. Then, from (137) and (131),

t—ty s
‘/ b/ VM(E(‘L', X(t; t,x,u)))drds’
t t
13

A

t
f [VuX (T t,x,w)||VyE(t, X(t; 1, x,u))|dtds
I—tp Js

' '
C€C32(A2)7282/ It — ‘[lg_AZTdeS (141)

I—tp Js

[IA

[IA

72 t t
Ce“ ) " son, / f e~ drds
t—tp Js

A

-2
CeC(SZ(AZ) Sty X ——,
(A2)?

where we have used a direct computation

t t t e—Azt _ e—AzS
f / e drds = / T
t—ty Js t—tp _A2

e—Azt e—Azt _ e—Az(l—tb)

=L Ay)2
2 (A2) (142)

e—A2(t—1p) { Aot

L PRpEE (1+A2tb)}
(—A2)?

< 1
T (Ap)?

Therefore we derive a lower bound of the first determinant of (140) for 8, (A) 2
<« 1, which is guaranteed by

Cs - 1)>
(1) det [ngg e A;ze“zm” 2] > W) ;) : (143)

where we have used det[/,«, + O()] =1+ 0,(8) for0 < § <« 1.
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Clearly the second determinant of (140) equals

1 33np(xp)

Un (Xb) / 8p.33(xp)
. -1 011 (xp) +vn,1(Xb) 931 (xp)
V&p11(b) | /gpa1(m)  vn(xn) (/gp.33(xp)

y -1 321 p (xp) +U|\,2(xb) 31 p (xXp) ’
V&p.20m) | /&p22(xp)  vn(xn) \/gp33(xp)

1 1
a V&p.11(xp)\/8p.22(xp) * |un (xp)|

Now we check whether the mapping u — (xp(z, x, u), tp (¢, x, 1)) is one-to-
one forall t € R, (¢, x,u) < N, and n(xp(t, x,u)) - vp(t, x,u) < —% with
x € 2 orx € 082 with n(x) - u > 0. Assume that there exist # and z with such
conditions and satisfy xp (¢, x, u) = xp(t, x,u) and ty(t, x, u) = tp(t, x, u). As
(140) we choose p € 952 near xp(?, x, ) and use the same parametrization. Then
by an expansion, for some i € uu,

(144)

xb,](l‘,x,ﬁ) xb,](tvx’u) Vuxb,l(ta'x’ﬁ)
O = -xb,z(ta X, ﬁ) - xb,Z(t’ X, M) = Vuxbl(ta X, l’_t) (iZ - u) (145)
p(t, x, ) (2, x, u) Vuty(t, x, )

This equality can be true only if the determinant of the Jacobian matrix equals zero.
And (143) and (144) imply that 7, (¢, x, u) = 0. But this implies x € 92 and hence
vp(t, x,u) = u and vy (¢, x, 1) = . Then n(x) -u < 0 and n(x) - # < O which are
out of our domain.

Now we apply the change of variables to conclude the proof of Lemma 9. O

Finally we present the proof of the main result of this section.

Proof (Proof of Proposition 2). Step 1. We apply Lemma 9 and deduce that

/ Uyt g / (w1, x, u)) - vb(r; x,u)|' e dindrp.
SN Afe(S, X, u)° a0 [t (2, x, u)|
(146)
Here 1, has a lower bound from (136)
fy > M’ (147)
N +61/A4

where we have used the fact, from E in (103), for |u| < N and 0 < s < ¢, that
t
[V(sit,x,u)| < |u|+/ |E(s, X (s: ¢, x,u))|ds
0

t
< N+/ S1e~ M5 ds
0

< N+681/A;.
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From V (s: t, x,u) = vp(t, x, 1) + fts_lb(t’x’u) E(z, X(1;t, x,u))dt, we have

xp(t, x,u) —x

t—ty(t,x,u) s
= / {vb(t,x,u) +/ E(t, X(1; t,x,u))dr}ds
t t—ty(t,x,u)

= —tp(t, x, wvp(t, x, u)
t—ty(t,x,u)
+ f / E(t, X(t;t,x,u))drds.
t ty (t,x,u)

Therefore we can conclude that

vp(t, x, u)
x — xp(t, x, u)
(t, x, u)
1 t

N
- / E(t, X(t;t,x,u))drds,
(t, x,u) t—ty(t,x,u) Jt—tp(t,x,u)

and hence
[n(xen (2, x, u)) - vp(f, x, u)|

|(x —xp(t, x,u)) - n(xp(t, x, u))|

= th(t, x, u) (148)
(1, x, u)
+— max |E(t, X(T;t,x,u)) - n(xp(t, x, u))|.
2 t—tp(t,x,u) STt

Using (148), we further bound (146) by

(146) </ [(x = xp(t, x, u)) - n(xp(t, x, u)|'~ ‘7/—dt][,deb (149)

HIEl L / [ P (150)

where 1, has a lower bound of (147).
By integrating over #y, in (149) and using the lower bound (147), we deduce that

(N +81/A1)%°

TESER ds,, . (151)

(149)5/ |(x — xp) - nCxp)|' ™0
082

Recall (29) and choose p € 952 such that xy, is close to p locally. Then locally
(151) is bounded by

(N +81/A1)*°

[ = 1p(V)1s Y12, 0) - n(ypt, vy (152)
x 0= dyj.1dyj.2.
1211 Ix = np (1, yp,2, 0

Without loss of generality we may assume |x — 1, (y|,1, ¥),2, 0)| < 1, otherwise
the denominator of (152) has a lower bound. Hence x is close to p and we can
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parametrize x = 1,(x),1, x),2,0) — x4n,(x).1, X),2) as (62) or (139). By a re-
parametrization we may assume that the coordinate of p € 082 is (y), y») =
1,15 Y1.2> ¥u) = (0, 0, 0). Therefore we can assume (x,1, x|,2, X,) ~ (0,0, 0) ~
.12 y1.25 0).

We expand

(x = np(1. 0) - (= mp(yp)
= (xn(=npxp) + p(x). 0) — 0y, O0) - (= np(yp)

1
= ((—np(yn)) —/0 (xy=yp) - Vyynplsx)+(1 — S)yu)dS) (= npy)) x xp

1
+ (/0 G = yp) - Vg np(sxy + (1 =)y, O)dS) (=npp)
= Xn + O,y ot (X — yyllxnD)

+ &=y -V —np(y)))

—np(yp) - / / g =) - Ve mp (g + (= 1)y 0) - (x) —YH)dde)
= xu + Oy 2 (1X) = YIDIxal + Oy, (g — 3117,

where we have used the fact, at the cancellation above, that

Vaynp (s 0) Lonp(yp). (153)
Clearly, for |x| — yy| < 1,

1
E(Ixnl — Cnylia lx1 = 311%)

(154)
< (x =10 0) - (= 1pGP)LE 2(1xal + Cpgy o by — i)
On the other hand, fori = 1, 2,
30y (v, 0)
—np(y, 0)) - =
(x = 1p(y,0)) N
3inp(yy. 0)
= (¥ (=np(x) + p (x5 0) = mp (), 0)) -~
(0 (=1 () + 1 (1, 0) = mp () )/m
) 1 3inp(yy, 0)
- ((—np(yn)) _/0 e =) - Vigynp(sxy +(1 _S)y”)ds> ' \/Wxn
1 3inp(yy, 0)
([ G =y Vg nploxy + (1= 9y, 00ds ) - =
</o X =Yl 1p S X el s> Vepii (1,0

0in 5
=(—np(y)- X+ O (Ixy = yDxn,  from (153)
( pWIl gp,ii(yn,o) n Inpll e VI [11)An
9inp(y, 0)

=+ O () — 1)
V&p.ii (v, 0) Telc2

+ () = yp) - Vi mp (), 0)) -
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Hence, for |x,|, |x — yj| < 1,

3np (v, 0) 2>1/2
— 1,y 0)) - 222
<i§2|(x 1p(y. 0)) gp,ii(yn,o)|

2 155
= X = Y1l + Oyl 2 (X = YIDXn + Oy o Axyp — 3919 (135)

v

X .
) =X

From (154) and (155), we derive an upper bound of the integrand of (152) and
then split it as

(152) < /
—v 1 2 —_
=l ((Ixnl—CuanCzlxu NP+ Ix y“l2)

= / + / . (156)
=y S lxnl x| S ey =yl

First we consider the case of |x; — yj| < |x,|. For |xj — yj| < 1,

[ )17+ |y — yy 2079

dyy

3—0o
2

2 [ x5
enl = Cimplica 1 = 311" 2 =~

Hence, by a change of variables R := |x| — y;|%,

/ in (156)
[y =yy | = %]

% ]2 l—o l—o
o [ TR,
0 [|xn|?/4+ R 2 (157)

bl x| 10 bl
/ —dR +/ R™272dR
0 B g 0

S R e

~

A

On the other hand, from the same change of variables,

/ in (156)
x| S b=yl

1 1—0o 1

§f |x”|,a dR+/ R-3-%4dR (158)
|xn|2 R 2 |xn|2

S L+ xlo.

From (157) to (158), and (151), (152), we conclude (149) < 1.
In a similar way as deriving (151), using (147), we bound

(150) <

IEl| Lo (N + 81 /A1) / dSy,
I+o 9

@ |xp — x|1+o’
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Since xy, varies in the 2 dimensional smooth hypersurface 92, we can easily see that
T aTe is integrable for 0 < o < 1 and hence (150) is bounded. This estimate
together with (158) derives a bound of (146) and hence (132).

Step 2. Now we consider (133). From |u| = N > 1 and (103), we have

[X(s;t,x,u) —x| =

t
/ V(s';t,x,u)ds
N

t gt
v
> |u||t — s —/ / e~ M5 8,ds"ds’
s Js/

> (lu| — A7 18— s).

IfN > 2Af]81 then | X (s;t, x,u) — x| = %U — s|. Since the domain £2 is
bounded, we have sup | X (s; t, x, u) — x| < oo. Finally we conclude that

lultp(t, x,u) <o 1 for lu| = N, (159)
t(t,x,u) Sen 1 for lul Z N. (160)

Furthermore from (159), for |u| = N

s
/ |V(s'; s, x, u)|ds’
s—ty(s,x,u)
N N
< Julty(s. x. 1) + / / E(s", X(s" 5, x, u))[ds”ds’
s—tp(s,x,u) Js'
s s p 161
<a 1+/ / S1e~ 157 ds"ds’,  from (103) (i61)
s—tp(s,x,u) Js’
<ol4 2 from (142)
S0 -5, rom
(A1)?
S.Q,K,A.,Sl 1.

Step 3. Now we derive a version of velocity lemma (See several versions of
velocity lemma in [16,18,20,22]). Without loss of generality we assume that there
exists &€ : R — R such that 2 = {x € R? : £(x) < 0} and V&(x) # 0 when
&(x) = 0 (See the construction of such & in (2.3) of [9]). We define

alt,x,v) = \/5()6)2 +|VEW®) - ul? = 2(u - VZE(x) - u)§(x). (162)
For [u| =2 N and t — ty(t, x, u) = —&/2,
aret,x, ) Sons.a @, x, 1) SoNs.a relt,x, u). (163)

We remark that the equivalent relationship fails in general for small # as N |, 0.
The proof of (163) is now given here: Assume |u| = N. Then for (A;)~'8; < 1
andt —p(t,x,u) s <t

N2EN = A7 S V(sit,x,u)] SN+ A8 < 2N. (164)
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From a direct computation,

[0 +u-Vy + E(t,x) - V) 4 |VEQ) - ul* — 2(u - VZE(x) - u)E(x)}
=2{u - VEE+2{u - NV2e~ul{u - Vi) — 2u - (u - VVZE - u)é

—2{u - V2w - VE) + 2E - VENVE - u) — 4{E - V2 - u)é

1
Slu- VEP + &7 + {lul + m}(—z(u - VZE(x) - u)E(x))

+|E - VE[IVE -ul.
(165)

From the Neumann BC (n(x) - E(t,x) = 0 on x € 952), we have
[E(t, x) - VE(x)]
< |E(t, x,) - VEG)| + IED o1y 16 L2y x — s (166)
Se ||E(t)||cl(Q)|§(x)|a

where x, € 952 such that |x — x| = infycy [x — y].
By controlling the last term of (165) by (166) and using (164), we conclude that

d
3006 X(s38,x,w), V(s; ., u))?
S

Se (1+1Vesnxwl + G(s, X (531, x,u), V(s 1, x,u))?

1
V(s 1, x, u)I)
Sorw (14 1V t.x,0)])als, X(5i 1.x,u), Vsi 1, x,0)%

Then, using (159), (160), and (161), we derive

&t — ty(t, x,u), X(t — ty, 1, x,u), V(I — ty, 1, x, 1))
SoNs.a &, x,u) (167)
SJQ,N,(M,AI &(t - tb(ta X, M), X(t - tba ta X, I/l), V(t - tba t’ X, u))2
Note that from (X (¢ —tp, ¢, x, u), V(t —tp, t, x, u)) € y—, (25), (162), and the fact
VE(x) # 0 when £(x) =0 (i.e. x € 0§2), we have
&(t - tb(tv X, M), X(t — Iy, 1, x, M), V(t —Ip, 1, X, u))
= |VEX(t — v, 1, x,u)) - V(I — v, 1, X, u)]
~ |n(X(t - tb7 t5 X, u)) : V(t - tb5 taxv l/l)|
~ape(t,x,u), fort—iy(t,x,u) = —e/2.
Here the equivalent relation “~” depends on £2.

Combining the above estimate with (167) we finish the proof of (163).
Step 4. From (163) and (25), we have, for |u| = N,

&(t’ X, u) Z lt—tb(t,x,u)g—g/Zlvscx) : M| + lt—tb(t,x,u)g—s/Z‘ (168)
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Therefore we conclude that
00 ,—C|(v—u)-VE[*

(133) §1+/  A(VEW)-w)
o IVEX)-ul®

1 _ 2
X / ———e Clor—urlqy |
R2 |up —vp|=7¢

_ 00 ,—Clv—u)-V§|? 00 —Clyl?
St [ S dEm w x [y
o [IVEX)-ul” o Iylt=«

S L

_ VE) | VEX)
whereu| =u — (u - _\vg(in) VS(i)I' =

4. Nonlinear-Normed Energy Estimates in Weighted W !-7

The main result of this section is the following a priori estimate.
Proposition 3. Let us choose 0 < O < 9 < 1 and

p—2
p

2
<,3<§, for 3 <p<6.

1065

(169)

Assume f solves (15), (16), (17), and f € L*®((0, T); LP (22 x R3)) N L'((0, T);
L?(y)) and wﬁa?,gvx,vf € L>®((0,T); LP(£2 x R¥) N LY ((0, T); LP(y)) and

sup JJwy f ()0 K 1,

0<5t<c0
and
sup eV (t)lloo < 81,
0<t<T
with
LA
< — .
A @

Then there exists C,, > 0 such that
lws fON5 + lwye 0f )1
< 2
< Cpe s VOOl s £ + lwsef af O},
Lemma 11. For any 0 < § < 1, we claim that if (f, ¢ ) solves (16) then

¢ lcri-sz) = Callws fOlloo forall t 2 0.

(170)

(171)

(172)

(173)

(174)
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Proof. We have, forany p > 1,

H f f(t,x,v)y/p()dv < |@Vr ( f wﬂ(v)—lx/u(wdv) lws £ () lloo-
R3 LP(£2) R3

Then we apply the standard elliptic estimate to (16) and deduce that
@7 O lw2r@) S lwo f (@) lloo-

On the other hand, from the Morrey inequality, we have, for p > 3 and 2 C R3,

lorDllcri-sr2y Sp.2 19O lwzro)-

Now we choose p = 3/8 for 0 < § < 1. Then we can obtain (174). Note that the
constant C; can be chosen independent of p and §. O

To close the estimate, we use the following lemma crucially.

Lemma 12. Assume (169). If ¢y solves (16) then there exists C| = 0 such that
lér Il -3¢ < D" {Ifol, + IIOl/sV FOlip} (175)

Proof. Applying the Schauder estimate to (16), we deduce

. <
oy (t)”Cz,lf%(é) ~p.S2 H /]R3 f )/ udv 0!

3 for p>3. (176)

P (£2)
3
By the Morrey inequality, W' c C 0175 with p > 3 for a domain 2 C R3
with a smooth boundary 92, we derive

H /H; FOVEdy

0, 17?(9)

C

< t d H
| s,
P 1/q
< ([ uwra) nr g +| [ vrovmal,
By the Holder inequality
| /R Veflr, v)\/u«(v)dv‘
<
< H N A CEE] .
-1 (178)
(v)izwp—u !
- / —ﬁl’dv ”O‘f,s(t,X,')ﬂvxf(lyx,')HLp(RS)-
B o pe(t, x, v) P
(178),

Note that p—j < ﬂTpl < 2-L- < 1 from (169). We apply Proposition 2 and
P P P
conclude that (178); < 1. Taking L”(£2)-norm on (178) and from (177), we

conclude (175). O
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We need some basic estimates to prove Proposition 3. Recall the decomposition

of L in (54). From (55)

|Vvv<v)|§f / ol () deodu < 1.
R3 JS§?

‘We define a notation

Ko (v, u) :=

Iv—ul2

1
v —ul
It is standard (see [18]) that for0 < T <pand0 <o <o —

2P = JuPP?
expy—elv —ul” —o——5—1.

kg(v,u)e“”' el S ks (v, ).

Moreover, for 0 < 7 < o, (see the proof of Lemma 7 in [18])
/ Kk, (v, u)eﬁlv‘ze_'j‘”lzdu < ()7L
R3

From (57) and a direct computation, for 0 < ¢ < %,

v \2+\u+t|2

00, K1 (0, 1+ )| = Ciy, (Jule™ ) S ko, u+v),

and

g Polet?
dy, ko (v, u 4 v) = Cy, U,<| | e 8wl )

2 22
Cho w2 Lot o2 — fu + | u;
=2, Fe uP?

Juel 4ul Jue]

P
Slul"'e” T e 16]u|?

Sko(v, u+v).
We define
Kog@) = [ (Fuka(v.u-+0) = Vuki(v.u-+ )l + vy
R;

From (181), (183), and (184),
ws(v)

w5 K9 £ 3 [ ool
; 3 ¥

Sf ks (v, w)|w; Vyg(u)|du,
R3
5 (V)

w
w3 K@ = Y [ 19k 0012 g+ v
; VR w

o (U +v)

5/ ko . )22 |y g )1
R3 wy (1)

S lhwo glloo-

lws Vg (u 4 v)[}du

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)
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The nonlinear Boltzmann operator (58) equals

/W /S2 lu-wlgi(v+ug)g(v+ uH)\/mdwdu
[ [ o0+ 26200 it

(187)

where u = (u-w)wand u = u — u. Following the derivation of (57) in Chapter
3 of [21], by exchanging the role of /it and w~!, we have

09 e 2 S Il [ v, 0y (188)
By direct computations,

VyI'(g, g)(v)
= Vylgin(g, 8) — Volloss(8, &)
= Tin(Vug, g+ Tgain(g, Vug)
— Toss(Vug, &) — Toss(8, Vug) + T1(g, 8)-

(189)

Here we have defined

Iy(g1, 82)(v) = Fv,gain — 1y loss

= 43 /S‘z |I/l -C()|g1(v+Ml)g2(v+u‘|)vv\/mdwdu
_ /R} fSZ - 0lg1 (0 + 1022 (0) Vo 7200 T @) deod.

(190)
Note that
|w1§ gdin(vvg g)|+|w,§ gdin(ga Vyg)l
||wﬁg||oo |wg Ieain(IVogl, wy )|+|w73 Tgain(wy s|vvg|)|}
w V) (| Veg' Vyg (v
|w§g||oo[ / v —u 5( ){| vg(/)|+| vg(/”}da)du.
wy (u) L wy (V') wy (u')

Then following the derivation of (57) in Chapter 3 of [21], by exchanging the
role of /it and wy 1, we can obtain a bound of

|wl§Fgain(vvgs QI+ |wl§Fgain(ga Vyg)l

< ||wﬂg||oo/ ko (v, 1) Euiw Vg ()]du

A

IIwﬂgllooflRS ks (v, w)|ws Vyg(u)|du. 191)
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Clearly

ws(v)

. W lwz Vyg(u)|pu(u)2du

[w; Tioss(Vogs )] < lwoglloo fR

192
S ool [ k(w100 Vgl (192

|wj Noss (8, Vo) S (W) lwy glloolwy Vug (v)].
For I 10ss (g, g) defined in (190),

|wl§Fv,loss(ga 8l
ws(v) 1
N lws glloo S (4 —v) - o lwy g(u)|Vyy/ u(u)dudew
X

~ wy (v) wy (1)

< (W) lwogll%.

(193)

For I'y gain (g, &), following the derivation of (57) in Chapter 3 of [21], by exchang-
ing the role of /i and w;l

|wl§Fv,gain(ga 8l
w5 (V) wygv)
S ||wz9g||oo//RS o (= v) - |2 v8 Vv (u)dudw (194)
X

wy (V') wy (u')

S luogll [ ko(w. il g(idn

The next result is about estimates of derivatives on the boundary. Assume (15)
and (17). We claim that for (x, v) € y_,

1
Ve xS OWVEO) 1+ ———) x (19, (195)
n@) -l
with

/( o L@ £ 1920 DIV 1.0
+ ()1 £1+ (1 + [y flloo)] /R ko )| f@hldu'| - (196)
+ (1 + RGO DIVas |V ) - uldu

From (15),
O f(t,x,v)
. 2

= n(x).v{atf_i_;(v"[i)afif_vxd)f.va (197)

+ % Vxppf+Lf=T(f, [)+v- Vx¢f~/ﬁ}'
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Let 71(x) and 72(x) be unit tangential vectors to 952 satisfying 71 (x) - n(x) =
0 = 1(x)-n(x)and 71 (x) X 12(x) = n(x). Define the orthonormal transformation
from {n, 11, 72} to the standard basis {e|, >, e3},i.e. 7 (x)n(x) = e;, 7 (x)11(x) =
e, 7(x)12(x) =e3,and 7! = 7T, Upon a change of variable: u’ = 7 (x)u, we
have
n(x)-u=n(x) T =nx)Tx)u =[T@nx)] v =e -u' =u,

then the RHS of the diffuse BC (17) equals
/w0 [ T o
M1>

Then we can further take tangential derivatives 9, as, for (x, v) € y_,

Oy, f (1, x,v)
= cuv n(v) Oz, f (@, x, u)y/ p(u){n(x) - utdu
n(x)-u>0 (198)
9T (x)
+ cpuv/ 1 (v) om0 Vo f(t, x,u) oz, T (xX)u/ u(w){n(x) - u}du.

We can take velocity derivatives directly to (17) and obtain that for (x, v) € y_,

Vo f(t, x,v) = ¢, Vyy/ 1 (v) f@t, x,u)/ w@){n(x) - uydu, (199)
n(x)u>0
O f(t,x,v) = cpy/1u(v) - Oazf(t,x, u)y/ p(u){n(x) - uldu.

For the temporal derivative, we use (15) again to deduce that

3 (2, x, )
= /() [—u-vif+vg-v f— Vidf —Lf  (200)

n(x)u>0

+ I (f. )= - Veg |V n(x) - u)du.

From (197)-(200), (57), and (188), we conclude (195).

Proof (Proof of Proposition 3). Step 1. Define

v¢f(t x,v) :=v() + = Vidr. (201)

From the assumption (170), we have that vy ; (t, x,v) 2 @
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From (15), (57), and (188), we can easily obtain that, for 0 < o <« 1
lws £ 115 + / g/ Pw; £1 + /O' jwy £17 4
< lhwy FOI + (1 + ||wﬁf||oo>/t [ s

(202)

/ o (v, 1) 1’8|w,§f(u>|du

[IIwﬁfllp /Ilw,ﬂqﬁfllp [Iwﬂflpf

Note that by the Holder inequality, (182), and (181),
[ lws f()[P~! / ks (v, w)|w; f (u)|dudv
R3 R3

N ||wl,f|| P H/ ks (v, u)l/qu(v u)]/plwﬁf(u)ldu

L 1/q 1/p
s £177 (/R3 ks (o, u)du> (/R3 ks (o, u)lwlgf(u)lpdu)

1/q 1/p
S ||w1§f||1£p (/ k@(v,u)du> (/ k@(v,u)dv>
'\ s .

S ”w,}f”Lp‘

A

Ly

(203)

From a standard elliptic theorem and (16), we have

t t
/OIIWﬁfIIZS/O llwg £l (204)

Now we focus on f(; |w7§f|p’_ in (202). We plug in (17) and then decompose
Y5 U vy \yi where ¢ is small but satisfies (104). This leads

/Ot|w1§f|”,

< /Ot/m (/):i(x)wgf«/ﬁ{n.u}du)P

+ /Ot /a.o </y+(x)\yi(x) wg f/uin - u}du)P

( ) N/UE u}du)p/q /Ot lws £l 4+ + /Ot /;+\V+ lwg /el

t
0(1)/ Iwﬁf|p++/ / lws f/ml?.
y+\vi

A

A
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From (15), Lemma 7, (57), (188), and (203)

t t
foIw,gfl”,_§|lw5f(0)||§+o(1)/o s 117
t
+<1+||umf||oo)/0 lw; £1IL.

Collecting terms from (202), (203), (204), and (205), we conclude that

Ile;f(t)II§+/Ot IIv%pwl;f||§+/Otlwgf|Z,+
S ||w5f(0>||5+<1+||wﬂf||oo>/0l llws £115.
Step 2. By taking derivatives 9 € {V,,, V,,} to (15),
[0+ v Vi = Vidhs - Vi + v, 03 1 (w5 0f) = wyG,

where

G=—0v-Vof +0Ves-V,f
+Or(f, f) —a[v(v) + % Vst 0)]|f —0Kf — (v - Ve /I0).

Here we have used

Vidr - Vywg
EE—

v
Vorwy = Vorws (£, x,0) :=v(v) + 3 Vor(t, x) + -
9

From (28) and (207),

l P p—1 _ _ B
p|wl9(xf’88f| [Bt +v-Vy = Vi -Vy + v¢f,wz§]|w§af’€8f|
= a7 [wsdf 17713 + v Vi = Vagyy - Vi + vg g [ w5 0f |
_ ..p,.Bp p—1
= wéaf’€|8f| g.
From (179), (209), (185), and (190)

Gl S IV f1 4 V2@ IV fI + 1T @F, H)I 4 1T (f, 3F)] + |KIf|
+ £+ 15 (f O+ 1Ky f
+wy () T2V 4+ IV D1+ wp £lloo)-

(205)

(206)

(207)

(208)

(209)

(210)

@211
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Now we apply Lemma 6 to (210) to obtain

t
1
||w,5afi,gaf(r)||§+/0 g, wsels OF I+ /|wﬁ o ofh

< wgel Af O)1) + /O e af1h
o (212)
t
+/ // parfwllof1Plg].
0 2 xR

12)g

First we consider (212)g. Directly, the contribution of |V, f| + V3¢ IV fl
of (211) in (212)g is bounded by

t
<1+ sup IIV2¢f||OO>[0 ||w1§o:’;€3f||z. (213)

0Ss<t

From (186), (191), and (192), the contribution of [I"(3f, f)|+ [Lgain(f, )|+
|[Kdf]| of (211) in (212)g is bounded by

<1+ sup ||w19f(s)||oo)

0Ss<t
t
x / / f jof wgdf )17 @19
0 2 xR3
X /3 a e (V)Pko (v, w)wy (V)3f (u)|dudvdxds.
R\

The estimate of (214) is carried out in Step 3.
From (192), the contribution of |I7oss(f, 9f)| of (211) in (212)¢ is bounded by

sup 1wy £ (5)llc / vy, wya afIb. @15)
0Ss<t

For the | f| contribution of (211) in (212)¢, we bound

t
/ f/ pw?’ a’]’i’gafv’ ! fldxdvds
0 2 xR

t . B
1/p =1 o Qfe(s, X, 0)
/0 //QXR}W@ w; wﬂafsafl |w ﬁf|—.( )(p_l)/pdxdvds

t
o [f[win, wﬂafsaf|”+(1+81/m>/ [ e

(216)

N

A
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Here we have used the fact that, from (31) and (171)

afe(s,x,v)

< 1s+1§zb(s,x,v)|vb(s’ x, v)| + lsglh(&x,v)'i'l

0
< 1+|U|+/1 IVor(t, X(t;s,x, v))|dt (217)

+ /S [Vor(z, X(;5,x,v))|dT
0
S (A + llwy folleo + 81/ A (v),

and from (169), % S8/ A1 x S < b/ AL

From (193), the contribution of |17 10ss(f, f)| of (211) in (212)g is bounded
by

t
o e [ [[ bl 070 e P b 7 s
0 2 xR3 ’

Stonsi{ [ [ whares [Cf[ el

where we have used, from (217), & £ (v)? (v)wy (V) ™1 < wy (V) ~1/2.
From (186) and (194), the contribution of |I'y gain| and |Ky f| in (212)g is
bounded by

<1+ sup ||w19f||oo>
0<s<t
///Q RATIOLS 1/ ko (v, 1) ”()lf( )
<o<1>/ [ ety
t
+(1+ sup ||wﬂf(s)||oo>/ // f1?
0<s<r 0 2xR3

where we have used, for 1/p +1/p* =1 and 0 < ¢ < o, from (181), (182),

(218)

(219)

/af,g(v)’s”lwgaf(v)l”_lf ks (v, wwy ()| f (u)|dudv
R3 R3

S /R e Iwsof )7 /R ko (v, 1)/ kg (v, 1)/ [w f )] dudv

B
< /ﬂ@%ww of af )P
w7

1/p* 1/p
X (/ ks (v, u)du) (/ k; (v, u)|w1§f(u)|pdu> dv
R3 R3
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p=1 1

(/R} |(v)1/pw5a¢’88f(v)|pdv> ! (/M /R3 ké(u,u)|w5f(u)|Pdudu)‘
p—l 1
(/R vy wﬂafgaflf’) ” </R3|w5f|")

Note that from the standard elliptic estimate and (16),

16D lw2r2) S H/R} f(@, x,v)y/ p(v)dv

A

A

N ||f(t)||L17(_Q><R3). (220)
LP(2)

Then from (220) we bound the contribution of wj (v) 1/2(|Vg | + V2 £)(1 +
lwy floo) of (211) in (210) by

(1+||w§f||oo>/ /[ plwse R of1r™ ‘“”"z()fﬂ(|V¢f|+|v2¢f|)

1 —1/4
§<1+||w0f||oo)/ // wya oF 17~ w> (Ve | + 1V 51)
0 2 xR3

t
S (1+||w§f||oo){/ /f 3|wl§a’;€af|l’
f / ||¢f||szf "/4}
13
S (1+||w19f||oo)/ // |w5af;,gaf|1’+/ // If17,
0 2xR3 0 2 xR3

—1/4

(221)

where we have used, from (217), ozf,e(v)ﬁwg(v)_l/2 < wy(v)
Step 3. We focus on (214). With N > 0, we split the u-integration of (214) into
the integrations over {ju| < N} and {|u| = N}.
For {|lu| = N} and 0 < § < o, by Holder inequality with % + pL =1

ﬁ ~
/m@zv . Wk (v, 1)]9f ()]

| 1/p*
<[ oL
= Olf’g(v)( 2N Q(U u)ozf,g(u)ﬂp*>
1/p

I/p
oo ([ | e arara)
o |u|ZN v

where we have used Proposition 2 with g < ijl % = 1 from (169).

(222)
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Then the contribution of {|u| = N} in (214) is bounded by

t B
1 1 afe(v)
[vg)"wgelf o P~ =S
0 Jo Juers ¥/ k
v¢f(v) P

x/ kg(v,u) w5 (v )|wl§8f(u)|dudvdxds
u|=N 5 W)

= /t/ /lv”pw of aflr) (223)
= Jo Jo \J, 0 T e

) 1/p
x(/> wya af @ /vk@(”’“)>

t
1
< 0(1)/ v /Pwlga’;eaf(s)ﬂgds—i—/o lwse ,af (5)lI5ds,

where we have used, from (217), M < 1 for B in (169), (181), and (182).
V¢(U)
The contribution of {ju| < N} in (214) is bounded by, from the Holder inequal-

ity,
' 1/ |
p
P p—
/O/Q/R}W(;,f wio fg f(v)]

) f _ wy (v) & pe P lwse Of @)
wEN o w () v¢f<v><P—1>/Paf,g(u)ﬁ

t
1
< /0 vy wsed AF @I

3
/ / / k; (v, u)'wl9 e f(u)|du>pdvdx]l/pds. (224)
R3 <N afe(u)f

p=1
where we have used (181) and the fact a?s/vd)]f < 1 from (217) and (169).
By the Holder inequality, we bound an underlined u-integration inside (224) as

dudvdxds

ﬁ e_p*élv_u‘z 1|M‘<N l/q
5 af (- 3 ——d , 225
lway O (Il e g3y X (.[1@ TR M) (225)
where 1/p + 1/p* = 1.
It is important to note that
(/ 0 tuen du>l/p* < ‘ L =
Ry v —ulP" o (u)PP” TP ape ()PP

By the Hardy-Littlewood—Sobolev inequality with
1 1

1
1 = ,
o T y=d
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we have

1
= X *
H‘H” Off,s(')pﬂ

LP(R3)
1 Ly |7
*k * — k
[-|P afe()P B
1/p

LP/P* (R3)

Ly
af,£(~)1’*f5

A

3(p=b
L 2p (R3)

1 <N
/ Mp: - 4V
B o)1

1. 2/3
RS

For3 < p < 6, we have 2222 < 1 and 2 < 221 Importantly from (169) we have
p 2 p 3 p

% < 1. Now we apply (132) in Proposition 2 to conclude that

1< 2/3
[v|=M
_— <
(/R3 aye(v)32 d”) Spame L.

Finally from (224), (225), (226), (227), and (223) we bound

A

t
1
214) So(1) fo vy Pwsa of 115
' (228)
+ 1+ sup wy f($)lloo) [ Nwsef ar15.
0<s<t 0

Collecting terms from (213), (214), (215), (216), (218), (219), (221), (223), and
(228)

13

1

@12)g % (o) + swp o F5)lee) [ gl e 071
0<s<t 0

+<1+ sup [lwy f($)lleo + sup. I|V2¢f(S)||oo>
0<s<t 0ssst (229)

t
< [ wgafors

t
+(1+ sup ||wz9f(s)||oo+8l/Al>/0 lws f1Ip-

0<s<t
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Step 4. We focus on (212),,_. From (195) and (196),
/ () - 0Py Ve £, x, 0PI (x) - vldo
n(x)v<0

N / ()P 1e(v) 2w?
n(x)-v<0 v

x <|n(x) PP L n(x) - v|<ﬂ—1>1’+‘)|(196)|1’du. (230)

Note that for 0 < 9 <p 1 we have u(v)gwg < eC1'F for some C > 0 when
lv] > 1.
On the other hand, from (169), we have

-2
B-Dp+1> pr—p+1 =—1, |n(x)-v|®=DPF e L] (®R3). (231)

Now we bound |(196)|?. For the first line of (196), we split the u-integration into
Y1 () Uy (x)\y§ (x) where ¢ is small but satisfies (104). By the Holder inequality

{/( ) 0 |w1§a§f"gvx,vf(svxv u)l{w{}'af,é‘(u)}iﬁ
p
X (u)y/ p(u){n(x) - u}du}

S {/ |w§afi~,gvx,uf(s,x, w)|P{n(x) - u}du}
yi(x)

« R (232)
X {/ {wyose(u)) PP |n(X)~u|pL4du}
yi(x)

+

14
+{/ Iwga’]’i,gvx,uf(s,x,u)l”m{n(X)-u}du}
Y4+ (O\YE (%)
. o p/p*
x {f {wjage(s, x, w)} =7 |n(x>-u|mdu} :
7+ O\ ()

for p* := #.Notethataf,g(s,x, u) # |n(x)-ul for (x, u) € y, in general. From

(169), fp* < 1. From (132) and (133) with v = 0, we have o} ? |n(x) - u| <

—Bp* 1
af,s € Llac

by the dominant convergence theorem, for (172), we choose ¢ := ZA—‘S: <ol

({u € R3}). Since lyi(x)(v) 1 0 almost everywhere in R as ¢ | 0,

(232) < o(1) |w1§a§SVX,vf(s, x,w)|P{n(x) - u}du
vi() '

(233)
+ f wyalk Vo £ s, %, 017 @) 5 (n(x) - ujdu.
Y+ O\YE(x)
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From Lemma 7 and (210), the last term of (233) has a bound as

t
/ / / W} o Voo f (5.2 )7 () () - u)dudS,ds
0 Jo2 Jy (o\ri) -

t (234)
S g Ve f ORI + [ g Vo 15 + 235,
where, from (207), (208),
t
/ // |3t+v'vx_Vx¢f'vv+v¢f,w5|
0 2xR3 ’
xwg ' Ball 1V, F1P (235)
t
<[] paliSen it elg (236)
/s
0 2xR3
t
+/ // Vet 110 Ve £17. (237)
0 2 xR3

Clearly (236) < (229). And, from (171),

t
@7 o1 [ g Veu s I,
0
Now we consider the third term of (196). From the trace theorem W17 (£2) —
1
w77 (3£2) and (220)

IVérliLroe) S ”W)f”w“#”(am SIVerlwire) S lws FllLr@xrd)-
(238)
Then

{ /9 / o 102 Flloo 1@H VYV n() - ududs, }”
S A+ Nws floD VLI o2 (239)

< A wp £l w5 17 -

For the second term of (196), by the Holder inequality with % + 611 = 1 for
3<p<6

kg(u,u’)l/q

1
Ry |m-u|Y/P koG, u) /P f @)
P

{/ 0(u>|f|+(1+||w19f||oo)
x |n-u'|VPdu’ Jin - u}du}
5/ |f1P{n - u}du
n-u>0

p/q
4+ (1 4+ Jwy flloo) </2 kg(u, M/)|f’l . u/|q/l7du/>
R;



1080 Cao-KiM-LEE

X / / Ko (u, u)| f )P |n - u'|du’du
R3 JR3

S A+ lws flloo) | f17{n - u}du. (240)

n-u>0

Collecting terms from (230), (233), (235), (239), and (240) we derive that

212),. S lwseh Voo FOR@EIS
+0(1)/ |wl§af€8f|§’+

1
+ (o(1) + sup [lwy f(s)lloo) IIV /pwﬁ fsaf”p
0<s<t

t
+(1+ sup [|wy f(5)lloo + sup ||v2¢f(s>||oo> fo e wsdrIb

0<s<t 0<s<t

t

+ (1 + sup ”wl‘/‘f(s)”oo) / (g fllp + 1wy f15.4)-
0<s<t 0

(241)

Step 5. From (212), (229), (241) we have
t
||w5a§£af(t)||§+/o g wie fgaf(t)||p++/ e Af 1

S IIw;,Oéfi,eaf(O)llﬁJr <1+ sup Iwa(S)Iloo>/0 (g £y + 1w £15,+)

0<s<t

t

+<1+ sup [[wf(s)lloo + sup ||v2¢f<s)||oo> / lwge f @)1},
0<Ss<t 0<Ss<t 0 ’

(242)

Multiplying small number to (242) and adding to (206) we derive that
llhws £ (@)1l + IIwzgot?ﬁf(t)Ilg

t
+f (1vg/ % w5 F15 + vy, wsell af 1)

;. p
/ |wﬁf|p++/ |w190‘f’53f|p,+ (243)

t
S Wl SO + g 7O+ [ oy 11
2 ' B P
(14 s 19260l ) [ gl o1
0<s<s 0 ’

where we have used (170). Then by the Gronwall’s inequality, we deduce (173).
]
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5. L3 L!*-Estimate of V, f and L'*-Stability

Proposition 4. Assume f and ¢y solve (15), (16), (17), and satisfy estimates (36),
(37), (171) with the condition (172). We also assume extra initial condition

lw; Vo foll | < oc. (244)

Then
||va(t)”L§(.r2)LL+5(R3) <; 1 forall t 2 0. (245)

Once we have Proposition 4, we can prove the following stability result.

Proposition 5. Suppose f and g solve (15), (16), (17), and satisfy (36). Also we
assume f, g satisfy (245). Then

1£ @) = gD g gy + fnf(s) g1, ds

(246)
Silfo = goll s o gy
Proof. Assume that f and g solve (207). Then
o[ f—g +v-Vilf — gl = Vidy - Vol f — gl
+ = Vel f — gl +vlf — gl
= Vx¢f—g - Vg
+KLf =81 =5 Vads—gg + T(f. ) = [(8.8) = v- Va o /H.
(247)
By Lemma 6 for L'*9-space with 0 < § < 1, we obtain
I — g1t +f I/ — gl + f Lf = gllse
< Iif - O +/ //M@ RHS of 47)IIf —g* (248

t
+/ 0 —glts

Step 1. For 0 < § < 1, by the Holder 1nequahty with 1 = 3(1 +5) + + j

5

and the Sobolev embedding W1+%(2) c L = a (.Q) when 2 C ]R3,

/ff Vadr g Vogllf — gl
2 xR3
f IVl

< sup [Vog()llapies x / ILf = gl(s)ll}3ds.
0< <t 0

3150 Vgl s 1es lr—gl’| » % (249)
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A simple modification of (203) and (204) as

fb//]"QwMNﬂm—gwnvw>—me
Pu/‘///"gwuwwum> gk, (0, 1) 7] F(0) — g ()
A([l}ﬂw—gwn”flkguw

AWf—ﬂﬁg

A

A

leads to

t
f // |the 2" line of RHS of (247)]| f — g
0 2xR3
(250)

t
< sup {1+uumf<wuw-+nwﬂgm>mn}/'uf-—gMi§
0Ss<t 0

Then following the proof of (205) and applying (249) to (250), we can obtain

t
A|U—gm3_
t
SMDAIU—gMﬁ&+Mf—ﬂ®WH§

+ osup {1+ [Vog($)ll a3 108 + wy () lloo + wpg(s)lloc }
0<s<t *

t
1448
x/nf—wH&
0

Using (245), (248), (249), (250), (251) and applying the Gronwall inequality, we
prove L'+3_stability (246) for all time r > 0. O

(251)

Proof (Proof of Proposition 4). Step 1. Note that from (15) and (199), we have

v
[0 + - Vi = Vigs - Vo +0(0) + 5 - Vi1, f

1
=4ﬁ>5&@f—%ﬁ+m@ﬂ+qumn+wmmw%@
(252)

with the boundary bound for (x, v) € y—

uf| SV [ I udd on - (253)
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From (179), (186), (191), (192), (193), and (194), we obtain the following bound
along the characteristics

[0y f (2, x, V)]
< 1y (r,x,0)>0100 F(0, X (051, x,v), V(05 2, x, v))| (254)
1
Lyt (p) / £t — . 3 0) T Crw) - wldu (255)
n(xp)-u>0

t

+[ [0x f(s, X(s;t,x,v), V(s;t, x,v))|ds (256)
max{t—1,,0}
t

+/ I+ ||wz9f||oo)/ ko (V(s), u)|dy f (s, X(s), u)|duds (257)
max{t—1t,0} R3
t

+/ Ve (s, X (53 1, x, )| 4ds (258)
max{t—1n,,0}
t

+/ (1+ 8081 1wy (V (53 1, x, )~ 1ds, (259)
max{t—1,,0}

where 47 isin (171).
Note that if [v] > 2j—11, then from (171) and (172), for 0 < s < ¢,

t
Vs 1., 0)] 2 o] —/ Ve (r: 1, x, v)lde
0

2 |v] = 81/4, (260)
> Il
=2
Therefore
1 S1f 1<rs (261)
su —_— or an >r = OQ.
s,t,l))c wﬁ(V(s;t,x,v)) I ~ ylz=r=
We derive
[[RZY] FEYSEEIRS (/ (A;{S lws 0y £ (0, X (0), V(O))|3)
x=v Q
2-8
dv 535 \ 1/3
« / : )
B g (V(0)] 25 (262)

A

1/3
(// lws (V(0))3y £ (0, X(0), V(O))|3dvdx>

2 xR3
< wydef Ol .

where we have used a change of variables (x, v) — (X(0;¢, x, v), V(0; ¢, x, v))
and (261).
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Clearly

1255)11 3148 + 125D 3145 S sup [wy f(5)lloo- (263)
! * 0<s<t

From W2(£2) c L°(§2) c L%(£2) for a bounded 2 C R3, and the change of
variables (x, v) — (X (s;t, x,v), V(s; t, x, v)) for fixed s € (max{t — 1, 0}, 1),

t
||(258)||L§L£+55/0 5V (s, X (53 2,2, )13 '/

3(148)
L,
t t
S / Vsl S f @ ()22 (264)
0 max{t—ty,0} *
t
< / lws f(s)l2-
0
Step 2. We claim
T B
(25611 31+ S/ lwgos 0 f()lpp - (265)
x v 0 ) X,V
Now we have for 3 < p < 6, by the Holder inequality ﬁ = pfpg + %,
p—1-6
t
‘/ 3xf(S,X(S;t,x,v),V(S;t,x,v))ds
max{r—tp,,0} LY ®3) || 13
. /t w0 f (s, X(5), V(s))
~ max{i—1,,0) W3 re(s, X(5), V(s))P L) |
< w(v)~!
~ afvé‘(tv X, v)ﬁ L{;Djllfls (R3)
t
X ”/ wlga?’gaxf(s, X(s;t,x,v), V(s;t,x,v))ds
0 LR | 3
< | [ wsetacrong s @
— X wio $)||;» ds,
afe(t, x, v)p Lm”f”f &) IO PR e i

where we have used ay (¢, x,v) = ay(s, X(s;7,x,v), V(s;t,x,v)) for r —
in(t, x,v) < s < tandthe change of variables (x, v) — (X (s; 1, x, v), V(s; t, x, v))
and the Minkowski inequality.

For B in (34), we have ,8%1 < 1 since % < ”T_l for 3 < p. Therefore, we can
choose 0 < § < 1 so that 8 in (34) satisfies

5
gx 2Py (267)
p—1—-96
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We apply Proposition 2 to conclude that

p+ps

p—1-5 e-&p”%{’jﬂvﬁ
ey sup/‘3 PrET dv <1. (268)
" ®) By (t,x,0)7 P15

Finally, from (266), (268), and (37), we conclude the claim (265).
Step 3. We consider (257). We split the u-integration of (257) into two parts
with N > 1 as

ws (v)~!
afe(t, x, v)B

,x

/ Ko (V(s), w)|Vy f(s, X(s), u)|du (269)
lu| SN

—i—/ N Ko (V(s), w)|Vy f(s, X(s), u)|du. (270)
lu|Z2N

First we bound (269). From the change of variables (x, v) — (X(s; ¢, x, v),
V(s;t,x,v)) fort —tp(t,x,v) s < ¢

/ ko(V(s;t,x,0),w)|Vy f(s, X(s;t,x,v), u)du
|u|]EN

If [u| = 2N then [v—u|?> 2 |v|> and K, (v, u) < e |2 for|v| >2Nand |u| < N.
For 0 < § <« 1 with 3(“”3) > 3,

373
by 271)

f Ko (v, u)|Vy f (s, x, u)|du
lu| =N

L3L3

271) < Cy ‘f _ k@ mIVof s, xwldu| o,
lul SN L7 (12w | 13
—Clv?
+ He L /u<N |v—u||v v (s, x,u)|du 3148

L, (viz2np || 3

~

1
* |vvf(s’xv )|
lv—-|

3(149)

v 1-25 I %

(272)

Then by the Hardy—Littlewood—Sobolev inequality with 1 + z<1—l+a) = % + ﬁ, we
T2

derive that

@7 5 |IVuf G2, 0) oo

= IVaf Ol s
Combining the last estimate with (271), (272), we prove that

16NN 3100 S VoS N 3100 (273)
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Now we consider (270). Choose 0 < ¢ << 1. We write as

1 wi(V(s;t,x,v))  Ko(V(s;t,x,v),u)
(270)=/ -
=N wi(V(sit,x,v)= wj (1) afe(s, X(s5t,x,0), u)p

wy () P
X (Vi v))tozf,s(s,X(s;t,x,v),u) Vo f(s, X (52, x,v), u)|du.
19 LIRS ] ’

By the Holder inequality with % + pL =1with3 < p <6
1(270)]
- 1
~ows(V(sst,x,v)
wi(V(s;t,x,0)  Ko(V(s;1,x,0),u)
wg (1) afe(s, X(si1,x,0), u)p

LP* ({lu] ZN})

wy (1)

L X (st x,v0), B
wﬁ(v(s§l‘,x,v))laf*£(s (s;t,x,v),u)

X |va(S,X(S;I,x,U),M)| (274)
LER3)
Then by the Holder inequality with ﬁ = % + 4 +15) -
p—(1+5)
1270) 1 S !
L™~ g (Vs 1, x, )1 | 7t
« sup wi(V(s;t,x,v))  Ko(V(sit,x,0),u)
v U)ﬁ(l/l) Olf,s(s, X(S7 1, x, U), u)ﬂ LP*({‘“IZN})
ws (u
H%aﬁg(& X(s;t,x,v), u)ﬂlvvf(s, X(s;t,x,v),u)
w(V(s; 1, x,v)) e

-,
Note that, from (181), k, (v, u)% < k3 (v, u) for some 0 < ¢ < o. Hence
e u

we derive, using (261)

5 2
e~ olV—ul 1

[12701, 15

<o su
13~ VTV =l ape(s X w)P

LP* ({lu] ZN})

$a~ (s, X (551, x,v), w)P|Vy f(s, X (531, x,0), u)|
DV (st x,0)) e T o T

P
Liyv.x

Finally using (133) in Proposition 2 with ﬁ—j < Bp* < 1 from (34) and applying
the change of variables (x, v) — (X (s; ¢, x,v), V(s; ¢, x, v)), we derive that



Global Solutions of VPB in Bounded Domains 1087

1
1Q70) 1 145| . Se H w W)etfe (s, x, WPV, f (s, x,u)|
” Lo 3 w; (v)! 1 fie v e
1
< - By
< H T ‘Lg lws @etge (s, x, P 1V f (s, 2w o
S Jwsedvurol] -

(275)
Combining (274) and (275) we conclude that

1Q70) 3 1 S gl Vu f )z, (276)

Finally from (273) and (276), and using the Minkowski inequality, we conclude
that

t
15Dl 38 S (1 Ty flloo) /0 (V0 310 + lwzel 1V Oz, ]ds.
277)
Collecting terms from (254)-(258), and (262), (255), (264), (265), (277), we

derive

sup ||VUf(S)||L3,LH‘S
0<s<s A

t
S+ ||w§va(0)||L;U + iuli lwy f($)]loo +/0 lwg f ()2
0252 (278)

+1(1+ wy flloo) sup llwyeh Voo f(5)llp
0<Ss<t

t
+ (1 + ||wz9f||oo)/0 Vo F 10

where the first two lines of RHS is bounded due to the assumptions (36), (37). By
the Gronwall inequality we prove (245). O

6. Local Existence

Theorem 2. Ler 0 < & < O < 1. Assume that for sufficiently small M > 0,
Fo=p+/itfo 20, and
lwy follo = IR
and ||w1§a?0ygvx,vf0||p < oofor0 < ¢ K 1and (32), where (p, B) satisfies (169),
and ||w1§va0||sz < +o00.
Then there exists T*(M) > 0 and a unique solution F(t,x,v) = p + /it
ft,x,v) 2010 (1), (5), (8), (9), and (10) in [0, T*(M)) x £2 x R such that

sup  [[wy f()]loo = M.
0<i<T+ * @79)
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Moreover

sup Vo f(0)ll 3,145 <00 for0 <8 K 1, (280)
0<r<T* A

and

t
sp {llwgaf Vo FOI5 + / wye Ve f Ol 4} <00 s1)
0<1<Tx 0

Furthermore, |[wy f(O)llcc, IVo f ()Nl 3 1+ and ”wﬁa?gvx,vf(t)”;@, and
fé |wl§ot’;£Vx,vf(t)|§y+ are continuous in t.
Proof. Within the whole proof of Theorem 2 we consider a sequence for £ = 0

8[F£+1 +v- VXF£+1 _ Vd)l . VUFK-'FI

= anin(Fl, FK) - QlOSS(Fe’ FZ-H), (282)
¢ ¢ ¢ 99
— A¢p" = F*dv — po, ¢tdx =0, — =0,
R3 Q on 1o
and, on (x, v) € y_,
FH 4, x,v) = CW/ Fit, x, u){n(x) - uldu, (283)
n(x)v>0

and F{H1(0, x, v) = Fy(x, v) for £ > 0. We set FO(¢, x, v) = p and ¢° = 0.
Step 1. We claim that

If 0 < FY, then 0 < F'FL, (284)
We define
v(F) = // |(v —u) - w|F(u)dwdu. (285)
R3xS?
Clearly we have
V(FY 20 and Qgin(F F) 20 and F™'|, Z0. (286)

Denote the characteristics (X¢, V) which solves

iXg(s; t,x,v) = Vz(s; t,x,v),
‘lf (287)
ave(s; t,x,v) = —=Voi(s, X(s; 1, x, ).
Note that it is well-known that V¢! in (282) is quasi-Lipschitz continuous and
(287) induces a Holder continuous characteristics (X%(s: 7, x, v), VE(s; 1, x, v)).
(see Chapter 8 of [30] for example)

From (282), for t — ty(¢, x,v) S s <'t,

d ¢

a{e’fx V(FY (T, X4 (0), VE(D))de FEL(s, X(s), Ve(s))}

ot 0 73 €
= 7 LM IDEX OV gy (FE FO(s, X (9), V),

(288)
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where (X¢(s), Vi(s)) := (X(s: 1, x,v), Vi(s; 1, x,v)). From the representation
along the trajectory and (286), we prove that F 1 >0, and hence (284).

Step 2-1. We prove, from Step 2-1 to Step 2-3, that by choosing M « 1 and
T* =T*(M) <« 1 and

sup max [[wy (1) loo < M. (289)
0<i<r* ¢
‘We define
R, x, v) i= wy (V) £, x, V). (290)

By an induction hypothesis we assume

sup (15 (1) oo < M. (291)
0<1<T*

Then At solves

Vept -V
[a,+v~vx—vx¢€-vv+v+§-v¢e—%}h‘“
9

' . h(i h@ hZ hZ—H
= szyh —v-V¢ wz?x/l_lv+wl9Fgain —, — | —wylloss | —» — ],
Wy Wy

Wy Wy
— Agt =/ Ft/mdv f $ldx =0 ai’e‘ -
R3 ’ Q ’ on a2 ’
(292)
where Ky, () = wp K (w% -). The boundary condition is
R, = cpwy /it hwyidn - uydu. (293)
n-u>0
We define
Vel -V ht
(e, x, v) = v(v) + — - Vet — MJru(ﬁ—). (294)
2 Wy Wy
From (291), for M < 1, | V¢!||ee < 1 and hence
viexw) 2 Z). (295)
Let
' ' hﬁ he
g =-v-Vo'/u+ Tgain <_, _> . (296)
Wy Wy
Note that

lwy "l < N leo + (W) IR )12, (297)
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where we have used
h h
‘w»r (—, —)' < WA, (298)
Wy
Along the trajectory from (292),

d )
= {e_f; V@ XI@ VIO’ (o X (50 p, x, ), V(s o, x, v))}
A)

— o SV E X @V @)dr 299)

x { Kb s, X0). V) + wog (5. X (9. Vi) .

By (293) and (297) we represent h‘*! along the stochastic cycles:

tf(t,x, v) :=sup{s <t: Xz(s; t,x,v) € 082},
xj(t,x,0) 1= X (1, x, v)5 8, %, v),
tffl(t,x, v, v1) = supfs < tf : Xl_l(s; tf(t,x, v),xf(t,x, V), V1) € 082},

TN x, v ) = XN T X v, v £ (@ x, ), xE (2 X, 0), 01),

(300)
and inductively,
—(k—1
I D@ x, v, vp, - ven)
= sup {s < t,f:l(k_z) X t,f:l(k_z), x,fjk_z), Vk—1) € 8[2},
(301)
l—(k—1)
-xk (t,x,v,v],"‘,kal)
—(k— L—(k—1 l—(k—2 C—(k—2
= XU O D D .
Here,
l‘iei(l‘il) = [iei(iil)(t, X, UV, V1, ", Ui*l)a
xf*(i*l) = xfi(iil)(t, X, U, V1, ", vi*l)'

From (299) and (293), we have
R, x, v)

= Lice 0 n 10, X(0), V4 ()

4 t
+/ e SV Ky + wy g5, XE(ss 1, x, v), VE(si £, x, v))|ds

max{zf,O}

e
+1rsge g R, Xl e, x,0), VL 1, X, 0)). (302)
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We define
1
Wy (V) = —————. (303)
wy (V) /1 (V)
From (293),
the last line of (302)
— et 1 I ~ ¢
= ltfgoe I h=(t, x{, vD)wy (V) cppin(xy) - vi}doy.

Wy (V) Jaatyv=0

We define V(x) = {v € R :nix)-v > 0} with a probability measure
do = do(x) on V(x) which is given by

do = cppu){n(x) - vidv. (304)

Let
V= {v; eR? :n(xf‘(f‘”) -vj > 0}. (305)

Then inductively we obtain from (302), (299) and (293),

W (e, x, )

< Lrgoe™ B0, X40), V)]

t
+f e S VK, hE + wy (s, X (s1 1, x, v), VE(si £, x, v))|ds

max{zf,()}
1ot
e
Leo——7 7 [H],
"0, (V) Ity
(306)
where | H| is bounded by
k—1
Lyt <o 0y 1RO, X 05 ), V(0 1)1 21(0) (307)
=1
k—1 z (-1)
+

—(-1
= max{t‘Z IO} {tl+1[<0<t ( g

X Ky B wy g 10, X (s 00, VT (53 u)ld Zy(s)ds (308)
+1{0<z,f“k‘”}|h€7(k71)(tlf_(k_l)»x/f_(k D e ]d Z— 1(tk ~k=Dy - (309)
with
dx{~'(s) = ;{1+1d01}><{€ v sy (v doy)

(310)
x nj.;ll{e‘ffm " do .
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and
Xt l(s V) : = Xt l(s t[ =1 x;Z =0 , V1),
4 l(s; V) = %4 l(s;tl[ O 1), le =n , V).

Step 2-2. We claim that ther_e exists T > 0 and ko > O such that for all k = ko
and for all (r, x,v) € [0, T] x £ x R3, we have

@311)

1yk/5
/kilv_l{,k(t,x,v,vl et 045 Sa {3 (312)
j=1Yi
The proof of the claim is a modification of a proof of Lemma 14 of [16].
For 0 < § <« 1 we define
Vii={o/ eVl on(eh)| > 8, ol 671 (313)
Choose )
= . 314
823(1 4 IVelloo)?/3 G19
We claim that
1) =t/ 283, forv/ e V), 0t =T, 04/, (315)
For j = 1,
AN .2
)/ V(s;t],xf,v])ds‘
2
=[x/ —aP?
2167 = X7y ()]
i+l

= ‘/ V(s;tj,x/,vf)w(xj)dS)
t]
1+l

/4 (vf - /S Vo (t, X(z: 1, x/, v-/))dr) n(xd)ds
1 i

tj+l

>l onGe ) =t = ‘/ / Vo (t, X(t: t/, x7, v/)) - n(x?)deds]|.
ti

Here we have used the fact if x, y € 92 and 982 is C? and £2 is bounded then
|x — )’|2 2o |(x —y) -n(x)|. Hence
v/ - n(xf>|
/!

.2
Vis;t!, x/, v))ds

t1+l

+m / Vo (r, X (vt 2/ ) - n(x/)deds|  (316)

S - tf+1|{|vf|2 + 1t — P vel

1 o .
+ = sup  |Vo(r, X(r:t/,x/, v))) - n(x))]}.
tiH1<e<¢i
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For v/ evj,og t<T,andt/ >0,

[/ neH S = N2+ T3V, + IVl o)

We choose T as (314) then prove (315).
Therefore if £* > 0 then there can be at most [[ ] + 1} numbers of v € V5,

Cao

for 1 £ m < k — 1. Equivalently there are at least k — 2 — [ 55

v e Vi\Vi’S for0 <i < m.
Let us choose k = N x ([(;;—?] + 1) and N = ([%2] + 1) > C > 1. Then
we have

k-1
/Hk‘l Lk o010k 1) 5004 24

[

] numbers of

k—1

ALY
4 there are exactly m of v; € V‘s } l_[ Cop(v?)""dv
and k — 1 —mof v; EV\V‘S =1

m k—1—m
( ) {/ Cou(v)]/4dv} {/ Co,u(v)l/4dv}
% V\V8

C

(2]l # = 15 [ conritan) 7

53

[

C_(_)]
=z
En
=z

2

comt ) 3]
N N

where we have chosen k = N x ([CS—?] + 1) and N = ([Ca—?] + 1) >C > 1.
Step 2-3. From (297), (295), and (306)—(310), and (312), if we choose £ = kg

and 0 < ¢ < T where kg and T in (312)
R @, x, v)

< -
S Cille™ 2 hollo

t Y
+/ e*%’(tfs)f ko (VE(s), 1)1t (s, XE(s), 1)|duds
R3

max(t{,0}
—(1-1)

l/ -
+Csup / 2= / / ko (VO (53 up). )
1 Jmax{i/ 7.0} R3 JR3
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IO
X 11 (5, X s 0, o) - ) L duyduds
wy (vy)
' ¢ a2
+ (Vi(sst,x,v))e s 72T e 20V h™(s) || 5ds (317)
max{tf,O}
=0
+ Cy sup (V53 0)
1 Jmax(rf].0)
g7 e W0
x e~ s 7Ty = 2t ()12 ds
t Y
+ / le™ 2 IV (5) [loods
max{tf,O}
tlz—(1—1)
+ Cysup le™ 2T (5) | sods
I Jmax{t/;].0}
1Yk/5 v, k=D (k=1
{5} e T DR
where we used the abbreviation of (311).
A7 e
From fOI(V[_l(s; v))e” s 7 )des < 1 and (182), we derive that

1R O lloe Sk 17O oo + oD ) oo

+ t max sup ||he_l(s)||oo + max sup ||hl_l(s)||<2>o.
120 0<s5<s 120 0<s<s

(318)

By taking supremum in £ and choosing M <« 1and0 <t < T* < T with T* « 1,
we conclude (289).

Step 3. We claim that there exist 7** < 1 (and T** < T*(M)) and C > 0
such that the sequence F* = u + Jf % in (282) satisfies

max sup  E40) £ Clllwy folly + ey Veufolp} <00 (319)
KZO OgléT** ’

where we define, for 0 < ¢ <« 1,

EF ) = llwg T ONp + lwga, Veu FH O
' 5 " (320)
+ [ gl Venr ol

It suffices to prove the following induction statement: there exist 7** <« 1 (and
T** < T*(M)) and C > 0 such that

if max sup E™(r) < Cllws fol X + lwsaf v MY < 00
Oémééogtgpr** () = C{ll ﬁfO”p I % fo.e x,va”p}
N 0+1 14 B 14 (321)
then sup &7 (1) = Clllwg follp + lwzey, Ve follp}
0 ST+
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The proof is similar to the proof of Proposition 3. By taking derivatives 9 €
{Vi, VoJ to [ = (FH — )/ /i o (282)

[0+ v Vo= Vot Vv S gt ot =gt G2
where G‘*! equals
gf-‘rl - —dv- fo£+1 + av(bf . vaf-‘rl
+0{ PO Y + Toss(F 9 = Toss (£ 17D (323)

—a[v(w) + g VoL, )] F = 0K fE = B - Vipt VD).

The boundary condition is given by (17) but replacing f in the LHS by f¢*! and
f in the RHS by f*.

Recall (209). From (289) we have Vgt > @ We can follow the proof of (212),
(216), (221) from Lemma 6, and (194), (193), (191), (192), to obtain

t
1 1
£ () S g Vawfollf + /0 wsals, Ve f )

(324)boundary

(14 wy £ lloo + lwy £ oo + V20 l0o)

x max sup E"(s).
m={,0+1 0<s<t

(324)

There is only one extra term to (208) which is 8{1"1055(]“, Y = Ross (f£, f”l)}
in (323). Its contribution in (212)g can be controlled by

(14 sup [[wp fES) oo+ sup wy FF1) o)
0<s<t 0<s<t

t
s o
xR

x [3 o e ()P Ko (v, wws; {19 )| + 19 ()| }dudvdxds,
R

and then further bounded as, by the way to treat (214) and (215),

t

m 1/p B 0+1,p
su max |w K max ||v Wi 0 .
sup o " Oleo | max vy, whery, O

Clearly it is bounded the RHS of (324).

Now we focus on (324)poundary- Note that Ape o= |n-vlony_.Ony_, |8fHl |
is bounded by (195) replacing | f1, [Vx.o f1, IV 5| by [ 6]+ 1 fH, Ve O] +
Voo fEH IVR! + Vet~ |. Now we follow Step 4 in the proof of Proposition 3.
We have the same decomposition (232) replacing all V. ,, f by Vi o f ¢, Then we
obtain (233) but replacing all Vi , f by Vi, f ¢ Then we apply (107) of Lemma
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7 to y+(x)\yfr(x) contribution in (232). And this leads (234) but replacing all
Veofs frd7 by Vo f5, £, ¢*~1. Finally we end up with

(324)oundary S llwzes Vo folly +o(1) max sup £"(s)
o 0§m:Z0§s§t

V4 2, 0—1 (325)
+t(1+ lwy fClloo + V24" Mloo) max sup E™(s).
0Sm<e 0<s<s
On the other hand, from Lemma 12,
V20 (D)oo + V2 () lloo STECH) + E1]VP. (326)

From (324), (325), (326), and the induction hypothesis in (321), we derive

sup sup EM(s) < ||w5a?0’€vx,vfo||§ +1t sup sup E"(s).
mZe4+10Ss<s 0Ss<tm<e

Finally we choose small 7** > 0 and conclude (321).
Step 4. Now we claim that the sequence F* = j + JIf in (282) satisfies

sup sup |V fEO 3 00 S 1 (327)
€ 0<i<TH ¥

To prove this, similar as above step, we claim that

if sup sup (Vo f" Oz e S 1
m<e0< <TH* ! (328)
then — sup | Vyf Ol 5,00 S 1.
05t ST+ *U

Recall that V,, f 1 golves (322) and (323) with 9 = V,. Then we follow exactly
the same proof of (261)-(277) and conclude that

0+1
IV fF QIVEV

Slhwgdy f O+ sup {llwg £ lloo + lws £ () o}
TS5y

1 sup {1 Ol + lwgales Ve lp+ lwgehe Teuf 'l
0<s<t ) ,

IV L Ol gz + IV fF O 10}

From (321) and (289), we can choose T** <« 1 and conclude (328) and hence
(327).
Step 5. Now we claim that the convergence of whole sequence

Y — fstronglyin L'(2 x R*) N L' (y). (329)

Note that £+ — € satisfies (£ — f9)|;,—0 = 0 and (247) with f = f¢+!
and g = f* to get
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LS = FAH vVl = fD = Vi VL = £

3 Veb el £ = f L = Y

= Vadpe_ger - Vo fIH K= f7 - g Vi ge_per f
— 0 Ve per S O =T )
+ Toss (F5, £ = Noss (71 FNY = (Hoss (F5 £ = Moss (F71 £HY.

With help of uniform estimatjes (289) and (327), we can modify RHSs of (248),
(249), (250), and (251) in the proof of Proposition 5 to get

1
t T+
sup [1£1(s) — FEO N pesowms) + ( /0 £ ) — f€<s>lu+a<y))

0<Ss<t

§t<1+ sup sup [|A"(s)|loc + sup sup IIVufm(t)IIL3L1+a>
0<s<y m 0<s<t m o

< sup [ £5() = fNO L 2nmd

0<s<t
S0 sup 1) = F T OIS g ps
0<s<t

Inductively we derive stability

t
sup [1£°() = " O 1 g + fo |£E8) = F™ )| sy

0<s<t (330)

< 0 (t H-S)min{i,m}

and hence (329).
Step 6. We combine (289) and (329) to get unique weak-* convergence (up

to subsequence if necessary), (wy [, wy f¢+1) A (wy f, wy f) weakly—x in
LR x 2 x R})NL®[R x y). Forg € CX(R x 2 x R?),

T
/0//9 RSf”][—Bz—v-VerV]w

v
+ V0t Ve + 3 V.plo)

331y

T
=/ f/ Kf'p —v- V¢ itp (331)
0 2xR3

+ Fgain(fes fe)QD - Floss(fev fl+1)(p
(331)gain (331)loss

T T
+ / e - / [ Cuv/I fitn - udug.
0 s 0 y— n-u>0
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Except the underbraced terms in (331) all terms converges to limits with f instead

of & or L. )
We define, for (7, x, v) € R x 2 x R3 and for0 < § < 1,

fae(t, x,v) = kg(x, v)fe(t, X, V)
_ [n(x) - vl [v| . (332)
= x (= =)= (5 1) .
Note that fs(¢, x, v) = 0 if either [n(x) - v| £ 8, [v] = 5,01 |v] =6
From (289)
T
- / / / Fioss(f: f)rp‘
0
v—ul{ftw) — f@r@duf T (e, x, v)dudxdr
2xR3 JRr3

/ v — ul f /i Gdud £ (0) = £, x. v)dvdxdi]
3

2xR3 JR

The second term converges to zero from the weak—x convergence in L°° and (289)

The first term is bounded by, from (289),

i

x sup flwy F D)oo + O@).
0<t<T

1/2
L2<9xR3J (333)

/ s (oo ) (FEt 3, 10) — £t x, w)) )/ ) du

On the other hand, from Lemma 14, we have an extension f‘(z, x,v) of
ks (x,u) f4(t, x, u). We apply the average lemma (see Theorem 7.2.1 in page 187

of [21], for example) to f¢(z, x, v). From (292) and (289)

VR FH 20y 1 (u)du

< 0. (334)

H'HRxR3)

sup
¢
Then by H V4 ccL?, up to subsequence, we conclude that

/ ks (x, u)f (t, x, u){u)y/ u(u)du
(335)

— / ks(x, u) f(t, x, u){uy/ u(u)du stronglyinLtzx.
R3 '

Thus we conclude that (333) — 0 as £ — oco.
For (331) gain letus use a test function ¢ (v)@2 (¢, x). From the density argument

it suffices to prove a limit by testing with ¢(z, x, v).
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We use a standard change of variables (v, u) — (v, u’) and (v, u) —~ (', V")
(for example see page 10 of [21]) to get

/OT/ (331)gain—/0T// Leain(fs o
= /OT//Fgain(fz—f,fg)ﬁl’*'/oT//Fgain(f’fﬁ_f)‘p
T
| IL,...

X (/l;; \/Sz(fg(t’ X, M) - f(t’ X, u))\/va - M) . wl(m(v/)dwdu)

x i, x, v)@a(t, x)dvdxdr (336)

LML L

x (fOt, x,u) — ft, x,u)y/ @) (v —u) - w|<01(u’)dwdu>
X f(t, x,v)p2(t, x)dvdxdz. (337)

For N > 1 we decompose the integration of (336) and (337) using

I={1—x(ul = N1 — x(v| = N)}

(338)
+ x(ul = N) + x(Jv] = N) = x(lul = N)x(Jv| = N).

Note that {1 — x (Jju| — N)H{1 — x(Jjv| = N)} #0if |[v] £ N+ 1and |u] £ N +1,
and if x (|u| — N) + x(Jlv] = N) — x (Ju| — N)x (Jv| — N) # O then either [v| = N
or lu| = N.From (289), the second part of (336) and (337) from (338) are bounded
by

T
/ // / [T G (lul = N) + x (ol = N) = x(ul=N)x ([v]—N))
0 2xR3 JR3 JS2

012 2,2
< sup flwo fEllollws flloo x fe™ 2" e™ 21 >y + 1,54}
; > >

(%)

o|\—).

N

Now we only need to consider the parts with {1 — x (Ju| — N)}{1 — x(Jv] — N)}.
Then

T
(336)=f /f (fit, x,u) — f(t, x, 1))
0 2 xR3 JR3
; , (339)
><{1—x<|u|—N>}(/SZ\/u(un(v—u)~w|¢1(v)dw)du

x {1 — x(Jv] = M)} £E(@t, x, v)@a (¢, x)dvdxdr.

A
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Let us define
Dy (u) :== {l—X(IMI—N)}/S2 Vi) (v—u)-wle (v)dw for[v] < N+1. (340)

For 0 < § <« 1 we have 0(1(;’—;) number of v; € R? such that {v e R3 :
3
o5s)
W SN+1} C Ui=153 B(v;, 8). Since (340) is smooth in u and v and compactly
supported, for 0 < ¢ < 1 we can always choose § > 0 such that

|y (1) — Dy ()| < £ ifv e B, ). (341)

Now we replace @, (u) in the second line of (339) by @,, (1) whenever v €
B(v;, §). Moreover we use ks-cut off in (332). If v is included in several balls then
we choose the smallest ;. From (341) and (289) the difference of (339) and the one
with @, () can be controlled and we conclude that

(339) ={0(e) + 0(3)}Slzp llws £11%

T
+/ f Z/ LyeB;,8)
0 Je T IR (342)

X / ks (x, u)(fl(t, x,u) — f(t,x,u))Dy, (u)du
]R3
x {1 — x(Jv] = M)} £, x, v)@a (¢, x)dvdxds.

From Lemma 14 and the average lemma we get

max _ sup / ics (o, w) A8, x, )Py, (u)du <oo. (343)
1sico() ¢ Ve HY ®xR3)
Siso(%; .
For i = 1 we extract a subsequence £1 C Z; such that
/ ks Ce 1) 112, ., 1) By, ()l
3
R (344)

— / ks(x,u) f(t, x, u)®y, (u)du strongly in L,zx.
R3 '

Successively we extract subsequences 7 -+ CIp C I1. Now we use the

o) <

last subsequence ¢ € 7 013y and redefine f* with it. Clearly we have (344) for all
ra

i. Finally we bound the last term of (342) by

T
Cy,, N max /(;

1

/ K5 (e, W) (FEt, x, 1) — £, x, u) Dy, (u)du
]R3

L7

X

¢
x sup [wy " lloo
¢

— 0 as £ — oo.
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Together with (342) we prove (336) — 0. Similarly we can prove (337) — 0.
Now we consider (331)4. From

—(A¢* — Ag) =/xa(f‘Z —f)ﬁ+/(1 — k) (f* = HHIVIL,

we have

19 = Vapl2, < H [xsis = pvE

i +0(6)stl}p lwy £l (345)
L

t,x

Then following the previous argument, we prove V ¢! — V,¢ strongly in Ltz,x
as £ — oo. Combining with wy f* = wy f in L, we prove [ [, z1(331)g

converges to fOT ffng3 fiVg - Vg + 5 - Vigg}. This proves the existence of
a (weak) solution f € L.

Step 7. We claim (281). By the weak lower-semicontinuity of L? we know that
(if necessary we further extract a subsequence out of the subsequence of Step 6)

wlga’;[’avx,vf“l —~ F,
and

p I B £+1 p
sup | F()p < liminf sup Jlwyey, Voo fT O,
0 ST 0 ST o

and

Tk T
» o B E+1 P
/0 |75 < llmlnf[) |w1§af,3’gvx,vf O, +-

We need to prove that
F = wﬁa’;svxyuf almost everywhere except yy. (346)

We claim that, up to some subsequence, for any given smooth test function
¥ € C2(2 x R¥\y)

t
. B £+1
lim < \Y dxd
- 00/0 //Qst W5y o Ve ST W dxdv

'
= / // wzgot’;‘gvx,vflﬂdxdv.
0 QxR3 ’

We note that we need to extract a single subsequence, let say {¢,} C {€}, satisfying
(347) for all test functions in C2°(£2 x R3 \10). Of course the convergent rate needs
not to be uniform and it could vary with test functions.

(347)
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For each N € N we define a set

- 1 1
Sy = {(x, v) € 2 x R3: dist(x, 92) < ~ and [n(x) - vl £ N} )
U{lv| > N}.
For a given test function we can always find N >> 1 such that
supp() C (Sw)° i= 2 x R*\Sw. (349)

We will exam (347) by the identity obtained from the integration by parts

t
/0 //Q R3 wﬁaﬁe,gvxsvfprllﬁdxdv
X

t
- _fo //Q . o, IV wgy)drdy (350)
; X
+/O // na?(78f5+1(w5w) 351)
Y
t
_/O //g o Vx,vaiz’sful(w&wmxdv. (352)

We finish this step by proving the convergence of (350) and (351). From (25) and
(289), if (x, v) € (Sy)° then

sup [a/f, (1, x, v)|

20

S I+ (0 + &) sup [V el
20

< NP+ (T + &) sup wy £E115
20

A

Cy < +o0.

Hence we extract a subsequence (let say {£y}) out of subsequence in Step 6 such
that ot’;iN . XA € L weakly — % in L((0, T*) x (Sy)°) N L®((0, T*™) x

(y N (Sy)©)). Note that O‘?ZN,S satisfies [0; + v - V, — quslzv . Vv]af«-l/vyg =0

?e Moo l,. =In- v|#. By passing a limit in the weak formulation we conclude
that [0; +v-Vy — Vy¢r-VyJA =0and A|,_ = |n - v|ﬁ. By the uniqueness of
the Vlasov equation (V¢ € WLP for any p < oo) we derive A = a’;g almost
everywhere and hence conclude that

and o

O{?ZN . A O‘/;,s weakly — *

in L=((0, T™) x (Sy)) N L0, T™) x (¥ N (Sn))).

(353)

Now the convergence of (350) and (351) is a direct consequence of strong conver-
gence of (329) and the weak—x convergence of (353).
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Step 8. We devote the entire Step 8 to prove the convergence of (352).
Step 8-a. Let us choose (x, v) € (Sy)¢. From (31), we deduce that
l
If ] 21+ then ase (t,x,v) = 1. (354)
From now we only consider the case of
1 <
ty @, x,v)Se+t. (355)

If [v| = 2(e + T**) sup, ||V’ || s then

t
4
WV (s, x,0)] 2 |v|—/ IV (1) |odT
S

> (e 4+ T*)sup |Vo'llao forall Land s € [—e, T*].
¢

Then following the arguments used to get (163), which are based on the estimates
(165) and (166), we derive

(s, X (st x,0), VI (s, x, v)]

Co—— sl
—a(t,x,v)e  EHTHspIVelioo

Co

1\

__Co
e supe 1Vllloo 1

Ca X v forall Land s € [—e, T™].

£
In particular, at s = 7 — (¢, x, v), from (162),

__Co
e supe 1V9llloo

Gy ol > « L forall e (356)
b b I = C_Q N '

Step 8-b. From now on we assume (355). From|v| < 2(e + T**) sup, V! |0
and (22),

14
VI (552, x,0)] §3<8+T**>slzp IVé'llco for sel—e T*].  (357)

A AT A : : — _unl
Let (X; , X|| , Vi, V|| ) satisfy (66), (64), and (68) with E = —V¢°.
Let us define

£ £
ri=sup{t = 0:V/ (s;t,x,0) 20 foralls €[t — 1] (t,x,v),7]}. (358)

Since (X7 (s; 1, x,v), VI (s: 1, x, v)) is C! (note that V¢! € C!,) in s we have
L
an (t1;t,x,v) =0.
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We claim that, there exists some constant 8, = O 74+ sup, [Vt et (%) in (364)
which does not depend on £ such that

14 14
If 0V (=4 (t,x,v);1,x,0) < 84 and (357),
¢ rt ¢ ¢
then an (s;1,x,v) < eCls=0h (650D an (t — tl{ (t,x,v);t,x,0)

rt
» T1]- (359)
For the proof we regard the equations (66), (64), and (68) as the forward-in-time

forselt—t

problem with an initial datum at s =  — tl{ ‘ (t, x, v). Clearly we have X ,{ ‘ (t —
tl{[(t, x,v);t,x,v) = 0 and V,‘,f[ - tl{[(t, x,v); t,x,v) = 0 from Lemma 2.
Again from Lemma 2, if ank(t —tl{( (t,x,v);t,x,v) =0then X,{( (s;t,x,v) =0
foralls > t—tl{e (t, x, v). From now on we assume an‘z(t—tl{/Z (t,x,v);t,x,v)] >
0. From (68), as long as t — tl{[ (t,x,v) s < T* and

Vvl it x,v) 20 and X1 (s;1,x,0) < % <1, (360)
then we have

vl = v - V2] o) - v o1 ] o)

<0 from 30y
— VgL, X7 () - [-n(x] ()]

—0(1) sup, V6Ll o1 x X{' (5) from (T1) (361)
4 4 4 4 4
— X O] ) Vax{ ) -V ©1-nx{ )

—O(W)B(e+T*) sup, [VeLlloo2x X1, () from 357)

14
< C( 46+ T*)(sup | Vo' o1 sup [V [lo0) x X (5).
4 l

.l 4
Let us consider (361) together with X,{ (s;t,x,v) = an (s; t, x, v). Then, as
long as s satisfies (360),

¢ ¢ ¢ § .t
Vil @ =Vt —1))+ / LV (@
t—

b

14 14
<vl G-

f
— tb

5 Y

+ / O+ &+ T (sup Vo' |1 sup [V lo0) x X1} (1)dx

t 4 l

74 l

—v/ (t—tl‘,f)
+ C(1 + &+ T*)*(sup | Vo[l 1 sup [V lloo)
l l
N

T v
X l/ P v/ (¢))dr'dr.
f—[b

f
1=ty
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Following the same argument of the proof of Lemma 10, we derive that
14 ¢ ¢
vie = via—4)
+C(L+e+ T (sup | Ve [l c1 sup |V loo)
¢ ¢

s ¢ ¢
x /Hf[ Is — ¢ — IV @)hdr'.

b

From the Gronwall’s inequality, we derive that, as long as (360) holds,

74
Vi (sit.x,0)
4 ¥4
< Vil a1 @ x0) (362)

L
5 CUFe+T ™2 (sup, V9Ll o1 supg IV loo) x[s— =1 (t,x,0)*

4
Now we verify the conditions of (360) for all —s < ¢ — tl{ (t,x,v) s S T*

¥4 4
Note that we are only interested in the case of V,,f (t— tl{ (t,x,0);1,X,V) < Ssx-
From the argument of (361), ignoring negative curvature term,

14
X (sit,x,0)]
Kok e rt
S+ TV (4 5t,x,0)]
+ C[1+ (¢ + T*)? sup [ Vo' [l o] sup [| Ve |l o1
L 4
s T ¢
< / 1x! (o 1x, w)ldeds
t—tk{ t—tl{

f[ f(
S (e +T)NVi (t 5t x,0)

’ AN
+C/ s [t — @ — 5 ) Xn (z;¢,x, v)[dT.
t

_tb

Then by the Gronwall’s inequality we derive that, in case of (355),

Y4
1X] (511, x, )]

14 14 4
< Corr=Vil =4 1, x,0)] forall —e <i—1] <s<i<TH
(363)
If we choose W |
0
O = ————— X —, 364
sk T + ¢| X N ( )

4
then (362) holds for —e < ¢ — tl{ (t,x,v) £ s < T*. Hence we complete the
proof of (359).
14 14
Step 8-c. Suppose that (357) holds and 0 < V,,f (t —tl{ (t,x,0);1,X,V) < S4x
with 8., of (364). Recall the definition of 71 in (358). Inductively we define 17 :=
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sup{ =0 : Vf (s;t,x,v) £ 0 forall s € [1, r]} and 173,‘[4, -. Clearly

such points can be countably many at most in an interval of [# — tb , t]. Suppose

limg_ o0 7 = #. Then choose ko > 1 such that |7, — | < |V (¢ — tbf 1, x, ).

Then, for s € [ty,, ], from (361) and (357),

14 L 14
Wil @l S @ —g i x o)l (365)

Now we assume that 7y, < ¢ < Tg,41. From the definition of 7; in (358) we
split the case in two.
¥4
Case 1: Suppose V,,f (s;t,x,v) > 0fors € (ti,, 1).
From (361) and (363)

7 ™ 14 7 74
v/ (r;r,x,ws/ @<l a-d vl 366

Tko

14
Case 2: Suppose V,,f (s;t,x,v) <O0fors € (ti, t).
Suppose

fl f[
_Vn (t;ta-xav):|vn (t;t7-xvv)|
(367)

N | =

4 4
> Vil =1l it x v forany0 < A< .
From (361), now taking account of the curvature term this time, we derive that
1t ! 2
=V (t:t,x,v) < / (=D, (S) \% n(X (S)) (S)] n(X (S))ds
Thg

¥4 4
+c vl @ - t{ (t, x,v);t,x,0),

where we have used (357) and (363). From (367) the above inequality implies that,
4 14
for |V,',f (t— ’bf t x,v)t,x,v)| L1,

t . .
Wi =t e x A g/ D1V 5)-V2nx] )-v ©1-n X (5)ds.
Tk

74
Note that |—vf (s)| and |4 g X{ (s)| are all bound from V¢ € C', (357), and
(363). Hence we have

1 -( -f
SV = e o)

=1V (=t e x 0y A
< / ’ v ) - V! n-ven G

ko

f'(
-n(X'H (s))ds.
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N 17 AP PR A A< _ < vl
On the other hand, if t — |V;; (t — ¢ ; ¢, x,v)|? = 7 then [t — 7| = |V (¢
14
tl{ it X, v)|A, which implies that, from (361), (357), and (363),

¢ ¢ ¢ 1
WV, 0l S G =4 e x, 04 forany 0 < A < 5 (369)

4 .l 44
Now we consider X,{ (t;t, x,v). From (361) and X,’: (s;t,x,v) = V,if
(s; t, x, v) together with (363) and (357)

4
x] (t;t,x,0)

4 4
</ (z—zl{;zx V)|

/ / v @ V! o) V,, ‘o1 n(x!" () dsde

SIan (t—t,f i1, x, )]
34 34
+ V@ —1l 0t (370)

=] =t o)A
x f ' v ) - V2] ) - v o1 nx] (5)ds

ko

14 14 4 4

S e—tl e =1 @ =4 0P from (368)
14 14 14 1

Sl - sexool == sx 0

< 0,

for |V,1]dZ (t—tl{[; t,x,v)| < 1.Clearly this cannot happen since x € £2 and x,, > 0.
Therefore our assumption (367) was wrong and we conclude (369).
Step 8-d. From (359), (365), (366), and (369) in Step 8-a and Step 8-b, we

24 £
conclude that the same estimate (369) for |an (t— tl{ 11, x, v)| < 1inthe case of
(355) and (357). Finally from (354), (356), (359), and (369) Therefore we conclude
that

1\ /A
W= @ x v 0] 2 (ﬁ> (t,x,v) € [0, T x (Sy)°. (37D)

From (2.36), (2.37), (2.40), and (2.41) in Lemma 2.4 in [26],

sup |Vy, Uoz (t X, v)|
eN, (x v)E(SN)C,

—e<t— tb (txv)<t<T**
1

<
Wil =g v

Se.n, 1 1
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Hence we extract another subsequence out of all previous steps (and redefine this
as {¢y}) such that

Veweh, = Veoalh, weakly —xin L®((—e, T™) x (Sy)9).  (372)

fiNe
Note that the limiting function is identified from (353). Clearly the convergence
of (352) is an easy consequence of strong convergence of (329) and the weak—x
convergence of (372).

Now we extract the final subsequence {¢..} from the previous subsequence: By
the Cantor’s diagonal argument we define

R (373)

Then clearly (347) holds with this subsequence for any test function . For any
Y € C2(22 x R¥\yp) there exists Ny € N such that supp(¥) C (S, ). Then
all the proofs work.

This implies (346) from (350), (351), (352). Positivity F = u + /uf 2 0
comes from Step I and Step 6.

Step 9. Choose t > t' 2 0. Instead of expanding h(z, x, v) at t = 0 as (302),
we expand at #’. Then by the iteration we have (306) replacing 0 by ¢’. Collecting
all terms at time ¢’, we have

121l

]
s ”h(t/)”oo{ltlﬂt’e_fﬂ Y
. (374)
k—1

_ftt v
e 1
+1 >0 = / 1 o0, -y dZ’l(t’)}.
M=y (V1) Mty ; <<y }
Since (304) is a probability measure and |e™ Jiv — <t —t|for|t —1'| < 1,

|374) = () ool £ O —1'D) + / oo Nk )20 B
nj:l J

Then by (306) we have |A(t)|loco — |1h({#)]lco < 2% + Oy (]t — t']). For large k,
choosing |t — ¢'| < 1, we can prove [|A(f) oo — [|A(t)]lco K 1 as |t — /| K 1.

Now we can expand h(#’, x, v) at z by (302). Following the same argument we
have ||h(t)|loo — 11 (H)]loo < 1 as |t — 1’| < 1. Hence ||wy f(f)]lco is continuous
int.

The continuity of ||V, f(1)ll 3,145 and lwsa Ve FOI + f lwzeh,
Vi f (t)Ii’ . is an easy consequence of (254)-(259), and (242) as well. O

7. L? coercivity

The main purpose of this section is to prove the following:

Proposition 6. Suppose (f, ¢) solves (15), (16), and (17). ThenthereisO < ry K 1
such that for0 < s <,
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le*2" £ (13 + e Vo 1)13
t t
+ / €*27 £ ()12 + |27V () [13dT + / ™27 f13
s s
S 1P £ + 1€’ Ve ()13

t
+ sup ||w19f(f)||oo/ €27 £ (I3 (375)

s<t<t

The null space of linear operator L is a five-dimensional subspace of L%(R3)

spanned by orthonormal vectors {ﬁ, v/, |v\22—3 S } and the projection of f
onto the null space N (L) is denoted by
|2

-3
o x)}ﬂ. (376)

In order to prove the proposition we need the following:

lv

Pr(r, x,v) = {a(t, X)+v-b(t,x) +

Lemma 13. There exists a function G(t) such that, for all 0 < s < t, G(s) <
Lf ()15 and

t t
/||Pf<r)||%+f IV 13
t t
< G(r)—G(s>+/ ||<I—P)f<r>||%+/ (= PYfOE, (77

t t
+ / W2ECE I + / lws FOIZIPF @)

Proof (Proof of Proposition 6). Step 1. Without loss of generality we prove the
result with s = 0. We have an L2-estimate from 2! x (15)

t .
1€ OB = LFOI + [ 11 =P

+f // v.vqsfez)nzr'f'z_i_z/ // ekzrszf

0 2xR3 0 2 xR3
t t

= 2/ // RTFL(S, f)—2/ e”ﬂ/ V¢f-/ v/ f
0 2xR3 0 2 R3

t
+ 2% / 127 £ ()11,
0

where

Py f = cuv/ n(v) )/ p)in(x) - updu. (378)

n(x)u>0

On the other hand multiplying /. (v)¢ ¢ (¢, x) with a test function v (¢, x) to (15)
and applying the Green’s identity, we obtain

f Vr(t,x) / v/ fdvdx
2 R3
= / ¢ r(t, x)0; (f f(r)ﬁdv) dx + // ¢r(t, x) f/p{n - vidvdS,.
2 R3 92 xR3
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From (7), the last boundary contribution equals zero. Now we use (16) and deduce

that
/tezkzr/ or(t, x)0; (/ f(t)ﬂdv) dxdt
0 Q R3

t
= _/ e%f/ ¢r(t, x)3; Arp (T, x)dxdr
0 2

1 t
—/ ez*ﬂ/ 3:|Veg £ (t, x)|*dxdt
2 Jo 2

! ( f e2*2'|vx¢f<r,x>|2dx> 1 ( / |Vx¢f<o,x>|2dx>
2 Q 2 2

t
—AQ/ e%f/ Ve r (7, x)[*dxdr.
0 2

Hence we derive
t
||e“’f(r)||%+||e*2’V¢f(r>||%+/ff P2ty V| 1P
0 2 xR3
t t )
+2cf /f ||e“f<I—P>f||%+/ 21— PR
0 2 xR3 0 ’
t
S NFO3+ o013 +f0 "= 20 (f, P13
t t
+ {22 +o(1)} /O €227 £112 4 A2 /O €27 Vb £13.

Now we apply Lemma 13 and add o(1) x (377) to the above inequality and choose
0 < A2 <« 1to conclude (375) except the full boundary control.

Step 2. Note that from (378), P, f = z(t, x)y/;+(v) for a suitable function
z(t, x) on the boundary. Then for 0 < ¢ < 1

|ny|§,2=/ |z(r,x)|2dx></ 1) (x) - vldv
082 R3

/ |2(t, x)|2dx x / w(@)¥?n(x) - vldv
982 Y+ O)\p ()

1/4 2
= Ly \yep / Py fla -

N

Since P, f = f — (1 — P,) f on y; we have
Loy APy f15 4 S Mg it F15 4+ 1= P15

Therefore

t t t
/0 Py f, < /O Ly, e R+ /0 =Py fB.. (379
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Note that
|[8: +v - Vi — Vo - V(4 )]
< WHIIVeBLf + IVl + ILFI+ 1T DI

By the trace theorem Lemma 7,

t
1/4 12
/0 My\pe i / fla 4

t t
< ||fo||2+(1+||wf||oo)/o ||f||%+/O IVol3.

Adding o(1) x (379) to the result of Step 1 and using (380) we conclude (375). O

(380)

Proof (Proof of Lemma 13). From the Green’s identity, a solution (f, ¢ ) satis-

fies
//9><R3 FO¥ @) = //rsz3 F©Y(s)
_./st //_(2><]R3 falw—i'/st/ylﬁf(v-n(x))

G381y (381)5

—lt//S;XRstv-th/f—/sl//QXRB(I—P)fU'Vxl/f

(38D)c¢

[ Mo s

(381)p
_ /St //QR Y=LA-P)f + T(f. )

v
s 2xR3

(381)g,

(381)

As [9,10] we use a set of test functions:
o=~ = B)VAv - Vaga,
vyl = OF = By Vi), i j =123,
Uyh = v JEoeh(x), i # .
Ve = (W = BIVIv - Vage,
where ¢, (2, x), pp(t, x), and @ (t, x) solve

(382)

—A@q = a(t, x), Oppaloe =0,
j i (383)
_Agob ij(tvx)v wbl‘C)Q =0, and —A(pczc(t,x), (pc|ag =0,
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and B, = 10, Bp = 1, and B, = S such that for all i =1, 2, 3,

2
/ (1vI* = Ba) (ﬁ - g) v p(v)do = 0,

/1‘{3 (v} — Bp)(v)dv = 0, (384)

/]RSQUI2 — Be)v?p(v)dv = 0.

Step I Estimate of (381)y,: From (382) and (384), we have (381)4, = 0 for
1//b 1> pr 2> and Ye. For fp = 94, (381), equals

t
680,y y, = [ 00 = oo [ [ Voo,

t
- Cl/ IV 12, where Cy =5, (385)
s

38Dy |y_y, 4. =0

because ¢, = ¢ from the definitions of (16) and (383).
Estimate of (381) p: From (382),

! 1
csne= [ [ VI [ v] v =vene

t t
5/ ||w0f||oo/9vx¢f~vx¢a,b,cg/ 1w £ @ llsclPF (I
‘ ‘ (386)

by elliptic estimate [|Vi@ab.cll2 < €ab.cllmz S IPfll2.
Step 2. Estimate of ¢ : We apply ¢, to (381). From oddness in velocity integration
and (384), (381)¢ becomes,

t t
/ f/ Pfv- Vi =—Ca / le(@)I3, (387)
s 2 xR3 K

where C; = [p3(|v]* — ﬂc)vz(lv‘ %)u(v)dv = 107 +/27. For boundary integral
(381) g, we decompose f, = P, f +1,, (1 — Py,)f. Then from (384) and trace
theorem [Vocla S gl S IICIIz,

t t
f /wcf(v-n(X))=/ fwc1y+<1—Py>fdy
s Jy s Jy

‘ ; (388)
Se/ ||c(r>||%+cg/ (1=P)f(D5,. &<

If we define

t
—Gsip+ g+ [ [[ wiza-pr-ri)

—fff - P)fv- Vo,
s 2 xR3

(389)
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then

t
[ v
s 2 xR3

, . ; (390)
Sef|m6+/na—Pﬁvw%+/|w*ﬂFfoﬂ%

from elliptic estimate and Young’s inequality. We also use even/oddness in velocity
integration , (384), and Young’s inequality to estimate,

(%Dﬂ%=/fﬁﬁﬁyﬁw%=/fﬁéIwa—PMam

1 , (391)
se/|WA”adwﬁ+/|m—Pﬁama

Now, we choose a new test function wé = (% — %) /0@ (t, x). Note that
0:¢c solves —Ad,p. = 0;c(t, x) with 9,¢.(t, x)|92 = 0. We taking difference
quotient for 9; f in (15) and it replace first three terms in the LHS of (381). With
help of Poincaré inequality ||3;¢c|l2 < [|V;¢c |2, we can also compute

t 2
PR 3
381 _ PIE_3Y . v
38Dosly=y; K[Lw<2 7)) VHdeew - Vidy i
t t
ss/|WA”&dnﬁ+/ﬁmumé
N N

t
(%UPMW¢=/1/QIWV%f%¢ﬁ2ch (392)
t t
§8/HVA”&dﬂﬁ+/nWMﬂﬁ+WMﬂﬁ)
5 , S
+fna—mﬂﬁ

Since ! vanishes when it acts with L and I"(f, f), and boundary integral (381) s
vanishes by Dirichlet boundary condition of ¢, , from (392) and (381), we obtain

t t
/E/BMAEXWWUJWU=i/HVA_%WQH@
K 2 K
t t
SS/IWA”&dﬂﬁ+/QWMﬂﬁ+WMﬂﬁ) (393)
t
+/ua—mﬂwﬁ

We combine (381), (385), (386), (388), (390), (391), and (393) with ¢ < 1 to
obtain
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t
/ eI

t t
< Ge(t) — Gels) + f IX—P)f (> + f I(1—P) (O3,
t t
+ f Y20 @5+ / lwy FOIZIPF (D)3
t
te / (la@I2 + 16@12). (394)

fore « 1 where G(t) == [[o g3 [(OVe(t) S ||f(t)||%.

Step 3. Estimate of a : From mass conservation f oa(t,x)dv =0, ¢, in (383)
is well-defined. Moreover, we choose ¢, so that has mean zero, f o Palt,x)dx = 0.
Therefore, Poincaré inequality ||¢, (2 < [|V@q |2 holds and these are also true for
0;¢, which solves same elliptic equation with Neumann boundary condition.

By even/oddness in velocity integral and 8, defined in (384), we can replace ¢
into a in estimates (387) and (390). For boundary integral (381) g, we decompose
fy =P, f+1,.(1 — P,)f. From Neumann boundary condition d,¢, = 0 and
oddness in velocity integral, f v Ya Py f(v-n(s)) = 0and we obtain similar esimate

as (388),
t t
/ /waﬂw(x)):/ /wa1y+(1—Py>fdy
s Jy s Jy

t t (395)
se/ ||a<r>||%+csf A=P)fOE . e<1.

For (381) 7, from oddness,

1 1
esirle = [ [ soa= [ [ e+ a-msi,

t t t
sz ||VA—1a,a(r>||§+/ ||b(r>||%+/ I —P) £ ()12
‘ ‘ ‘ (396)

Now let us estimate fs[ ||VA_13ta(r)||% which appear in (391) type estimate. We
use new test function ¥ = ¢(x),/u. It easy to check

t
(381)¢f|¢:ﬁzfv /ngz VIV - Viegrp(x)/u =0,

t
80rly_ o= [ [ Vrvas Vi =0,

and from taking difference quotient and null condition (7), we obtain, for almost ¢,

f Pda = «/E/ b - V).
2 22

(397)
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In particular, if we choose ¢ = 1, we directly get |, o 0ra = 0, so Neumann problem

0D,
on

is well-defined. For dual pair (H')* = (H'(£2))* with respect to (A, B) fg
Bdx for A € H' and B € (H")*,

—AP, = da(1)

82

IVedigalla = 1A a1 = [ @allgt S 18:a@ g1y S 16@1l2. (398)

We change c into a in (387) and (390) and combine with (381), (385), (386),
(395), (396), and (398) with ¢ < 1 to obtain

t t
/ la(o)I3 + / IV ()13

t t
SGa(t)—Ga(S)-i-/ II(I—P)f(T)II‘Z,+/ 0= P)f@5 4

I3 t t
+ f Y20 (f @5+ / lwf (OIZIP O3 + / Ib(T)3,
(399)

for ¢ < 1 where G, (t) := foXRg fOY(t) < ||f(t)||%.

Step 4. Estimate of b : For fixed i, j, we choose test function ¥ = wb | in
(382) where B, and ¢, are defined in (384) and (383). From oddness in VCIOCIty
integration and definition of S, (381)¢ in (381) yields

t o t
38|, i :=/ f/ Pfv-Vy, :—C3/ / bi(3;;A7'b}),  (400)
Vi s 2xR3 ’ s JQ

where C3 := fR3 (vl.2 - ,8;,)1)1,2 udv = 2+/27. For boundary integration, contribution
of P, f vanishes by oddness.

(38151 :=f /w”ly+<1—Py>f<v-n<x))

t
58/ ||b(r>||§+/ (1= PR,

and similar as (391) and (390), we use oddness and definition of 8, to vanish
contribution of @ and b. We obtain

3811 |Wl";,/1'

(401)

t t t
58/ ||VA—lazbj<r>||%+/ ||c<r>||%+/ IX—P)f(D)lI2, (402)

t t t
/// v, Rel g §e/ ||b(r)||%+/ I =P)f ()
s 2 xR3 s

t
+ f =20 (f, £(@)13 (403)
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Next, we try test function ¥, with i # j to obtain

t ..
(381)cls :=/ //g R3(b-v)dﬁv-vlﬂ2’,’z

; (404)
= —c4/ / (bj(@;; A b)) + b; (3,47 by)).
s J2

by oddness in velocity integral where Cy4 := 7+/2m. We also have the following
three estimates using oddness of velocity integral,

(381)81 1y :=/ /w”lml — P))f(-n(x)

t
58[ ||b<r)||%+/ (1= PR,

G8D7l,ii NS/ IVA~ 9, (f)llz+/ IX—P)f(DI3,

t
f// YiiRel uwe/ ||b<r>||2+/ 1A= P)f I
s 2 xR3

+ / W 2ECE @B
(405)

To obtain estimate for | VA ™! 0:bjll2, we use atest function wb = v /L0 (ph (t, x).

Note that 8t<pb solves Aa,go,, = 0;b;(t, x) with B,gob (t,x)la2 = 0. We taking
difference quotient for d; f in (15) and with help of Poincaré inequality, we get

(38D, |y gy =[ //!W v VIR - VoI
Se / IVA~'9,b; (D)5 + f la(o)l13.

(81|, _yy :/St/m@ JEfO$s - o) (406)
Se /st VA~ 9,b; ()15 + / la(o)3

t
+/ua—mﬂﬁ

Since wb . vanishes when it acts with Lf and I'(f, f), and boundary integral
(381)p Vamshes by Dirichlet boundary condition of ¢, , from (406) and (381), we
obtain

t i t
f f 901 (2. Xk (v, x)dx = f VA~ 9,6, (2) 2
s 82 s (407)

t t t
58/ ||VA—latbj<r>||%+f ||a<r>||%+/ I(X—P) f (D)2
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Now we combine (381), (385), (386), (400), (401), (402), (403), (404), and
(405) for all i, j with proper constant weights. In particular, we note that RHS of
(400) is cancelled by the first term on the RHS of (404). Therefore,

t t
/nb(r)n%:—Z/ fgb,-(a,-,-mlbl.)
K i s

1 t
S Gb<r>—Gb<s)+/ ||<I—P)f(r>||%+f a-rfobs

t t
+/ =121 (f, f)(r)||%+/ lwy f(OIZIP S (D)3

t t
+/ ||c(r)||%+a/ la(@3, Go() SIFOIB, &< 1.

Finally we combine (394), (399), and (408) with ¢ <« 1 to conclude (377). O

8. Global Existence and Exponential decay

We start the section by proving a crucial interpolation in Holder spaces.

Proof (Proof of Lemma 1). Let £2; be an open bounded subset of R? containing
the closure £2. Suppose ¢ () € C 2.D2(£2). From a standard extension theorem (e. g.
see Lemma 6.37 of [11] in page 136) there exists a function q_b(t) e C%h: (£21) and
@(t) = 0in R3\£2; such that ¢ (1) = ¢(r) in £2 and

||4_5(t)||cl~1*01(91) g CQ,Q],D],DZ||¢(t)||cl-1*l’1(g), (409)
and D)l c2p ) < Ca.21.0,.0,16 Ol 2.2 ).

where C ,,p,.p, does not depend on ¢ (¢) and ¢.
Choose arbitrary points x, y in R3. For 0 < s < 1, we have (1 —s)x +sy € XV.
Then we derive that
[(y —x) - VIVA(@, (1 — $)x + sy)
[y —x) - VIV, (1 —s)x +5y) — [(y —x) - VIVP(t, x)
|(1 = s)x + sy — x| P2
x |(1 —8)x + sy —x|P2
—x _
+ (2= - V) Ve D)y — x|
ly — x|

= Ol =" PPV 0o + (172

X _
V)Vé@, 0y - xl.
x|
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Taking an integration on s € [0, 1], we obtain that

'( yo4 -V)Vq_ﬁ(t,x)

ly — x|
1
< / [((y —x) - VIV@(r, (1 — s)x + sy)ds (410)
ly — x| |Jo
TN YIP2 V()] co.ns

On the other hand, from an expansion along s,

1
Vo(t, y) = Vé(t, x) = /0 [(y —x) - VIV, (1 — s)x + sy)ds.

We plug this identity into (410) and deduce that for 0 < Dy < 1,

‘(x_y -v) Vé(t, x)

lx =yl
V. 0) =Voay)l 1 oz "
= T~ pra ARl A O) FESEC
1 - 1 .
= lx — y|P21 [Vo(1)]co1-py + TD2|X - }’|Dz [Vng(t)]cg,pz.

Now let us choose

~ X —
x —yl=e M, &= Y s
lx — ¥l

From (411)

(& V)V(t, x)| £ P VG(D)]cor-n, + e PRV G (1)] Loms -

1+ Dy

Taking supremum in x and @ to the above inequality and using

IVip(t)|l Lo = sup sup [(@ - V)Ve(t, x)|,

X pHeS?

we get

IVl o) £ P [Vid(®)]cor-ny (g,

+ e DAV G ()] coms (-
Finally from (409) and the above estimate we conclude (46). O

Now we are ready to prove the global-in-time result.
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Proof (Proof of Theorem 1). Step I. ForO < M < 1 and 0 < 6, < 1, we first

assume that an initial datum satisfies
lws folloo + lwg follp + IIwwﬁo,ng,vfollp S 8.M, 412)
lws Vo foll 3@ xrs) + 1Vi¢7(0)lloo < 00

We will choose M, §, later. For the sake of convenience we choose a large constant
L > max (M, |V2¢£(0)llso). In order to use the continuation argument along the
lines of the local existence theorem, Theorem 2, we set

T =sup{t 20 " wy f () lloo + 1w fD)llp < M,
t

t
and |lwya Ve, FOIf + / ek Ve O 4 < o0,
; ,

(413)
and ”va([)”Li(Q)LbM(R}) < 00,
and V3¢ ®)lloe < L.
Here for fixed § << 1, we choose Ao such that
A
20y/CCaM = Ao = min <72 ?) , for M < 1, (414)

where A; is obtained in Proposition 6. Note that from (174) the condition (172)
holds for M « 1.
Step 2. We claim that

sup e T V2 (Dl £ CoaM, with Cy = Cg + (C1C)'/P6,.  (415)
0<t<T

Here Cg, appears in (174), and Cy in (175), and C, in Proposition 3.
From (174) and (413),for0 < ¢t < T, forall D; > 0

g s Dl cri-ni gy < Callwy fD)lloo £ CoMe™ " (416)

On the other hand, from Proposition 3, (173), and (412), we derive that for
05t<T

t
LF OIS + lwya? Ve fOI5 + / e Ve f)Ih
0

417)
< CpeCrITh s (5, M)P.
Now we use Lemma 12, from (175), for p > 3and 0 < r < T, to get
1
||qbf(t)||C2,17%(Q) < (Clcp)l/pepcp(l+L)I X 8. M. (418)

— 3 _
Finally we use an interpolation between C LI=Di(Qyand C 215 (£2) and derive
an estimate of C2(£2): Applying Lemma 1 and (46) with D, = 1 — %, from (417)
and (416), we derive that forall0 < D| < 1,3 < p <6, Ag > 0,and0 < ¢ < T,
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IV2h (D)oo < e o= Prdddicg

5 419)
+ e‘[(“ﬁ)AO‘%CP“*”]’(clc,,)l/l’a*M.
Then we choose
A Cp
=+ L1+ L) A
_ 2 P Mo
A() = 1_—2 and then D] = m (420)

P

In conclusion we have, forall0 < ¢ < T,

Aoo
V20 ()lloo < €™ 2 '[Co + (C1Cp)/P8,IM.

Aslong as M « L then ||V)%¢>f(t)||OO < Lforall 0 £ ¢ < T and hence the claim
(415) holds.

Step 3. We claim that there exists 7o, > 1 such that, for N € N, ¢t €
[NToo, (N + DT],and (N + DT = T,

lws f (@)oo
< e FEND Juy F(NToo)lloo
W
+o(h) sup e 2wy f(9)lloo
NTxSs<t

t Y
+Cr / I £ ()l ds
NTw X, v

t YV
+ CTOO/ e~ 2 =9 [V £ () lloods. (421)
NTso

For the sake of simplicity we present a proof of (421) for N = 0. The proof for
N > 0 can be easily obtained by considering f(NT) as an initial datum.

As (290) we define h(t, x, v) := wy f (¢, x, v). Then h solves (292) and (293)
with exchanging all (he, Rttt q)l) to (h, h, ¢ ). We define

Vxd’f - Vywy
Wy ’

v
Vo rwy ‘= v(v) + 5 “Vidr — (422)

From (413) and (174), for0 < ¢ < T

IVl
Vorws 2 {vo - —2z9||V¢f||oo} (v)

{vo — (% — 219) M} (v) (423)

%w).

Then £ solves (299) along the trajectory with deleting all superscriptions of £ and
¢ + 1 and exchanging v* to Vg, wy and with new g

1\

1\
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g = —v~v¢fﬁ+r(i,£). (424)

Wy Wy

We define a stochastic cycles
(tl(taxv U, V1, ", vl*l)a xl(ta X, U, V1, , vl*l))5

by deleting all superscriptions in (300) and (301). Then % has a bound (317) with
deleting all superscriptions of £ and £ + 1.
For any large m >> 1 we define

Koan (0. 1) = 1y > 11 <, ko (0. 0), (425)

such that sup, fR3 Ko, m (v, u) —ko(v, w)|du < % and [Kg (v, u)| Sy 1.
Furthermore we split the time interval as, for each ¢, [,

{max{f41,0} <5 = 1)

426
= {max{f41,0} Ss =6 —-8U{n -8 =5 =1}, (420
where we choose a small constant 0 < § < 1 later in (430).
Following (317) with an extra decomposition of (425), we derive that
|A(z, x, V)]
_%
< Ok)lle™ 2" hollo
+0®) sup lle” 2 In(s)|1%,
0<Ss<t
1 Y
+0wm [ 1V, )t
0 Wi
1 1k/5 W ()
+{ow (s+ - +{§} sup lle” T R(s) oo
0=st (427)

t—38
+ / e—%o(t—s)
max{ty,0}

X/ Ko (V(s;t, x,v), wh(s, X(s; ¢, x,v), u)|duds
R3

tH—38 v
+ O (k) sup / e 2%

1 max{t;41,0}
X / / |h(s, X(s; 17, x7, v1), u)|dv;duds.
lulSm Jv|Sm

Note that |A(s, X (s; ¢, x, v), u)| has a similar bound as
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|h(s, X (s;t,x,0),u)|
_Y
< 0)lle” 2 holloo

+0®) sup [le T n(s |2
0<s'<s

K] M ,
+ O(k) / le™ 26V 1 (") [laods’
0 U!f)

| 1yk/5 Y
+How s+~ +{—} sup lle 2D (s oo (428)
m 2

0<s'<s
s—8
+ / e~ 6=
max{r},0}

X / |h(s', X(s"ss, X(s;t,x,0), 1), u')|du’ds’

t,—6 . ,
+ O(k) sup / e~

LU max{t]’,+l,0}
X / / |h(s", X (s"s 1, x;0, v)), u)|dvy,du’ds’,
wi<m I 1<m

where
t]/’ = tl/(s5 X(s; t,x, v)5 u, v/la IR vl//_l)7
X = xp(s, X($58,%,0), U, 0], , V).
Plugging (428) into (427) we conclude that
[A(t, x, v)]
< 1 20 —s) 2
S Op()flle” 2 holloo + sup [le™ 2 h(s) s}
0Ss<t

t V)
+ Om(k)/ le™ 29V 4 (5)]|oods
0 wy

1 1k/5 Y
+ {omUc)a + 00—+ 0,5} } sup fle™ 3 IR(s) oo
m 2 0<s<t

t §—3 N
+ / / / e 205 / (429)
0 Jw|Sm Jo u|<m

x |h(s', X(s';s, X(s;t,x,v), u),u')|duds’du’ds

-8 N
+ O(k) sup/ e~ 2 =9)
1 0
X / / |h(s, X (s; 17, x7, v7), u)|dv;duds
[ul<m J{v|Sm

t n=8 ,
+ O(k) Sup/ f / e 2 =5
L Jo JulEm Jo



Global Solutions of VPB in Bounded Domains 1123

X / / \h(s', X (s"s 1, x30, vp), u) vy, du’ds’.
|’4/|§m |U1,/‘§m

Choose T > 1 and k > 1 in (312) and (314). Then we choose

1
—k% and § = ——, 430
m an i (430)
so that O, (k)8 + O (k) = + 0, (D{FI° <« 1.
Note that
0X(s; 11, x1,vp)
oy

= —( — s)ld3x3

S [TAX (i, x,
- f f IR0 g (vxm(rc X(< 1,1, vm) dr'dr.
1y J vy Wy
(431)
Now we use Lemma 10. Note that from (415), the condition (131) of Lemma
10 is satisfied with A, = %’0 and 8, = Co M. From Lemma 10 and (137) we have

4CcCHM

X (t's 1, xy, dccom
‘M < Ce o0)? |tl_f/|. (432)

av;

From (432) and (415), the second term of RHS in (431) is bounded by

oM pnyopy .
CCrMe (:0)* / / (H —1the 2 Tdr'dr
N T

4CC2M 4CCoM (433)
§ ()\‘ )2 e ()LOO)Z |tl - S|v
o
where we have used (142). From our choice of Ao in (414), we have
4CCoM M 1
e ro0) < —,
(hoo)? 10
Therefore from (431), for0 <s <1, — 6,
det X (s; 17, x1, vy)
vy
= det (= — s)Id3x3 + o(1)) (434)
Z o —sP®
> 53,

We can obtain the exactly same lower bound for both
det X (s3], X, v},)
vy,
<8X(s’; s, X(s;t,x,0), u)
det

>f0r0<s’<s—8,

» >f0r0§s’§tl//—8.
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Now we apply the change of variables

v = X (s, x0, 0p),
v X830, X, 0)0),

ur> X(s'ss, X(s51,x,0), u),

and conclude (421) from (429) and (430).
Applying (421) successively, we achieve that

lwy f ()l

< o Y,
Sere 2 lwy f(O)lloo
v Too

sup ¢ 0wy £(5)lloo

+ o(1)
1 0<s<1

— e—VOToo

w [T w (435)
+Cre? / e 2 £(s)2ds
0

(435),

V( t Yy
+CTOO€70/ e 20|V 1 (5) | ods.
0

where we have used @33

eVo Teo

evoToo{l _I_e—v()Too 4. +e_VONToo} — ; T
— e_ o0

Step 4. From Proposition 6 and (375) we have
le* £ (D113 + 1™ Vo ()13
+ /0 t %27 £ (DIl + 1" Vo s (T)[I3dT + fo t 27 £13 4 (436)
S 1 fol3 + 1V s l13.
Hence

435),2 < te ™R30 £y + 1V, l12)
(437)

v M

—min( X022} x;
e min(.% )¢ I foll2 + IV 1, l12)-

Now we consider (435)¢f. In order to close the estimate in (435) we need to
improve the decay rate of ||V (s)|loo. We claim that, for 65, , > 0 (which is
specified in (442)),

Vi ($)lloo S e TH02rp) Ao fqup 122! £(5)]|2 + sup €™ £(5)[loo}.  (438)
t20 t20

By Morrey’s inequality for 2 ¢ R3 and r > 3

IVidrlloo S IVidsllcoi-sray S 1Vidrllwrr - (439)
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Then applying the standard elliptic estimate to (16), we get

Vi rOllwrzg) S ’/ (@) /idv
R3 Lz(ﬂ)
< e M sup [ £ ()2,
t>0
Vi r®llwrra) S ’/ (@) /idv
R LP(82)
S sup [ £ (1) oo
t>0

Now we use the standard interpolation: For p > r > 3,

9 rp 179 N 5
IVxdrlwir@) S 1V Ollyi3 o) 1 Vxdr Ol (o)

for

Then we derive
sup ||e[92.r,p)»2+(1*92,r.p))»oo]tvx¢f () lloo

t>0
02.)‘,1) 1_92,r,p
(sup lle*2! £ (1) |I2> (sup ||ek°0’f(t>||oo>

t>0 t>0

N

< sup € £(1)ll2 + o(1) sup [[e* £ (1)]|o-
120 120

From our choice (414) and 0 < p — 3 K 1,
92,r,p)\2 + (1 - 92,r,p))\oo Z (1 + 92,r,p))¥oo-
From (443)

t WY
(435), < / ¢ 2 (TR0t 28 £ (5) ods
0

t Y
+o(1) /0 ™ 3 U9 g (I02r pDhoos || Phoos s £ () | s

S e MRl folla + Vg 12} from (436)

+o(1e™MCE X! up - lFwy £(5) oo

0<s<t
Multiplying e
from (437) and (445), we obtain that

sgpewllwﬁf(t)lloo S llwy fOllee + 1 foll2 + Vs, ll2
t=0

+o(1) sup e*[wy £(5)lloo-
0<s<t

*oo! and taking sup, > to (435) with e < min (”—0 )

1125

(440)

(441)

(442)

(443)

(444)

(445)

), and

(4406)
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By absorbing the last (small) term, we conclude that

sup €™ wy f (1)l < €8, M. (447)
0<t<T

If we choose §, < 1/¢ then by the local existence theorem (Theorem 2) and conti-
nuity of [ wy £ (1) loo- 1wy £ O I+Hwseh , Ve o f()ID+ g lwsah Vew fS)D .
and ||va(t)||L3(Q)L,B+5(R3)’ we conclude that 7 = oo.

Then the estimates of (37), (38), and (39) are direct consequence of Proposition
3, Lemma 12, Proposition 4, and Proposition 5. 0O

Acknowledgements. The authors thank HONGXxU CHEN for finding errors in the original
manuscript and fixing them. They also thank the referee(s) for useful comments which
helped us to improve the clarity of presentation. The authors thank Yan Guo for his interest
and discussions. They also thank CLEMENT MoUHOT, LELLO EsPOSITO, ROSSANA MARRA,
MisHA FELDMAN, HYUNG JU HWANG, and STEPHANE MISCHLER for their interest in this
project. C.K. especially thanks JAMES CALLEN (Center for Plasma Theory and Computation)
for discussions on the several relevant kinetic models. The authors also thank the kind
hospitality of MFO at Oberwolfach, ICERM, KAIST-CMC, math/applied math departments
of Brown, Cambridge, Princeton, USC (during a summer school organized by Juhi Jang),
UMN, UIC, UT-Austin, POSTECH, NTU, Lyon 1, and Paris-Dauphine during this research.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

A Auxiliary Results and Proofs
Proof (Proof of (28)). From (22), fort — tp(¢, x,v) < s < t,

xp(s, X(s5t,x,v), V(s; t,x,v)) = xp(t, x,v),
vp(s, X(s;t,x,v), V(s;t,x,v)) = vp(t, x,v).

Therefore
[at +v- Vx - Vx¢f : Vv]af,&(tv X, U)

d

= aaf,g(s, X(s;t,x,v), V(s t,x, v))|S:t

-4 (t, x,v)

= dsocf,g , X,V

= 0.

From (23) and (22),

(s, X(s;51,x,0), V(s; t,x,v)) = tp(t, x,v) — (t —5).
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Therefore

[0 +v- Vi = Vigyp - Vo]t — (1, X, v))

d
= —[s — (s, X(s50,x,0), V(s; £, x,0)]| _
ds s=t

d
= —[t —tp(t,x,v)] =0.
ds
These prove (28). O

Proof (Proof of (181)). The proof follows the argument of Lemma 7 in [18]. Note

2
ko (v u)_emm =— |2—9—||v|2_ LIk
.

o—ap T ?v]* — 19|u|2} :

exp {—Q|U —u
ul

Let v — u = n and u = v — n. Then the exponent equals

lIn|* = 2v - y|?
—olnl* - T—ﬁ{w—mz—wﬁ}
v-nl*
= —20|n|* +4ov - 1 — 4o P — ¥{Inl> —2v - )
{v-np?

(=20 — D)|nl* + (4o +20)v -1 — 4QW'

If 0 < ¥ < 4p then the discriminant of the above quadratic form of || and TT'{ is

(4o +29)> — 4(=20 — 9)(—40) = 49> — 1600 < 0.

v

Hence, the quadratic form is negative definite. We thus have, for0 <o <o — 7,

that the following perturbed quadratic form is still negative definite:

In> —2v-nl?

s —d{n> = 2v-n} £0.

(@ =’ - (-2
Therefore we conclude (181). 0O

Recall k5(x, v) in (332). Let us denote fs(¢, x, v) = ks(x,v) f (¢, x, v). We
assume that f (s, x, v) = €° fo(x, v) fors < 0. Then
I f5ll2mxexry) S 12, x2xry) + 1 follL2@xr),
||f5||L2(R><y) S ||fy||L2(R+><y) + ”fO”LZ(y)‘

Lemma 14. Assume 2 is convex in (30) and supg<,; <7 IE(@)llLo(2) < oo. Let

E(t,x) = 1o(X)E(, x) for x € R3. There exists f(t, x,v) € L3R x R3 x RY),
an extension of fs, such that

f|.Q><R3 = f5 and fly = f8|y and fli=0 = fsli=0.
Moreover, in the sense of distributions on R x R3 x R3,

[0 +v-Vy+ E-Vy1f =hy +ha, (448)
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where
hi(t,x,v) = ks(x, V)le[0,00)[0r + V- Vi + E -V, ]f
+ k5 (x, V) lye(—o00,01€’ [1 + v - Vi + E - V] foks(x, v)
+ ft, x,v)[v- Vi + E-Vy]ks(x, v),

o (449)
hy(t,x,v) = lt—t‘fx(z,x,v)§01xfx(t,x,v)eaﬂet_tb (X’v)fO(XEX(X, V), v)

t—tEX (x,v) EX
T Lm0l X g meane Jolxg = (x, ), v),

where thX, x,fx, thX, xfEX are defined in (452).
Moreover,

Ihll 2 exrisryy S M0 +v - Vi + E- Vil fll 2@, x2xrd)
+ ||f||L2(R><S2><R3) +llv-Vi+E- vv]fO||L2(.QxIR3)7

Ih2ll 2 mxrixryy S N foll L2y
(450)

Proof. In the sense of distributions,
O fs+v-Vifs+E-Vyfs =hy in (449). (451)

Clearly |[v -V + E - Vyliis(x, v)| S5 1.
For x € R3\£2 we define

th(t,x, v):=sup{s 20:x—(r—1)v € R3\S_2 forall T € (t —s,1)},
thX(t,x, v):=sup{s 20:x —(r—1)v € R3\S_2 forallt e (t,t+s)},

(452)

andxfx(t, X,v) = x—(t—tfx(t, X, v))v,xfEX(t, X,v) = x—(t—thX(t, X, v))v.
We define, for x € R3\£2,

fe(x,0) = Lpx  pean fot =ty X (0,3, 0), x5 X (1,5, 0), v) sy

EX EX
+1xfEX(t,x,U)€39f8(t_tf (taxa U),Xf (taxav)av)‘

Recall that, from (332), fs = 0 when v = 0 and hence fr = 0 for v = 0. Since
£2 is convex if v # 0 then {xFX (z, x, v) € 32} N {xFX (1, x, v) € 32} = ¥. Note
that

SE@, x,v) = f,(t,x,v) = fs(t,x,v) forx €ds2. (454)
In the sense of distribution, in R x [R3\£2] x R3,
0 fE + v - Vi fE = hy in (449). (455)
We define
f_(t, x,v) =1o)fs(t, x,v) + le\_@(x)fE(t, X, V). (456)

From (451), (454) and (455), we prove (448). The estimates of (450) are direct
consequence of Lemma 3 and Lemma 4. O
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