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Abstract. The stochastic gravitational wave background (SGWB) contains a wealth of in-
formation on astrophysical and cosmological processes. A major challenge of upcoming years
will be to extract the information contained in this background and to disentangle the con-
tributions of different sources. In this paper we provide the formalism to extract, from the
correlation of three signals in the Laser Interferometer Space Antenna (LISA), information
about the tensor three-point function, which characterizes the non-Gaussian properties of the
SGWB. This observable can be crucial to discriminate whether a SGWB has a primordial or
astrophysical origin. Compared to the two-point function, the SGWB three-point function
has a richer dependence on the gravitational wave momenta and chiralities. It can be used
therefore as a powerful discriminator between different models. For the first time we provide
the response functions of LISA to a general SGWB three-point function. As examples, we
study in full detail the cases of an equilateral and squeezed SGWB bispectra, and provide the
explicit form of the response functions, ready to be convoluted with any theoretical prediction
of the bispectrum to obtain the observable signal. We further derive the optimal estimator to
compute the signal-to-noise ratio. Our formalism covers general shapes of non-Gaussianity,
and can be extended straightaway to other detector geometries. Finally, we provide a short
overview of models of the early universe that can give rise to a non-Gaussian SGWB.
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1 Introduction

Many cosmological and astrophysical scenarios predict the existence of stochastic gravita-
tional wave backgrounds (SGWBs) with a sufficiently large amplitude to be detectable at
interferometer scales, see e.g. [1-3] for reviews. A detection of a SGWB signal would provide
important information about its origin, hence it is essential to characterize its properties in



detail, and to devise observables that will enable us to distinguish among different possible
sources of gravitational waves (GWs).

The statistical features of a SGWB can offer various observables that can be measured
with interferometers. While so far the attention has been mainly focussed on the two-point
function (power spectrum) of the GW signal (see e.g. the recent review [4]), in this work
we study for the first time how LISA [5] (and for this matter any other interferometer) can
probe the three-point function (bispectrum) of the SGWB. A non-vanishing GW three-point
function is associated with the non-Gaussian features of the SGWB. Some of the key ingre-
dients of early universe models (in particular inflation and topological defects) predict that
the primordial SGWB can have large non-Gaussianity, whose features can be calculated from
first principles, and can be used to discriminate among different models. On the other hand,
a SGWB due to a combination of a large number of uncorrelated astrophysical sources, or
due to sub-horizon cosmological processes such as phase transitions or preheating, is Gaussian
to a high degree, due to the central limit theorem (it remains to be studied to which degree
the central limit theorem applies to the distribution of astrophysical sources that contribute
to the stochastic GW background measured by LISA). Thus a detection of a non-Gaussian
SGWB would be a distinctive indication of a signal of cosmological origin, and the study of
its properties would provide crucial information on the physics of the very early universe.

The Fourier transform of a GW three-point function defines the non-Gaussian tensor
bispectrum, which depends on the frequencies of the three GWs involved, as well as on their
polarization. Its scale and chirality dependence can be very rich, in contrast to the GW
two-point function, whose features are very constrained by the symmetries of the underlying
background geometry. This implies that a study of the GW bispectrum can lead to a large
number of new observables that can be used to differentiate among different models of cos-
mology. So far, the physics of primordial tensor fluctuations has been mainly investigated at
Cosmic Microwave Background (CMB) scales, and indeed the non-Gaussianity of primordial
GWs produced in certain models of inflation have been observationally constrained by the
Planck satellite [6].

In this work, we investigate for the first time the capabilities of interferometers, in
particular LISA, to test the non-Gaussian features of a SGWB via its three-point functions !.
We do so by developing a formalism to compute the interferometer cubic response function to
a non-Gaussian SGWB, connecting the GW bispectrum to the statistics of the actual signal
outputs obtained from LISA (see Sections 2 and 3). We show that cubic correlators of the
interferometer signal are sensitive to the properties of the GW bispectrum — its dependence
on the GW wavenumber and chirality indexes — and also depend on specific features of the
interferometer, like its arm configurations. Measurements of the cubic interferometer signal
can distinguish among different cosmological models for a SGWB, and we show how different
examples of primordial bispectra, with distinctive dependence on the momenta of the incoming
GWs, lead to qualitatively distinguishable features in the interferometer cubic correlators.
We also demonstrate that any measurement of the GW bispectrum at LISA is invariant
under parity. Nonetheless, we show that in the presence of non-Gaussianity the analysis of
LISA data in different frequency intervals can allow to extract nontrivial dependence on the
correlators of the left- and right-handed gravitational waves, such as the relative amplitudes

'Here we are interested in probing the intrinsic non-Gaussian statistics of the SGWB, and not in describ-
ing ‘pop-corn-like’ non-Gaussian bursts sometimes present in the unresolved stochastic background due to
combining many individual sources. See [4] for a detailed review on searches for this kind of non-Gaussian
signatures using the SGWB two-point function.



of the ((RRR) + (LLL)) and ((RRL) + (LLR)) correlation functions.

These results allow us to build the optimal estimator for the GW bispectrum observed
at LISA, generalizing results previously developed for studying the GW two-point function
[7] to the three-point function, see Section 4. Our final expression for the Signal-to-Noise-
Ratio (SNR) is physically transparent, and we apply it to a specific scenario of a primordial
non-Gaussian GW signal whose bispectrum is amplified at a specific scale to quantitatively
demonstrate the ability of LISA to measure tensor non-Gaussianity, depending on the ampli-
tude of the GW bispectrum.

Our results demonstrate that the statistics of the GW signal measured at interferometer
is sensitive to various distinctive properties of the bispectrum of primordial GWs from the
early universe: Section 5 surveys existing cosmological models capable of producing large non-
Gaussianity of the SGWB, analyzing the features of the corresponding bispectra, and briefly
discussing prospects of detection with the LISA interferometer and with CMB experiments,
in light of our findings.

Section 6 contains our conclusions, with a summary of our results and suggestions for
future studies, while six appendices contain technical results used in the main text.

2 A formalism for tensor non-Gaussianity

In this section we build a formalism for describing tensor non-Gaussianity, which can be used
to conveniently analyze how to probe this observable with interferometers. We consider a
stochastic background of gravitational waves associated with the transverse-traceless metric
perturbation hgy, (¢, Z) of the background metric (where a,b correspond to spatial indexes,
while A denotes tensor polarization). We decompose the tensor modes as

B (t, f) _ /d3ke2m'lg-i‘ Zeab,)\(]%) |:627rikt h)\(];) + o~ 2mikt h;(—];;)

/dffke—?””” Zem ) ha(t, k) (2.1)

where k = \E\, k denotes a unit vector in the direction of the vector k. In this expression,
we sum over the two transverse polarizations A of a GW, with egp, ,\(l;:) being the polarization
operator for the polarization A. For a more detailed discussion on the definition and con-
struction of different polarization basis, and the properties they satisfy, we refer the reader
to Appendices A, B.

As we require that hg(t, ) is real, it must follow that

Zem Yhi(t, k) = Zem ) ha(t, —k) (2.2)

holds. This condition, however, does not fix completely the choice of the polarization tensors
€ab, A(l%) Two basis for the GW polarizations are commonly employed in the literature, the
{+, x} basis, and the {R, L} chiral basis. In the explicit computations performed in this
paper, the chiral basis is used. Furthermore, we choose chiral polarization operators that
specifically satisfy e, )\(IA{:) = €ab, x(—k) [we discuss the freedom of choosing different polariza-
tion operators in Appendices A, BJ. This implies that the same property is also satisfied by
the momentum space variable h)(t, IZ), so that the reality of hgp(t, &) is ensured. Given our



choice, we have

Cab) (/27> = €ab\ (—k) = €ab,—\ (if> ; Caba (lAf/‘) €ab )’ (k) =0 - (2.3)

In particular, the second equality in the first expression states that eq, r <+ €qp,r under a
parity transformation.

The statistical properties of the GW background are controlled by its correlation func-
tions in Fourier space. In this work we consider the 2—point correlator <h2>, and, more
in detail, the 3—point correlator <h3>, which is non-vanishing for a non-Gaussian SGWB.
Assuming statistical isotropy, the equal-time momentum-space correlator is given by

(i (1 F) o (1 7)) = 25600 (R ) (2.4)

where Py (k) is the power spectrum of the helicity A, and the numerical factor at the right-
hand side has been fixed imposing that the combination of eqs. (2.1) and (2.4) leads to the
real space correlator

dk‘ sin 27Tk:1") L
(hat (£, 7) has (£, ) / Saw a2

For studying the 3—point function, we use an ansatz analogous to the one used for
describing the statistics of primordial scalar perturbations [8-13], see for example [14-16].
Specifically, we assume a small departure from Gaussianity, so that a tensor mode is the sum
of a dominant Gaussian component, and its quadratic convolution

P (b F) =g (6 F) + 0 R0 / &pdghy g (t, 7) har g (t, @

N A
x 0@ (E = 5= q) K (K, -7, -q) - (2.6)

This ansatz is characterized by a kernel Ky ), which depends on the GW momenta and
polarizations. We shall see that the kernel defines the properties of the non-Gaussian tensor
bispectrum. We assume that, in general, the two different polarizations can be coupled in
the convolution. The kernel is symmetric in the last two arguments (A <> A" together with

P q)
AN N S L) AN =L
NL Ky <k7 —-D, _Q> = fNL VISVVOY (k7 —q, _p) . (27)

The transformation of the kernel under a rotation is discussed in Appendix A. The dependence
of the kernel on the magnitude of the three momenta controls the so-called shape of the
non-Gaussianity [11], namely how the bispectrum changes according to different triangular
configurations in Fourier space. The simplest form of non-Gaussianity is the so called local
shape, enhanced in the squeezed limit of the bispectrum, for which (assuming also that the

different helicities are not mixed in the convolution) Ky~ (E, 7, (j’) o Oxv0xn. More in

general, we normalize Ky (kp01, kp02, kp03) = 1 for a reference unit triangle formed by

01, g and 03 = —01 — U2 (see Eq. (3.25)) and some given pivot scale k. In this way, the size

AN N

of non-Gaussianity is controlled by the nonlinear parameter f{i" " . In the concrete example



of non scale-invariant non-Gaussianity that we study in Section 4.3, the pivot scale is chosen
to be the scale at which the bispectrum is maximal, see eq. (4.22).

It is important to note that the mode functions appearing in the relation (2.6) are
evaluated today. If the GW has a cosmological origin, we need to account for its evolution.
It is conventional to encode this in a cosmological transfer function

hy (to, E) = T (to, k) hE" (k) , (2.8)

where tg indicates the present time, and hP' is the primordial value of the GW mode. For
an adiabatic tensor mode produced during inflation, hl))\r is constant (time independent) at
super-horizon scales. For GW produced inside the horizon after inflation, we take the value
of the mode at the end of GW production. Correspondingly, eq. (2.6) is changed into

T (to, k) hY' (k) =T (to, k) hY', (k)

+ 3R / d*pd®qT (to, p) B%, , () T (to, @) b , (@)
A/’)\N

x 53 (E—ﬁ_ cf) Ko (E 7 —(j> : (2.9)
This leads to the relation

' A" pr = Tto, Tt[), AN =L 4
fli\T’If\ AP K)\)\’)\"PI' (kv P, q) = ( leiﬂ ]{E) Q) léf\ % K)\)\/)\” <k7 D, Q) ) (210)

between the parametrization of non-Gaussianity in terms of the primordial vs. the present
day GW mode functions. > While the product of the last two factors on the rhs is more
directly related to what we measure, the lhs is more immediately connected to the theory
that provides the origin of the non-Gaussianity.

From the ansatz (2.6) we obtain the equal-time three-point function, to linear order in
the nonlinear parameters, as

<hA1 (t, 12:'1> ha, (t, 152) I (t, E3)> — 6@ (El Ykt 123> B v (El,i%’Q,E3> . (211)

with

A1,A2,A3

Lo L Py, (ko) Py, (k
Bxi 2os <k1,k2,k3> = NIE;TK,\I,\QAF, (kh ka, k3> s (k) oy (ko)

k3 k3

A2, 1,03
o oo\ Doy (k1) P (Ks)
N Koo (R o, By ) = :

+ 32 Ad2ds | R1, K2, K3 3 5

A3, A1,

o o ) Dau (k) Py (ko)
NL A (K1) £y (R2
——=—K (k:,k,k) .

+ 872 A2Az | K1, K2, #3 k:f k%

(2.12)

This expression for the bispectrum can describe the different shapes of non-Gaussianity, and
the dependence on chirality. The expression for the tensor three-point function (2.11) evalu-
ated at non-equal times, which will be used in Section 4, is discussed in Appendix D.

2To be precise, both sides in this relation are multiplied by 5(3)(1_5 + 7+ 4q). Eq. (2.10) indicates in
an unambiguous way how the nonlinear parameter fxr, and the kernel function K should be independently
rescaled, once we demand that both the present day and the primordial kernel function are normalized to
KA)\//\// (k)p'f)l, kpf)g, kp'lA}g) = K)\/\’)\”,pr (kpﬁl, kpf)g, kp’lA)g) =1 (see text below €eq. (27))



3 LISA signal and response functions

Our aim in this Section is to build the tools to study the primordial tensor three-point
functions with LISA: we connect the theoretical results of the previous section with the actual
LISA design. We analyze how the signal cubic correlator can be used to probe the tensor
bispectrum described in Section 2, deriving for the first time the interferometer cubic response
function to tensor non-Gaussianity. As we shall see, the interferometer response function is
sensitive to the shape and polarization dependence of the primordial tensor bispectrum.

We first analyze how a SGWB influences the time a photon takes for traveling along
a single arm of an interferometer. We then study the signal measured at LISA. We follow
the derivation done in [4, 17| based on the frequency basis (E1) that we introduce in the
appendix E, but reformulated in the basis (2.1).

3.1 Single arm of an interferometer

We consider an interferometer arm at rest, with mass 1 and mass 2 at the two ends. Mass 1
and mass 2 are located, respectively, at 1 and at o = 77 + Lilg, where L is the length of
the arm, and lAlg the unit vector in the direction from mass 1 to mass 2. The change in the
light-travel time for a photon emitted at mass 1 at the time ¢; and arriving at mass 2, due
to a passing gravitational wave hyyp is given by

1. - L -
AT (t) = 21(112111)2/0 ds hgp <t1 + 8, 1+ 8[12) . (3.1)

Inserting the decomposition (2.1) and performing the integral, we find

3 2mik-& 7 5[112171)2
AT (1) = L/d ke 2RI ey (k) 12
A

« [e2m'kt1il/\ (E) M <[12 Tk, k:) e 2miktfpx <—E) M <_512 -k, k)] , (3.2)
with

M ([12 -7, k:) = emk”L[l_ﬁ‘lAw] sin <7TkL {1 - Z12D

kL [1 vy im] ’ 33

where 7 is the direction of propagation of the wave. Let us consider now the signal s13 (¢, Z1),
measured at time ¢ by a detector of mass 1 located at T, as the total change in the light-travel
time for a photon emitted at mass 1 (at the time ¢ — 2L), arriving to mass 2 (at the time
t — L), and then coming back to mass 1, i.e.,

S12 (t) = AT (t — 2L) + ATy (t — L) +ny (t) , (3.4)

where ny (t) = ny (¢, Z1) is the noise measured by the detector at the vertex Z;. Using eq. (3.2)
we obtain

s12 (t, £1) —n1 (¢, 71) = L/dgke%ﬂz'fl Zg,\ (/%, Z12) hy (t - L, E) T (kL, /%'512) ,
)
(3.5)



where the detector transfer function® is

] sin (7‘(‘]{3[/ [1 — k- 512:|) o sin (7rk‘L [1 +k - 512])

T (kL, /;"512> — o mikL |14k +em’kL[1fl%-112 ,
kL [1 — k. ilg] kL [1 ke Zlg}
(3.6)
and we have also introduced the combination
o ~ lAa ib
g (k, l12> = eap ) (k) % (3.7)

Using (2.4), we obtain the 2—point correlation function of the signal

(a0, 20) — (02 1 20) = = [ TE S Pu(w o (ki) [ |7 (k2. -1 39)
A

as well as the 3—point correlation function
(35 (t, #1)) — (nd (t, 71)) = L3/d3k1/d3k2/d3k3 56 (El + ko +E3) B, aons (K1, ko, ks3)
X > G (’231, le> Gx, (7%2, le> Gxs (ff:%, 512)
A1,A2,A3
X T (/ﬁL, ]%1 . ilz) T (k‘QL, ];'2 . 512> T (k‘gL, ];'3 . 512> s (3.9)

where we have assumed that signal and noise are uncorrelated (i.e., (sn) = <s n2> = <32n> =

0).

3.2 Quadratic and cubic signal correlation functions at LISA

Equation (3.5) describes the signal generated in a single arm of an interferometer. From
this result we can construct the response functions of the full instrument, where the phase
measurements in the individual arms are combined to minimize the instrumental noise (see
e.g. [18]). Combining two arms of the equilateral triangular LISA configuration with a com-
mon mass at Iy yields a Michelson interferometer:

ox (t, 1) = sx(t,71) — nx(t,21)
= ATlg(t - 2L) + AT21(t - L) - AT13(t - 2L) — AT31 (t - L) . (310)

Cyclic permutation of the endpoints 71, ¥3, T3 results in a total of three Michelson in-
terferometers, which we label X, Y and Z. Specifically

01 =0x X (timea_r’l — Ty —>a‘:’1)—(timefl — I3 —>fl) s
09 =0y X (time Ty — T3 — fg) — (time To — T1 — fg) ,

03 =07 X (time T3 — ¥ — 53) — (time T3 — To9 — .fg) . (3.11)
Defining the three arm directions as

(fQ_fl)/L:lAQlEUI s (fg—fg)/L:ZggEUQ 5 (fl—fg)/L:Zlgzﬁg, (3.12)

3The detector transfer function 7 encodes the response of the detector to a gravitational wave, and should
not be confused with the cosmological transfer function introduced in eq. (2.8).
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Figure 1. Labeling of the LISA arms used in this work, cf. eq. (3.12).

(see Figure 1), the three measurements (3.11) acquire the form

o (t) =L %:/d?’k h (=L, F) %eaw\ (k) @ (: 0 F) (3.13)

with
oLy (#1; Uis B) = o270 [T (KL, k- 00) U307 — T (kL, —k - U) U303
Q2 (#; Uis ) = e 27 [T (kL - 05) U3 03 =T (L, —k-0n) U7 01
Q3 (#; Uss B) = o270 [T (KL, ko 03) U3 03 = T (k 1, =k 0) U3 0]
(3.14)
From these, the standard LISA output channels A, E and T are constructed as [18|
$1=3%y = %(20’){-0’3/—0’2) ,
Sy =%p = \}g(Uz—UY) :
Y3=%p = % (ox +oy +oz) . (3.15)

We write these through the compact expression
N1 . . L
S = LZ/dBk hy (t _ I, k) 5 Caba (k:) © Qi (f Uj; k;) : (3.16)
A

where O = {A, E, T} labels the detector channel and the matrix ¢ is given by

=

(3.17)

o
Il
W= O Wi
S S
S
|
Wl a‘»—t ol

We now have the tools to study the two-point and three-point correlation functions for
the signal, and analyze how they depend on the statistical properties of the SGWB, namely
its power spectrum and bispectrum as described in Section 2. We derive the quadratic and
cubic interferometer response functions, and discuss how the interferometer measurements
allow to probe properties of the primordial tensor non-Gaussianity.
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Figure 2. Directional dependence of the integrand for the response functions RﬁA (k) (left panel)
and REF (k). The wavenumber k of the GW has been chosen to be 0.1/L. The response functions for
the left-handed polarizations are obtained by a parity transformation about the plane of the detector
(the xz plane, in our choice), which for our case corresponds to ¢ — —¢ (as discussed in the text).

3.2.1 The quadratic interferometer response function

The quadratic auto-correlation of the interferometer signal reads
2 2 dk (0]0)
(o) =12, [ =P (k)R (k) , (3.18)
A

where
2

RLO (k) = i/oﬂ do 51110/027T d¢ % " (i‘i; Uj; E) Y (l;‘)

(3.19)

Here we use standard spherical coordinates, where 6 € [0, 7] is the polar angle, and ¢ €
[0, 27] is the azimuthal angle to express the direction of k. To obtain these expressions we

have inserted eq. (2.4) and used the fact that Qe (—E) = Qf;;)ezb’ A (%) [recall that this
property is specific to our choice of polarization operators eq. (2.3)].

The quantity R?O(k) gives the (scale-dependent) detector response function to the GW
of polarization A for the 2-point correlation function of the channel O. This is obtained after

o . N |2 A
% Q! 1 eab <k‘) ‘ over all the directions k of the incoming GW.

The angle-dependent integrand is shown in Fig. 2, for the specific choice k¥ = 0.1/L of
the GW wavenumber and for the two channels A (left panel) and E (right panel), respectively.
We disregard the T' channel, as its sensitivity to the GW background is well below that of the

A and E channels [18] (we have verified that this is the case also for the 3—point functions
that we study below). For definiteness, we set the detector in the zz-plane, with the three

integrating

masses, respectively at the {x, z} locations given by {0, 0}, {0, L}, and {‘/73 L, %} (we
verified that rotating the plane of the interferometer does not change the final value of the
response function obtained after integrating over the angular directions of 1_5) As expected
GWs arriving from the perpendicular direction to the detector (the y axis, characterized by
0 =73 and ¢ = 7, 37”) are those that provide the largest contribution to the detector two-
point function. For equal length interferometer arms the response function of the A — F
cross-correlation RAF vanishes [18].
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Figure 3. Integrated response function RQC (k) for O = {A,E} and A = {L, R}.

In Fig. 3 we show the detector response function (after integrating over the GW direc-
tions). The same result is obtained for both polarizations (we discuss this below) and in the
two channels A and E. The response function is nearly constant up to k ~ 0.2/L, and then
it strongly decreases with higher k’s. By Taylor expanding the relations (3.14) in the limit of
small k£, we obtain the analytic result

2 4
RAA (k) = REE () = 1% _ 11(% (:) +0 (:4) k= ﬁ L (3.20)
This agrees with the first of egs. (18) in [19].

The response function for short wavelengths kL > 0.1, contrary to the long wavelength
limit, becomes more supressed the shorter the wavelength. Simple inspection of eq. (3.14)
leads to predict that its envelope amplitude scales as o< (ky/k)2. This power law suppression
at large k can be clearly appreciated in Fig. 3.

3.2.2 The cubic interferometer response function

Starting from eq. (3.16), we obtain the three point correlation function of the measurement
as

(S0 ()0 () Sor (1) =L Y [ dPhid*had®ky 6@ (El Yo+ Eg) Ba s (EI, . 123)
AL AaAs
X ciOCZc’? €ab\ (kl) €cd\o (7%2) €ef A3 <k3) Q' (fz‘; Up; El)

X QZd (fj; Uq; EQ) Ql;f (fk; U, Eg) . (3.21)

With respect to the two-point function, the computation of the three-point function

has the additional complication that the bispectrum changes under a rotation of the triangle
formed by the three vectors k;. We discuss this technical point in Appendix A, in particular see

eq. (A19). To perform the angular integration, we fix the orientation of a reference triangle,
formed by vectors k satisfying the momentum conservation condition kj 4+ k3 + k3 = 0, and

compute the reference bispectrum By, x, 1, (E;" ) For any generic orientation we have then

Baans (B = REG, B2 = REs, By = RE;) = @, (5, R) Bayang (R B, K)o (322)
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where R is a rotation matrix, and where ®,, (I;:j , R) is the combination of phases given in

eq. (A19). We note that this phase is eliminated by the corresponding opposite phase in the
transformation of the helicity operators, cf. eqs. (A17) and (A18). Namely,

B, asns (51, ka, /;3) €ab 1 (/ﬁ) €cd, N <k2> €cfhs (k3> \,;FR,;%
= RoaRygRccRapReERfF By, po0s (ET, Ky, E?f) €AB (ﬂ) €CD s (ffi‘) CEF s (k‘§> -
(3.23)

The disappearance of ® from the product is due to the fact that the measurement is propor-
tional to hgpheghey, which is a product of three tensors.

Among the possible choices for the orientation of the reference vectors l_ﬁ , in what follows
we adopt this one:

Ki=kioy , ki=koty , ki=—-k —k, (3.24)
where
k2 —k2 — k2
2k1ko
=0, a=1| /1_ (k%—k%—k%)Q : (3.25)
2k1ko
0
0

Starting from the configuration (3.24), a generic orientation of the bispectrum is obtained
through the rotation matrix

sin 01 cos ¢1 cos B cos ¢ — sin ¢Pq 1 0 0
R[01, ¢1, ¢2] = | sinfysing; cosbsing; cos ¢y | 0 cosgg —singsy | . (3.26)
cos 01 —sin 64 0 0 sings cos ¢o

The angles in this rotation matrix can be used to parametrize the independent angular
integrals in eq. (3.21). Namely, we note that the angle between k1 and ks is fixed by the fact
that

K2 k2 — k2

Eg = 7];1 — EQ = COS 0%1,%2 = leé . (327)

As a rotation preserves angles between vectors, this angle has been imposed in eq. (3.25).
The right matrix in eq. (3.26) then represents a rotation (by a generic angle ¢2) of kg around
the axis of ki, at a fixed value of 6 . (We note that this matrix leaves 9; unchanged.)

The left matrix in eq. (3.26) then represents a common rotation of k1 and Ko. Therefore, the
matrix R [0y, ¢1, ¢2| parametrizes the most generic orientation for El and Eg, compatible with
the fact that the three wavevectors close into a triangle. No additional independent angle is
required to parametrize Eg, as this vector is simply —k1 — ko.
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With this in mind, eq. (3.21) can be rewritten as

(S0 (1) Sor () Son (1) =L 3 / Al bk koksBa v, 5 (K5 B, F5)
A2z V0

O O/ ON

X ST B (ET) €CD, Ny (/f;) CEF )\ (%)
X /7r df; sin 6, /27r doy /% dops RoaRypRecRapRepRyF
0 0 0
X Qflb (:E'i; Up; RE}“) Qid (fj; Uq; RE;) Q’gf (fk; Ur; RE;) ,
(3.28)

where sin6; is the Jacobian of the transformation from the integrals in eq. (3.21) to those
in (3.28) (after the d®ks integration has been eliminated through the §() (El +ky+ Eg)

function).
We then note that

RoaRop Qi (T Ups RE') = Qi (705 Ugs B)

(3.29)
where
Zr=R'% , Uy=R'U,. (3.30)
Therefore, eq. (3.28) can be written as
[e.e]
(Zo () Sor (t) Tor () =L Y dky dks dks ky ko k3
AAgrg Y0
1A2A3
X B)\l)\2)\3 <ET, /;;, E;) RQ\IO)\;OA;: (];I;k, ]{71> s (331)
with the three-point response function
o [+ 9c9 " ) . .
RYQ3s (kf; kz) = kaeAB,/\l (kik> €CD, s <k§> CEF A3 (k§>
i 27 2
X / 0, sin 6, / o / dps Qlyp (:z;f; U kf)
0 0 0
% QL (%53 Ugs B3) Qhor (745 05 3) - (3.32)

We use this expression to numerically evaluate the response function. To verify that the
response function is real, it is convenient to rewrite it as

O Ol O/l

1~ Ci c; C ™ 2m 2T . - .
R9ZQ! (k;k; kz) -y JT’“ / ) sin 6, / o / dgy XML Rl (ka)
A AzAs 0 0 0

x e2r2v[ks, R] €cd, 2 (RE;) St CefAs (RI%;;)

x Qly (s Uys REY) @l (3 Ugs BEs) QF (s Ui RE3) . (3.33)
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Figure 4. Three point response function for equilateral configurations, ky = ko = ks = k. The left
(resp., right) panel shows the functions induced by three right-handed (resp, two right-handed and one
left-handed) GWs. The same result is obtained from three left-handed (resp. two left-handed and one
right-handed). Different lines correspond to different channels, as specified next to each line. In each
panel, we show the only two distinct nonvanishing response functions, noting that they are of equal
magnitude and opposite sign.

where the quantities v are defined in (A15). One can verify by direct inspection that all
terms in this integrand go to their complex conjugate under parity (namely, under ];:; — —l;;i,
corresponding to ¢ — m — 01, 1 — T+ P1, P2 — 7™ — ¢2). Therefore, the response function
is real.

As we will discuss in Section 3.2.3, measurements of correlation functions by LISA are
invariant under parity. This implies that Rrrr = Rrrr and Rrrr = Rrrr, for any choice
of channels and momenta. For this reason, we show the response function in the RRR and
RRL cases only. In the same Section, we will also demonstrate that the only nonvanishing
3-point response functions are the one among three E channels, and the one among two A
channels and one E channel. We will show that they are opposite to each other, namely
(EEE) = — (AAFE) (and permutations).

We now use the expression (3.32) to evaluate the response function numerically. We do
so for two cases:

— An equilateral configuration. This is the case of equal wavenumbers, k1 = ko = k3 = k.
In Figure 4 we show the nonvanishing response functions for the RRR (left panel) and RRL
(right panel) cases. The figure confirms that (EEE) = — (AAE). We also see that the
response functions vanish both in the kL > 1 and kL < 1 limit. In the large % limit, the
same behavior is obtained for the two-point function, cf. Figure 3, and it is due to the inability
of the interferometer to resolve scales much smaller than its size. The small k limit is instead
studied in Appendix C.

— A squeezed isosceles configuration. For the isosceles squeezed case, ks < ki = ko,
eqs. (3.25), together with 3 = —k“’lkitk““, give

b1 =1(1,0,0) , d=(=1,0,0) , d3=(0,—1,0) . (3.34)

Starting from eq. (3.28), we find that, in this limit, the combinations R,4Rypean x, (01)
and R.cRipecp,, (—01) can be expressed as eT2M®2 times a factor that is independent of

@2, respectively. We further note that in this limit, the quantities Qib <fi; ﬁp; klR'f)l) and
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di (a_c'j; Uq; —klRﬁl) are independent of ¢o, and that

klsigockoﬁQ’;f (ai’k; U,: kgR@g) = 2610” (ﬁff]{ — ﬁng) + 209/ (Af AQf — Af A1f>
+2c9" (Ugﬁg — Ustd ) : (3.35)

is also ¢o—independent (the matrix ¢?” in the formula above is given in eq. (3.17). The ¢y

integration then gives (all other quantities are ¢9 independent, and factorize out of it)

2

dpy epp g (03) RepRpp 0222 = 5\ \ F (61, 61) , (3.36)
0

namely we find that the result is nonvanishing only for Ay = A2, in which case the A2
dependence drops, and it is also independent of A3. Specifically, we find

Fi = 17T (-6 cos®(¢1) cos(201) + 3cos(2¢1) — 1) ,

8

3 .
Flo=Fy = 3T sin(¢1) cos(¢1) 81112(91) )
Fi3 = F31 = gw cos(¢1) sin(61) cos(61) ,

Fyy = —éﬂ (6sin?(¢1) cos(261) + 3cos(2¢1) + 1)
Fiy = Fip = Smsinon) sin(0) cos(0h)
Py = %(3 cos(201) + 1) . (3.37)
The remaining quantities collect into

squeezed ~ NN
ROO’O”,)\1>\2>\3 (Ula —1, U3) -

= o | (€7 = ) OFOT + (" = ) OO + (5"~ ") U501 |

COCO/ ™ 2
X 4] eaB (01) ecpy, (—01) / d91/ doysin61 F.¢(01, ¢1)
0 0
x Qup (9? Uy; klﬁl) (o7 (fj; Uz —kzlﬁl) : (3.38)

Apart from the F.r(61,¢1) factor, the last two lines in this expression are the two-point
response function R?Ol times 4. This is a consequence of the fact that the squeezed bis-
pectrum is nothing but the power spectrum of the short wavelength modes modulated by the
long wavelength mode. Numerical evaluation of this expression results in the response func-
tions shown in Figure 5. As for the equilateral case, we find the only nonvanishing response
functions shown in the figure, and we find that the response function for two A channels
and one F channel is of equal magnitude but opposite sign compared to the one for three £
channels. The reason for this is explained in the next Subsection.

3.2.3 Three-point response functions and LISA geometry

In this Subsection we describe how the geometrical features of the LISA configuration are
sufficient to characterise some of the properties of the interferometer three point function.
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Figure 5. Squeezed isosceles bispectrum, for A1 = Ay = A, and A3 = N (the same result is obtained
for all helicities). The third channel is taken in the squeezed limit, ksL — 0, while k1 = ko = k is
varied in the figure.

Behaviour of LISA response functions under a parity transformation

Besides the dependence on the shape and orientation of the triangle formed by the three
momenta, an additional feature that can characterize the tensor bispectrum is its behaviour
under a parity transformation. Certain models of early universe cosmology (see Section 5),
predict tensor bispectra which violate parity, and values of the bispectrum components which
are not invariant under a parity transformation. We now show that LISA — and any planar
interferometer — cannot distinguish among components of the bispectrum that differ only by
a parity transformation, and consequently cannot detect parity breaking effects. Reference 7]
noted that the LISA response function for the two-point function is the same for the left and
right polarizations of the GW, namely R(L)O = R%Q due to a mirror symmetry with respect
to the plane of the interferometer. As we show now, this result can be readily extended
also to the three-point function, implying the equalities Rrrr = Rrrr and Rrrr = RLLR.
To understand this, consider a triangular configuration of test masses in the zz plane. The
mirror symmetry then corresponds to changing the y component of a vector. We would like
to understand what this implies for the response functions. Denoting by Vjj and by V| the
component of a vector V', respectively, within and perpendicular to xz plane, we note that
the GW momentum, and the basis vectors expressed by eqs. (A4) change as

k||:>k|| s kL:_kL7
ﬂ||:>—fL|| s IALJ_:>ZALJ_,
17|| = TA)H s ’f)J_ = —@J_. (3.39)

As the unit vectors in eq. (3.12) (expressing the displacements between the test masses)
lie in the plane of the instrument, only the parallel components contribute to the Qébea@ A
contraction. Due to this, and thanks to the properties of (3.39), we see that Ua ﬁb €ab,\ gOES
to Ua Ub €qb,— under this mirror transformation (and analogously for the contractions with
V and W) On the other hand, the transfer function 7 and the phase in the first term
in front of the square brackets in eqs. (3.14) are invariant under this transformation. This
implies that eq Q7 (k”, ki) = ew-2Q), (k:H, —k1) in eq. (3.13), and analogously for the
linear combinations in eq. (3.15). These combinations form the response functions, which,
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therefore, satisfy

R (s ki) = RS (y, —ke) o RROE (s ki) = RELS v (ks i 1) -
(3.40)
After integrating over the angles, this implies the equalities Rrr = R for the two-point
function found in [7], as well as the equalities Rrrr = Rrrr and Rrrr = Rrrr for the
three-point function. This implies that parity violation in the tensor bispectrum can not be
detected using a planar interferometer, like LISA.

Symmetries of the LISA response functions under exchange of the interferometer
vertices

In egs. (3.11) we described how the three Michelson interferometer signals X, Y, Z associated
with the interferometer vertices are constructed. Since LISA forms an equilateral triangle,
we should expect that physical results are independent on the vertex labelling, and should
be invariant exchanging vertices. For example, exchanging the second and third vertices, one
finds

ox — —0X s oy — —0Zz s o7 — —O0y, (3.41)

and physical results are invariant under this transformation. Analogously, exchanging the
first and second vertex, one has

Oy — —0Zz s ox — —0y s oy — —0x, (3.42)

and lastly, exchanging first and third vertex, one finds invariance of results under the simul-
taneous transformations

oy — —0y s ox — —0Zz s Oy — —0X. (3.43)

We can derive some consequences of these relations for the bispectra. First, the previous
formulas imply that

(oX) = (oy) = (03) = (oxoyoz) = 0. (3.44)

Moreover, only one component of the three-point function is independent, say <Gxo'12/>, and
all the remaining ones coincide with this correlator up to a sign. We can write these relations
as (we use the notation: oy =0y , oo =0y , 03 =0yz)

(o10203) =0
(3.45)
(oi0j0j) = €1 C , where C = <UX032/> .

This also implies that three-point functions computed in terms of FE, A channels are
particularly simple to express. One finds

2
(£5) = ~(255%) = - - (oxad), (3.4
while all the other three-point functions vanish. We note that the identity (X3,) = —(XgX%)

is confirmed by the numerical computations shown in Figures 4 and 5. Among the vanishing
correlators, we note that (¥%) = 0. We also note that all the bispectra involving the T
channel vanish. For example

(Sp¥7) = (SpErZa) = 0. (3.47)
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On the one hand, this prediction for the null-channel, together with the relation (3.46) pro-
vides a non-trivial consistency check of the underlying assumptions of our analysis, such as
statistical isotropy and non-gaussian instrument noise. On the other hand, these relations pre-
dict that for any given frequency interval, (cross-)correlating different interferometer channels
only allows us to extract a single measurement of the bispectrum, a serious obstacle in mea-
suring its different helicity contributions. However, with mild assumptions on the frequency
dependence of the bispectrum, the different frequency dependences of the Rrrr = R and
Rrrr = Rrrr response functions (see Fig. 4) can be used to measure the chirality structure
by comparing measurements in different frequency intervals.

4 The optimal signal-to-noise ratio

In this section we construct a frequency-dependent estimator of the stochastic gravitational
wave bispectrum. Our procedure extends the arguments developed in [7] to estimate the
optimal signal-to-noise ratio in the gravitational wave power spectrum to the case of a signal
three-point function. In most of this section we assume for generality that all the correlators
(AAA), (AAE), (AFEFE) and (FFEE) can be nonvanishing and independent from each other;
only at the end of Section 4.2 we specialize to the case of an equilateral LISA configuration,
where only the correlators (FEE) = —(AAF) are nonvanishing.

4.1 The signal in frequency space

Since our goal is to generate a frequency-dependent estimator, our first task is to compute
the three-point function of the signal in frequency space, defined as (for a return flight along
the first arm)

510 (f) = / dt e~ g1, (1)

— L/dgk eiQTME'f1 Z g (];Z, lAlQ) /dt 672ﬂft h (t — L, E) T (kL, /;Z . i12> + N9 (f)
A
(4.1)

where 712 (f) denotes the corresponding noise in frequency space. Defining

Yo(f) =50 (f) —no(f) , (4.2)

where now O denotes a LISA channel, we obtain the following three-point function

(S0, (f1) S0, (f2) S0, (f3)) / (Hdt eI @0k 3 00 00 (Y e (k))

X <h’>\1 (tl - L7 kl) hkg( 2 — La k?)h)\;g( 3 L) E3)> ) (43)

the calculation of which requires the knowledge of the time correlator for the gravitational
waves at unequal times. The expression for the latter quantity is given in Appendix D.
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Using eq. (D5) we obtain

/ dty dby dts e~ 21t +Tata+fsta) <hA1 (t1 _ I, El) ha, (tg _1I, EZ) I <t3 _ I 1%'3)>

_ it ot f3) s <51+152+53>

3272
X{Q?“W%MM(Mb$QPi&ﬁﬂﬁ%)%2\Mﬁ%zM)
R Ko (Rorfa ) Pt P86k — 111 ks = 1)
R Ko (R, ) Pyt) o ) %rﬁhDM@—U&%
=0(f1+ fo+ f3) 0% (El +Ey + 53) Brinons (K1, k2, k3; f1, fa, f3)., (4.4)

so that we can express the result in terms of quantities evaluated for a reference closed triangle
with sides &}, as discussed in Section 3.2.2 (see in particular eq. (3.31))

(S0, (f1) L0, (f2) Sos(f3)) = 5(f1 + fo+ f3)00 (kl + ko + kg)

x L3 / (ﬁdS S Q < >ealb,,)\ <k>> Bysoxs (K1, ko, K3 f1, fo, f3)
1

=81+ fa-t £ L0 [ ydhy b dhy b b
2 Tk ok Lok, 010203 (7% 7% 1%
X B)q/\g)\g(kl? k27 k37 f17 f2a f3)R)\1)\ A3 (kh k27 k3) ) (45)
where R%AOQ 2/\23(1431, l;:l) is the signal three-point response function computed in Section 3.2.2.

4.2 The estimator and the optimal SNR
Following [7] we define a frequency-dependent estimator for the three-point function as
F(fr, for f3) = Y WA, fo, f3) 5i(f1) 3;(f2) (fs) | (4.6)
ijk

where the filter function W49*(fy, fa, f3) is totally symmetric under simultaneous permu-
tations of both the indices and the arguments, W5k(f1, fo, f3) = WI*(fy, f1, f3) = ...,
and satisfies the reality condition W9*(fy, fo, f3)* = W9*(—f1, —fo, —f3). Since only the
signals O = {A, E} are relevant for our analysis, only four filter functions are in principle
independent: WAAA WAAE JWAEE gnd WEFEE  The frequency integrated estimator F reads

F= X [ dp iV fo ) 5500 55(2) ) (4.7

ijk

with expectation value

F)= Y [ d sV s o ) i) 55(2) (1) (4.8)

ijk
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Under the assumptions that the noise is Gaussian? (so that its three-point function van-
ishes) and uncorrelated with the signal, one has (3;(f1) 5;(f2) 8k (f3)) = (Zi(f1) 25 (f2) Zk(f3)),
where ¥;(f) is defined in eq. (4.2). This implies that the expectation value of the estimator
is

(F) = Z/dfl dfa dfsWF(f1, fa, f3) (Zi(f1) 5(f2) Sa(f3))
ijk
=> / dfy dfs dfsW5H(f1, fa, f3)6(f1 + fa+ f3) STH(f1s far f3) (4.9)
ijk
where we have defined the real quantity

S o ) =10 Y [ b i by
A1 23

~ oo o ik oo
X BA1)\2)\3(1€T7 k§7 k;a f17 f27 f3) R’;\Jl)\g)\gj( T? k;7 k;) . (410)
We next compute the variance of F assuming that the signal is noise dominated, with

(ni (f1) nj (f2)) = 05 Py (LA]) 6 (fr + f2) . (no sum on i) , (4.11)

(for brevity, from now on we omit the absolute value in the frequency dependence of the
noise) so that

F) = [ dhvdrodfs P PF2) PR
ijk
< [6 W (fis for o) WOR(Su, for fa) + W (fu, fo, —R) WS, fo, =f)"]
(4.12)

where the factors of 6 and 9 originate from the symmetry properties of W%*. The signal-to-
noise ratio (SNR) is given by (F)/1/(F2).

We note that for any given pair of objects AY*(f1, fa, f3) and BY*(fy, fo, f3) with the
properties of our filter function W#%* we can define a scalar product

<Az‘jk7 Bz‘jk) - Z/dfl df dfs P, (f1) P2 (f2) Py (f3)

ijk
% [6ATRf for f3) B, oo fo) + 9 AT (1, fo, —f2) B (1, fo, —F)"]
(4.13)
so that we can write the SNR as
ijk SZ*(f1, f2, f3)
SNR - L <W O+ ot f) Pﬁ(fl)Pfl(fz)Pr’f(fs)) (4.14)

6 (Wijk7 Wz'jk:)

4This turned out to be the case, for a broad range of frequencies around 1 mHz, in LISA Pathfinder, and
is being considered as a working assumption in the LISA Data Challenge (Carlos Fernandez Sopuerta, private
communication).



In writing this formula we make the hypothesis that W4k(0, fo, f3) = 0, whose validity
will be checked in short, which implies that 37, [ dfi df2 dfsW49I(f1, fa, —f2) 0(f1 + fa —
f2) STk (f1, fo, —f2) = 0, i.e., the second term in the scalar product (4.13) does not contribute
to the numerator in eq. (4.14). The SNR is thus maximized for

ST (f1, for 3)
Pi(f1) Pa(f2) PE(f3)
up to a multiplicative constant that cancels out from the expression of SNR. This last equa-
tion shows that our hypothesis W#*(0, fa, f3) = 0 is valid, since the noise diverges at low
frequencies.

To sum up, for this optimal estimator the SNR is given by

Wk (f1, fa, f3) o< 6(f1 + fo+ f3) (4.15)

1/2

T SE*(f1, fas f3)?
SNR = | = dfi dfa dfs 6 -
6%/ﬁhhﬁﬁhﬂ%mmwm%%)

where T is the duration of the experiment, the indices ¢, j and k can take only the values A
and E and the sum will contain 8 terms.

This relation simplifies in the case in which the channels involved in the correlation have
the same noise. The noises of the measurement (3.10) at the vertex X and at the two other
vertices Y and Z of the instrument satisfy

(ni (fi)nj (f2)) = P (f1)S (fi+ f2) » {i, i} ={X,Y,Z} . (4.17)

where, due to symmetry®,
PYY(f)y=PyY (f) = P72 (
PV (f) =P 2 (f) =P % (

, (4.16)

Pn,self (f) ’
Pn,cross (f) . (418)

The linear combinations (3.15) have diagonal noise (4.11), with spectral dependence

f) =
f) =

PA(f) :Pf(f) :;[Pn,self(f)_Pn,cross(f)] E(2L)2Pn(f) )
Pr? (f) - % [Pn,self (f) + 2Pn,cross (f)] y (4.19)

which shows that the A and E channels have indeed identical noise. The factor (2L)* has been
inserted in the definition of P, (f) so to convert from time displacement to strain, by dividing
AT by the round-trip light travel distance 2L [20]. In this way, P, (f) has the dimension of
time.

Using these two channels, the relation (4.16) can be explicitly written as

SNR = {T/ dfr df2 dfs 0(fi+ fa+ f3)

SAAA , 7 2
6] QL7 Py (1) P fo) P (o) 2 I £

1/2

+3S?AE(fh.ﬁ,ﬁ92+—3S?EE<fh.ﬁ,ﬁn2+—SfEE<fh.ﬁ7ﬁ92]} (4.20)

1/2

5 (f1+ fa+ f3) SEEE (f1, fo, f3)2} (4.21)

_ {2T/ df1 df dfs
3 (4L2)3Pn (fl)Pn (fQ)Pn (f3)

5The cross-correlation arises because the different interferometers share one common arm.
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where we used the results of Section 3.2.3, in which we found that for an equal arm LISA
configuration SAAE = _GEEE gy §AAA — GAEE _ )

4.3 SNR for a non-Gaussian signal enhanced at a fixed scale

As an explicit example of application of these results, in this subsection we evaluate the SNR
(4.21) for a specific shape of non-Gaussian bispectrum. We make the following choice of
kernel entering in eq. (2.6), depending on a reference closed triangle &k} and a reference scale
k:
-, - - _ 1 T A TR A TR A
Koo s (kf;k;, k;) _ ooz (R =R) (1R |=k) +(1Rs | —F) ]%L%L Sral (4.22)

where we assume that ¢ < k, and normalize the shape function to one at its maximum.
This localized, chiral bump in non-Gaussianity well approximates the predictions of certain
models of early universe cosmology, for instance the signal obtained in the model of [21] that
we will review in the subsection 5.2. For later convenience it is also useful to introduce the
energy den81ty of the universe per logarithmic wavenumber interval. Using the expression

PCGW = —- <h” hw> for the energy density in GW, one finds
Qcw (F) = —— Opaw _ ™ K S Pk (4.23)
oW 3HZMZ dlnk 3 HZ A '

where Hy ~ 3.24 x 1078 h Hz is the present value of the Hubble rate.

At this point we can use the kernel function of Eq. (4.22) and the expressions for the
SNR we developed in Section 4. We relegate technical steps of the calculations to Appendix
F, and write here the final expression for the SNR for an equilateral configuration:

LIL /35 o
128 w2 k3

T .15 T.L*x T.L%*

where /;:;k denote the unit vector along the direction of Ej and equilateral transfer functions
are plotted in the left panel of Fig. 4.
For reference we consider the optimal scale kL. = 0.028 at which the ratio

REEE (kki, ks, kE)|
KU, (k) /P (26)

is maximum (for the expressions of the noise power spectrum P, see [20]). For this value we
find |R5LELE| ~ (0.025 and thus substituting into the previous expression, we find

(4.25)
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where in the second line we normalize the various quantities to useful reference values, to
be able to more easily appreciate the relevance of the result. For definiteness, we normalize
k to 3.4 x 1073 Hz, which is the frequency corresponding to k; we then normalize the noise
functions P, (k) and P, (2k) to 7 x 107" Hz~! and 3.9 x 10~ Hz~! respectively, which are
(parametrically) the values obtained at k (see for instance Fig. 3 of [20], where the square
root of P, is shown; we note that the noise power spectrum P, is related to the sensitivity S,
by P, = Ra Sy, where Ry is the two-point response function shown in Fig. 3.). We normalize
the time to the nominal LISA mission time of 4 years times a 75% duty factor.

As discussed in Section 2, the value of the non-linear parameter entering in this relation
is the present one, related to the primordial one by eq. (2.10). A detailed discussion of the
transfer functions entering in this relation can be found for instance in [22|. The precise
behavior is not needed for the present estimate. When they are well outside the horizon,
the GW have constant amplitude; instead the amplitude decreases as the inverse power of
the scale factor while it is well inside the horizon. For the present estimate can simply take
T (to, k) = ag, leading to

imordi EEE (T34 .o T3+
SNR ~ 47 lffI[;L,prlmordlal 12 3.4 x 1073 Hz\ " (Q (];) h2)2 IRYTT (k ki, k k3, kk3> \
R “’“ K2 k o 0.025

7x 1074 Hz ! T 3.9x 104 Hz !
X — —
P, (k:) 3yrs P, (2k)

(4.27)

We recall that, in the case of GWs produced during inflation, ay, is the value of the
scale factor when the mode of frequency k. re-entered the horizon in the Friedmann-Lemaitre-
Robertson-Walker (FLRW) stage after inflation (we normalize the scale factor to one today).
The same relation applies for GW modes that are produced when their size is comparable
to the horizon side during radiation domination. Assuming that the universe is radiation
dominated at that moment, and that radiation domination continues until the recent stage
matter-radiation equality (at zeq ~ 3,400) we find (see Appendix G)

- 4 7 2
SNR ~ 32 x 1077 plbbrinord 7 (3'4 <19 3HZ> (QGW (k) h2> x

from inflation ];52 k 10—13

REEE (Rki ks, B |75 10100 [T 3.9 x 1091 Hy !
0.025 P, (k) 3yrs P, (2k)

(4.28)

Notice for instance that for fI\LIf Loprimordial _ 103 ¢}g equation implies that a detection of non-

Gaussianities can only take place for Qgw (k) h? > 10~ !, If however, Qqw (k) h? ~ 10713

this implies that a detection of non-Gaussianities requires at least an fl\LIfL’p“mordlal > 107,

As we discuss in Appendix G, modes that have presently the frequency k = 3.4 x 1073 Hz re-

entered the horizon at the temperature of ~ 50 TeV. A different value for a, can be obtained

if we make instead the unconventional hypothesis that the universe had a different equation
of state than radiation, before, but close, to Big-Bang Nucleosynthesis.

A different value for a, is instead obtained if we assume that GW are produced inside the

horizon by a sudden episode that took place during radiation domination at the temperature
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T.. In this case we find (see Appendix G)

imordi T. o% (34x1073Hz\"
SNR ~ 1.8 x 10710 gLLLprimordial __ L+ 0 (922 1Y 12 "
prod. inside horizon fNL 100 GeV k‘2 k
Qow () h2\® IREEE (R, ks, ki) |
10713 . 0.0158 %

7x 1074 Hz ! T 3.9x 104 Hz !
X Z \/ X V7 (4.29)

P, (k) 3yrs P, (2k)

The previous result is recovered if we take T, = 50 TeV.

In both these relations, Qaw (l_c) h? has been normalized to the threshold level that can
be detected in the 2-point correlation function at LISA. Finally, we recall that these results
assume kL = 0.028 Hz, as this scale maximizes the SNR for a flat spectrum Qg (k). In order
to evaluate the SNR at arbitrary scale, all the & dependent quantities (in particular |R€EE )

and Qg (k) if it is scale dependent) must be evaluated consistently.

5 Tensor non-Gaussianity and Early Universe Cosmology

In the previous sections, we developed techniques for investigating the non-Gaussianity of
a SGWB by studying the three-point correlation function of signals detectable with LISA.
We have shown that LISA is in principle able to measure specific properties of the SGWB
bispectra, as the dependence on the amplitude of the momentum and polarization of the GW
signal.

In this section we review and discuss the current theoretical understanding of non-
Gaussian features of a primordial SGWB sourced by Early Universe physics, in particular
inflation and cosmological defects. Our aim is to provide theoretical motivations for the
results derived in the previous Sections, showing that they can be used to distinguish different
sources for primordial SGWBs. Besides analyzing models, we also briefly review current and
perspective constraints on tensor non-Gaussianity from the physics of CMB, that is able to
probe primordial SGWBs at frequency scales much smaller than interferometers.

5.1 Primordial tensor non-Gaussianity and inflationary physics

Cosmological inflation predicts the existence of a stochastic background of tensor modes,
produced by quantum fluctuations of the metric spin-2 degrees freedom during the phase of
inflationary expansion. CMB experiments constrain the amplitude of the primordial SGWB
power spectrum at large CMB scales in terms of the tensor-to-scalar ratio r: the current
upper bound from BICEP2/Keck and Planck is » < 0.07 at 95% confidence level [23, 24]
(assuming the consistency relation r = —8nyp), and future CMB polarization experiments
[25-27] can lower this bound down to around 10~3 in absence of a detection.

Tensor self-interactions are expected to make the non-Gaussianity of the primordial
SGWRB relatively large, already within Einstein gravity. Moreover, as we shall review next,
there are models of inflation which exploit specific couplings between fields present during
the inflationary era, in order to enhance the amplitude of the tensor power spectrum at scales
that can be probed by the future generation of gravitational interferometers. This gives the
opportunity to probe inflation at scales much smaller than CMB scales: in these scenarios,
the large couplings among the fields involved can enhance tensor non-Gaussianity, making it
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a very useful observable for distinguishing among different scenarios. We briefly survey the
topic of inflationary tensor non-Gaussianity, considering in succession models of increasing
complexity.

General Relativity in pure de Sitter space

The simplest situation to investigate — as a toy model for inflation — is pure General Relativity
(GR) in de Sitter space. The metric for de Sitter space can be expressed as ds?> = —dt? +
e2Htq7? with H the constant Hubble parameter. As we have seen in Section 2, the transverse-
traceless spin-2 tensor fluctuations can be decomposed in two helicity modes, A = L (left)
and A\ = R (right). The Einstein-Hilbert action

M2
SEH = /degm V=g [fR— A} , (5.1)
can be straightforwardly expanded around the de Sitter background up to third order in
fluctuations |12, 28|. From the second order action one can compute the two-point function
for the Fourier transform of the tensor fluctuations, which defines the primordial tensor power

spectrum

(i (1 F) o (1 7)) = A 5600 (R ) (5.2)
Pu(k) = % (;ﬂ)z . (5.3)

From the third order action one obtains the three-point function for the fluctuations [12, 28],
which defines the primordial tensor bispectrum

(o (112 g (6 ) g (1 55) ) =69 (Bt B o) B (R s+ 5.0)

and can be obtained using for example the in-in formalism. The tensor bispectrum is the
lowest order statistics providing information on non-Gaussianity of tensor fluctuations. Its
dependence on the three wave-vectors characterizes the shape of tensor non-Gaussianity, one
of the properties that allows one to distinguish among different models. We list here some
properties of the tensor bispectrum and the corresponding tensor non-Gaussianities for GR
in de Sitter space:

1. The amplitude of tensor non-Gaussianity — parameterized by the ratio between the
tensor bispectrum and the square of the tensor power spectrum — are of order one in
pure GR (but not larger). For example, one finds for equilateral configurations [29]

B
| ;’;R‘ ~ 3.6. (5.5)
R

This is a difference with respect to scalar curvature fluctuations in single field vanilla
models of inflation, where scalar non-Gaussianities are suppressed by slow-roll param-
eters, and are then at most of order a few percent [8, 9, 12, 13]. This is due to the fact
that Einstein gravity is a non-linear theory, and cubic interactions are not suppressed
with respect to quadratic ones by small (e.g. slow-roll) parameters. In Einstein gravity
the shape of tensor bispectra is peaked in squeezed configurations.
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2. The amplitude of tensor bispectra depends on chirality, that is on the polarization
indexes L, R, and in general bispectra characterized by different indexes have different
amplitudes. For example, in the case of GR in de Sitter space one finds |29, 30]

|BrRR|
81

|BrrL| = (5.6)
This is different with respect to the power spectrum, where L and R modes have the
same amplitude (see eq. (5.3)) and the cross correlation vanishes, (hy hg) = 0. This has
interesting phenomenological consequences since we have many independent bispectrum
components we can use to build observables for distinguishing among different models
of inflation. As we have learned in Section 3, LISA can in principle probe different
chiral components of primordial bispectra.

3. Pure Einstein gravity around de Sitter space preserves parity, in the sense that the
amplitudes of power spectrum and bispectrum components obtained interchanging all
the L, R indexes is the same. For example, P (k) = Pr(—k), Brrr(ki) = Brrr(—k:),

Brrr(ki) = BRRL(—EZ-) etc. This is potentially not true in more complex inflationary
scenarios, as we are going to discuss in the following subsection.

We can go beyond a pure Einstein-Hilbert action, and investigate non-Gaussian tensor
fluctuations around de Sitter space in theories of gravity including higher order curvature
invariants [28, 31, 32|, schematically denoted as [ W3 and [ W2 (W pe being the Weyl
tensor). Such perturbative contributions modify the third-order tensor action, and lead to
new, parity preserving shapes for the tensor bispectra. However, their amplitudes can not be
(much) larger than the ones one finds within General Relativity, due to unitarity constraints.

Single field slow-roll inflation

An enhanced amplitude of tensor bispectra can be obtained in single field inflation, with the
time variable controlled by a scalar field, the inflaton. The power spectrum of tensor modes
in single-field slow-roll models of inflation is straightforward to compute, and one finds the
same result as in de Sitter space, but with an additional scale dependence. In the simplest
models of inflation the tensor spectrum is red, with a spectral tilt given by

nr = —T/8, (57)
with 7 the tensor-to-scalar ratio . The analysis of the tensor bispectrum is instead less
straightforward: the scalar can have non-minimal derivative couplings with the metric — see
e.g. the model [34] built in terms of the Horndeski theory — which can complicate the analysis.
The complete classification of tensor non-Gaussianity in single field models of inflation based
on Horndeski scalar-tensor theories of gravity has been done in [30], finding that besides the
Einstein-Hilbert part [12], the third order action for tensor modes acquires a parity-preserving
contribution proportional to the cube of time derivatives of tensor fluctuations:

Sy = /dtd% G(a, ¢) hixhrihu; (5.8)

SEquation (5.7) holds at leading order in slow-roll for inflationary models with unit tensor sound speed.
See [33] for a systematic discussion of more general scenarios that can change this relation.
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where G is a function of the scale factor and of the homogeneous profile of the scalar field and
its first time derivatives (it is related with the function G5 controlling the quintic Horndeski
action). Interestingly, there are no obvious unitarity constraints on the size of this correction
to the Einstein-Hilbert action, hence — depending on the inflationary model and the profile
for the scalar field — this contribution can lead to a tensor bispectrum whose amplitude is
parametrically larger than the GR result (although it might be hard to find an explicit model
satisfying all the CMB constraints in the scalar sector). The shape of the tensor bispectrum
has been investigated in [30], finding that it is maximized for equilateral configurations, hence
it is different from the GR one, maximized in the squeezed limit. In the equilateral limit, the
bispectrum components associated with action (5.8) satisfy the relation

new Bl (k. ks )
[Bigir, (k. k)| = R . (5.9)

This is different from the GR result of eq (5.6): we learn that the chiral structure of the tensor
bispectra — i.e. a distinctive hierarchy for the amplitudes of the tensor bispectra depending
on the polarization indexes L, R — might be used to build observables to distinguish among
different models.

Tensor non-Gaussianity in single field models of inflation based on generalization of
Horndeski actions [35-40] is a topic still under investigation, see e.g. [41], and also [42, 43| for
an analysis carried on using techniques based on effective field theory for inflation. Also, tensor
non-Gaussianity in parity-violating scalar-tensor theories |44, 45] that spontaneously break
Lorentz invariance [46] is particularly interesting to motivate a search of parity violating effects
in the tensor bispectrum: an analysis of the tensor bispectrum in parity violating gravitational
theories can be found in [31, 32, 47|, although their generalization to the extended set-up
introduced in [46] is still an open question.

Beyond single field inflation

Since the simplest single field models of inflation predict a red tensor tilt, the amplitude of
the primordial SGWB is too small to be detected with interferometers. On the other hand,
there are more complex inflationary scenarios that might allow one to enhance the tensor
spectrum at interferometer scales [33, 48], and that may lead to large tensor non-Gaussianity
with distinctive features. We briefly discuss here two frameworks, whose predictions for the
tensor bispectrum have been studied so far:

Coupling the inflaton with additional scalars and vector fields

If other sources of GWs are present during inflation, the primordial SGWB can have richer
features. A possibility to source primordial GWs is to couple fields driving inflation with
additional scalars [49-54], U(1) gauge vectors [55-58|, non-Abelian vector fields [59-69], or
Standard Model fields [70]. These mechanisms usually exploit instabilities for the additional
source fields during inflation. Such instabilities feed in the evolution of tensor modes through
higher order contributions to the anisotropic stress, and affect both power spectra and bis-
pectra of fluctuations: see e.g. [21, 71-73]. Given the nature of the couplings, the resulting
tensor power spectrum and bispectra can be parity violating, and the bispectra are usually en-
hanced in equilateral configurations. The tensor power spectrum profile can acquire a feature
(a ‘bump’ profile) and can also get sufficiently enhanced at small scales to be detected with
interferometers [48]. Models involving couplings between (pseudo)scalars and gauge fields
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are theoretically well understood, and their observational prospects in CMB polarization and
interferometer experiments are being developed in great detail, in particular for what respect
the parity violating features of power spectra and bispectra, see e.g. the recent papers [66, 74|
and references therein.

Breaking space-time symmetries during inflation

Another possibility for enhancing the bispectrum of tensor modes is to break space-time
symmetries during inflation. One way to do so are scenarios of (super)solid inflation: see
e.g. |75-84], where the vacuum expectation value of additional scalar fields spontaneously
breaks space diffeomorphisms during inflation, or more in general in models where spatial
diffeomorphisms are broken spontaneously during inflation. Tensor bispectra are maximized
in squeezed configurations, and their amplitude can be parametrically larger than in Einstein
gravity. In the scenarios explored so far in the literature, power spectrum and bispectrum
components are all parity preserving.

Alternatively, space-time symmetries can be broken explicitly as for example a violation
of Lorentz symmetry in Hofava-Lifshitz gravity: in this case inflationary tensor fluctuations
are automatically chiral [85] and the tensor bispectra can be chiral and enhanced with respect
to GR results 86, 87].

For these systems, some additional mechanisms (as growth of perturbations due to in-
stabilities) might be necessary to amplify the tensor spectrum at interferometer scales.

5.2 An explicit example: tensor non-Gaussianity and axion inflation

After the general survey of the previous subsection, we describe in detail the predictions of
a concrete model able to produce a signal detectable at interferometers with large tensor
non-Gaussianity. We assume that during inflation, which is driven by a scalar ¢, an auxiliary
axion field x interacts with a gauge field A,: the Lagrangian density for the system is

(06) — V (6) — ~Fpu w0 — X F, P (5.10)

L= 1 i

1
2
where 1/f is a coupling constant with the dimension of a length, and F),, (F") is the field
(dual) strength tensor. GW non-Gaussianities in different helicity channels become larger
than those of the scalar perturbations by different orders of magnitudes. This can be un-
derstood easily noticing that both scalar and tensors are sourced with similar efficiency (and
source) but the scalars are suppressed by the helicity conservation, while the tensors can be
large and also chiral, meaning that the contribution of the different correlator are different
for different combinations of the helicity.

In such a model the gauge field A, acts as a source for both scalar and tensor metric per-
turbations, and, for the latter, this translates into a source term in the equation of motion of
" a / 2 lm mEM

hij +2ghi]’ —Ahij = Wnij Tim s (5~11)

P
where Hijlm = Hf Hzn — %Hij 1" is the transverse traceless projector, with II;; = 0;;—0; 05/ A
and where I}EnM represents the spatial part of the stress-energy tensor of the gauge field. The
source term arises not from the FF term but from the FF term in eq. (5.10). Parity-
violating information of the gauge field is transmitted through this source term to the tensors
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that acquire a chiral component. The GW solution for such equation can be found using the
Green function method, see [88, 89].

Using the same procedure as described in [55, 88] we can compute both the two-point
function and the three-point function at super-horizon scales (k7 — 0) for the tensor modes.
The GW two-point function receives contributions from the parity conserving amplification
of vacuum fluctuations and from the excited electromagnetic modes which source the parity
violating parts. These two contributions are uncorrelated and the overall right- and left-
handed power spectra are

H2 H2 A€
Pp = (1 +86x1077—_¢ ) :

7T2M1%l Ml%l £°
H2 H2 e47r$
Pp = —— (1 +8.6 x 1079 —- ) : (5.12)

where the parameter & encodes the velocity of the field x, £ = x/(2fH). For the three-point
function, at late times (k7 — 0), we have

(ha, (1) hay (ko) Bixg (K3)) = 46 (ky + kg + E3)/d3q Fy, (k1, @) Fay (K2, —q) Fa, (K3, §— k1)
+(ka > ks) (5.13)

where the function F/l\m(/;, q) is the same as in [88]. The largest contribution to the three-point
function of the GW, given by the (hrhrhpr) correlator, was already computed in [88, 90],
where was also shown that the shape of such a bispectrum peaks in the equilateral limit
(k1| = |k2| = |ks| = k). Here we extend such computations to estimate the amplitude of
the other mixed contributions to the GW bispectrum, which are

HS 57 §@)(kx + k3 + k)

(hr(k}) hr(k3) hr(k3))equi =~ 5.7 x 10710

M, 8 CRE

-, . . B HS6 67 5(3) ];*‘i‘];:* +E*)
(e (KD) b (R5) P (RS = 9.0 10 - 5 i),

. . = B HG 667r§ 5(3)(E*+E*+E*)
(e (ki) b (63) B (5o = =19 x 1071 e =5 R

Pl

L g HE €5 5Okt + kS + K

<hL(k1)hL(k2)hL(k3)>equil ~ 1.2 x 10 1 MIGDl 59 ( ! L6 2 3> . (5'14)

Note that the signs and reality condition are specific to our choice of chiral polarization
operators obeying the properties in eq. (2.3).

We find that the mixed helicity components are non-zero and in Section 4 we have seen
how LISA is sensitive to such components. The shape of the GW three-point functions is
close to equilateral and this can be explained by the fact that the mechanism of generation
of perturbations happens at sub-horizon scales.

5.3 Primordial tensor non-Gaussianity at CMB scales

To put our investigation in a wider context, we discuss in this subsection the current and
perspective constraints on tensor non-Gaussianity from CMB physics. CMB observations at
large scales impose stringent constraints on the non-Gaussianity of scalar curvature (density)
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perturbations, and have the potential to constrain tensor non-Gaussianity as well, but at
frequencies much smaller than interferometer scales. The tightest constraints come from the
Planck collaboration [6], setting strong limits on scalar non-Gaussianity for a variety of well-
motivated models. For example, for the “standard" local, equilateral and orthogonal shapes
the analysis of Planck temperature (T) and E-mode polarization data constrain the level of
these types of non-Gaussianity to fi5% = 0.8 & 5.0, fje\;]L“il = —4 443 and fgio = 26+ 21
(68% CL, statistical) from the measurements of the angular CMB bispectrum. These val-
ues point into the direction of consistency with the predictions of the standard cosmological
model based on single-field models of slow-roll inflation, meaning that the structure that we
observe today have been sourced by (almost) Gaussian seed perturbations. However there
are also much less studied observables that could open up a new window into the physics of
the early universe in the near future. Among these there are non-Gaussian signatures com-
ing from tensor (gravitational waves) 3-point correlations, and also non-Gaussianity coming
from mixed (tensor-scalar) 3-point correlators. Interesting bounds on these kind of signals
already exist. A first observational limit on the tensor non-linearity parameter fi7* has been
obtained by Planck (from temperature data): fi&7s°7 /102 = 4 + 15 (68%CL), which is con-
sistent with a previous WMAP data analysis [91]. The tensor bispectra analyzed derive from
some models of inflation predicting a specific parity violation in the tensor sector. However,
future observations of CMB will try to improve constraints on tensor fluctuations focusing
on B-mode polarization. The reason is that in this case primordial tensor modes are not
hidden by scalar perturbations. The main contamination to the B mode polarization signal
is polarized dust [92] and lensing of the E-modes to B-modes [93]. However, precise B-mode
measurements have just started and the prospects of improvement are large. For example
the constraints on the (BT'T) CMB bispectrum arising from mixed correlators tensor-scalar-
scalar can improve by an order of magnitude with a CMB-Stage IV mission w.r.t the ones
achievable from temperatura data alone (see, e.g., [94]). Observational constraints on such
a primordial tensor-scalar-scalar bispectrum already exist and have been obtained recently
in [95] using WMAP temperature data finding a constraint g;ss = —48 £ 28 (68%CL) on
the amplitude of such interactions. The inclusion of polarization information will certainly
improve such a constraint. On the other hand it might be crucial to have the possibility to
probe such signals on different scales, like the ones which are probed by direct measurements
from interferometers. This might serve not only as a possible consistency check, but also
to test models of inflation that eventually produce a relevant bispectrum signature only at
interferometric scales.

5.4 Other early Universe mechanisms sourcing gravitational waves

So far in Section 5, we have considered GW backgrounds from inflation which can lead to
a significant deviation from Gaussian statistics. Inflation, however, is not the only source of
GWs from the early Universe. Various post-inflationary mechanisms can be also responsible
for the generation of GW backgrounds having today a large amplitude. Non-linear field
dynamical processes after inflation can generate non-trivial quadrupolar field distributions,
resulting in an active and efficient source of GWs. The most representative processes are
non-perturbative particle production [96-103], strong first order phase transitions [104—110]
and cosmic defect networks [111-117]. For a recent review on early Universe GW sources
see [3].

The stochastic background of GWs from strong first order phase transitions is expected
to exhibit a single “bump” spectrum, with a rather large amplitude, depending on the ef-
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ficiency of the dynamical processes involved in the emission of GWs. In particular, if the
electroweak phase transition is sufficiently strong due to the presence of beyond the Standard
Model particle physics, the peak frequency of the associated GW background lies naturally
within the LISA frequency window. For a discussion on the ability of LISA to measure a GW
background from first order phase transitions (and in particular from the electroweak phase
transition) see [3, 109]. The stochastic background of GWs from non-perturbative phenom-
ena like periodic [102, 118|, tachyonic [100, 101] or other [103, 119, 120] excitation of fields
(typically expected in preheating), is also characterized by a single “bump” spectrum, with an
amplitude that can be typically large but peaked at very high frequencies (unless extreme fine
tuned couplings are considered). In both cases, phase transitions and preheating, the pro-
duction of GWs is due to a causal process. This implies that today’s background is formed
by the superposition of billions of independent signals (corresponding to the GWs emitted
from the many uncorrelated regions at the time of the background generation), and hence it
must have necessarily a Gaussian distribution, due to the central limit theorem. The angular
resolution needed to probe any of the individual signals, beyond their effective stochastic
Gaussian nature, is far beyond the reach of any reasonable GW detector. GW backgrounds
from preheating and phase transitions are therefore expected to be highly Gaussian, and
hence their 3-point function is expected to vanish at the data of any interferometer. For a
discussion on this aspect, see Section 3.1 of Ref. [3].

The case of GW emission from cosmic defect networks is however very different. The
GW signal expected from cosmic defects can be the sum of two components. The first
component is the emission of GWs produced around the horizon at each time ¢, by the
anisotropic stress of the network [116, 121-124]. This first component is expected to be
emitted by any network of cosmic defects in scaling, independently of the topology and
origin of the defects [116]. The second contribution is only expected for a network of cosmic
strings — local gauge one-dimensional topological defects — and is given by the superposition
of GWs emitted from sub-horizon strings chopped off from the string network all along cosmic
history, as well as from super-horizon strings with superimposed small-scale structure [112]
due to string interconnections leading to kink formation. For a cosmic string network, this
second contribution is expected to be the dominant one. However, the argument of causality
discussed above, remains valid, even if the GWs are continuously emitted during several
Hubble times. Thus, this background cannot be resolved beyond its stochastic nature, and is
expected to be Gaussian”. We therefore expect that any non-Gaussianity in the continuous
stochastic background sourced by a defect network, can only be due to the first contribution
(even if this is sub-dominant in the case of cosmic strings, in terms of the power spectrum).

Let us thus focus on the first contribution mentioned above, produced by the anisotropic
stress of a defect network. This contribution represents an irreducible emission of GWs sourced
by any type of viable defect network that reached scaling, meaning that the energy density

"In reality, on top of the continuous stochastic Gaussian background from cosmic strings, there can be
individual bursts emitted by nearby strings or a “popcorn” discontinuous noise. The former results from the
fact that at small redshifts there are not many sources and events do not overlap, thus the time interval
between events is longer than the duration of a single event. The latter is a noise generated by rare bursts
at high redshifts leading to unresolved GW sources. Considering the number of sources at a given frequency
as a Poisson process, one may thus expect either to get a signal or to get a superposition of signals, leading
to what is called a popcorn-like noise [125]. These signals due to bursts represent therefore, in a sense, a
temporal deviation from Gaussianity, that can be measured from the two-point function. However they do
not correspond to the type of non-Gaussianity that we discuss in this paper, as they do not form a continuous
stochastic background.
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in the defect network is constant fraction of the overall energy density of the universe. Such
defects can be either one-dimensional topological defects — global, Abelian, non-Abelian,
semi-local strings — or (viable) global defects — domain walls, monopoles or non-topological
textures [116]. Indeed, in the case of local strings, scaling is reached by the emission of
gravitational waves. Global defects reach scaling mainly through long-range interactions and
emission of Goldstone bosons [126]. A defect network in scaling produces an irreducible
background of GWs emitted continuously around the horizon scale at every moment of the
cosmic history. Its spectrum is predicted to be exactly scale-invariant for the modes that
are emitted during radiation domination [116]. At the level of the power spectrum, this
background mimics therefore the shape of the inflationary background due to quantum fluc-
tuations. The irreducible emission of GWs from a defect network is however expected to
be highly non-Gaussian. This is simply due to the fact that the source of the GWs is the
(transverse-traceless part of the) energy-momentum of the network, and this is a function
bilinear in the amplitude (modulo derivatives) of the fields that the cosmic defects are made
of. Since the GW source is bilinear in field amplitudes, this implies automatically that any
correlator of an odd number of tensor perturbations will be characterized by the correlation
of an even product of fields. This is non-vanishing even if the fields were Gaussian. Thus,
odd tensor correlation functions are non-vanishing, i.e. the GW background is not Gaussian.
As the GWs are continuously emitted around the horizon scale at every moment, we cannot
apply now the previous causal argument based on the superposition of many domains from
the past.

Even though the shape of the power spectrum of the irreducible GW background from
defects is well understood theoretically, its ultimate amplitude depends on the fine details
of the so called unequal-time-correlator of the network’s energy-momentum tensor. Unfor-
tunately, this correlator that can only be obtained accurately from sufficiently fine lattice
simulations of defect networks. It is therefore difficult to assess at this point whether this
background can be detectable with LISA, much less whether its 3-point function can be mea-
sured. The GW signal can be however estimated analytically in a simplified case, known as
the large N limit of a global phase transition due to the spontaneous symmetry breaking of
O(N) into O(N — 1). This kind of phase transition leads to the formation of so called “self-
ordering scalar field” configurations, which correspond to non-topological defects (textures).
The scale-invariant GW power spectrum due to the dynamics of such global defects has been
estimated, in the limit N > 1, by Refs. [122, 123], whereas the 3-point function (in the equi-
lateral configuration) has been presented in Ref. [124]. Order of magnitude calculations in
the large N limit have found a GW bispectrum peaked in the equilateral configuration [124]

KS|B(k, k, k)| ~ Cnr(K3?Pr(k))?,  with Oy ~ j% (5.15)

where Pj, is the total power spectrum (summing over the two polarizations) and N > 1
is the number of components of the symmetry-breaking field. Even though this is a rough
estimate, it clearly indicates that we should expect a large departure from Gaussianity for
the irreducible GW background from any defect network. A proper assessment of the ability
of LISA to detect the power spectrum and bispectrum of this stochastic background, requires
however further work; namely lattice simulations of defect networks with a large dynamical
range.

Let us finally comment on string gas cosmology [127, 128] a string theory motivated
early universe scenario, which does not involve a period of cosmological inflation. The model
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is based upon T-duality, making use of (fundamental) string oscillatory modes and winding
modes. In this scenario, the universe may have started in a a quasi-static Hagedorn phase,
during which thermal fluctuations of closed (fundamental) strings generate the density per-
turbations. The obtained spectrum of cosmological perturbations [129], and of GWs [130]
are nearly scale invariant. The power spectrum of scalar metric fluctuations has a slight red
tilt, while the spectrum of gravitational waves has a slight blue tilt. The string gas model
has one free parameter and one free function, the former being the ratio of the string to
the Planck length, and the latter the wavenumber dependence of the temperature. In this
scenario, the spectrum of cosmological fluctuations may have large non-Gaussianities due to
the thermal origin of the initial perturbations leading to strong three-point correlations [131].
Such thermal effects have been shown to be important for some inflationary models, such as
chain inflation [132] or warm inflation [133]. In string gas cosmology, the non-Gaussianities
of the spectrum of cosmological fluctuations depend linearly on the wavenumber, while the
amplitude depends sensitively on the string scale. In slow-roll inflation, to leading order in
perturbation theory, matter fluctuations do not couple to tensor ones, whereas in string gas
cosmology matter fluctuations induce both scalar and tensor fluctuations. Hence, one may
expect also non-Gaussianities in the tensor modes, for which the formalism discussed in the
previous sections may be applicable.

6 Conclusions

In this work we studied the three-point correlation function of the SGWB expected to be
measured by LISA, and we developed the formalism required for this analysis. The three-
point correlation function is a key observable to gain information on the statistics of this
background and crucial in order to study its departure from Gaussianity. This can be an
important discriminant for a signal of cosmological origin, since the stochastic background
due to a large number of uncorrelated astrophysical sources is Gaussian to a very high degree,
due to the central limit theorem. The three-point correlator (also known as bispectrum),
if present in the data, is a richer observable than the standard two-point correlator (the
power spectrum), due to several reasons. Firstly, this is due to the frequency of the three
modes present in the correlator. The wave-vectors of the modes entering in the correlator
must add up to zero, namely k + k' = 0 for the power spectrum, and k + k' + k" = 0
for the bispectrum, implying that the momentum vectors form a closed triangle. For a
statistically isotropic SGWB, the power spectrum only depends on the signal wavenumber
(i.e. |k| = |K'|), while the bispectrum depends on the momentum orientation (see eq. (A19)),
on an overall scaling, and on two relative sizes. This last dependence is known as the “shape”
of the bispectrum. Secondly, additional combinations of LISA channels can be measured
using the three-point signal, some of which may be useful as null tests for non-Gaussianity
from unresolved astrophysical point sources. Thirdly, the planar nature of the instrument
(together with the assumption of statistical isotropy) results in the insensitivity of the two-
point function to the polarization of the two GW modes. This situation is ameliorated for
the three-point function, since more combinations of GW polarizations can be considered (see
below).

In eq. (2.6) we provided a very general parametrization for the case of a mildly non-
Gaussian SGWB. This ansatz is borrowed from the wide literature on the non-Gaussianity of
the primordial density perturbations probed through the fluctuations of the CMB radiation.
This gives rise to a bispectrum of rather general shape (namely, the dependence on the
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wavenumbers of the three GW involved in the correlation, and, ultimately, on the frequencies
of the three measured signals), see eq. (2.12). Different cosmological mechanisms produce non-
Gaussianity of different shapes, so that this study can potentially be a powerful discriminant
between them. In Section 5 we provided a survey of several possibilities present in the
literature.

In Section 3 we computed all the non-vanishing three-point LISA response functions
R%g\(,?” <E, K, IZ”) which, together with the GW correlation function (hy(k)hy (K')hyr (E")),
provide the signal (spsorsor) measured by the different LISA channels (we study the response
for all possible combinations of the A and F channels). We provided the formulae to compute
the response functions for generic wavenumbers, and we then provided the explicit results
for two cases of particular relevance (as they probe distinct physical mechanisms for the
generation of non-Gaussianity): the equilateral configuration k = k' = k” and the isosceles
squeezed configuration k < k' = k”. As we already mentioned, the planarity of the instrument
and the fact that it has equal arms results in identities between different response functions,
in the case of an isotropic SGWB. It is most immediate to discuss this in terms of circular
polarizations, as they change into each other under a parity transformation. In the 2—point
functions we have R(L)g' = Rgg (where L and R stand, respectively, for the left handed and
the right handed circular polarization), resulting effectively in an inability to probe a chiral

GW signal. On the other hand, for the three-point function we have Rggf)" = Rgg}%}”, and

Rgg;lo” = Rgg’Lo”’ but these two objects have different frequency dependences. Hence by
comparing measurements of the signal three-point function in different frequency ranges, one

can hope to discriminate between a chiral and a non-chiral SGWB.

Moreover, in Section 4 we constructed the frequency-dependent estimator for the SGWB
bispectrum that maximizes the signal-to-noise ratio in the measurement. As an example, we
evaluated the general formula for the estimator for the specific case of a non-Gaussian signal
narrowly localized at one given scale, k = k' = k" = k,.

To summarize, we have provided the complete formalism to compute the three-point
correlation function of the signal measured at LISA for any given theoretical SGWB three-
point correlator. This formalism can be readily extended to any other combination of GW
interferometers. Moreover, if the primordial bispectrum is amplified on a squeezed shape —
hence coupling modes of different frequencies — we can use the three-point function to correlate
signals from different experiments probing distinct frequency ranges, as LISA, LIGO, or PTA.
This can allow us to ‘break’ the planarity condition of a single interferometer, and measure
effects of parity violation also in small frequency ranges that cannot be probed by other means
(see also the discussion in Ref. [7]). If non-vanishing, measurements of three-point correlation
functions can provide a wealth of information on different cosmological mechanisms, due to
its dependence on the scale, the shape, and, possibly, the polarization of the SGWB. Even a
null measurement can set limits on specific models that would be otherwise be unconstrained.
We leave this study to future work.
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A Transformation of polarization operators and bispectrum under a rota-
tion of wave vectors

Let us first of all reproduce for clarity the tensor decomposition given in Eq. (2.1),

hap(t, T) = / A3k o2k E > eapa(k) hat, k) | (A1)
A

~

expressed in terms of an arbitrary polarization basis eq (k). A basis for the polarization
operators often considered in the literature is the {4, x} basis. To define it one can introduce
an auxiliary unit vector, e.g. in the z-direction of our frame of coordinates, i.e. é,, and
introduce the orthogonal unit vectors

N e L (Re) k-
ulk) == , Olk)=kxulk)=—rt——. A2
)= ey PR =Rea(l) = (82
The set {lAc, @, 0} forms an orthonormal basis. Note that k and 4 are odd under parity, while

v is even. In standard spherical coordinates
k = (sin cos ¢, sin 6 sin ¢, cos0) , (A3)
the unit vectors 4 and ¥ acquire the form
4= (sing, —cos¢, 0) , ©=kxa=/(cosfcosg,cosbsingp, —sinh). (A4)

Choosing an auxiliary unit vector different from é, does not change any physical results,
but induces a rotation of %, v around 12:, hence transforming the polarization operators and
the GW mode functions [1]. We discuss this in appendix B. In this appendix (like in the
bulk of the text) we stick to identifying the auxiliary vector with é,, and then study how the
polarization operators, and the mode functions, change under a rotation of the wave vector
k. These two different transformations, changing é, vs. changing l;:, produce a similar effect
on the polarizations operators and on the mode function, as can be understood from the
structure of (A2).

Out of these vectors, it is customary to define

) UqUp — Vap (x) _ Tqlp + Vgl

= , e =
ab \/i ab \/i

— 34 —



) () (x) (%)

These polarization operators are real, and they satisfy e ; ‘e,;” = e aZ e az
We also note that eg) is even under parity, while egi) is odd.
The chiral polarization operators are then defined as

=1, e((;r)egz) = 0.

o, .
() _ e ey () _ cw ey (A6)

e =" = €ap+1 e = = €ab,—1
ab \/5 ’ “ab \/§ ’

and they satisfy the properties (2.3) given in the main text.
We are interested in studying how the polarization operators change under a rotation.
As we will see they acquire an additional factor with respect to the transformation of a rank
2 tensor, which is due to the fact that the fixed vector é, used in (A2) does not change under
the rotation. To see this, it is convenient to rewrite
e(R):ﬂa+i@a @b+i@b:6 .
ab \/5 \/i = €a,R bR »
(L) _ Uq —10q Up — 10y

€up = 73 7 = €q,LEb,L -

To find how the polarization operators transform under a rotation, we will now study
the transformation properties of €, /g (this is facilitated by the fact that they have one

(A7)

spacial index, rather than two). Specifically, we want to obtain the quantities R~ (Rl%)
and R~ (R/%), where R represents a spatial rotation. To do so, we compute the coordinates

of these two quantities in the {A, U (l%) , 0 (l%)} basis:

R4 (Rl%) - (E) ¥ e d (12:’) Foemk
R 1% (Rl%) = Cou (12:’) T (/%’) +eppk . (A8)
We note that
R <RI;‘> X éz . ]% « R_1 ~
i(RE) = —4—— = R™'a(Rk) = M . (A9)
[(RE) xe. |k x (R-1é.)]
and analogously for 9. The various coordinates ¢y, - .., ¢yx can be then computed via scalar
products, such as
A 5 kxeé, kxé
cuu:a(@-R’la(Rk): TXC  FXG g pglg, (A10)
|k x é,| |kxé,
It is convenient to define the metric
I (]Af> = 6;j — kik; , (A11)

on the plane transverse to l;:, and the product with respect to this metric

(a- B)H S (A12)
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In terms of this product, the expression (A10) acquires the compact form

Aal
é,-é
Cuy = — E z Z)HA/ —— . (A13)
\/(ez “éx)n \/(ez “€l)n
Computing the other coordinates in an analogous way, we find that c,x = ¢y = 0

(namely, the rotated @ and © remain orthogonal to the rotated k, as one would expect), and
that

R4 (RE cos 7y [l;‘, R} sin y [l;:, R] U </%>
T = R A X , (A14)
R™0 ( Rk — sin -y [k‘, R} cos 7y [k, R} 0] (k:)
where
A (62 )y T k- (6, % é.)
cosvy |k, R| = —— Ry , sinvy |k, R| = —— = . (A1)
[ } \/(6z “ex)n \/(efz “€l)n [ } \/(ez “éx)n \/(elz “€)n
Combining this with (A7), we can write
RV (BE) + iR~ 0, (RE)
-1 AR ’ ’ _ =My 7
RV e, (RE) = 7 = Ve, (k) (A16)
where A = +1 denotes the R helicity, while A = —1 denotes the L one. This leads to
€ab,\ (RI%) = e 2Rl R Riygecan (k?) : (A17)

As it is clear from eq. (A1), the product between the polarization operator and the mode
function is a rank two tensor. We then learn that, under the rotation, the GW mode function
transforms as

hy (t, RE) = et2Mlk Rl (t, E) : (A18)

We note from (A15) that ~ [—l;:, R} = —v [l;:, R] As a consequence, the power spectrum

Py (k) is invariant under a rotation, since the two modes involved in the correlation have
momenta k' = —k, c¢f. eq. (2.4). This is not the case for the bispectrum. Denoting by
k. = Rk;, we have

o, o .3 N - - o
B)\1,>\2,>\3 (ki’ ké’ ké) = 621 2z )\Z’y[k“R} BA17>\2,)\3 (kla ko, k3>
= (I’,\i (/%Z, R) B)\17)\27)\3 (/;1, Eg, Eg) . (A19)

An identical relation is satisfied by the Kernel function Ky, x,x, (/21, Eg, Eg)

B Transformation of polarization operators and bispectrum under a rota-
tion around wave vectors

As mentioned in the previous appendix, the decomposition in eq. (A1) [c.f. eq. (2.1)], depends
on the choice of orientation of {@, 0} within the plane transverse to k. For a given GW mode
propagating in the direction k, our choice of the orthonormal basis {u, 0} in eq. (A4), based
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on choosing é, as an auxiliar fixed unit vector, was actually arbitrary (even though very
convenient, as we will see). Our canonical choice of {i,0} can be actually rotated by an
arbitrary angle o around k, into a new triad {i(a), d(c), k}, where @(0) = @, 6(0) = © are
given by eq. (A4). This can be implemented explicitly by a rotation matrix around k as

() ma (). o= ()

—sina cosa

from where it is easy to verify that |a(a)|? = |0(a)|> = 1 and 4(e) x 9(a) = k, as it should.
The rotated triad {@(a), (), k} form therefore an equally valid orthonormal basis, from
which to build up new 4, X polarizations tensors as

>

) Gil@)dj(a) — v(@)dj(a)  (x) i ()i () 4 0i() i (a)
eij (Oé) - : \/§ : (Oé) d \/§ ! ) (B2)

and from here a set of chiral polarization tensors in the rotated basis,

(+) - () o) . (%)
e a)+e « a)—11e (o
eEJR) (Oé) _ _—ab ( ) \/5 ab ( ) = eab,Jrl(a) 7 GEJL) (Oé) — €ab ( ) \/i ab ( ) = eab,—l(a)-(B3)

Basic algebra leads to relate the new chiral polarization tensors with respect to the canonical
‘unrotated’ basis {4, 0} eq. (A4), as
eije1(or) =T g1, (B4)
where the chiral polarization tensors on the right hand side are those from eq. (A6), and
on the left hand side those from eq. (B3). This implies that if we were to express the GW

in eq. (A1) [c.f. eq. (2.1)] in terms of the new {egj‘)(a), ez(f) (oz)} tensors, the tensor modes

should equally be re-scaled by an opposite phase as in eq. (B4), i.e.
hitla] = e=2%hyy . (B5)

These transformation rules simply reflect, actually, the spin-2 nature of the tensor field h;;
representing the GWs. Equations (B4), (B5) are relevant as they determine the complex
phase of the response function we have calculated in Section 3. Let recall that the response
functions presented along the main text were always computed for a tensor basis obeying the
property expressed in eq. (2.3), namely that under a parlty tranformation k <— k the
chirality polarization tensors transform as e \(— k) = e o, )\(k') That property is certainly
true when the polarization tensors are computed in the canonical basis {u,0} of eq. (A4).
However Eq. (B4) implies that such relations are not universal: on the contrary, they are only
verified by a very small subset of orthonormal basis {@(«), 9(«)}. In particular, from eq. (B4),
and using eq. (2.3), we deduce immediately that, in general, under a flip of momentum, the
rotated basis of polarization tensors transform as

cav+[a](—k) = €72}, 4 (). (B6)

As expected, for a = 0 we recover the result expressed in eq. (2.3) that that used in the main
text, i.e. eqpa(— k) = €, )\(/c) We see that this result also holds for o = 7, which is nothing
else but the flip of the canonical vectors as 4 — —u, ¥ — —0. For any angle « for which
a mod(m) # 0, the property eab’A(—E) = eZb,A(E) will not hold. For instance for a = /2,
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this is equivalent to & — v and v — —, and hence it holds that eab)(—l_{) = _GZb,/\(E)' In
general, the result of flipping the momentum will introduce a phase, as indicated in eq. (B6).

It is clear then that the choice of a ‘rotated’ vector basis other than the canonical one(s),
will determine the complex phase of the polarization tensor via eq. (B4), and hence this will
have necessarily an impact on the final expression of the 3-point response functions that
we have derived in Section 3. The reason is that Ryyy» is always proportional to three
polarization tensors, schematically ~ ei‘*e;\;ei‘:. Denoting as Ry [a1, ag, as] the response
functions calculated in a orthonormal vector basis rotated an angle o; around each vector Ei,

with respect the canonical basis {u, 0} eq. (A4), we deduce the following relation(s)
Rairors 01, a, ag] = e 72 Zim MRy s 0], (B7)

where the response functions Ry~[0] on the right hand side should be identified with the
response functions we presented in the main text. Due to eq. (B7), we see that we can have
pure real, imaginary or simply complex response functions, simply depending on the choice
of the phases ;. The fact that our 3-point response function is real applies because of the
choice of polarization operators built from the canonical basis given in eq. (A4). For example,
let us take all equal angles, o; = a Vi = 1,2, 3, and consider @ = 0 or &« = w. Then we find
that all 3-point response functions are real (like in the main text), while for « = 7/6 the
response functions Rrrr, Rrrr are still real (but different in a phase), while Rprr, RrLL
become complex (and differing in a phase). The condition to be purely real, purely imaginary,
or simply complex, depends on the choice of «;’s according to eq. (B7). Of course, the final
3-point signal Eq. (3.31) [c.f. Egs. (3.21,3.28)] in the GW detector does not depend on the
choice of the 4,0 basis. The left hand side of eq. (3.31) is the same no matter the choice of
«. However, depending on «a, one must modify our expressions for the response functions by
the phases indicated in eq. (B7), and at the same time correct the tensor bispectra Byy/y» by
exactly the opposite phases, so that at the end the physical signal eq. (3.31) remains invariant.
In order to use our formalism, special care must be put into what vector basis is being used
in the computation of the tensor bispectrum, and hence what properties of the polarization
operators and response functions hold.

C Vanishing of the 3-point response function in the kL — 0 limit

In this Appendix we show that the LISA three-point response function vanishes in the long
wavelength limit Lk — 0. In this limit, the three quantities in eq. (3.14) simplify to Ql 5 =
2 [U{‘UIB - Uglﬁﬂ, Q%, =2 [U;UQB - ffflffﬂ, and Q3; = 2 [Ug“ﬁf - U;UQB] We can
then write the expressions for the three measurements in a compact way as

Yo = L3DY, Z/d% hy (t _ I, E) Cabr (k) , (C1)
A

with
DY = P URU? + BC USUL +~° ULUL (C2)

and

1 2, 1

1 1 1 2 2
a =1, =0,yv=-1, a=—, =——, —. C3
F=0.7 N R RV (©3)
We recall that the index O = 1 refers to the A channel, while O = 2 to the E channel. We

instead find 7 = 0 (so a® = 83 =% = 0).
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This gives the response function
REAA, (/%T k3, k§) = DGDY DY x ey, (@) €CD M (ki) CEF ) <’f§)
T 21 27
/ dfy sin 6y / doy / dp2 RaaRypRecRgpRepRyr
0 0 0
(C4)

The quantity contracted with D(%DCOd/Deof// in the rhs of the above expression, carries 6

spatial indices, none of which can coincide with the spatial indices of any of the l%z directions
(otherwise the response function could be different for different orientations of the LISA arms).
In fact, the direct evaluations confirms that

Rglo,)\gokg, ( T7 k;;’ k;) = D(%Dgi Deof N>\1,>\2,>\3 ['I%ik’ k;, k;] {5055€d6€f

3
1 [0ab (0ceddf + Ocfide) + Ocd (0aelbf + dafbe) + Ot (OacObd + Oaddbe)]

9
T [5ac (0aed sy + Odpben) + dad (Ocedfb + depden)

+0ae (0 fcdap + I fadey) + af (Secdap + (Sed6cb):| } : (C5)

where only the number N, 1, x, depends on the orientation of the reference plane used to
evaluate the bispectrum. For the choice given by egs. (3.24) and (3.25) we obtain Nrrr =
—% and Nggrr = —g—;. The structure in the curly parenthesis is compatible with the GW
origin of the signal, and it vanishes when we trace over the ab, the cd, or the ef pair. Taking

into account the fact that Dg)a = 0, this expression simplifies to

el _’* _’* _’* 9 A* "* "* / 1 " /
RN, (i K5, B) = 5 Nowsans [B B3, B3] [T (DODO'DO") 4+ Tr (D200 DY)
(C6)

For brevity, we denote the sum of the two traces as T99'?". Using the values in (C3),
this expression gives
TAAA _ PAEE _

)

TAAE _ _AAE

:jg[1_@,02)2_(Ul‘%)?_(g2.03)2+2(01.02) (01-05) (Uz.ﬁg)} |
(C1)

Finally, recalling the definitions (3.12) of the arm directions, we have U Uy =0, -Us =
U;-Us = —%. This gives
TAAE — TEEE —0. (CS)

As we anticipated, this shows (through a fully analytical computation) that the three-
point response function vanishes in the large wavelength limit, in agreement with what ob-
tained numerically in Figures 4 and 5.
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D Tensor three-point function at non-equal times

To provide the expressions for the 2-point and 3-point correlators, we introduce a standard
Fourier space decomposition

hij (t, 7) = / dgke_%lsz% A( )hA (t k:)
- / d3ke2”k’f; iz (B) [y (F) +e72bns (<K)] . (DY)
assuming that h) (E) is a stochastic variable that satisfies

(i () 15, (7)) = P05 o o2

where statistical isotropy has been assumed, and where we allow for the possibility of a chiral
GW background, Pg (k) # Pr, (k). Then the two-point function at non-equal times reads

<hA1 (tl, k1> ha, (tg, k2>> L jfw (klgl)(sMQ §®) (/%’1 +/2;’2) cos [2mky (t — )] . (D3)

To compute the three-point function at non-equal times, recall our ansatz (2.6) for small
departures from a Gaussian stochastic background,

P (b B) =g (6 F) + 0 R / Epdiqhy g (t, ) harg (1, @)
B

x ) (E—ﬁ— 67) Ky (E, —P, —§> , (D4)

with the properties of kernel function given in Eq. (2.7). From the ansatz (D4), and the
2-point correlator (D3), one then obtains the unequal time 3—point correlation function

G) (7 L1 .1
<hA1 (t1, E1) hx, (tz, /ZQ) Bxs (t3, E3>> _ 5@ <kl;jz + ks)

Py, (k2) Py, (k
X { K‘Ii,)\m)a K>\1/\2/\3 (klv ks, k3> A2 ( 2) A3 ( 3) Ccos [27Tkg (tg — t1>] CcOos [271']{23 (t3 — tl)]

k3 k3
Py, (k1) Py, (k3)
k:3 k:3

Py, (k1) Py, (k2)
K k3

+ f)‘z)\l)\3 K)\Q)\l)\ii (Eg, El, Eg) COS [27T]€1 (tl — tQ)] COS [27Tk3 (t3 — tz)]

+ f)\s’)\l’)\Q K>\3>\1>\2 (kg, k‘l, kg) COSs [271']{?1 (tl — tg)] COS [27‘(’]{}2 (tg — tg)] } .

(D5)
E Comparison with GW decomposition in the frequency basis

It is instructive to compare the GW decomposition (2.1) used in this paper with the decompo-
sition in terms of positive and negative frequencies that is often encountered in the literature
of the stochastic GW background [134]

hap (1, ) = /mdf/dQ 3 cana (8) €7 (1), (BD)
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where we are considering left and right polarizations, and where the requirement of a real
GW background is used to define the negative frequency field, hy (—f, 7) = h*, (f, ) (in the
{+, x} basis, one has instead h, (—f, ) = b (f, )). Using this property, the decomposition
(E1) can be rewritten as

+OO . A
hap (t, ) / df / d* Zem ) [T D h (f, 1) 4+ e 2Dy (-1, )]

+oo )
:/ df /dQA —2mifn-& § :eab)\ [ 2mi ft h (f, fb) + e727rzft h; (f; —ﬁ)} 7
(E2)

where we note that we also sent {n, A\} — {—n, —A} in the second term of the second
line. Comparing this with the first line of (2.1) allows to relate the operators in the two
decompositions as

P (s ) = K2 [ (E = Fa) 0.(f)+ 5y (E=—ra) o (=) . (E3)

Using the relation between the two lines of (2.1) we can also relate the operator in (E1)
to the full GW Fourier transform as

e—27rift

I (1) = S5 12 [ (1.7 = ) -

S hsign <t, K= fn)} , (E4)

where dot denotes time differentiation.
We can use this relation to also relate correlators between modes in the two basis. For
instance, for the 2—point correlator we have

efZWi(ft+f't’) , i 0 i B
A =T A L [
4 2nf Ot 2 f! Ot

X <hsignf><)\ (t7 fﬁ) hsignf’x)\’ (t/7 f/ﬁ/)> . (E5)

Eq. (2.4) in the main text provides the equal time correlator in the Fourier basis. This
is obtained from

(1 (B (7)) =0+ (i (505 (2)) = e (7). o0

These relations lead to the unequal time correlator

(ha (f, ) b (7, 7)) =

<hA (t, E) By (t’, E’)> = cos 2k (t — t')] Z:ng) Sy 6O (l?:'+ E’) , (E7)

(which immediately reduces to (2.4) at equal times). Inserting this relation in (E5) leads to

(he (f, 2) ho (f ”)>—<hR(f7 ) hr (', 7)) =0,
AN (f)“‘PR(f)e(f/)
(ha (1 1) e (' 1)) = PO S

As a check on our algebra, we verified that combining this result with the decomposition
(E1) leads again to the equal-time real-space correlator (2.5).

S(f+f)o® (h—a') . (ES)
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F Technical calculations of Section 4.3

In this Appendix we provide some technical steps that were omitted in the computation of
Section 4.3. Inserting the kernel of eq (4.22) relation into eqgs. (4.4) and (4.10), we obtain

ST (frifor f3) =555 ———kzkgkgngfﬁ(“f,/;;,ﬁg)

XeXp( 1 1[(1*|3 >2+((\E§|—k>2+((\é§!—kﬂ>

y {PLk(ng) PLk(gkg) 6 (ky — | f2]) 6 (ks — | f3]) + 2 permutations} . (F1)

LLL / dky dks dks

The curly bracket has three terms. In each term, two dk; integrals are immediately
performed thanks to the §—functions. The third integral is performed in the limit of narrow
width of the bump, in which the functions multiplying the exponentlal term are evaluated at k.

k Ex
For instance, in the first term ki RI%, (Ef, 1f2l, | fg\) - Rk (l%i%l, £, | fg\).
The third integral is then also immediately done by extending it from —oo to oo (which is
also appropriate in the narrow width approximation). We obtain

ik AR
ST S f3) =—55 5 V2raok
” {PL}J o PLUBD oo (A 00 it (1l )
2 3
+2 permutations} . (F2)

We need to square this quantity, and insert it in (4.16). The mixed products between
the three different terms in the curly bracket provide a negligible contribution to this result.
Let us for instance discuss the product between the first and the second term. In the narrow
peak approximation, the first term is mostly supported at |fa| = |f3| = k, while the second
term at |f1| = |f3] = k. So the mixed product is supported only around the points where the
magnitude of all the frequencies is equal to k,. But this is incompatible with the §—function
0 (f1+ fo+ f3) present in (4.16).

Therefore, for the purpose of computing the signal to noise ratio, only the sum of the
square of the three terms in the curly bracket is relevant. In this sum we also approximate all
functions multiplying the exponential terms by their value at the center of the bump. This
leads to

L3 fLLL

SR (f1, fa, f3)* =2

2 —\2 =\ 2
s V2mo (* 2 %’m;*)} {eaz[“”) iR

o (AR (sl 0] = (11 (llekﬂ}. (F3)
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The three terms in the curly bracket provide the same contribution to the signal to noise
ratio

I3 LLL ( T 1 - . )
SNR ~ ~ 2o Vor o 6(4L2)3%€:R5M (ki)
, o
Yo _dh [T dfp  WalZRE g dfy (RS :
><3/—oo P (If1]) /—oo Pn(\f2!)e /_OO Pn(\fgy) 6(fr+ fat fs)
(F4)

We perform the dfy and the dfs integrals in the narrow width limit. The second line of
this expression then becomes

3T /+OO W15 (f—2R) £ 6 (A1) +6 () +6 (fu +28)] (F5)
= 1 1 1 1 -
P2 (k) Jooo Pu(lfil)

The contribution proportional to § (f1) can be disregarded, since the noise diverges in
that limit. This leads to eq. (4.24) written in the main text.

G Cosmological scaling of the non-linear parameter

The parameterization (2.6) of non-Gaussianity in terms of a nonlinear parameter is subject to
the cosmological evolution, giving rise to the relation (2.10). When the momenta in the con-
volution have equal magnitude, we have a single rescaling, that can be roughly approximated

as
primordial

S o HE—— (G1)
a’k*

where k, is the magnitude of the momentum and ay, denotes the value of the scale factor
when the modes re-entered the horizon. For GW generated after inflation inside the horizon,
ay, denotes instead the value of the scale factor at the moment of the GW production. In
this relation, the scale factor is normalized to one at the present time. In this appendix we
estimate the value of ay, for both cases.

We start from GW generated during inflation. In this case, the modes re-enter the
horizon during radiation domination. We can write

1 1 aeq 1 teq 1 a.H,

ak, Qeq Ok, (eq V t« Uoq Ooq Heq

where we have used the fact that a o« t/2 and H % during radiation domination. In
this relation, the suffix ‘eq’ refers to the moment of matter-radiation equality, while the star
denotes the moment at which the mode k, re-enters the horizon.

At horizon re-entry, a. H, = 27k,, where the 27 is a consequence of the Fourier transform
convention adopted in this work (see for instance eq. (2.1)). The Hubble rate scales as the
square root of the energy density. At equality, the energy density was twice that of radiation,
Peq = 2 X Pradeq = 2 X a(;f Prado = 2 X a;f Qrad,0 po, where pg is the present value of the
energy density. Therefore,

1 2 1 1
L _2mh 1 | (G3)

2
a at, H —4
o ed 0 2 Geq Qrad,O
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In scaling the energy density of radiation as a=* we have disregarded the fact that
massive neutrinos become non-relativistic, so we consistently evaluate the present fractional
density in radiation as if neutrinos were massless, leading to Q2;4q,0 ~ 4.18 x 10°h~2. This
leads to

ks

1
— ~2x 107
0 Hy

, production from inflation . (G4)
a

*

This corresponds to a temperature of T' >~ % ~ 50TeV (disregarding the variation of rela-
tivistic degrees of freedom).

Let us instead assume that the GW are produced inside the horizon, when the tempera-
ture of the universe was Ty. For convenience, we normalize the temperature at 100 GeV. We
then have (disregarding the variation of relativistic degrees of freedom for the purpose of our
estimate)

1 T " N .
a ~ ?0 ~ 4 x 10™ 100 GeV production inside horizon at temperature T} . (Gb)
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