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a b s t r a c t 

The time-resolved reaction forces generated by actively growing and interacting carbon nanotube (CNT) forests 

are investigated using a mechanical finite element model. The CNT–CNT interaction forces are transmitted to 

the CNT catalyst particle residing at the base of each CNT, which may alter catalyst kinetics and modulate CNT 

growth rate. The simulation shows that CNTs growing at a rate greater than the population average transmit 

compressive force to the catalyst particle, while those growing at a slower rate transmitted tensile force. The 

magnitude of force for CNTs growing at a rate that was + / − 10% of the population average was on the order of 

100 ′ s of nanonewtons, corresponding to stress on the order of GPa. When using an Arrhenius-like kinetic model to 

modulate CNT growth rates, the growth rate of slower CNTs was enhanced by tensile forces, while the growth rate 

of faster growing CNTs was decreased by compressive forces. The net result of the force-modulation kinetics was 

a reaction force reduction of approximately an order of magnitude. Understanding how the growth parameters of 

an individual CNT are related to the mechanical forces it experiences during CNT forest assembly and the overall 

CNT morphology is expected to improve the control of CNT forest morphology and ensemble forest properties. 

1

 

i  

t  

s  

a  

c  

t  

b  

T  

s  

a  

T  

p  

c  

o  

e  

m  

a  

e

 

s  

a

p  

F  

h  

t  

n  

a  

e  

d  

f  

l  

w  

e  

i  

d  

n  

w  

e  

b  

r

 

t  

w  

f  

c  

h

R

A

2

. Introduction 

The self-assembly of growing carbon nanotube (CNT) populations

nto vertically oriented forests is guided by CNT–CNT mechanical in-

eractions between concurrently growing CNTs. CNT forests represent a

calable material suitable for thermal interfaces [1,2] , electrical contacts

nd vias [3,4] , and robust physical sensors [5–7] . While the mechani-

al, thermal, and electrical properties of CNT forests may exceed tradi-

ional engineering materials, their properties are significantly degraded

ased on a volumetric scaling of individual CNT properties [1,8–14] .

he degradation of CNT forest properties likely originates from the wavy

tructural morphology of CNT forests [14–19] formed during the self-

ssembly process [17] by mechanisms currently not well understood.

he chemical vapor deposition (CVD) synthesis of CNT forests typically

roceeds from the base-growth mechanism in which catalyst nanoparti-

les support CNT formation while residing on a rigid substrate through-

ut the duration of growth. As a result, the forces generated by CNT for-

st self-assembly are transmitted directly to the catalyst particles. The

agnitude of these forces as a function of CNT population attributes

nd their impact to the self-assembly process has yet to be thoroughly

xamined. 

The parameter space for the CVD synthesis is vast, facilitating the

ynthesis of CNT forests with variable growth rates, areal density, di-

meter, and structural morphology. To date, the process–structure–
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roperty relationships governing CNT forests are not fully understood.

undamental kinetics studies using small angle x-ray scattering (SAXS)

ave revealed that the areal density, alignment, and diameter distribu-

ion of CNT forests evolve with time and that CNT forest growth termi-

ation is often abrupt [17–20] . Recently, an external compressive force

pplied to the top surface of CNT forests was shown to decrease the

nsemble forest growth rate, indicating that CNT growth kinetics are

irectly influenced by even relatively small external forces [21] . The

orces generated by forest self-assembly and transmitted to CNT cata-

yst particles are expected to exceed those applied in the experiment

hile also manifesting as both tensile and compressive orientations. By

xtension, it may be assumed that the mechanical forces generated dur-

ng self-assembly similarly modulate the growth rate of individual CNTs

uring their growth and may contribute to the abrupt growth termi-

ation of CNT forests [15,16,19,21] . Measuring the evolution of forces

ithin a forest at the level of individual CNTs is currently inaccessible by

xperimental techniques and requires a simulation capable of modeling

oth the self-assembly process of interacting CNTs and the mechanical

esponse resulting from these interactions. 

The mechanical modeling of CNT forests is challenging because of

he complex structural morphology and the interconnectivity of CNTs

ithin a forest. Previous studies investigating the mechanics of CNT

orests have employed simplified forest geometries such as an isotropic

ontinuum [22] , array of interacting beam segments [15] , distinct unit
. 

https://doi.org/10.1016/j.mtla.2019.100371
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ells of oriented beams [8,23] , perfectly vertical and non-contacting

eams [9,24] , or energy relaxation-based methods that populate CNTs

n a volume and allow them to interact freely via van der Waals forces

25] . These modeling approaches are sufficient for approximating the

echanical response of CNT forests. However, they cannot capture the

omplex mechanics of forest self-assembly or the resultant forces trans-

itted to catalyst nanoparticles. 

Here a time-resolved finite element model was employed to compre-

ensively study the forces generated by growing and interacting CNTs

uring CNT forest synthesis. After validating the simulation with two-

NT mechanics, a series of CNT forest growth simulations were exam-

ned using increasingly complex kinetics and parametric assumptions,

ith emphasis placed on the force and stress transmitted to the base of

ach CNT, corresponding to the location of active catalyst nanoparticles.

NT forests with homogeneous diameters were simulated to determine

he scaling relationship between transmitted forces and CNT diameter.

ext, forests with heterogeneous CNT diameters were examined using

iameter-independent growth rates compared to a diameter-dependent

rowth rate [26] . Finally, mechanical strain imparted to the CNT cata-

ysts was allowed to alter the growth rate of CNTs using an Arrhenius-

ype relationship in which compressive forces decrease CNT growth rate

nd tensile forces increase CNT growth rates. The observed scaling laws

nd mechanochemical coupling observations may be used to understand

nd control CNT morphology for improved CNT forest properties. 

. Experimental 

The simulation considers the concurrent growth and self-assembly of

NT populations by evaluated mechanical equilibrium of finite frame

lements at discrete time increments [27] . Each simulated CNT, com-

rised of numerous elements connected end-to-end, underwent base

rowth at discrete time increments. Interactions and bonding between

eighboring CNTs were approximated by a linearized van der Waals

otential. Each element node supported three mechanical degrees of

reedom representing axial, transverse, and angular deformation. The

NT attributes of inner and outer diameter, modulus, orientation an-

le, and initial growth rate were assigned to each CNT stochastically

t the beginning of the simulation based on user-defined distributions.

he simulation does not consider structural imperfections of CNT walls

r transient catalyst mass loss via Ostwald ripening or subsurface diffu-

ion during growth [28,29] . 

The CNT population growth sequence began with the nucleation of

NTs on a planar substrate. The global stiffness matrix of the CNT pop-

lation, relating CNT deformation to nodal forces, was determined by

ssembling and rotating the local stiffness matrix of each constituent el-

ment into a global coordinate system. A representative stiffness matrix

f a typical plane frame element is shown in Fig. S1 of the Supplemen-

ary Material. Because each node contributed three mechanical degrees

f freedom, each element represented a 6 × 6 matrix within the global

tiffness matrix. A schematic of a typical frame element assembly used

o model CNT forest growth over different growth time steps is shown

n Fig. S2 of the Supplementary Material. 

Van der Waals interactions between adjacent nodes were found by

valuating the relative pair-wise distance between all nodes in the sys-

em. Nodes within a predefined gap of 50 nm or less (measured be-

ween the central axis of two CNTs), were assumed to experience a van

er Waals attraction. To model van der Waals potential, a linear-elastic

ar element was introduced between the nodes in contact. The van der

aals stiffness elements between contacting nodes were then added to

he global stiffness matrix. 

To facilitate the growth of each CNT in the population, the bottom-

ost node of each CNT was displaced by a magnitude representing the

rowth rate and orientation angle of the CNT. The displacements of all

ther nodes in the system due to the stretching of the bottom-most ele-

ents was computed using the updated Lagrangian modeling approach
hereby 

 𝑅 } 𝑡 − { 𝐹 } 𝑡 −1 = [ 𝐾 ] 𝑡 { 𝑈 } 𝑡 (1)

here { F } is a vector of internal forces, { R } is a vector of external forces,

 K ] is the global stiffness matrix, { U } is the nodal displacement matrix,

nd the subscript t represents the current time step. After determining

odal displacements for a given time step, the nodal positions were then

pdated by adding the computed displacements to the previous position

f each node. A new time step began by updating the global stiffness

atrix based on the updated nodal positions and CNT–CNT contacts,

nd the process repeated for a user-defined number of time steps. 

Because contacting CNTs were growing at mismatched rates and an-

les, reaction forces were generated by CNTs in contact. The forces were

resumed to be insufficient for CNT contacts to slide or break [10,15] .

he reaction forces may be evaluated for each node in the simulated

NT forest by multiplying the local stiffness matrix and the appropriate

odal deformation, given by: 

 𝐹 } = [ 𝑘 ] [ 𝑟 ] { 𝑈 } (2)

here F denotes a force vector, k is the local stiffness matrix of the el-

ment, r is a rotation matrix to transform global coordinates into local

oordinates, and U is the displacement vector expressed in global coor-

inates. If desired, the local forces may also be translated into the global

oordinate system using the appropriate rotation matrix. 

. Results and discussions 

The time-resolved simulation enables the evaluation of a wide range

f CNT attributes and their influence on the forces exerted during forest

ssembly. The development of the model framework has been reported

lsewhere [27,30] . Prior to using the simulation to model large CNT

opulations, the forces generated by the finite element model were in-

estigated using a simplified system comprised of two CNTs. Two con-

inuously growing and interacting CNTs were next simulated to inves-

igate the behavior and magnitude of forces transmitted to the base of

he CNT, where the catalyst particle is assumed to reside. 

.1. Model validation for a two-CNT growth 

Model validation utilized a cantilever beam subjected to prescribed

oads such that all degrees of freedom were interrogated. In all cases,

 1 μm long cylindrical beam with a Young’s Modulus of 1 TPa, outer

iameter of 20 nm, and inner diameter of 14 nm served as the physi-

al CNT parameters. The simulated loads and deflections agreed with

nalytical results, suggesting that the foundational stiffness matrix and

olver of the CNT forest simulation is valid. 

The time-resolved interactions between two concurrently growing

NTs (20 nm O.D. and 14 nm I.D.) were then simulated to establish

aseline reaction forces generated by isolated two-CNT interactions. A

ertically oriented CNT grew at a rate of 50 nm per time step while

n angled CNT originating 100 nm away from the vertical CNT grew

t 60 nm per time step, resulting in a growth rate mismatch of 10 nm

er time step between the pair. The angled CNT was oriented such that

NT–CNT contact occurred at a height of 1.25 μm from the growth sub-

trate. Emphasis was placed on evaluating the axial force transmitted

o the base of each CNT, as this force represented the mechanical load

ransmitted to catalyst particles, as examined in greater detail later. Each

NT initially grew unconstrained in a straight line at a prescribed angle

nd rate. Upon contact with a neighboring CNT, the CNTs were locally

onded by van der Waals interactions. The CNT pair then bent away

rom the faster growing CNT with increased interaction time. The axial

orce imparted to the base of each CNT spiked upon the establishment

f the CNT–CNT contact. The time-resolved CNT morphology and ax-

al force measured at the base of each CNT are shown in Fig. 1 . This

imulation setup is similar to experimental findings from recent E-TEM

esults [31] in which mechanically coupling between CNTs growing at
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Fig. 1. Time-resolved axial forces transmitted to the base of CNTs. (a) A schematic depicting the direction of forces transmitted to the catalyst particle residing on a 

rigid substrate. (b) Time-resolved force evolution for two CNTs growing at 50 and 60 nm/step. (c)The morphology of 2 interacting CNTs shown at 24 (first contact), 

75 and 108 time steps. 
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ifferent rates is observed. The magnitude of the axial force generally

iminished as the CNTs lengthened with time. For the simulated con-

itions, the maximum magnitude of force was approximately 3–4 nN,

orresponding to an axial stress of 19–25 MPa. The slower-growing CNT

as pulled upward by the faster growing CNT, imparting tensile loading,

enoted by a positive force magnitude. Conversely, the faster growing

NT was impeded by the slower growing CNT, imparting compressive

negative magnitude) loading at its base. The magnitude of axial force

educed as the CNTs continued to lengthen. Such behavior is analogous

o the force required to deflect a lengthening cantilever beam, whereby

orce is inversely proportional to the third power of beam length. Note

hat the magnitude of axial force expressed in Fig. 1 are not equal in

agnitude and opposite in sign because the force vectors are aligned

ith the local growth axis of each individual CNT. In global coordi-

ates, the forces are balanced at all times. Note that the forces observed

etween the 2-CNT interactions are validated using a static simulation

ith both COMSOL Multiphysics and the current CNT simulation solver,

s shown in Fig. S3 and Table S1. 

.2. Time-resolved forces within a growing CNT forest 

Larger CNT populations were next examined, with emphasis again

laced on axial forces transmitted to the catalyst particles. Popu-

ations of 100 CNTs were grown on a 10 μm simulation domain

10 CNT/μm) for a duration of 200 time steps. CNT growth rates were

ssigned stochastically based on a Gaussian probability density func-

ion. The average CNT growth rate was 50 nm/step with a standard

eviation of 5 nm/step. For initial simulations, CNT populations were

ssigned a uniform outer diameter, with inner diameters equal to 70%

f the outer diameters. The growth angles of the CNTs were distributed

ith a 5° standard deviation from the substrate normal. The mechanical

orce transmitted to the base of each CNT was recorded at each time

tep. 

Fig. 2 displays the final morphology and the time-resolved axial

orces transmitted to the substrate by the slowest and fastest-growing
NT within a forest consisting of 10 nm outer diameter CNTs. Note that

he blue CNT in Fig. 2 a represents the slowest growing CNT in the forest,

hile the red CNT represents the fastest growing CNT. As anticipated,

he slowest-growing CNT in the forest is oriented vertically in tension,

hile the fastest-growing CNT demonstrates significant waviness and

s bound between its two neighboring CNTs. The slowest-growing CNT

oes not have the back-and-forth waviness of the fastest growing CNT,

ut it is laterally deflected by contact with neighboring CNTs. The forces

ransmitted to the base of the slowest and fastest CNT within a growing

opulation are displayed in Fig. 2 b. Note that the force magnitude range

xperienced by the two CNTs is similar, though each have an opposite

ign convention. The slowest-growing CNT is in tension at its base, while

he fastest growing CNT transmits a force in compression. Each spike in

orce represents establishment of a new CNT–CNT connection. Note that

he fastest-growing CNT experienced a greater quantity of force spikes

han the slowest-growing CNT, as it more frequently contacts its neigh-

oring CNTs. Furthermore, the slowest-growing CNT was in a constant

tate of non-zero tension after the initiation of contact while the fastest-

rowing CNT relaxes to a nearly neutral axial force between establish-

ent of new contacts. 

.3. The effect of CNT diameter 

The force transmitted to the substrate was recorded for all CNTs

ithin the population for all time steps, facilitating an evaluation of

xial force as a function of each individual CNT’s growth rate. A total of

0 distinct CNT forests were simulated using the same probability dis-

ribution functions for growth rate and orientation angle, and the same

hysical CNT parameters. CNT forests consisting of uniform CNT outer

iameters of 5, 10, 20 and 40 nm were simulated for direct comparison

f axial forces as a function of CNT diameter. The inner diameters were

0% of the outer diameter for all cases. Note that the 10 simulations per-

ormed for 5, 10, 20, and 40 nm diameter CNTs shared otherwise iden-

ical parameters, including growth rate and orientation assignments. 
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Fig. 2. (a) The final CNT morphology and (b) time-resolved axial force of the 

fastest- and slowest-growing CNTs exerted to the substrate in a 100 CNT forest. 

The morphology of fastest-growing (red) CNT in the forest undergoes a highly 

tortuous path, while the slowest-growing (blue) CNT is pulled in tension. All 

CNTs in the forest were assigned 10 nm outer diameter. The standard deviation 

of population growth rate was 5 nm per time step with a mean growth rate of 

50 nm per time step.(For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 
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As observed in Fig. 2 , the force transmitted to the base of each CNT

aried greatly with time as the self-assembly of CNT forests proceeded

nd new CNT–CNT contacts were established. To examine the effect of

iameter to the magnitude of forces transmitted to the catalyst particles,

he time-averaged axial force for each CNT was computed after the first

0 simulation time steps. Within this sampling period, all CNTs have

stablished contact with neighboring CNTs, ensuring that zero-force en-

ries prior to CNT–CNT contact were not considered within the force av-

rage. The time-averaged axial force for each CNT and for all 10 simula-

ions was plotted as a function of CNT growth rate in Fig. 3 a–d. The mini-

um and maximum growth rate ranged from 23 to 79 nm/step. A strong

egative correlation between CNT growth rate and time-averaged axial

orce was observed, with approximately zero average load observed at

he population average growth rate of 50 nm per time step. Note that the
ime-averaged forces were examined for simulation durations of up to

00 steps (see Fig. S5 of the supplementary material), with little change

n the average force values; therefore, the results presented in Fig. 3 are

ndependent of the time window over which the forces were averaged. 

The magnitude of force generated within the CNT forests varied

trongly with CNT diameter. The time-averaged force magnitude of data

lotted in Fig. 3 a–d was obtained for all forests of uniform diameter

anging from 5 to 40 nm. The resulting time-averaged force magnitude

absolute value) resulting from all simulations of like diameter is shown

n Fig. 3 e. CNT forests consisting of 5 nm OD CNTs produced an average

orce magnitude of approximately 0.25 nN, while 40 nm OD CNT forests

enerated average force magnitude of approximately 245 nN. The av-

rage force magnitude scales approximately as the CNT forth power of

iameter, as shown by the log-plot in Fig. 3 e. This scaling trend suggests

hat the tensile force experienced by slower-growing CNTs is generated

y the bending stiffness of the faster-growing CNT population. In par-

icular, the bending stiffness may be represented as 

 𝐼 = 

𝜋𝐸 

64 
(
𝑑 4 
𝑜 
− 𝑑 4 

𝑖 

)
(3)

here E is the Young’s modulus, I is the second area moment of inertia,

nd d o and d i represent the outer and inner CNT diameter, respectively.

.4. Heterogeneous CNT diameter 

While CNT diameter greatly influences the magnitude of forces

enerated in CNT forests comprised of uniform diameter CNTs, the

NT diameters in actual CNT forests are heterogeneous rather than

ingle-valued [16,17] . To incorporate this natural diameter variation,

 Gaussian distribution of CNT outer diameters in the range of 4–16 nm

17] were introduced into simulations, with a mean value of 10 nm.

he relationship between CNT diameter and CNT growth rate is un-

ertain for CNT forests. Puretzky et al. [26] suggested that the reac-

ion kinetics of CNT catalyst particles is diameter dependent, whereby

arger-diameter CNTs grow more quickly than smaller-diameter CNTs.

his kinetic model is incorporated into the current simulations using a

uadratic function, similar to recent work [15] 

rowth Rate = 𝑓 
(
0 . 11 𝑑 2 − 0 . 02 𝑑 + 0 . 36 

)
(4)

here d is outer diameter of each CNT and f is a scaling function. Note

hat the growth rate increases nonlinearly with diameter in this model.

n the other hand, in-situ CNT synthesis observations of Yoshida et al.

32] indicate that growth rate is diameter-independent. Because of the

ncertainty between CNT diameter and growth rate, two distinct CNT

orests were simulated with exactly same inputs except for the rela-

ionship between CNT outer diameter and growth rate, i.e. diameter-

ependent and diameter-independent growth rates. 

Introducing heterogeneous CNT diameters into a simulation is ex-

ected to alter the magnitude and distribution of forces transmitted to

he base of the CNTs. Two sets of simulations were executed using two

ifferent assumptions about how CNT growth rate was influenced by

NT diameter. Diameter-dependent growth rates were directly calcu-

ated using Eq. (4) . Diameter-independent growth rates used the same

et of growth rates as the diameter-dependent growth; however, the di-

meters and growth rates were randomly paired with no correlation. The

ypical growth rates for CNT outer diameters between 4 and 16 ranged

rom approximately 10–90 nm/step, with an average growth rate of ap-

roximately 37 nm/step. The resulting CNT morphologies were similar

fter 2000 growth steps, as shown in Fig. 4 . Histograms of the diameter

istribution and growth rate and a plot showing the growth rate as a

unction of CNT outer diameter may be found in Fig. S6 of the supple-

entary material. Similar simulations were then executed in which all

arameters were identical except for the assignment of growth rate. In

hese diameter-independent growth rate simulations, the same growth

ates used in the diameter-dependent growth rates were then randomly

ssigned to the CNTs in the forest, regardless of their diameter. In this

ay the simulations were identical in all ways except for the relationship
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Fig. 3. The time-averaged axial force transmit- 

ted to the base of growing CNTs as a function 

of the CNT growth rate and diameter. The av- 

erage axial force transmitted to the CNT base 

as a function of CNT growth rate for popula- 

tions with a homogeneous outer diameter of (a) 

5 nm, (b) 10 nm, (c) 20 nm, and (d) 40 nm. (e) 

The average axial force magnitude scales ap- 

proximately as CNT outer diameter to the forth 

power. 
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n which growth rates were assigned to CNT diameters. The simulations

ere run for 250 time steps on a 50 μm wide domain using 500 CNTs.

00 simulation of each type were performed, with the axial forces trans-

itted to the catalyst particles recorded and averages from time steps

0–250. The axial forces were also converted to stress to more readily

ccount for the variations in diameter. 

Fig. 5 displays the average axial force and axial stress as a function

f both outer diameter and growth rate. Fig. 5 a shows that the aver-

ge forces ranged from almost 120 nN to − 235 nN for the diameter-

ependent growth rate and from approximately 320 nN to − 160 nN

or diameter-independent growth rate forest. Forces as a function of

iameter followed a nonlinear trend for the diameter-dependent rates

ith a sign change from positive (tensile) to negative (compressive)

orces near the average diameter of 10 nm. CNTs with diameters smaller

han ensemble average diameter represent CNTs growing at a rate less

han the average growth rate. These small-diameter CNTs experienced
ensile forces generated by interactions with faster-growing and larger-

iameter CNTs. The larger-diameter (faster-growing) CNTs experienced

ompressive forces at their base for the same reason. Conversely, in sim-

lations where CNT growth rate and diameter were uncoupled, seem-

ngly no correlation between diameter and the directionality of force

as exhibited. Rather, the envelope representing the time-averaged

orce magnitude increased, both in compression and tension, as a func-

ion of increasing diameter. 

When these same average forces were examined versus CNT growth

ate, as displayed in Fig. 5 b, a negative correlation between force and

rowth rate was observed for both sets of data. Neutral loading was

bserved for both sets of data near the population averaged growth

ate of 37 nm/step. Recall that the diameter-dependent model corre-

ates a high growth rate with large-diameter CNTs. As a result, the

astest-growing CNTs also exhibit the greatest bending stiffness ( Eq. (3) )

nd generate the largest (compressive) loads in the diameter-dependent
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Fig. 4. Final CNT morphology of a typical 500-CNT forest featuring (a) diameter-dependent growth rates, and (b) randomly distributed, diameter-independent, 

growth rates after 2000 time steps. 

Fig. 5. The time-averaged axial forces transmitted to the base of CNTs for CNT forests grown using diameter-dependent and diameter-independent growth rates 

as a function of (a) CNT outer diameter (b) CNT growth rates. The time-averaged axial stress transmitted to the base of CNT forest for diameter-dependent and 

diameter-independent growth rates plotted as a function of (c) CNT outer diameter and (d) CNT growth rates. The data was obtained from 100 distinct simulations 

of each type. 
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rowth rate model. This trend is collaborated in both Fig. 5 a and b. With

 diameter-independent growth rate, small-diameter CNTs may grow

apidly, generating smaller compressive loads because of a much de-

reased bending stiffness. In addition, the diameter-dependent growth

ate model dictates that the slowest-growing CNTs in a population have

he smallest diameter. The diameter-independent growth rate permits

arge-diameter CNTs to grow slowly. The increased tensile stiffness of-

ered by an increased cross-sectional area decreases the tensile deforma-

ion of slow-growing CNTs while simultaneously increasing the bending
eformation of contacting CNTs. The net result of such an interaction

s an increased tensile loading of slow-growing CNTs for the diameter-

ndependent growth rate when compared to the diameter-dependent

rowth rate. This trend is confirmed in Fig. 5 b, where the slowest-

rowing CNTs exhibit a load of up to 300 nN in tension. 

Normalizing the axial load by the cross sectional area of the CNT

onverts force to axial stress, which is a more direct representation of

nergy density transmitted to a catalyst particle. The time-averaged ax-

al stress for the diameter-intendent and diameter-dependent growth
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Fig. 6. The cumulative probability of axial forces generated for forests consisting of 250, 500 and 750 CNTs forests residing on a 50 μm substrate shown for (a) the 

entire distribution, and (b) between − 100 nN and 100 nN. 
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Fig. 7. Normalized magnitude of time-averaged axial force vs. normalized span 

for CNT forests consisting of 250, 500, and 750 CNTs within a 50 μm simulation 

domain. The results are based on 100 simulations for each CNT density. 
ate distributions as a function of CNT outer diameter is shown in Fig. 5 c.

or the parameters used in these simulations, the time-averaged stress

ransmitted to the catalysts ranged from − 3.2 GPa to 9.5 GPa, with a ma-

ority of data residing closer to neutral stress. Interestingly, these stress

alues are greater than the yield strength for iron and high-strength

teels, indicating that the observed stress may be sufficient to plasti-

ally deform a catalyst particle and modulate the catalytic activity. The

ighest tensile stress was generated in the smallest-diameter CNTs in

he diameter-dependent growth rate model, as these CNTs represent the

lowest-growing CNTs in the population. Interestingly, the largest mag-

itude of tensile and compressive stress in the diameter-independent

rowth rate model was near the mean diameter of 10 nm. We believe

hat this trend arises because of the Gaussian distribution of CNT diame-

ers in which a large fraction of CNTs in the population resided near the

verage diameter. This trend was confirmed when the average stress is

lotted as a function of CNT growth rate, as shown in Fig. 5 d. Remark-

bly, the average axial stress as a function of CNT growth rate overlap

or the diameter-dependent and independent growths. The overlap in

esults indicates that the mechanical stress transmitted from the assem-

ling CNT forest to the catalyst particles is most strongly related to the

rowth rate of the individual CNT and is insensitive to the relationship

etween CNT diameter and growth rate. This overlap may be an artifact

esulting from the quadratic nature of the diameter-dependent growth

ates shown by Eq. (4) . The time-averaged axial forces are divided by

ross-sectional area to obtain time-averaged axial stresses. Division by

he area, which also scales with the second power of diameter, may be

esponsible for the overlap in data. Recall that the same CNT diameters

nd growth rates were used for each simulation type - only the method

f assigning growth rates to CNTs of different diameters differed. After

any stochastic growth runs, the mechanical strain energy produced by

he two growth rate models generated, on average, similar values. The

esults in Fig. 5 d indicate that CNT growth rate is on average the domi-

ant predictor of force transmitted to the catalyst particle, regardless of

hich growth rate model is used. 

.5. The effect of CNT forest areal density 

The areal density of CNTs is also expected to influence the magni-

ude of forces generated in assembling CNT forests, as the areal density

ill impact the frequency of CNT–CNT contacts. A set of 100 simula-

ions each was examined in which the diameter-dependent growth rate

odel was implemented for cases of 250, 500 and 750 CNTs within a

0 μm simulation domain. A similar inter-CNT spacing in a 3D CNT for-

st would correspond to 2.5 × 10 9 , 10 10 , and 2.25 × 10 10 CNTs/cm 

2 ,

espectively. By comparison, the density of a typical CNT forest is 10 9 –

0 10 CNTs per square centimeter [15–17] . The time-averaged forces

ransmitted to the catalyst particles were computed and displayed as
umulative probability density in Fig. 6 . The total simulation time was

50 time steps for each simulation, and forces were averaged between

ime steps 50–250. 

The magnitude of force increased significantly with increased CNT

ensity. The increase is related to an increased frequency of CNT–

NT interactions. Because the force generated by CNT–CNT interac-

ions decays with time after the establishment of new CNT–CNT con-

act (see Fig. 2 ), an increased frequency of CNT interaction lead to in-

reased average force. We found that the average force scaled approxi-

ately with the third power of number density. A reduced-area plot of

ig. 6 a is shown in Fig. 6 b. This plot demonstrates that the time averaged

orce axial force distribution is not symmetric, and that approximately

5–57% of CNTs are in compression, while the remainder are in tension.

.6. CNT forest edge effect 

Whereas CNTs in the interior of a forest incur CNT–CNT interactions

rom all directions, CNTs at the edges of the simulation domain may

nly interact with CNTs from within the interior of the forest. To inves-

igate how this edge effect relates to the magnitude of forces transmit-

ed to the catalyst particles, CNT densities of 250, 500, 750 CNTs over a

0 μm substrate were simulated. Time-averaged force magnitudes were
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Fig. 8. A comparison of CNT forest morphology grown using (a) constant and (b) force-modulated growth rates. The time-averaged axial forces transmitted to the 

base of CNT forests for (c) force-independent growth rates and (d) force-modulated growth rates indicate that a force-modulated kinetic model drastically decrease 

the magnitude of reaction forces generated within a growing CNT forest. (e) The time-resolved CNT growth rate based on force-modulated growth rates for the 

slowest-growing, fastest-growing, and population average CNTs indicate that the slow-growing CNT growth rate increased with tensile forces, while fast-growing 

CNT growth rate decreased with compressive forces. The simulations considered a CNT forest comprised of 1 nm outer diameter CNTs simulated for 250 time steps. 
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ecorded over 100 simulations for each configuration and were normal-

zed based on the maximum load magnitude for each configuration. As

een in Fig. 7 , the magnitude of force at the edges of the simulation

re significantly less than those experienced within the interior. The

ransition between the edge and interior occurs over a span of 1–2 μm,

ndicating that a limited “skin-effect ” is present in which exterior CNTs

xperience reduced loading. 

.7. Force-modulated growth rates 

The time-varying forces transmitted to CNT catalyst nanoparticles

s expected to modulate the growth rate, and perhaps quality, of CNTs
ithin a growing forest. The role of a catalyst particle is to selectively

acilitate a specific reaction pathway. Often chemical reactants are ad-

orbed to the surface of the catalyst particle, during which time chemical

nteractions between reactants and the catalyst particle act to alter the

nergy level of adsorbed species [33–36] . Mechanical strain modulates

he interatomic displacement in a catalyst particle, thereby altering the

hemical pathway of the catalytic interactions in a process known as

echanochemistry. Kinetically, mechanical strain manifests as a modi-

cation to the activation energy of a given process. Han et al. pointed out

hat a mechanical coupling between growing CNTs transmits forces that

an create an energy barrier that ultimately exceeds energy available

rom chemical reaction at underlying catalyst particles [37] , stunting
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NT growth. Another recent report showed that CNT forests growing

nder a compressive mechanical decreased the observed CNT popula-

ion growth rate [21] . These studies suggest that mechanical stress act-

ng on catalyst nanoparticles alter the activation energy of CNT growth.

n these studies, the collective CNT forest grew at a decreased rate with

rrhenius-like dependence [21] : 

rowth Rate = 𝐴 𝑒 − ( 𝐸 𝑎 −Δ𝐸 𝑎 ) ∕ 𝑘𝑇 (5)

here A is a constant derived when no force is applied to the substrate,

 a is the effective activation energy of CNT growth under no mechan-

cal load which is assumed to be constant for our simulations, k is the

oltzmann constant, and T is temperature. The ΔE a represents a change

n the activation energy resulting from mechanical energy acting on the

atalyst in which tensile force is positive in sign, and compressive force

s negative. The change in activation energy is linearly related to real-

ime applied force per CNT by a constant, 𝛼. 

𝐸 𝑎 = 𝛼𝐹 (6)

A constant value of 𝛼 = 0.15 nm was found to match population-

ased data. Note that Eq. (6) does not account for variable CNT diam-

ter, although the change in activation energy would likely vary as a

unction of strain energy, which is area-dependent. The effective acti-

ation energy for CNT growth in thermal CVD processes is in the range

f 1.02 − 2.0 eV [17,38–40] . ΔEa was calculated for each CNT in every

ime step to account for real-time forces exerted on catalyst particles. A

tress-induced energy change of 0.02 − 0.16 eV was measured based on a

ompressive force application ranging from 10 pN to 1nN per CNT [21] .

he study was conducted on CNT forests having diameters ranging from

 to 10 nm and an areal density range of 7 ×10 8 to 2 ×10 10 CNTs/cm 

2 

21] . Because the external load was applied to the entire CNT forest

opulation, it is unclear how the loading condition of individual CNTs

ithin the forest were affected. 

This mechanochemical coupling was incorporated into the finite ele-

ent model based on these experimental findings. An activation energy

f 1.5 eV was selected for all simulations. If the relationship provided by

q. (6) is to be enforced with a value of 𝛼 = 0.15 nm, then the stability

f the simulation can only be ensured by real-time CNT forces on the

rder of 1 nN or less. To accommodate this limited force range, CNT

orests having a homogenous outer diameter of 1 nm were selected for

imulation. Furthermore, Eq. (5) was strictly enforced with both com-

ressive and tensile forces. As a result, compressive forces decreased the

rowth rate of CNTs, while tensile forces increased the growth rate of

NTs. Two CNT forests were simulated up to 250 time steps employ-

ng a constant outer diameter of 1 nm to explore the effect of force-

odulated growth rates during active growth. One simulation utilized

orce-independent CNT growth rates, while the other simulation used

orce-modulated growth rates based on Eq. (5 –6 ). The simulations were

therwise identical. 

Fig. 8 shows the CNT forest morphology and time-averaged ax-

al force behavior using both force-independent and force-modulated

rowth rates. As displayed in Fig. 8 a–b, the CNT forests grown with and

ithout force-modulated growth rates have a similar morphology. Be-

ause the change in activation energy tends to decrease the growth rate

f faster-growing CNTs (those in compression) and increase the growth

ate of slower-growing CNTs (those in tension), the force modulation

odel tends to alter growth rates towards a population average growth

ate and reduce the magnitude of forces generated within the forest. In

act, the time-averaged force transmitted to catalyst particles decreased

y approximately one order of magnitude when force-modulated growth

ates are considered, as shown in Fig. 8 c–d. To further illustrate the

odulation of CNT growth rate with time, the CNTs having the slowest

nd fastest initial rate as well as a CNT having a population average

nitial growth rate of 50 nm/step, are plotted in Fig. 8 e as a function

f simulation time. The forces generated by the CNT interactions are

ufficient to vary the growth rate of CNTs by approximately 1 nm/step

or the slowest and fastest growing CNTs. Note that the fastest-growing
NT decreases growth rate with interactions, and the slowest-growing

NT increases growth rate with interactions, as expected. By contrast,

he CNT having the population-average initial growth rate experiences

oth increases and decreases in growth rate, as interactions are both ten-

ile and compressive in nature. The self-modulating behavior of growth

ate over time shown in Fig. 8 e is in agreement with findings from [37] .

e note that the force-modulated growth rate model used here, repre-

ented by Eq. (5), (6) , was derived from the application of relatively

mall compressive force to the top surface of growing CNT forests, and

urther research is required to predict a more suitable mechanochemical

inetics model. Nevertheless, the force-modulation of CNT growth rate

s shown to greatly impact the forces generated during the CNT forest

rowth assembly process and may present an opportunity for enhanced

ontrol of CNT forest properties. 

. Conclusions 

The time-resolved mechanical forces generated by the self-assembly

f CNT forests were simulated with a finite element code, with an em-

hasis placed on the axial force transmitted to catalyst nanoparticles re-

iding at the base of CNTs. We found that these axial forces were strongly

orrelated to CNT forest parameters including CNT diameter, areal den-

ity, and growth rate. CNTs with growth rates less than average growth

ate experienced tensile loads while those with faster growth rates ex-

rted compressive forces to catalyst particles residing on the substrate.

he magnitude of forces scaled with the forth power of CNT outer diam-

ter and the third power of areal density. Further, we found that CNTs

t the physical boundary of CNT forests experience a reduction in force

agnitude relative to CNTs located within the interior of a forest, as

ewer CNTs are available to generate CNT–CNT reaction forces. Two

istinct models were used to investigate CNT forests comprised of het-

rogeneous CNT diameters. One model considered a positive correlation

etween CNT diameter and growth rate, while the other assumed that

rowth rate and diameter were decoupled. Both methods produced sim-

lar CNT morphologies, and the time-averaged axial stresses between

he two models followed a similar trend when plotted as a function of

NT growth rate. Finally, a mechanochemical kinetic coupling was in-

roduced in which force transmitted to a catalyst particle altered its ac-

ivation energy and subsequent CNT growth rate. The rate modulation

ecreased the magnitude of forces within the forest, as it decreased the

rowth rate of relatively fast growing CNTs and increased the growth

ate of relatively slowly growing CNTs within the forest. Future studies

ay investigate the role of mechanochemistry in the abrupt termination

f CNT forest growth. Understanding and controlling the forces gener-

ted during CNT forest self-assembly could lead to application-specific

NT forest property sets to broaden the adoption of CNT forests in en-

ineering applications. 
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