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Abstract. R-matrix theory is used to describe nuclear reactions in the resolved resonance region. It uses
information on bound states and low energy resonances to accurately parametrize cross sections on the
resonances as well as the non-resonant background. Since the seminal work of Lane and Thomas (1958), the
approach has been widely used to analyze experimental cross-section data in a broad range of fields spanning
nuclear reaction dynamics, nuclear astrophysics, ion beam analysis and their applications. Different R-
matrix codes have been developed and used in these different applications with very little communication
among the developers or practitioners on the capabilities, achievements or limitations of the codes. A limited
comparison among three R-matrix codes on neutron-induced reactions was performed by the International
Atomic Energy Agency (IAEA) International Evaluation of Neutron Cross Section Standards project
(2007). Since then, significant progress has been made in their implementation of the R-matrix algorithms,
and R-matrix codes have enhanced capabilities. In this paper we present, for the first time, the results
of a comprehensive effort to verify the most widely used R-matrix codes in the various fields of nuclear
science and applications: AMUR, AZURE2, CONRAD, EDA, FRESCO, GECCCOS, and SAMMY. In
addition to the description of the capabilities of the codes and their specifications, we discuss the results
of a joint exercise which was coordinated by the International Atomic Energy Agency. The aim of the
exercise was to compare calculations of charged-particle reaction cross sections for the light composite
system "Be. The calculations were performed by the codes using identical input R-matrix parameters and
other specifications and were limited to charged-particle channels.

1 Introduction

Charged-particle induced reactions at low energies are im-
portant for Ion Beam Analysis (IBA) applications such
as materials analysis, cultural heritage and preservation,
environmental and climate control, and forensics, to men-
tion a few examples. For over 10 years, the International
Atomic Energy Agency has been serving as the interna-
tional center for the collection and dissemination of nu-
clear data for IBA. Through a series of Coordinated Re-
search Projects (CRP) [1,2], collaborations with expert
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scientists and staff efforts, it has created and maintained
the Ton Beam Analysis Data Library (IBANDL) [3,4] that
contains over 3000 datasets of differential and total exper-
imental cross sections for charged-particle induced reac-
tions in the low energy region below several MeV. Evalu-
ated cross-section data are also crucial for the implemen-
tation of the ion beam analytic techniques, since they are
used in computer simulations of thick targets which are
then compared to measured spectra of the emitted radia-
tion (particle or gamma). For many years the IBA com-
munity has relied on one single source of evaluated dif-
ferential cross sections: the SigmaCalc online calculator.
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The cross sections available on this website are R-matrix
fits/evaluations performed by Gurbich [5].

On the other hand, the evaluated data files (ENDF/B,
JEFF, JENDL, ROSFOND etc) collected by nationally or
internationally coordinated efforts are, to date, incomplete
as far as charged-particle induced reactions in the resolved
resonance region are concerned. In several cases, the data
files contain cross sections that have been extrapolated
from data evaluated at higher energies where cross sec-
tions are smooth and are described by a statistical model.

However, with the emergence of new applications and
developments in existing applications, the need for reli-
able charged-particle induced reactions at low energies is
growing. One example is the management of fuel in nuclear
reactors involving the control of neutrons produced after
the reactor operation is shut down. For the most widely
used fuel materials, UOq, UFg, PuF4 and PuOs, the dom-
inant neutron producing reactions are (o, xn) reactions
on isotopes of O and F. The alpha-particles are produced
from the decay of heavy isotopes and are stopped or re-
absorbed in the reactor fuel through interactions with the
lighter elements. At energies above the neutron emission
threshold, (a, zn) reactions may occur in the resolved res-
onance region. A survey of the evaluated libraries reveals
a lack of reliable (o, zn) data in the low-energy resolved
resonance region [6].

Another area of science where low-energy charged-
particle reactions are important is nuclear astrophysics.
The main stellar processes that are responsible for energy
production in stars and lead to the synthesis of the light
and medium-mass elements up to the iron nuclei, are fu-
eled by thermonuclear reactions at temperatures of tens of
millions of Kelvin. In laboratories here on earth these con-
ditions translate into charged-particle induced reactions
on light and medium-mass nuclei at energies of a few tens
of keV. Significant effort has been made over the past
decades to measure these cross sections at higher ener-
gies where the reaction yields are large enough to observe,
and provide theoretical descriptions, R-matrix fits and/or
evaluations of the data. The latter are important for ex-
trapolating to the lower energies needed for the stellar
nucleosynthesis models. Several astrophysics dedicated-
compilations (NACRE-I [7] and II [8]) and databases
(REACLIB [9], BRUSLIB [10], KADONIS [11], NUCAS-
TRODATA.ORG [12]) have been made available as a re-
sult. The knowledge that has been accumulated over the
years in measuring, fitting and modelling charged-particle
induced reactions for astrophysics applications could be
extremely useful for other applications and should, there-
fore, be integrated in the current effort to make com-
plete and reliable evaluated nuclear data files for charged-
particle induced reactions available to the broader user
community.

Apart from the gaps in the charged-particle evaluated
data in the resolved resonance region, there are other
outstanding issues regarding reaction mechanisms in the
low-energy region that affect both neutron- and charged
particle-induced reactions. These include such questions
as how to extend R-matrix theory to higher energies where
a large number of channels are open, how to transition
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smoothly and consistently from the resolved resonance re-
gion to the statistical model region, and how to go beyond
the particle dissociation thresholds. These issues are still
not well understood and so require broader international
collaboration among experts.

In response to the emerging data needs, the TAEA
is coordinating an international effort to address all the
outstanding issues related to the evaluation of charged-
particle reactions in the resolved resonance region [13—
16]. The coordinated project’s goal is to compare the
available R-matrix codes and create a common platform
where input and output resonance parameters can be ex-
changed by the different R-matrix codes, independent of
the specific formats and approximations used. An inter-
comparison of three R-matrix codes, namely EDA, RAC
and SAMMY, was previously performed under the TAEA
International Evaluation of Neutron Cross Section Stan-
dards project [17], however it was of a more limited scope.
The present comparison focuses first on the R-matrix algo-
rithms, how they are implemented and what approxima-
tions are made. In particular, specific issues such as the
impact of relativistic or non-relativistic kinematics, uni-
tarity and boundary conditions are explored in depth. To
this end, an exercise was assigned to the participants of
the project, to calculate the R-matrix cross sections for a
given system, Be, using the same set of well-defined con-
ditions. The calculations were limited to charged-particle
channels only.

In this paper, we present the systematic comparison
of the R-matrix codes AMUR, AZURE2, EDA, FRES-
COX, SAMMY, GECCCOS and CONRAD, and discuss
some of the approximations implemented in them as well
as the results of the joint exercise. In sect. 2 we present the
main principles of R-matrix theory and how it is imple-
mented. Kinematics, unitarity and boundary conditions
and alternative representations are discussed. In sect. 3
we compare the R-matrix codes and their capabilities. In
sect. 5, we present the results of a joint exercise whose goal
was to verify that the R-matrix codes produce the same
cross sections when using identical input parameters and
conditions for a light system, “Be, involving only charged-
particle channels. Our conclusions are given in sect. 6.

2 R-matrix theory, approximations and
representations

2.1 General R-matrix theory

R-matrix theory was introduced [18] as a method to
solve, for each spin-parity group J™, the set of N coupled
Schrédinger equations

N

[Ta(Ra) + Ua — Ea] Ya(Ra) + Z Vaptp(Rg) =0, (1)
B

for a set of two-body channels « with a specified Hamil-
tonian H = T + U + V, where the component V' cou-
ples different channels. The kinetic energy operator is
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Tw(Ry) = —ta% where t, = h2/2ua with po the re-
duced mass. We assume that the diagonal U and off-
diagonal V potentials are zero outside some radial dis-
tance a, in each channel, except for the 1/R Coulomb
component.

We look for solutions which satisfy, at some external

radius R, > aq, the boundary conditions given in terms
of Coulomb wave functions HF(p) = Gi(p) + iFy(p),

Jr (Ra) _ i

oy - 5 [H; (kozRa) 5aoz; - Hzr(kozRa) Sigi] ) (2)
where k, are the wave numbers, p = k,a,, o is the in-
coming channel, and SJ7 is the S matrix used to make
the cross sections.

In the “computational R-matrix method” [19],
the Hamiltonian is diagonalized inside the radial
ranges [0,a,]. In order to obtain orthonormal eigen-
wavefunctions, the Hamiltonian is supplemented by the
Bloch operators

) d B,
bt o ()

for some constants B, which may be different in each
channel, but independent of energy. Let @F (R,) be the
eigenfunctions at eigenenergies e,. Of these eigenenergies,
negative energies are associated with the bound state ener-
gies of the composite nuclear system, and positive energies
associated with both narrow and broad resonances in the
continuum. The pole energies e, are therefore bounded
below by the system binding energy, and extend to indef-
initely large positive values in general.

The S matrix may then be determined from the asymp-
totic amplitudes of these eigen-solutions, by means of an
intermediate R matrix. We define reduced width ampli-
tudes for each channel o and pole p in proportion to the
tail amplitudes of these eigen-solutions, as

ta - K2 )
Ypa = @%(%): 2%%%(%)- (3)

From these, the R matrix R is the sum over the infinite
set of pole energies, with elements

_ lypa'ypoz’ (4)

from which the scattering S matrix follows as

_ tzHT —Rti(aH" — BH")
tzH™ —Rt2(aH' —BH™)’

(5)

where a, t and B are the diagonal matrices of a,, t, and
B, values respectively. The derivatives H*' are with re-
spect to radii R,,.
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2.2 Phenomenological R-matrix theory

The “phenomenological R-matrix method” [19] that is fol-
lowed in the remainder of this paper does not start from a
Hamiltonian and does not have an infinite series of poles.
Rather it uses a finite number P of R-matrix pole energies
ep, with reduced width amplitudes v,., as parameters in
the familiar finite sum

P
YpaVpa! (6)

Ra(x’E: ;
() = 3 el

to be adjusted to fit experimental scattering data.
Positive-energy poles are again aligned with scattering res-
onances. Other poles are “background poles” at higher
positive energies to attempt to represent the effects of all
the remaining terms missing in comparison with eq. (4).

2.3 Simplified formulation

Equation (5) is often easier to calculate if we simplify it
as follows. We define a “logarithmic derivative” matrix

L=H"/H' -B/a= (S +iP —B)/a, (7)

where the penetrability P and shift function S are taken
as matrices with diagonal elements

P = kaaa/(F§+Gi> (8)

and Sy = (FaFy 4 GoGy)Pa. (9)

The derivatives F' are with respect to p. Since H™//H™ =
L* and P, = kqao/(HTH ), we have

I

VtH H™

where §2 is the matrix with diagonal elements e'®~ for
hard-sphere phase shifts

S=0 [1 —aRL]™![1 —aRL*]VtH HT £ (10)

tan go = —Fa/Ga. (11)

The matrix product tH™H™ is diagonal, with

-4+ _ (2 2 h? _ kaao 5 - hvaae
(H Ht)a_(Fa+Ga)2lL7a_ Pa 211170[_ 2Pa ’
(12)
using the diagonal matrix of channel velocities v =
{hkey/ o }. The symmetric matrix S with velocity factors
is V%SV_%, giving

S = 2P3[1 —aRL]"![l —aRL*|P 242,
= 01 +2iP?(1 — aRL)"'RP2]42, (13)

the last form being widely used.
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2.4 Non-relativistic and relativistic kinematics

Consider a channel a with a projectile of mass m, and
charge Z, incident at laboratory energy F, on a target
of mass m; and charge Z;. We need in R-matrix the-
ory to calculate the relative velocities v, = (¢, reduced
masses [, wave numbers k,, and Sommerfeld parame-
ters no = ZpZie? [hwe = Z,Zra By in order to calculate
the Coulomb functions and the kinematic factors in the
cross sections. The total mass is M = m,, +m;. The ay is
the fine structure constant, given with other constants in
table 2.

Most of our codes use non-relativistic kinematics,

where we calculate:
center-of-mass energy  Eep, = TFEp,

Ha = mpmt/Ma

ﬁoc =/ 2Ecm/,u/oc027
ko = Ba pac?/he.

The EDA code has an option for relativistic kinemat-
ics, which starts with the invariant square of the total
4-momentum s = M?c? + 2m, E,. The energy in eq. (6) is
E = (s — M?c?)/2M calculated in the reference chan-
nel, equal to E., above. In each channel with masses
myp, my and sum M, the wave number is from k2 =
(s—M32c?)(s—(mp—my)?c?)c? /(4s(he)?), and the relative

B2+ 2myp 2By [ (Ey+myc?),

reduced mass

fraction of light speed

wave number

velocity fraction of ¢, 8, =

is used for 7.

2.5 Boundary conditions

The boundary constants B, above may be set to any con-
stant in each channel, and the same scattering predictions
will be obtained after re-adjusting the R-matrix parame-
ters. The B, must be energy-independent for the general
R-matrix derivation to work, otherwise the combination
To(Ra)+ B, would not be Hermitian on the domain [0, a)
and the eigen-solutions @2 (R,) would not form an or-
thonormal set.

Commonly we use B, = —/,, for channel angular mo-
mentum £, since that is the approximate low-energy be-
havior of aH['(ka)/H,(ka) and then L ~ 0, so (as seen
from eq. (13)) the S matrix pole will be close in energy to
the R-matrix pole for that state. This is very convenient
when matching R-matrix energies e, with observed nar-
row peaks in cross-sections. At higher energies, the peaks
in the cross-section will in general shift from the pole en-
ergies e,, which is why S(E) of eq. (9) is called the shift
function. Another option is to set B, = aH'(ka)/Hq(ka)
for a particular energy E = k?/2u of a bound state or a
resonance, so then RelL = 0 at that energy, and the S and
R pole energies will more closely coincide (and be iden-
tical for bound states). Unfortunately, however, that can
be done at only one energy as B, is a constant for all
energies.

For some years, an ad hoc workaround was used to
improve the agreement of R-matrix poles and resonance
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positions. That is to allow the “constants” B, to vary with
energy as B, = S,(F), though this breaks the general
derivation of sect. 2.1. This non-physical short-cut proved
to be very convenient, as then the terms S, (E) — B, =
0 in eq. (7) at all energies. Now narrow cross sections
peak at almost exactly the pole energies e, since L =
iP/a is also small. However, this short-cut is generally
incorrect as it breaks orthogonality at different energies.
Instead, we now recommend using Brune’s “alternative
transformation” [20] described in sect. 2.8 below.

2.6 Channel radii

Some codes treat the R-matrix radii a as adjustable pa-
rameters. However, since the channel radius a is not an
observable quantity, it is hard to interpret the uncertainty
of such a variable, so we generally discourage that practice.
More often we determine the radius parameter starting
from a formula and keep it constant throughout the fit-
ting procedure. Larger radii are needed when it is expected
that the underlying Hamiltonian has long-ranged interac-
tion terms, but in R-matrix practice increasing the radii
means that the poles for the non-resonant background
components become lower in energy and more numerous,
and so more difficult to fix.

The radii can easily be varied in different mass chan-
nels and in different spin-groups Jm, but there is no ex-
act transformation to convert an R-matrix parameter set
from one radius to another. One approximate method is to
keep constant the formal widths I" = 2v2 P, while another
way would be to keep the “observed widths” or the Brune
widths (see below) constant. These methods would have
to be checked and verified during the fitting procedure.

Another ad hoc procedure that is sometimes used to
fit cross sections, is to have different radii for evaluating
the penetrabilities P, and for evaluating the hard-sphere
phase shifts ¢,. In such cases, energy-dependent channel
radii have also been used for the hard-sphere phase shifts.
In practice, this means that different Coulomb functions
are used at different radii for different parts of the cal-
culation (egs. (8) and (11)). This is a convenient way of
shifting systematically the phase shifts of all resonances
together, however it should also be discouraged because
it breaks the identity between methods using eq. (5) and
methods using eq. (13). In this work, we have not used dif-
ferent radii for different parts of the calculation. Although
the R-matrix formalism allows different radii to be used
for every channel, we have used the same radii for all spin
groups corresponding to the same particle pair.

2.7 Unitarity

The expression for the S-matrix S in terms of a (symmet-
ric and real) standard R-matrix R satisfies unitarity by
default, as can be seen directly from eq. (5). However, the
Reich-Moore approximation [21] for eliminated y-channels
yields a complex R-matrix (due to the resonant capture
widths appearing as imaginary terms in the denominator
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of the reduced R-matrix), after reduction to the particle-
channel space. Although the S-matrix corresponding to
the reduced R-matrix in the particle channel is now not
unitary, the complete S-matrix (that includes the elimi-
nated capture channels) is made unitary by equating the
capture cross section to the deviation from unitarity of
the Reich-Moore R-matrix in the particle channel space.
This prescription has been suggested by Froehner [22],
and it has been generalized into manifestly unitary form
by Arbanas et al. [23]. While the full R-matrix accounts
for all channels (including individual capture channels),
when the number of capture channels becomes large then
the generalized Reich-Moore reduced R-matrix approxi-
mation could be used to fit only the total capture cross sec-
tion while preserving unitarity [23]. In general we should
try to satisfy unitarity exactly at all energies except when
there are known open channels being treated inclusively.

2.8 Equivalent transformations

Brune [20] suggested an “alternative parametrization” of
the R-matrix parameters, and showed that it transforms
both to and from the standard formulation, so they are
exactly physically equivalent. Starting from the standard
set {ep,Ypa ) (in matrix form {e,v,}), he constructs the
real symmetric and energy (F) dependent matrix

A(E) =e— Z7a7§ (Sa(E) — Ba) (14)
of which the eigen-value problem is
A(E)c,=¢,¢p (15)

where €, is the p’th eigenvalue and ¢, is the correspond-
ing eigenvector (normalized as ¢’c, = 1). This eigen-
value problem is solved iteratively for each eigen-solution
p, by using at each iteration A(é,) the most recent es-
timate for €,. After convergence to A(éy)c, = épc, for
each p, we define €, as the “alternative R-matrix energy”
to be used with the new set of reduced width amplitudes
Ypo = c;{'ya. These new parameters are invariant under
changes of boundary constants By, and if B, = S, (ep) we
would have also Y, = Ypa- Brune describes in sect. III.B
of [20] how to transform back to the standard parameter
set. In his sect. IV.A, he also shows how these parameters
may be used, via the level-matrix formulation, to obtain
the scattering S matrix without having to use that back
translation.

This reformulation of R-matrix parameters (which we
call the “Brune basis”) is both very convenient and com-
pletely consistent with the standard theory of Lane and
Thomas [18], with no ad hoc alterations. The Brune ener-
gies €, are now very close to the experimental energies of
bound states or resonances, and that is very useful if these
are known from mass measurements or other independent
experiments.

Page 5 of 16

3 R-matrix codes
3.1 Capabilities of codes

An inter-comparison of the capabilities of the R-matrix
codes AMUR, AZURE2, EDA, FRESCOX, GECCCOS,
SAMMY and CONRAD is presented in this section. As
the codes AMUR, AZURE2, EDA, FRESCOX, GECC-
COS, SAMMY, and CONRAD were developed initially
for the solution of different problems, each one has its
particular features, strengths and weaknesses. Specifics of
each code are presented separately in the following while
a summary is given in table 1.

AMUR. The AMUR code [24] was developed at the Japan
Atomic Energy Agency (JAEA) for the evaluation of
cross-sections in the resolved resonance energy region. The
code is based on the Wigner-Eisenbud formalism [25] ex-
cept for the y-ray channels which are calculated using the
Reich-Moore approximation [21]. To facilitate continuous
management and further development, the code is based
on object-oriented programming (assembly of a number of
classes developed using the C++ programming language).
The resonance parameters and their covariance matrix are
deduced from the experimental observables such as cross-
sections, differential cross-sections and analyzing powers
through the Kalman filtering method [26]. In addition to
the resonance parameters, the experimental parameters
(that are involved in the simulation of the experimental
conditions) can be estimated within the same framework.
Energy resolution, Doppler broadening and renormaliza-
tion can be considered in the present version of the AMUR
code. An example of such an analysis for the 7O com-
pound system where the experimental n + 60O and the
a + '3C reaction cross-sections are simultaneously fitted
is given in ref. [24].

AZURE2. The original AZURE code (FORTRAN) was
developed through a Joint Institute for Nuclear Astro-
physics (National Science Foundation Physics Frontier
Center) collaboration lead by Azuma [27]. The code was
designed for the analysis of charged-particle induced reac-
tions at low energies, with particular emphasis on cap-
ture reactions. The AZURE2 code [28] was developed
by Uberseder in order to increase the capability of the
original code, including a more friendly user interface,
a modern programing language (C++), and the ability
to perform multiple entrance channel calculations. While
AZURE?2 is generally applicable to all reaction types, it
was tested heavily and customized to analyze the reaction
20(a,v)190 [29]. Tt can calculate and fit to data for un-
polarized differential cross sections, angle integrated cross
sections, phase shifts, §-delayed particle emission spec-
tra, and angle integrated total capture cross sections. The
open source is available at azure.nd.edu.

While AZURE2 has the option to make calculations
and perform fits using the standard R-matrix parameteri-
zation of Lane and Thomas [18], the default and preferred
parameterization is that of Brune [20]. For this exercise,
the code was modified to use custom boundary conditions
B, when using the standard R-matrix parameterization.
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Table 1. Summary of R-matrix codes specifications.

Feature EDA AZURE2 AMUR FRESCOX SAMMY CONRAD GECCCOS
R-matrix Full Full Limited (for +’s) Full SLBW, MLBW, SLBW, MLBW, Full
RM, Full* RM, Full*
Derivatives Analytic Numerical Numerical Numerical Analytical (T'=0K) Analytic Numerical
Numerical®
Reference frame Lab/CM In Lab, Out CM Lab/CM Lab/CM Lab/CM Lab/CM Lab/CM
(Non)Relativistic kinematics R + NR NR NR R, NR N-R R, NR NR
Channel Radii Varied Varied Fitted (option) Fixed Varied Varied Fixed/Varied
Photons In/Out Out Out In/Out Out Out
Observables: E, 0 cross sections All All All All All All All
Observables: polarization Txq All No Yes All No* No No (planned)
Inverse reactions Yes Yes Yes Yes Yes Yes Yes
Decay gammas Post-processing No No Post-processing No No No
Isobaric reactions simultaneously Yes No No No No No No
Doppler broadening No No Yes No Yes Yes No
Resolution broadening Yes Yes Yes No Yes Yes No
Normalization Yes Yes Yes yes Yes Yes Yes
Background subtraction No No Yes No Yes Yes No
Background R-matrix terms E-dependent Distant poles Distant poles Distant poles  Yes No (planned) Yes
Sample-size corrections No Yes No No Yes Yes No
Close-geometry Q-corrections No Yes No No Yes No No
Fitting procedure LSQ MINUIT2 KALMAN MINUIT1 Bayesian (GLS) Bayesian (GLS) DAKOTA [41]
Multiple data sets S S S S S S S
S: Simultaneously
Uses data covariances No No Yes No Yes Yes No?
Prior parameter covariances Yes No Yes No Yes Yes No?
Data covariances (MF 32) No No No No Yes Yes No
Brune parameter output No (planned)  Yes No No No (planned) No (planned) No (planned)
ENDF-6 format output Yes No Yes No Yes Yes No?
ENDF-6 input No No No No Yes Yes No
Code language F77 C++ C++ F90 F77° C++ F03
Export controlled Yes No Yes No Rsicc’ Yes No
Documentation No Yes No Yes Online No No?
Parallelized No Yes Yes No No Yes Yes
Interactive fitting Yes No No Yes Yes Yes No
PPP modification logarithmic fit No Experimental covariances Marginalization

¢ Full R-matrix in SAMMY and CONRAD is achieved by treating ~-channels as reaction channels.

b

¢ SAMINT links to IBE.
d

€ SAMMY modernization in progress: the SAMRML code has been modernized into C++.

I

SAMMY may have its export-controlled classification removed.

9 Source code documentation available, manual in preparation.

Analytic derivatives of cross sections at 7' = 0 K, numerical derivatives of Doppler-broadened and resolution-broadened cross sections.

provides the input for a separate Bayesian evaluation code, which delivers all the mean values and covariances of considered observables.
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Special care must be taken for accurate calculation of
the Coulomb functions at low energies. AZURE2 provides
two options for calculation: the GNU scientific library [30]
and those of Michel [31]. The GSL routines are much faster
computationally, but are less accurate than those of [31]
over certain energy ranges. The Whittaker functions of
GSL are used exclusively. See sect. 5.2 for further discus-
sion.

For fitting, the code uses the package MINUIT2 [32]
to search for the minimum in x2. The x? function is given
as [33]

)

= (f(@ig) — niyiy)° " (1 —n)/ni)?
= 2
i j (niai7j)2 5ea:p,i
(16)
where f(z;;) are the R-matrix calculated values and
yi,; are the experimental data points with correspond-
ing point-to-point uncertainties o; ;. The sums run over
the number of data points j in a particular data set i.
The second term in eq. (16) takes into account a constant
renormalization factor n; that is constrained by a system-

atic uncertainty 62, ; for each data set.

EDA. The Energy-Dependent Analysis code (EDA) was
originated at Los Alamos National Laboratory in the
early 1970s by Dodder and Witte, with subsequent con-
tributions by Hale and Sierk. It was envisioned by Don
Dodder to be a completely general R-matrix program,
with no restrictions on the types of particles (neutral and
charged, massless and massive) considered. Therefore the
default kinematics are relativistic, with an option to use
non-relativistic kinematics. The code implements the full
multi-level, multichannel R-matrix treatment of Lane and
Thomas [18], and calculates scattering observables using
the general operator formalism of Wolfenstein [34], which
is based on the spin-space matrix elements of the transi-
tion operator, the Wolfenstein M-matrix. This allows for
the inclusion of polarization observables in addition to
cross sections in the experimental data base. The treat-
ment of photon channels differs from that given in Lane
and Thomas, and is based on the scattering formalism
for classical electromagnetic radiation given by Newton
(see [35], chapt. 2).

The x2 expression minimized by EDA is essentially the
same as that given above for AZURE2, but normalization
parameters are the reciprocals of those used by AZURE2.
The minimization is accomplished by using a modified
variable metric search method, with analytic first deriva-
tives of x2. Besides normalizations, the code allows some
other forms of data correction, including resolution fold-
ing and automated energy shifting. Correlations among
the input experimental data are not taken into account,
other than those induced by overall normalization factors.
The parameter covariance matrix comes out of the search
algorithm, which builds up the Hessian (inverse second-
derivative) matrix using a rank-one iterative method that
is quadratically convergent.
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FRESCOX. The code FRESCO was developed at Dares-
bury Laboratory, UK, by Thompson for solving coupled-
channels scattering problems using FORTRAN, and sum-
marized in the paper [36]. At the University of Surrey it
was extended to include searches by x? minimization, and
to use R-matrix inputs in place of Hamiltonian specifica-
tions. The version FRESCO is available online [37] and at
Github [38]. Since 2006 a more advanced version FRES-
COX has been developed at LLNL, enabling more flexible
R-matrix specifications for LS couplings, Reich-Moore ap-
proximations, and Brune-basis parameters [20].

GECCCOS. The GECCCOS code is a coupled-channel
program developed at TU Wien by Srdinko and Leeb,
which is dedicated to calculations of reactions of light
nuclear systems. Especially, it is envisaged for reaction
calculations covering the whole resonance range up to en-
ergies at which the nuclear statistical model is applica-
ble. Thus together with the code TALYS [39] it provides
the necessary tools and output for a consistent Bayesian
evaluation of nuclear reactions. In order to guarantee a
smooth transition between the resonance regime and sta-
tistical model calculations, an R-matrix representation of
the coupled-channel potential model needs to be devel-
oped. Consequently, a key feature of GECCCOS is that it
combines the calculable R-matrix with the phenomenolog-
ical R-matrix approach, e.g. using background poles asso-
ciated with a potential model. For the calculable R-matrix
the Lagrange mesh technique introduced by Baye and
Descouvemont [19] is implemented to solve the coupled-
channel equations. The Coulomb wave functions are ob-
tained from the COULCC routines by Thompson and Bar-
nett [40]. Since they allow complex arguments, open and
closed channels for neutral and charged particle reactions
can be treated with the same routines. The adjustment of
the phenomenological R-matrix as well as of the potential
parameters is performed via the DAKOTA package [41]
which allows GECCCOS to apply conceptually different
optimization procedures such as gradient methods, evolu-
tionary algorithms and global Monte Carlo based meth-
ods.

The code is still under development and due to its
modular structure the implementation of new features is
manageable with reasonable effort. In the near future it
is planned to include the Brune parametrization and the
handling of polarization data.

SAMMY. The Oak Ridge National Laboratory (ORNL)
legacy code SAMMY [42] is used worldwide to evaluate
differential cross-section data for nuclear reactions in the
resolved and unresolved resonance energy ranges induced
by incoming neutrons, protons, and a-particles. SAMMY
updates phenomenological non-relativistic R-matrix reso-
nance parameters via the Newton-Raphson iterative min-
imization of the generalized y2-function to yield opti-
mal posterior resonance parameter values, their covariance
matrix, and the corresponding evaluated nuclear data and
covariance matrix. Although the SAMMY code has been
primarily conceived for evaluations of heavy and medium
mass nuclides for which Reich-Moore approximation is
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necessary due to the large number of capture channels,
the code is also capable of treating individual capture
channels without the Reich-Moore approximation. Unitar-
ity is enforced by design in SAMMY’s implementation of
the Reich-Moore approximation, as explained in sect. 2.7.
SAMMY accounts for various experimental effects that
are custom tailored to several leading measurement facil-
ities and detectors. Over several decades, SAMMY has
become established as an important tool for nuclear data
resonance parameter evaluations disseminated via the US
Evaluated Nuclear Data File (ENDF) for simulations of
nuclear systems by neutron transport code systems such
as SCALE.

The R-matrix algorithm implemented in the released
version of the SAMMY code [42] was designed to use
the energy-dependent boundary condition B, = S,. This
choice was motivated by the limited number of partial
waves, typically only s-wave, used to evaluate neutron res-
onance parameters for heavy (fissile) nuclei that usually
do not account for threshold reaction channels in the an-
alyzed resolved resonance region. In view of the require-
ments for the analysis of the "Be compound system, cor-
rections to the SAMMY code algorithm were made, both
in the computation of the R-matrix elements and in the
calculation of the shift functions for negative energies, to
take into account the boundary condition B, = —/¢, for
reaction channels with energy threshold. These updates
will be included in the SAMMY-8.2 release also to guar-
antee full consistency in the conversion algorithm between
“formal” and “alternative” R-matrix parameters devel-
oped by Brune [20].

CONRAD. The CONRAD [43] code is developed at CEA
Cadarache for the evaluation of nuclear reactions relevant
to nuclear reactor applications, in particular for the pro-
duction of nuclear data from 0 to 20 MeV incident neu-
tron energy. The fast energy region is treated by combin-
ing ECIS [44] and TALYS [39] codes and adjusting opti-
cal model and statistical parameters whereas for the re-
solved resonance region modules specific to CONRAD are
used. In this latter domain, the original capabilities of the
code that were oriented to neutron-induced reactions have
recently been extended to treat charged projectiles and
ejectiles. These new capabilities benefit from pre-existing
features of the code that were developed for the analysis
of microscopic experiments (Doppler broadening, resolu-
tion function, sample characteristics, etc.). The code can
also update the resonance parameters from integral feed-
back from reactor physics experiments. The data assimi-
lation is performed by using the GLS formalism (Newton-
Raphson iterative minimization) and Analytical and/or
Monte Carlo Marginalization [45].

As mentioned for the SAMMY code, CONRAD was
also developed with the adopted boundary condition of
B, = S, as this was satisfactory for dealing with neutron-
induced reactions on actinides. For the present work on
"Be the code was updated to allow for user-provided
boundary conditions. The simplified expressions [46] for
the computation of the penetration factor P,, the shift
factor S, and hard-sphere phase shift ¢, that hold for
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neutron channels had to be replaced by algorithms that
compute them directly from Coulomb wave functions [31].
As the recurrence relations between these coefficients
still holds for charged-particles channels [18], the ex-
tra computational cost of using Coulomb wave functions
is limited. Finally, the extension of CONRAD to treat
charged-particles channels also required the inclusion of
the Rutherford scattering amplitude and the interference
term for the angular distribution analysis, which was not
needed for neutron reactions.

4 Interchanging input resonance parameters:
The Ferdinand code

In order to compare evaluations from different codes, we
want to translate resonance parameters (E,, vpa) between
the file formats of the codes, and also convert to the Brune
basis parameters (Ep, Ypq) of [20], which have the advan-
tage of being independent of the boundary conditions. One
of us (IT) therefore wrote the Python code FERDINAND
using the FUDGE library [47], with the GNDS format [48]
as the internal storage structure. This code translates
from GNDS, ENDF, FRESCOX, AZURE2, AMUR, and
EDA formats, and writes GNDS, ENDF, AZURE2, EDA,
FRESCOX, HYRMA and LaTex format files. It optionally
performs Barker transformations [49] to the Brune ba-
sis, and allows the user to specify any energy-independent
boundary conditions B, in the reverse Brune transforma-
tion. It can remove or add Reich-Moore and other chan-
nels, remove poles outside energy limits, change the elastic
channel, convert between amplitudes and formal widths,
and call FRESCOX for point-wise reconstruction of en-
ergy and/or angular distributions. We have not attempted
methods for changing R-matrix radii.

5 Exercise: Comparison of R-matrix
algorithms

The main objective of this work was to verify that the dif-
ferent R-matrix codes under consideration calculate the
same cross sections for a given set of input parameters.
The level of consistency between the different codes has
been deemed a necessary first step for future evaluation
work. Only charged-particle channels were considered in
this comparison for simplicity. Break-up channels are not
treated by the R-matrix codes considered herein. On the
other hand, photon channels are treated rather differently
by the different codes, with some considering them explic-
itly wheres others such as AMUR, SAMMY, and CON-
RAD adopting the Reich-Moore approximation. More-
over, most of the codes do not yet include the impor-
tant secondary photon emission channel either (such as
(p,p’7v)). The comparison of the codes with respect to the
above mentioned items will be the subject of a second ex-
srcise that will focus on the evaluation of the light system
Be.
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Fig. 1. Level diagram of "Be. The low mass nucleus has only
two bound states, the ground state and the level at E, =
0.429 MeV.

5.1 Description

The goal of this exercise was to compare the R-matrix al-
gorithms implemented in the codes. All contributing code
developers were asked to calculate cross sections for a light
system, namely "Be, which was chosen due to its rela-
tively simple level scheme at low energies below the parti-
cle breakup threshold, as can be seen in fig. 1. The calcula-
tions were limited to excitation energies up to £, = 8 MeV
so as to include only two particle partitions, o + 3He, and
p + SLi and avoid the complication of particle-breakup
channels while photon channels were also omitted. Masses
and Q-values as well as fundamental constants were set to
the values proposed in the ENDF-6 manual [46] and are
given in table 2.

At the energies considered, only the following par-
ticle channels are open: «(*He,3Heg)a, SLi(p, ag)3He,
SLi(p, po)®Li, and their inverse.

The resonance parameters (pole energies and reduced
width amplitudes) are given in table 3 for the poles that
have non-zero reduced width amplitudes in at least one
channel. Additional poles, with reduced width amplitudes
that were set to zero for all channels, were required by
some codes for angular momentum and spin conservation
selection.

A set of data was considered as a convenient way to
establish an energy and angle grid for the calculations.
Cross sections were calculated in the frame of reference
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Table 2. Particle pair information for "Be compound system.
Atomic asses are in amu (taken from AME2016), separation
and excitation energies in MeV, and channel radii in fm. Con-
stants are taken from NIST and are the same as those used
in ENDF6. Note: Channel radii are calculated using integer
masses.

particle pair 1
particle 1: ‘He
J* = ot
M= 4.002603
Z = 2
particle 2: 3He
JT = i+
M = 3.016029
Z= 2
particle pair 2
particle 1: 'H
JT = it
M= 1.007825
Z = 1
particle 2: 5Li
JT = 1"
M= 6.015122
Z = 3
constants
ac = 1.4 (A)® + A fm
Q-value [°Li(p, a)] = 4.01972 MeV
he = 197.3269788 MeV fm
W= 931.4940954 MeV/c?
oyt = 137.035999139

of the existing data (for a(*He, *Heg)c, SLi(p, o)3He, and
5Li(p,p)°Li in the laboratory frame and 3He(c,p)®Li in
the center-of-mass frame) and included excitation func-
tions at given angles as well as angular distributions at
given energies. A list of measured excitation functions and
angular distributions is given in table 4. The listed data
sets were extracted from EXFOR [50] and sent to all con-
tributors by deBoer except for those of [51] 3He(a, p)°Li,
which were taken from the EDA (Los Alamos) database.

The calculations were performed using the boundary
conditions B = —{ (orbital angular momentum) and
maximum orbital angular momentum needed to produce
all channels up to £ = 4 for the 3He + o and ¢ = 1
for °Li 4+ p for J™ = 9/27 (see note above). Channel

radii were determined as a, = 1.4 [fm] (A}/3 + Aé/S)
(ao(®He + a) = 4.241511 fm, a,(°Li + p) = 3.943969 fm),
and were the same for all channels within a particle pair.
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Table 3. R-matrix parameters in the B = —/ basis. Pole ener-
gies in the center-of-mass frame of the elastic channel. Reduced
width amplitudes are given in MeV1/2,

JT=1.5"
E "H+°Li  'H4°Li  'H4+SLi “He+°He
(MeV) | £S:1,1/2 £S:1,3/2 £S:3,3/2 £S:1,1/2
—1.586097 | —1.34077 —0.41816  0.00000  1.05725
J* =257
E 'H+°Li  'H+SLi  *He+*He
(MeV) | £S:1,3/2 £5:3,1/2 £5:3,1/2
5.746671 0.94880  0.00000  0.18770
7.088367 | —0.34947  0.00000  1.18381
J™ =35
E "H45Li  'H4SLi 'H4SLi *He+3He
(MeV) | £5:3,1/2 £S5:3,3/2 £S:5,3/2 £5:3,1/2
3.483949 0.00000  0.00000  0.00000  0.79362

Table 4. Summary of data including EXFOR entry numbers.
Thanks to Mark Paris and Gerry Hale for giving more de-
tailed (a, po) cross section data for the experiment reported in
ref. [51].

Ref. Data type File name Source
(EXFOR)
[52] °He(w,@)®He, 92 Barnard_aa.dat — A1269002
[53] °He(a,@)’He, 4 Tombrello_aa.dat ~ A1295002
[54] SLi(p, p)°Li, g—g McCray_pp.dat A1410002
[55]  °Li(p, a)’He, 4% Elwyn_pa.dat F0012002,
F0012003

Here A; and As are the integer mass numbers, not reduced
atomic masses. Only charged-particle channels were con-
sidered.

5.2 Coulomb functions

The Coulomb functions Fy, G, and/or Hgt need to be
accurately calculated in order for the predicted cross-
sections to follow correctly from the R-matrix param-
eters. The functions depend on partial wave ¢, radius
p = kR, and Sommerfeld parameter 1 as Hlft(p7 n) =
Go(p,m)LiFe(p,n). As an exercise, we extracted from each
collaborator’s code the three Coulomb-dependent func-
tions, penetrability P, shift function S, and hard-sphere
phase shift ¢ of egs. (8), (9), and (11) respectively, for par-
tial waves £ from 0 through 9 at energies —5 to +20 MeV
in the two mass partitions of the joint exercise. These val-
ues were compared with those from the standard routine
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COULCC [40, version 36], and in fig. 2 we plot the max-
imum differences over all energies (except within 50 keV
of thresholds). For S and P we also plot the results from
S +iP = pHY /HT directly evaluated by the complex
continued fraction CF2 [40].

Figure 2 shows that all codes agree with accuracies
better than 10™%, except for AMUR which is sometimes
differing by more than this.

5.3 Results

The results of the exercise were compared by taking the
ratio of each code’s calculated cross sections with respect
to those from the code AZURE2 as shown in figs. 3, 4, 5,
and 6. Throughout this section, when the level of con-
sistency between calculations is discussed, it refers to this
ratio. As a compromise between practicality and accuracy,
a threshold of £0.5% from unity has been chosen as the
criterion for acceptable agreement between the codes.

In general this goal was achieved, but in a few cases
larger deviations were observed. These larger deviations
appeared exclusively in the calculations of the cross sec-
tions of the *He(a, a)>He reaction and were usually either
near the central energy of sharp resonances or at large
scattering angles. A high level of consistency was achieved
between AZURE2 and FRESCOX, usually to better than
0.01%, for all calculations.

On the other hand, the constancy between the SLi+ p
calculations was found to nearly always be much better
than the target level of consistency. Note that the scale
for the ratio axis in figs. 3 and 4 runs from 0.995 to 1.005,
those of figs. 5 and 6 have smaller scales. When these
smaller scales are used some “choppiness” can appear.
This is not a real effect but the result write out precision.

(v, ) channel. By far the largest inconsistencies between
different calculations were observed for the a-scattering
data sets. For the energy/angle grid of the data of ref. [52]
(see fig. 3), significant differences were observed near
the sharp 7/27 resonance near 7MeV. The consistency
between AZURE2 and FRESCOX was maintained and
nearly the same level of consistency was also obtained for
CONRAD and AMUR. The calculations with SAMMY
and EDA showed larger deviations but still remained bet-
ter than 0.5% except at a few angles very close to the
resonance energy.

For the higher energy data of ref. [53], the largest dis-
crepancies were observed for the entire exercise as shown
in fig. 4. Still, most deviations remained below the 0.5%
level except at the two largest angles. A high level of
consistency was obtained between AZURE2, FRESCOX,
and AMUR, but much larger deviations were observed for
EDA, GECCCOS, CONRAD, and SAMMY.

(p,p) channel. For the energies and angles of the proton
scattering data of ref. [54] excellent agreement was ob-
tained for all data sets, with ratios shown in fig. 5. The
largest deviations were observed for SAMMY and GEC-
CCOS, but they are still well below the 0.5% level.
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Comparisons with COULCCv36
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Fig. 2. Differences of P (center), S (middle) and ¢ (right), in rows for each mass partition, with the results from COULCC ([40],
version 36). The values are the maximum differences over all energies, except within 50 keV of threshold.
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Fig. 3. Comparison of calculations to AZURE2 results for the *He(a, a)*He reaction using the energies and angles of the [52]
data. Here the vertical axis is scaled to a uniform 1%.
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Fig. 4. Comparison of calculations to AZURE2 results for the *He(a, a)*He reaction using the energies and angles of the [53]

Ratio to AZURE?2 cross section
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Ratio to AZURE2 cross section

05 1.0

1.5

2.0

T I T I
0,,, = 81°

1.001

1.001

0991 . 1+ . 1 01 T . . . . -10.999
1.001—
0, = 155.8°
McCray (1963) 4
6 6 — SAMMY
Li(p,p) Li . = FRESCO
(P-p) == S || ---- CONRAD
-~ AMUR
i N GECCCOS
--- EDA
0-999_ | I | I | I | I | I

0.5

1 1.5 2 2.5
Laboratory Energy (MeV)

data. Here the vertical axis has been scaled to a uniform 0.2%.



Eur. Phys. J. A (2019) 55: 92

Page 13 of 16

— SAMMY GECCCOS Elwyn et al. (1979)
------- FRESCO --- AMUR 6. . 3
---- CONRAD| |--- EDA Li(p,0)) He
1001F 5 —pitenr . o - T T T T T T T o T T T o T T
. [ E, =0.136 MeV E, = 0.186 MeV ] E =0252MeV | E =0.324 MeV E =0.490 MeV
| | oeresismill  oommene AT - Seeeeean s - SeemeeemaTs - geee et o
9001 e
g | E,=0.589MeV | E -0688MeV | E,=0787Mev [ E,=0887MeV E, = 0.984 MeV
= —  _—T T —— <= : :
8 1 B e S o Thipm e A~ = 2 473 -
wn L 1S i
& Q000 e
2 1001 [ E =1182MeV  } E =1282MeV E =1382MeV  { E =1481Me F E,=1581 MeV ]
84 1 L B S b I DS =D LR T SIS RS R I SIS SSIDTEAEYY L DinSiaSigiuaeen ]
o~ I § 1 j
2 0999 T T T e T e ]
<N:0-998'::::::T'::::::T':: ]
1.002 T . B . .
8 1.001 r Ep: 1.681 Me 1 E =1780MeV T Ep: 1.880 MeV 1 Ep= 1989 MeV 1 Ep=2078 MeV 4
~g ) 1 -_ P Ty — s [ ' P T e e T =— = [| —— == 1
= X ST S L T —-— w —“— B e e T T —_— T T e T T —-— ) B g e T —_
~ 099F ————— T T T T ]
0.998 PR TR P N I R S M 1 1 [ 1 [ I 1 1 -
1.001 7 T T T T T T T - T T 1 T T T 1 T T ]
| T | " | = = —
1F weremepanss o+ = et DT T omReTESLesEl o pnetVagmoedTl o SaemesEiesEl B
[ E =2.177 MeV 1 Ep:2,277 MeV T Ep=2.377 MeV Ep=2.476 MeV Ep=2 75 MeV
0999 C ‘P | L | P I | L | M | L | M | L | T | L | N
0 60 120 0 60 120 O 60 120 O 60 120 O 60 120 180

Laboratory Angle (degrees)

Fig. 6. Comparison of calculations to AZURE2 results for the °Li(p, a)*He reaction using the energies and angles of the ref. [55]
data. Note that for the intermediate energies the vertical axis scale is 0.4%, while for the others the scale is 0.2%.

(p, ) channel. Similar to the proton scattering, the com-
parison calculations at the energies and angles of the (p, «)
data of ref. [55] were found to produce very consistent re-
sults across all of the codes. Again, the largest deviations
were those of SAMMY and GECCCOS, but these were
always less than 0.2% from unity. Ratios are shown in
fig. 6.

6 Conclusion

An inter-comparison of the capabilities of the R-matrix
codes AMUR, AZURE2, EDA, FRESCOX, SAMMY and
CONRAD was performed. As these codes were developed
initially for the solution of different problems, each one
has its particular features, strengths and weaknesses.

A necessary condition to perform useful comparisons
of R-matrix calculations was the interchangeability and
translatability of R-matrix input and output parameters
between the various codes. The Ferdinand code to convert
R-matrix fits between several formats, including ENDF,
GND, and the various formats used for the input and

output of the above-mentioned R-matrix codes was de-
veloped.

The ability of the different codes to calculate charged-
particle reaction cross sections in the resolved resonance
region was verified by means of a joint exercise. The exer-
cise involved calculating cross sections for charged-particle
elastic scattering and charge-exchange reactions leading to
the compound system "Be in a given energy region and us-
ing well-defined input parameters. Only charged-particle
channels were considered avoiding the complications of
break-up channels while photon channels were omitted.

The results revealed that using different kinematics or
different ways of calculating the Coulomb functions as well
as other approximations such as excluding closed channels,
can have a impact on the R-matrix calculations.

On the whole, all the codes agreed to within 0.1-0.3%
which is far below the uncertainties of the existing exper-
imental data in this low-energy region. In a next step, the
codes will be used to evaluate the light system "Be so as
to compare the treatment of i) other channels such as pho-
ton and break-up channels, and ii) uncertainties and their
correlations.
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