Electronic Journal of Statistics
Vol. 13 (2019) 985-1030

ISSN: 1935-7524
https://doi.org/10.1214/19-EJS1543

Nonparametric confidence regions for

level sets: Statistical properties and
geometry

Wanli Qiao*

Department of Statistics
George Mason University
4400 University Drive, MS 4A7T
Fairfaz, VA 22030
e-mail: wqiao@gmu.edu

Wolfgang Polonikf

Department of Statistics
University of California
One Shields Awve.
Davis, CA 95616-8705
e-matl: wpolonik@ucdavis.edu

Abstract: This paper studies and critically discusses the construction
of nonparametric confidence regions for density level sets. Methodologies
based on both vertical variation and horizontal variation are considered.
The investigations provide theoretical insight into the behavior of these
confidence regions via large sample theory. We also discuss the geometric
relationships underlying the construction of horizontal and vertical meth-
ods, and how finite sample performance of these confidence regions is influ-
enced by geometric or topological aspects. These discussions are supported
by numerical studies.

MSC 2010 subject classifications: Primary 62G20; secondary 62G05.
Keywords and phrases: Extreme value distribution, level sets, nonpara-
metric surface estimation, integral curves, kernel density estimation.

Received July 2018.

Contents

1 Imntroduction. . . . . . . .. . ..
2 Confidence regions based on vertical variation . . . . . . ... ... ..
2.1 Confidence regions based on asymptotic distribution . . . . . ..
2.2 Bootstrap confidence regions . . . . . .. ... ... ... ...
2.2.1 A bootstrap confidence region based on explicit bias cor-

rection . . . . ..

3 Confidence regions based on horizontal variation . . . ... ... . ..
3.1 Methods based on integral curves . . . . . . ... ... ... ..

*Partially supported by NSF grant DMS 1821154.
fPartially supported by NSF grant DMS 1107206.

985


http://projecteuclid.org/ejs
https://doi.org/10.1214/19-EJS1543
mailto:wqiao@gmu.edu
mailto:wpolonik@ucdavis.edu

986 W. Qiao and W. Polonik

3.1.1 Confidence regions for M and L using local adjustment
by the gradient . . . . . . ... ... 0oL 999
3.1.2  Confidence regions for M¥ and L¥ adjusted by gradient 1000
3.1.3 Confidence regions not locally adjusted by the gradient . 1000
3.2 Horizontal variation based methods not based on integral curves 1001

4 Performance of confidence regions and geometry . . . .. .. .. ... 1002
5 Simulations . . . . . ... 1005
6 Conclusion . . . . . . . . ... 1008
7 Proofs . . . . . ..o 1008
7.1 Proof of Theorem 2.1 . . . . . . . .. ... .. ... ... ..... 1008
7.2 Proof of Corollary 2.1 . . . . . .. .. ... ... ... ... 1012
7.3 Proof of Theorem 2.2 . . . . . . . . . . ... ... ... ...... 1014
7.4 Proof of Theorem 2.3 . . . . . . . .. ... .. ... .. ...... 1017
7.5 Proofs for Section 3 . . . .. ... 1019
8 Appendix . . . ... 1026
Acknowledgments . . . . ... oL L 1027
References . . . . . . . . . . e 1027

1. Introduction

For a density function f on R?, d > 1, we define the superlevel set of f at level
¢ and the corresponding isosurface or contour as

L={zcR?: f(x)>c} and M={zcR?: f(z)=cl,

respectively. The dependence on the level c¢ is suppressed in our notation, for
c is fixed throughout the manuscript. We will study methods for constructing
confidence regions for M and L based on an iid sample X7, X5, -, X,, from f.
While new methods for constructing confidence regions are proposed below, and
a comparison of these and other existing methods is provided, the overarching
goal of this work is to provide a critical discussion of the advantages and dis-
advantages of the various existing methods. This will, among others, also lead
to insight about the influence of geometry on the statistical performance of the
confidence regions.

The estimation of level sets (or isosurfaces) has received quite some interest
in the literature. For some earlier work in the context of density level set esti-
mation see Hartigan (1987), Polonik (1995), Cavalier (1997), Tsybakov (1997),
Walther (1997). There are relations to density support estimation, (e.g. Cuevas
et al. 2004, Cuevas 2009), clustering (e.g. Cuevas et al. 2000, Rinaldo et al.
2010), classification (e.g., Mammen and Tsybakov 1999, Hall and Kang 2005,
Steinwart et al. 2005, Audibert and Tsybakov 2007), anomaly detection (e.g.
Breuning et al. 2000, Hodge and Austin 2004), and more. Bandwidth selection
for level set estimation is considered by Samworth and Wand (2010), and Qiao
(2018a). Applications of level set estimation exist in many fields, such as as-
tronomy (Jang 2006), medical imaging (Willett and Nowak 2005), geoscience
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(Sommerfeld et al. 2015), and others. See Mason and Polonik (2009) and Mam-
men and Polonik (2013) for further literature. Level sets of functions also play a
central role in topological data analysis, in particular in ‘persistent homology’,
where the topological properties of level sets as a function of the parameter ¢
are used for statistical analysis; e.g. see Fasy et al. (2014).

All the methods discussed in this paper are based on a kernel estimator

fla) = nzd;K(Xihf), z €RY,

and its derivatives. Here K is a d-dimensional kernel, and A > 0 is the band-
width. As estimators for the superlevel sets or the corresponding contours, we
are considering plug-in estimators given by

L={zecR: f(z) >c} and M\:{xeRd:f(x):c}.
It is well-known that f(x) is a biased estimator. For a twice continuously dif-
ferentiable kernel K, we will also consider a de-biased version of the kernel
estimator, given by f% = f — 3 with

~ 1 92
B(z) = §h2/u%K(u)du; 0,0, fi(x),

where ﬁ denotes a kernel density estimator using bandwidth [, which can be
different from h. See Chen (2017) for a recent study of the de-biased estimator.

In some of the recent related literature (see, e.g., Chen et al. 2017), the bias
is ignored entirely, and the target is redefined as a ‘smoothed’ version of the
superlevel set, or its contour, given by

LP ={zecR?: Ef(z) > ¢} and MP ={zeR?: Ef(z)=c},

respectively, where here and in what follows, we use the superscript F to indicate
that the definition is based on an ‘expected quantity’. We will also consider this
target for some of our methods.

For an interval [a,b] C R, and a real valued function g, we denote by g~![a, b]
the pre-image of [a,b] under g. For a = b, we also use the standard notation
g 1(a) for the pre-image. Two different types of confidence regions are consid-
ered. One of them is based on wvertical variation. Such confidence regions for M
or MF are of the form

o~

C=fte—anct+an). (1.1)

Corresponding lower and upper confidence regions for £ (and £F) will be of the
form f~![c+@,,00) and f~![c—@,,0), respectively. The crucial question then
is, how to choose the quantity @, in order to achieve a good performance. The
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other type of confidence region considered here is based on horizontal variation.
Such confidence regions for M (or MF) are of the form

C={yeR?: |ly—z| <bu(z), z € fF ()}, (1.2)

where the random variable by, () either does not depend on w, i.e. by (z) = by,
or En(:n) = an/uvf(x) ||, for some random variable @,, not depending on z. Once
horizontal variation based confidence regions C for M are constructed, we can
obtain corresponding confidence regions for £: Upper bounds (sets) are obtained
by adding C to E, and lower bounds are constructed by subtraction. Confidence
regions for M and £F are constructed similarly. R

For a simple heuristic underlying the choice of b, (z) = @, /||V f(x)]|, consider
the one-dimensional case. For small a,,, we have |a,| =~ |f(m +gn(x)) - f(x)| =
|f(x —|—En(x)) —¢| for x € f_l(c), so that @, reflects vertical variation, while
by, (x) represents horizontal variation. For more details see Section 3.

Geometrically, confidence regions based on horizontal variation as in (1.2),
but with a constant gn, consist of tubes of constant width put around the esti-
mated contour M. In other words, the maximum (horizontal) distance to M,
or M¥ is being controlled. Confidence regions based on vertical variation as
in (1.1), as well as the regions based on horizontal variation with non-constant
Bn(:c), have varying width, which contain information about the slope of the
density. Different constructions of @, and /b\n will be discussed. One of them is
based on extreme value theory for Gaussian fields indexed by manifolds, and
the others on various bootstrap approximations. Some of the constructions of
the horizontal methods also involve the estimation of integral curves.

The same type of confidence regions as discussed above, can also be con-
structed with f(z) replaced by the de-biased density estimator f°¢(z). We note
that in the literature, different approaches to the removal of bias effect in con-
fidence bands or regions using kernel-type estimators. One is based on under-
smoothing of the original kernel density estimator. This approach is not consid-
ered in some detail here (but see Remark 2.2 below). Alternatively, one can use
explicit bias corrections, or the smoothed bootstrap. Both of these approaches
are being discussed in our work. For further relevant recent literature see Chen
(2017) and Calonico et al. (2018a).

Bootstrap confidence regions for a density superlevel set and/or isosurface
based on vertical variation can be found in Mammen and Polonik (2013) and
Chen et al. (2017). The latter also constructed a confidence set based on hori-
zontal variation, and such constructions can also be found in Chen (2017). The
confidence sets proposed here are compared to these methods. In a different
setting Jankowski and Stanberry (2014) consider confidence regions for the ex-
pected value of a random sets (or its boundary) based on repeated observations
of the random set.

In summary, the contributions of the manuscript are to

(i) derive asymptotically valid confidence regions based on vertical variation
using extreme value distributions of kernel estimators indexed by certain
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manifolds;

(ii) use bootstrap methods to construct confidence regions based on vertical
variation in order to improve finite sample performance of the confidence
regions in (i);

(iii) derive asymptotically valid bootstrap confidence regions based on hori-
zontal variation;

(iv) discuss geometric connections between the different constructions of con-
fidence regions;

(v) provide numerical studies to compare the finite sample performance of the
various confidence regions developed here and in the literature;

(vi) critically discuss advantages and disadvantages of the two different types
of constructing confidence regions (horizontal and vertical variation).

The theoretical result underlying (i), see Theorem 2.1, provides a closed form
of asymptotically valid confidence regions for superlevel sets and isosurfaces. To
the best of our knowledge, this is the first result of this type, and it provides im-
portant qualitative insight into the underlying problem. Due to the well-known
slow convergence properties of extreme value distributions, the construction of
bootstrap confidence regions appear of higher practical relevance.

In a recent paper, Qiao and Polonik (2018) derived the asymptotic distri-
bution of extrema of certain rescaled non-homogeneous Gaussian fields. This
result provides an important tool for the construction of our confidence regions
based on large sample distribution theory. The paper Qiao and Polonik (2016)
on ridge (or filament) estimation is also a source of inspiration for the work
presented here.

The paper is organized as follows. Section 2 is considering vertical variation
based methods. We first present a result on the behavior of the coverage proba-
bility of asymptotic confidence regions for isosurfaces and levels sets, and then
we construct a bootstrap-based confidence region. Section 3 is dedicated to hor-
izontal methods. Section 3.1 presents the construction of two confidence regions
of the form (1.2) using integral curves. Section 3.2 discusses a horizontal boot-
strap based confidence region related to the Hausdorff-distance based method
of Chen et al. (2017). In Section 4 we discuss how the finite sample behavior of
our methods is influenced by some geometric or topological properties of esti-
mated superlevel sets etc. Simulation results presented in Section 5 compare the
various methods. Section 6 presents some concluding discussions. The proofs of
the technical results are presented in Section 7.

2. Confidence regions based on vertical variation

The following notation is used throughout the manuscript. For a sequence vy > 0,
we let

logn logn
(k) — A2 k),E _ N
By =77 +4/ i and BMF = ,/—mdﬂk . k=0,1,2,3. (2.1
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For a kernel density estimator based on a bandwidth h, the quantity 57(3;1 equals
the rate of the uniform deviation from the density under standard assumptions
(satisfied in our setting). In other words, we have uniform consistency of the
kernel estimator if ﬁflo;l — 0 as n — oo. The quantities Br(Lk,)l, k =1,2,3 have the
same interpretation when considering the kernel estimator of the k-th derivatives
of the density. Similarly, ﬂff,)l’E is the standard uniform rate of convergence of the
kernel density estimator of the k-th derivative when centered at its expectation,
k=0,...,3.

2.1. Confidence regions based on asymptotic distribution

Our first result provides asymptotically valid confidence regions for the isosur-
face M and the superlevel set L. Before formulating the theorem we introduce
the underlying assumptions and some more notation.

ASSUMPTIONS:

(F1) The probability density f has bounded, continuous derivatives up to fourth
order. There exists m > 0 such that [ ||z|™ f(z)dz < oco.

(F2) There exist dg > 0 and ¢y > 0 such that |V f(z)|| > ¢ for z € {z : c—Jp <
fx) <ec+do}.

(K) The kernel function K : R — R is symmetric about zero, with support
contained in [—1,1]%, and is continuously differentiable up to fourth order.

(A) Both f and K are continuously differentiable up to d-th order.
(H1)%. h — 0, and ﬁr(Lk,)LE — 0 as n — oo, where k =0 or 2.

(H2)* The bandwidth [ used for bias correction, satisfies [ — 0 and ﬁr(flk)’E — 0,
where k = 0 or 2. In addition, (h/l)% logn — 0 and y/nhd+t4logn 12 — 0.

Remark 2.1.

a) Assumption (F1) can be weakened when only considering confidence regions
for the smoothed isosurface M¥. Only continuous second order derivatives of
f are needed in this case. For simplicity, we just use the stronger assumption
(F1) throughout the manuscript.

b) Assumptions (F1) (even the weakened version discussed in 1.) and (F2)
together imply that the (d—1)-dimensional isosurface M has positive reach (e.g.
see Lemma 1 of Chen et al. (2017), which is a necessary condition for applying
the result in Qiao and Polonik (2018). Assumptions on the reach (introduced
by Federer 1959) are used in a number of studies of geometric properties of
manifolds, etc. Also note that assumption (F2) implies that the level ¢ > 0.

¢) It seems likely that the assumption of a non-negative kernel can be replaced
by a higher-order kernel. This is because our focus is on the superlevel sets
(or isosurfaces) with ¢ > 0 and regions there the density estimator is negative
is irrelevant to our estimation. Even for the bootstrap method, technically we
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can bootstrap from a truncated and normalized density estimator. However, the
truncation might incur further technical considerations.

d) The smoothness requirements for f and K in assumption (A) are needed to
enable to use of the Rosenblatt transform (see Rosenblatt 1976) in the proof of
Theorem 2.1. It will not be needed for bootstrap based methods. This is why
we did not combine assumptions (A), (F1) and (K).

e) Assumptions (H1)? and (H2)°, both very mild, are used in large sample
confidence regions based on the vertlcal method. They guarantee the uniform
conmsteney of the de-biased estimator f ¢ = f B Specifically, (H1) is used
for f centered at its expectation, while (H2) is used for the bias correction
part B We use stronger assumptions (H1)? and (H2)? for confidence regions
based on the horizontal method. In particular, these assumptions guarantee the
uniform consistency of the second derivatives of f ¢
f) Under our assumptions, in the case of d = 1, M is a union of finitely many
points, say N. Denote M = {z;,i=1,--- | N}.

We need to introduce further notation. Let 8(x) = ( ) — f(x) be the bias.
Set |K|2 = f K?(u)du, and let V4_; denote (d — 1)-dimensional Hausdorff

(
measure. Let Vq4_ 1(/\/1) be an estimator of V4_1(M). Some spec1ﬁc estimators

)
f [aulK(u} du

will be given in Remark 2.2c). For d > 2 and s2- = 5T R2(aydu Ve set
b(a) = +/2(d —1)logh~' + = [z(a) + (é - 1) loglog h™*
. 2(d —1)log h—1 2 508

+log{(2d —j);:j/; Sic 1\7;(\/\4)”. (2.2)

where 0 < a < 1, and 2(a) = —log[—3 log(1 — «)]. The quantity /b\(oz) is based
on the extreme value behavior of a Gaussian field indexed by M (see (7.4) given
in Theorem 7.1). We further need the following, which, for d > 2, simply is a
scaled version of /b\(oz) :

ba)y/IKBe for d> 2

al, =< v (2.3)
e ) e (0 N) VIKIEe o
vVnhd -

where ® is the standard normal cdf, and, for d = 1, N is the cardinality of
M (cf. Remark 2.1f) ). Note that when d > 2, a@a has a typical structure
appearing in confidence bands for probability density or regression functions.
See, for example, the main result of Bickel and Rosenblatt (1973). When d = 1,
Zigd_)a corresponds to a quantile value of the maximum of a Gaussian mixture
model because M is a collection of separated points under our assumptions.
With this notation, our first confidence interval based on vertical variation, and
using the de-biased estimator of the underlying density, is defined as

6n71(1 N a) _ (J/(‘\bc)fl [C—A( )a7C+A(d)



992 W. Qiao and W. Polonik

Theorem 2.1. Suppose that (F1), (F2), (K), (A), (H1)" and (H2)® hold. Let
0<a<l IfVi_1(M) is a consistent estimator for Vg_1(M), then we have,

lim ]P’(M c Coa(l— a)) —1-a (2.4)
n—oo

An asymptotic confidence region for the superlevel set £ is given by the
following upper and lower bounds:

Cra(1—a) = (F*) 7 [e=al%,, +o)
and
Cii(1=a) = (") e+ a{?,, +o0).

Corollary 2.1. Suppose that (F1), (F2), (K), (A), (H1)* and (H2)" hold.

Also suppose ﬁfll;lE — 0 and BT(lSl)E —0asn—o00. Let 0 < a< 1. If Vg1 (M)
converges to Vg—1(M) in probability, then we have

nlgréop(éilu —a)cLcC (- a)) —1-a.
Remark 2.2. R

a) Notice that the construction of C), ; involves the choice of two bandwidths,
h and [. This is the case for all the confidence regions considered in this paper
that are based on_f be, R R

b) Constructing C,, 1 (1 — ) with f rather than f¢ also results in an asymp-
totically valid confidence set for M, provided undersmoothing is being used to
handle the bias. In this case, a sufficient condition for consistency of the coverage

probability is that the bandwidth satisfies ﬁf%E — 0. When this assumption

o~ ~

holds, the stochastic term sup ¢ | f(z) — Ef(z)| asymptotically dominates the

~

bias term sup,¢ o [Ef(2) — f(x)], so that the latter can be ignored in the proof
(see Hall 1993).

¢) We discuss two choices for the estimator Vd_/l(\/\/l). Let A be the d-dimensional
Lebesgue meaure, and let P, = n~* >, 0x, denote the empirical probability
measure, where §, denotes Dirac measure in z. Let A be the class of compact
sets with a positive reach bounded away from zero such that £ € A. One option

-~

for the consistent estimator of V4_1(M) is given by V4_1(9L), where

L = argmin[P, (A) — cA(A)].
AcA
The consistency of this estimator is shown in Proposition 3 in Cuevas et al.
(2012). There, consistency is derived in terms of outer Minkowski content, which,
under our assumptions, is equivalent to the consistency using Hausdorff measure
(see Corollary 1 in Ambrosio et al. 2008). Efficiently computing £ is challenging.
Another estimator for V4_1(M) is given by Vd_l(/\//\l) with M = ().
The convergence rate and asymptotic normality of this estimator in the context
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of surface integral estimation are shown in Theorem 1 in Qiao (2018b), where
additional assumptions are imposed, in particular on the speed of convergence
of h.

d) The (d — 1)-dimensional Hausdorff measure of M and its estimators come
into play because (i) the distribution of the statistic related to the above con-
fidence regions can be approximated by that of the extreme value of certain
Gaussian random fields indexed by the level set; and (ii) the latter, in turn, is
related to an integral over M with respect to the (d — 1)-dimensional Hausdorft
measure. In our case, the integrand of this integral turns out to be a constant
- see Theorem 6.1, and thus we obtain the volume of the isosurface. In fact, it
is well known that the probability of the extreme value of a locally stationary
Gaussian random fields exceeding a large level is asymptotically proportional
to the volume of the index set (locally speaking). See, for example, Chapter 2
of Piterbarg (1996). Surface integrals have appeared in the context of level-set
estimation before in Cadre (2006). There, however, a first order asymptotics
(consistency) is considered, using the set-theoretic measure of symmetric differ-
ence d(L, E) On a very heuristic level, the fact that a surface integral comes
in here can be understood by the fact that the variance of the fluctuations of
d(L, L) is of the order a,, = 1/nh?, which is inherited from the fluctuations of
the density estimator, and by then approximating d(L, LA) by a constant times
vol(f*1 [c+an,c— an]), the Lebesgue measure of f~1[c+a,, c— a,]. Lebesgue’s
theorem gives that a,; 1vol( fYe+an, c—an]) converges to a surface integral over
the boundary M. In other words, the technical reason for this surface integral
to appear in Cadre (2006) is different from why it appears in our context.

2.2. Bootstrap confidence regions

Bootstrap confidence regions based on vertical variation of the kernel density
estimate have been constructed in Mammen and Polonik (2013) and in Chen et
al. (2017). They are based on a bootstrap approximation of quantiles of statistics
of the form

T(Dn) = sup [Vh? (f(x)=f(2))], or T(Dn) = sup |[Vh? (f(z)-Ef(x)].

zeD,, xeD,

where D, is such that (asymptotically) M = f~1(¢) C D,. The confidence
regions considered in the literature differ in the choice of the set D,,. While
Mammen and Polonik (2013) propose to use D,, = {c—¢€, < f(z) < c+¢€,} for
some appropriate choice of ¢, tending to zero, as n — oo, Chen et al. simply use
D,, = R?. Here we are using the smallest such set D,, = M. Clearly, the statistics
are stochastically ordered in terms of the size of the set D,,. Thus, the choice
D,, = M leads to the confidence set that is the smallest among the three. Of
course the coverage still needs to be investigated. However, if the corresponding
bootstrap approximations of the distributions of T(D,,) (and T¥(D,,)) work
similarly well, then using the statistic (M) or T (M), respectively, can be
expected to be a good choice for the construction the bootstrap based confidence
sets based on the vertical variation.
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Our construction is as follows. Let X7,..., X be a sample drawn from a
kernel density estimator fg using X1, ..., X,, and bandwidth g > 0. Let f*(:r)
be the kernel density estimate using X7, ..., X and bandwidth h. Let ]?*E(x) =
E*f* (), where we use E* to indicate the expectation with respect to ﬁ,. For
OA< a < 1,let & be the (1—a)-quantile of the distribution of SUP, ¢ 1 |fi(1‘) -
f*E(x)|, and let ¢;_,, be the corresponding quantile of sup, o ; [f*(z) — fo(2)].
We now define our bootstrap confidence regions for M and M¥, respectively,
as

7*7,,2(1 - Oé) = f_l[c - /c\TfoUC—i_/c\{fa]

and Cpf(1—a) = F ' e—7% e+ e0" ], (2.5)

We also define the following sets to construct bootstrap confidence regions for
L and L, respectively.

6;:5(1 - a) = fil[c _/C\{fav+oo)a 6:;,;(1 - a) = fil[c—i_/c\lkfav"_oo)a
Crd (l—a)=fle—ep%,00), and Cyyt(1—a)=fle+e", +o0).

Below we show that this (and other) confidence region is asymptotically exact,
and we derive rates of convergence for the coverage probability. These rates of
convergence have a somewhat complex appearance, which we first explain from
a high level perspective.

Structure of the rates of convergence for the coverage probabilities
of bootstrap based confidence sets: The derivation of the following some-
what complex looking rates of convergence of the coverage probabilities are all
based on Lemma 8.1, which is a slight reformulation of a result of Mammen and
Polonik (2013). Based on this result, the rates are of the form O(\/E—H'n), where
6n and 7, are derived as follows: Let Z,, = sup,¢ 4 |§(z) — ()|, and let Z;; be
a bootstrap version, where g(x) is one of the density estimators considered, and
g(7) is some centering; the set A in the supremum is either M or M¥. Then,
we derive §, and 7,, by showing that for some sequence of positive real numbers
Yn, We have P(’Zn -7k > vn) < 4, and supteRP(Zn € [t7t+yn)) < 7,. Both
of §,, and 7, are themselves comprised of a sum of various terms. In fact, in our
applications of this result, 7, is chosen such that /3, is negligible, and we have

\Iln('y):fy\/nhdlogn+hlogn+logn(1/@(32;1‘3_'_ hdlogn>, v > 0.

(2.6)

That, in our case, 7, has this particular form follows from a result by Neu-
mann (1998). The rates v, that make /6, negligible will follow, respectively,
from strong approximation results in Neumann (1998) and some modification
of Neumann’s result given in Mammen and Polonik (2013).
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Note further that in each of the construction approaches considered below,
we obtain the same rates of convergence of the coverage probabilities for both
confidence regions for M and confidence regions for £ (and similarly for M¥
and L¥). The reason for this is as follows. Let Pn,m and p, o denote these
coverage probabilities based on one approach (e.g. the left-hand sides of (2.11)
and (2.12), respectively. By construction, we have p,, ¢ < p, am. More precisely,
it is shown in the proof of Corollary 2.1 that p, s = pn.m - Gn, Where 0 <
1 —gn, = O(d,,) with 6, = o(1). Now, if p, p =1 — @ + O(7,), then we obtain
P =(1—a+0(r,))(1—0(6,)) = (1 —a)+ O(max(r,,d,)), and under our
respective assumptions, O( max(r,,68,)) = O(7,), showing that both p, » and
Dn,c converge to (1 — av) at the same speed.

Theorem 2.2. Suppose that (F1), (F2) and (K) hold. Let 0 < a < 1, and

2= (V8% + 80" ) 80", (2.7)
Vo = + (ﬂﬁ?}, + 5%)# (2.8)

(a) If ¥,,(vF) = o(1), then we have
P (ME corba— a)) = (1-a)+0(W,(vF)), and (2.9)
P(Crdt(l—a)cLPcCrfm(1-a)) = (1-0a) + O(Ta(yf).  (210)

(b) If U, () = o(1) as n — oo, then we have

P(McCu(l—a)) = (1-a) + O(¥n(3a)), and (2.11)
P (6:;;2*(1 —a)cLcCry(1- a)) = (1—a)+0(Tn(m)). (2.12)
Remark 2.3.

a) The set 6;;5 can be also used as a confidence region for M (not just for
MPFE) if the bandwidth is chosen to be of smaller order than the optimal band-
width, to make the bias negligible (undersmoothing). In practice, the choice of
undersmoothing bandwidth might be difficult to determine. We do not pursue
the theoretical justification for 0;;35 as a confidence region for M, the numerical
performance of which, however, is shown in the simulation section.

b) The quantity ﬂ,(fg appears in v,, because the second partial derivatives appear
in the bias of density estimation and need to be estimated in our proof. Note
that we are not using the de-biased density estimator in this theorem.

c¢) For d > 2, if we choose both g and & to be of the standard optimal rates, i.e.
g = h = const.n~Y/(@+4) then

pE = O(h(logn)3/?) = O(n~Y (@) (log n)3/2).

The rate in Chen et al. (2017) is given by (nh%)='/$(logn)”/®. When h is
chosen as the standard optimal bandwidth for density estimation, i.e. h is
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of the exact order n~='/(4+4) the rate given in Chen et al. (2017) becomes
n~1/(24+8) (logn)7/®, which is slower than pZ. Note that even if the rate in Chen
et al. (2017) is (nh®)~/6(logn)/6 as claimed in this paper, it is still slower than
pZ when using the optimal bandwidth.

For d > 2, if we again choose h = O(n~'/(4+9) then

pn =0 (n_l/(d+4)(log n)>/* + ﬁ,(?; logn + 57(11; log n> .
With g = O(n=Y(@+6)) "y is of the order of n=1/(4+6) log .

2.2.1. A bootstrap confidence region based on explicit bias correction

Introducing a new bandwidth g and bootstrapping from fg, as we did above,
can be viewed a method of bias correction (see page 208, Hall 1992). This allows
us to construct a confidence region for M (rather than just for M¥). We can
also construct a confidence region for M using an explicit bias correction by

Cra(l—a) = (F*) e -l e+t
For confidence regions for £, we define
s(1—a)=(f") e -, +o0),  and
Crd (=)= (/") e+, +00),
We have the following result:
Theorem 2.3. Suppose that (F1), (F2), and (K) hold. Let 0 < a < 1. Let

e = (VA +80) 80 + 1280, (2.13)
If 57(121) =0(1) and ¥,,(v%°) = o(1) as n — oo, then we have
P(MCCy(l—a)) = (1-a)+0(Ta()). (2.14)
If we further assume 57(131) =o0(1) as n — oo, then
P (5;;;(1 —a)cLC Oy (- a)) =(1—a)+0(T,(x¥)).  (2.15)

Remark 2.4. The constructions of both 5;5 and é,;‘;g are using a quantile,

*7

E’{fa, that is ignoring the bias. Nevertheless, cHr gives a confidence region for

n,2
the smoothed isosurface M¥, while C,, 3 is a confidence region for M. This
is so, because one of them, @;,3, is based on the de-biased estimator, while

5:;5 is not. Heuristically, this can be understood by writing fbc(x) — flx) =
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o~ ~

f@)—Ef(x)+ B(x) — E(x) One can see that the bias correction in the density
will adjust for the bias that is present in the quantile EI_EQ

For d > 2, if we choose the optimal bandwidth g = h = O(n~'/(4+4)) and
I = O(n=/(@+8)) (which is the order of the optimal bandwidth for estimating
the second derivatives), then

P = O(h(logn)*?) = O(n™ "V (log n)*/?).

Compared to the rate p, given in Remark 2.3 this rate is faster. However, the
fact that the construction of C}, 5 involves the choice of three bandwidths might
be a challenge in practice.

3. Confidence regions based on horizontal variation

Various confidence regions for M, M¥ £ and L based on horizontal variation
will be derived in this section. The geometric link between horizontal and vertical
variation based confidence regions is, for obvious reasons, given by the gradient.
Let x € M and & € M, such that Z is close to z, then we obviously have

~ o~ o~

fl@) = f(z) = J(2) = J@) = V(@) (2 - ), (3.1)

and when Z is chosen such that x — 7 is approximately perpendicular to M ,

v~ LB I@] 3.2
T ET .

Different ways of choosing Z will give rise to different types of horizontal vari-
ation based confidence regions. For example, Z can be a projection point of =
onto M or it can be chosen such that there exists a gradient integral curve
connecting z and Z.

While the above confidence regions based on vertical variation are using ap-
proximations to quantiles of the distribution of sup,ca, |f(z) — f()|, the hor-
izontal variation based confidence regions will use estimated quantiles of the
quantity sup,eaq |V f(@)7T (:z: — E) | The latter methods are not purely horizon-
tal variation based, as they involve the adjustment of Z — z by the gradient of
f. Nevertheless, since they are explicitly using the differences x — Z, we still call
them methods based on horizontal variation.

Confidence regions based on horizontal variation (without estimating the
gradient), have been constructed in Chen et al. (2017) based on the Hausdorff
distance. The approaches considered in our work are asymptotically equivalent
to the method proposed in Chen et al. (2017), but in practice the confidence
sets are different. The different constructions also provide additional insight into
the underlying geometry.

In the following we introduce novel horizontal variation based methods, based
on estimating quantiles via both the asymptotic distribution and the bootstrap.
Instead of using standard bootstrap as in Chen et al. (2017), we adopt smoothed
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bootstrap. We would like to note that rather than simply providing alternative
methods for confidence regions, the constructions and the discussion of the per-
formance of the resulting confidence regions are meant to provide insight into
the effects of geometric aspects of the underlying probability density on the
performance of confidence regions.

3.1. Methods based on integral curves

The approach discussed here is based on the construction of Z (cf. (3.1)) using
integral curves driven by the (scaled) gradient field and their relation to level
set. This relation will be discussed first.

INTEGRAL CURVES AND LEVEL SETS: For any ¢ € RY, let {X,,(t),t € R} be
the integral curve driven by the scaled gradient of f, starting from x(, defined
by the equation,

AR (1) V(% (1)
dt Vi (Ee )

where we assume that ||V f(X;,(¢))]] # 0 (cf. Assumption (F2)). Ford =1, Vf
is understood to mean f’. The reason for choosing the scaled gradient % as
a driving vector field, rather than V f itself, is based on the following convenient
property. Suppose that ¢ > 0, and set Iy(t) = [0,¢]. Then, by the fundamental
theorem of calculus for line integrals, we have for any o € M and t € R such
that |V f(z)|| #0 for all z € {s:c < f(s) < c+t},

%Io (0) = ZCO,

F(Ea(8)) — f(0) = / V(r) - dr (3.3)

(X2 (5):5€D0 (1)}
)  VRa()
- /W VI () (G, ()P

= / ds =t, (3.4)
Ig(t)

where the right hand side of (3.3) is a line integral over the trajectory {X,(s) :
s € Ip(t)}, and “” represents dot product between vectors. By adopting the
current scaled vector field, we can make sure the height increase (or decrease)
in the density is exactly the amount of “time” needed to travel. In other words,
if two particles start from any two points z1,z2 € M, then, after following the
integral curves X,, () and X, (-) respectively for time ¢ (which can be negative),
both of these two particles will arrive at M ;. The same holds for ¢t < 0, by
using the convention to start integration at 0.

Let the plug-in estimators of V f(z) and X,,(t) based on the kernel density
estimate be denoted by VfA(z) and :/%900 (t), respectively, where the latter is the
solution of the differential equation

ds

X (t) _ VIEa(®) 5 ), 3.5
& ViE e 0 T .
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We use the notation %Zf) () to denote the integral curve as in (3.5), but with f
replaced by the bias-corrected version f .

3.1.1. Confidence regions for M and L using local adjustment by the gradient

Using the de-biased estimator ]?bc along with the integral curve %I;C (t), we now
present the construction of two confidence regions, one based on asymptotic
distribution theory, and the other based on the bootstrap. The latter has a
faster rate of approximation of the coverage probability.

For z € RY, define ch € R through the property

Fre(xlepte) =c. (3.6)

For large sample size the existence and uniqueness of §£C for z € M are proved
in Lemma 7.1. For finite sample, in case the solution to (3.6) is not unique, we

take 5;” as the infimum of the set of solutions; and whenever there is no solution
to (3.6), we set 5;’6 to be the smallest value of argmin, |fbc (.’%ZC(G)) —c|. Noticing
that Xb°(6t<) e Mbe = (F¢)=1(c), we now set # in (3.1) as & = X0°(A%¢).

Letting 0 < « < 1, and recalling the definition of ag )a given in (2.3), we
define

Coa(l—a) = {z € RY: V@ @) 120 0) -2l <ai?,}.

It can be shown (see Lemma 7.1) that x — Xb°(°) defines a bijective map

between M and MY when the sample size is large enough. Thus, for large
sample size, we can equivalently write

Cra(l—a) = {Z2(t) : V@) |2 — X)) <a?,, 2 € M, t e R}.

This also indicates an algorithm: For a dense enough subset of values z € M be,
run the integral curve X ¢(t), and check whether the condition in the definition
of the confidence region holds. A bootstrap version of this confidence region is
given by

Cra(l—a) = {z e RY: ||V (R (02)) ] |1 %2 (02) — 2|l < &5},

where 7 is as in (2.5).
Let £ = {z € R?: f'(z) > ¢} and define

Q)

a(l—a) = L0 Ch4(1—a), 6;4(1 —a)=L"\Chu(l—a),
Cri(l—a)=L"UCi,(1—a)  Crf(l—a)=L"\C;4(1-a).

)

Theorem 3.1. Part 1. Let 0 < a < 1. Suppose that (F1), (F2), (K), (A),
(H1)? and (H2)? hold. Then we have, as n — oo,

IP(M C @n,4(1 - a)) =1l—-a+o(l), and (3.7)
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P(6;4(1—a) ccc@;A(l—a)) =1—a+o(1). (3.8)

Part 2. Let 0 < a < 1, and suppose that (F1), (F2), (K), (H1)?> and (H2)?
hold. Let 7%¢ as in (2.13). If ¥,,(7%¢) = o(1) as n — oo, then we have

P (M c Cr 41— a)) —1-a+0(¥(H), and (3.9)
P (6*;;;;{(1 —a)cLCCry(1- a)) =1—a+0(T(H)). (3.10)

Notice that we do not have rate of convergence for the coverage probability
of the confidence regions based on the large sample theory. At this point it is an
open question whether, and if yes, how, to derive such rates of approximations.
Since we use the approximation of the extreme value distribution of Gaussian
fields, it is expected to be a slow rate (logn)~!, following a similar argument
given in Hall (1979).

3.1.2. Confidence regions for ME and LF adjusted by gradient

Similar to the above, confidence regions for M¥ and L can be constructed and
analysed. For instance, a bootstrap confidence region for MF is given by

Cril—a)={z e R |VF(X(0)] 1X0(0,) — 2| <T5 ).

The lower and upper “bounds” of the confidence region for §E can be con-
structed by taking set difference and union between £ and C:L:f(l — ), re-

spectively. Note that the construction uses estimators based on f, instead of
fb¢, similar to C’;QE(l — «) in (2.5). It can be shown that their rates of conver-
gence for the coverage probability are O(\If(q/,];J )) if we assume that (F1), (F2),
(K), (H1)? and (H2)? hold and ¥(vZ)) = o(1). The proof follows the same

arguments given in the proof of Theorem 3.1. Details are omitted.

3.1.3. Confidence regions not locally adjusted by the gradient

The confidence regions constructed here are related to the confidence regions
constructed in the previous subsection, but in contrast to them, here the depen-
dence on the estimated gradient is more indirect through the construction of the
integral curve. As a result, the width of the confidence regions only depends on
the length of the integral curve, and it is not locally adjusted by the gradient.
The construction is as follows. Recall that f*¥(z) = E*f*(x), and let

ME = {z: foF () =c}.

Let f%; be the integral curve driven by Vf*, and let @\; be the first time ¢ at which
X (t) hits M*. In the case of large sample size the existence and uniqueness of
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5;; follow the same argument as for 595 For 0 < a < 1, let C/Z\’{_EO( be the quantile
of order (1 — «) for sup_ 57. = [X;(0;) — z[, and define the set

O s(1—a) = {X0e(t) : | X8(t) — 2f| < dpE, = e MY, t e R).

11—

Also define

Cro(l—a)=LrUCs(1—a) and Cri(1-a)=L"C;45(1-a).

Let ¢, = ﬁ,(:z, logn + 57(32, [lfl logn + v/nhi+4log n} Now we have the fol-
lowing result:

Theorem 3.2. Suppose that (F1), (F2), (K), (H1)? and (H2)* hold. Then,
if U, (78¢) + ¢ = 0o(1) as n — oo, where 45 is as in (2.13), we have as n — oo,

P(McCs—a)) =(1—-0a)+0 (Ta(rh) +C), and (3.11)

P (6*1*(1 —a)cLcCry(1— a)) =1-a+0 (V1) +G).  (312)

n,5

Remark 3.1. Note that if we further assume that g and h are of the same rate,
i.e., there exist 0 < Cy,Cs < oo such that C1 < h/g < Cq as n — oo, then ¢,
can be absorbed into ¥, (7%¢) in the above results.

Similar to subsection 3.1.2, a confidence region for M¥ can be constructed
by
Crg(l=a) ={X,(t) : | X(t) — | < dy'F,, w € Mt € R},

and the confidence region for £F has ‘upper and lower boundaries’ given by

Crl(l—a)=LUCpf1l-a) and CpPT(1-a)=L\CoPi1-a).

3.2. Horizontal variation based methods not based on integral curves

It follows from the Tubular Neighborhood Theorem (e.g. see Theorem 11.4 of
Bredon 1993) that for all x € M and n large enough, there exist unique X, €

Mt and sz € R such that z = X, + 5,V f°¢(X,). Similarly, for all z € MHE
and large sample size, we can find X} € M* and sk be such that z = X} +
STV XD,

Now let ELEa be the quantile of (1 — a) for sup_ .= [|X; — |, and for
0 < a <1 define

o1 =) = {o 44V () 0 1V (@)| <5, @ e M.
Also define

Cro(l—a)=LrUCEs(1—a) and Cri(l—a)=L"Ce(l—a).
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Under suitable regularity conditions é;;,s(l — «) is a confidence region for M
of asymptotic coverage level 1 — o, and 5;;g(1 —a) and 6;;6*(1 — a) give the
upper and lower “bounds” of an asymptotic (1 — «) confidence region for L.
The convergence rate of the coverage probability of C; 5(1 — a) for M as well
as {é:bg(l — ), 6;’767(1 — )} for £ can be derived in the way similar to the
proof of Theorem 3.2. However, we do not further pursue it here. While the
geometric construction of the confidence region Cy; (1 — «) is essentially the
same as the one constructed in Chen et al. (2017), our derivation via the tubular
neighborhood theorem provides a slightly different angle to the construction. A
similar confidence region for M¥ is given by
Crg (=) ={e+tVf@): 1WVf@I <bi%, ze M},
For £, we can use the following upper and lower “bounds”:

~

Cot (l—a)=LUCpf1l-a) and Crft(1-a)=L\Cof1-a).
Rates of convergence of the coverage probabilities for these confidence regions

can be derived by using similar ideas as above. No further details are given.

4. Performance of confidence regions and geometry

The above discusses the large sample behavior of various confidence regions for
level sets. Bootstrap based methods show a faster rate of convergence of their
coverage probability to the nominal level than the methods based on asymptotic
distribution theory, which is not a surprise. A more detailed comparison based
on the theoretical developments is not entirely straightforward, because differ-
ent confidence sets depend on a different number of bandwidths to be chosen,
requiring different assumptions, etc. However, for finite samples, certain rela-
tions between the geometry of the underlying density and the performance of
the different types of confidence regions give some interesting insight. This will
be discussed now.

1. By construction, most of the confidence regions for M or M¥ based on hori-
zontal variation constitute a band (or a tube) of constant width about the esti-
mated target isosurface. The width of the tube depends on the global behavior
of the density in a neighborhood about the targeted isosurface. Since horizontal
variation based methods are essentially based on the worst case behavior (sim-
ilar to the supremum distance), it can be expected that for densities for which
the norm of the gradient varies a lot along the isofurface, this confidence band
tends to be unnecessarily wide. This is also illustrated in our simulation study
in Section 5.

In contrast to that behavior of the horizontal confidence regions, the width of
the vertical variation based confidence regions has local adaptivity. Essentially,
their width at a given point of the isosurface is inversely proportional to the norm
of the gradient, and thus they are containing additional information about the
geometry of the density.
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FIG 1. An ezample of Case 4 (given below); n = 200. The target is MP (black curve). Notice,
MPE only has one connected component, while M has two (not shown here). The estimate

M (cyan dotted curve) has two connected components. Red curves give the boundaries of the
90% confidence region using the vertical method corresponding to V.e below. Green curve are
the boundary of the 90% confidence region using the Hausdorff method.

2. Our theoretical assumptions restrict the level ¢ to be strictly larger than zero,
which means that in local neighborhoods about the corresponding isosurface
the density is bounded away from zero. However, a relatively small level ¢ can
still provide problems in finite samples. For instance, vertical variation based
methods of the form f[c—a,, c+a,] (or the ones using the bias-corrected density
estimator) might be very large in volume, as the lower bound c¢—a,, might be less
than zero, meaning that the outer confidence region only ends at the support of
the density estimator used. Nevertheless, the probability content carried by the
confidence regions might still be small. (Asymptotically, this problem of course
disappears simply because a,, converges to zero.) In such situations, the volume
of horizontal variation based methods tend to be of smaller volume than the ones
of the vertical based methods, but the probability mass carried by them might
nevertheless be larger. This can be seen in the simulation results presented in
Table 1 when inspecting the column corresponding to Case 3.

3. Another interesting scenario corresponds to levels ¢ that are close to critical
values of the density. Similar to the previous item, this problem does not appear
in a large sample scenario, because our assumptions require the gradient along
the iso-surface to be bounded away from zero. For finite samples, however, we
observe the following interesting geometric challenge.

Suppose that ¢ is only slightly smaller than a level at which the true den-
sity has a local maximum that is not a global maximum, and let xy denote the
point at which this local maximum is attained. Then, under our regularity as-
sumptions, there will be a neighborhood of z¢ that is part of the superlevel set
L. However, the value of the density estimates f (:co) or fb (xo) might, due to
random fluctuation, not exceed the value ¢, so that the estimated superlevel set
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Fi1c 2. Challenges of constructing confidence regions based on integral curves are illustrated.

does not contain a neighborhood about xg. Since the confidence regions based
on horizontal variation are built around the contours of these estimated super-
level sets, they might miss such areas - and note that these areas then could in
fact lie far from the confidence region. In such cases the missed target regions
tend to be small in size. Nevertheless, the topology (homology) of the confidence
regions will in general be different from the one of the target contour, and the
normal compatibility assumption (e.g. see Chazal et al. 2007) used in Chen et
al. (2017) for the construction of horizontal variation based confidence regions
will be violated in such cases.

Horizontal variation based confidence regions will not perform well in this
scenario. Observe that the quantiles used in their construction are essentially
based on the maximum distance of the estimated and the true contours. This
distance tending to be large means that these quantiles will tend to become
large, leading to wide confidence tubes. By contrast, the vertical distance is
less impacted by the different topology of the estimated and true contours, and
hence the vertical variation based confidence regions suffer less from having very
large volume in this scenario.

A scenario as the one just discussed is included in the simulation study pre-
sented below. See Table 1, Case 4, where one can see that the Hausdorff based
methods tend to be quite large. A similar remark applies to the integral curve
based methods, such as C), 4(1—«), where the indicated problem is expressed by
the non-existence of @i’c for a non-negligible set of starting values x. A similar
discussion applies when the level c is narrowly above a critical level, illustrated
in Figure 1.

4. Confidence regions based on estimated integral curves might, for finite sam-
ple size, suffer from the local geometry of the kernel density estimator, as is
illustrated in Figure 2. The two panels in this figure show a scenario (for finite
sample size) that violates the bijective condition for horizontal methods, which
is shown to hold for large samples (see Lemma 7.1). The violation is due to small
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local minimum of the kernel density estimator, and this local geometric property
then ‘diverts’ the integral curves from their expected path. This also gives rise
to numerical challenges. In the situation shown in the figure, a sample of size
200 was drawn from a density function in (5.1) below with @ = 2, and then a
bootstrap sample was drawn. The focus was on the level set corresponding to
p = 0.95. In the left panel, the pink curves are contour lines of f; the red curve
is M; the black curve is M; the blue curves are trajectories of integral curves
driven by the gradients of f In the right panel, the pink curves are contour
lines of f* the red curve is still ./\/l the green curve is M*; the blue curves
are trajectories of integral curves driven by the gradients of f *. Notice that the
trajectories fail to define a bijective mapping between M and M* around (-1.

-1.5) due to the existence of a local minimum of I

5. Simulations

This simulation study compares six (one large sample based, and five bootstrap
based) confidence regions for M and M¥ in terms of coverage probability and
volume, thereby

e considering different levels ¢ (low, high, close to critical levels), and
e comparing vertical variation based and horizontal variation based meth-
ods.

All the horizontal variation based methods are more computationally involved
than the vertical methods. A preliminary simulation study showed our horizontal
variation based methods to behave similarly to the Hausdorff-distance based
approach of Chen et al. (2017). Therefore we here only use the latter to represent

the horizontal variation based methods. With d(z, M\) = inf__ 5 |lz — s]|, these
confidence regions have the form {z € R : d(x,./\//Y) < €_.}, where €f_, is
a bootstrap based estimate of the (1 — «)-quantile of d(z, M). Recall that the
Hausdorff distance between M and M is given by

dH(M,M\) = max( sup d(a:,ﬂ), sup d(:s,./\/l))7
reM Seﬂ

and thus, sup, ¢\ d(z, M\) is ‘one part’ of the Hausdorff distance. However, if

M and M are normal compatible, then sup,c d(x,M\) = Sup,. iz d(s, M),
and . e
(M, M) = sup d(z, M).
zeM
Chen et al. (2017) are using this approach with M replaced by M and they
show that, under certain regularity assumptions, normal compatibility of MFE
and M holds asymptotically with probability tending to one.
One of the models used in our simulations is the bivariate normal with

2224242

Floyia) = 5o (51)



1006 W. Qiao and W. Polonik

where the contours of the density function are ellipses with a defining their
eccentricity. Then, for ¢ = f(z¢,yo; a) with a?x2 +y2/a? = 12 for some 0 < rg <
00, the probability over the superlevel set {(z,y) : f(z,y;a) > c} is

2m ) 1 R
p= / [z, y)dedy = / / —e " /2rdrdf = 1 — 2ne.
a?x2+4y2/a2<r2 0 0 2m

We choose p = 50% and p = 95%. Our second model is a mixture of normal
distributions of the form

0.5N ((—2,2)", 1.5I,) + 0.5N ((1,-1)", 0.5Ly) (5.2)

This density has two modes with corresponding heights 0.065 and 0.11, respec-
tively. In our study we chose the level ¢ = 0.048, which lies slightly below the
lower local maximum of the mixture of normals (cf. 3. in Section 4). We consider
the following 4 cases:

Case 1: density in (5.1) with a = 1 and p = 0.5,

Case 2: density in (5.1) with a = 2 and p = 0.5,

Case 3: density in (5.1) with a = 1 and p = 0.95,

Case 4: density in (5.2) with ¢ = 0.048.

As a kernel we choose the form

693

2
o) (== 21l < 1 and < 1),

K(z,y) = (
We ran the simulation for 400 times. In each iteration, a sample of size n was
randomly drawn from the given distribution and then a bootstrap procedure
based on 250 bootstrap re-samplings was performed to create the confidence
regions using the following methods:

(H) Hausdorff-distance based approach of Chen et al. (2017) for the smoothed
level set;

(V.e) vertical variation based confidence region 6;5(1 — a) for the smoothed
level set;

(V) vertical variation based confidence region 6‘;72(1 — a) for the true level set;

(V.bc) vertical variation based confidence region with bias correction @\;3 (1—a)
for the true level set;

(V.us) vertical variation based confidence region with undersmoothing é;fa —
«) for the true level set (see Remark 2.3);

(V.Is) vertical variation based large sample confidence region an’l(l — ) for
the true level set.

The bandwidths involved in the construction of these confidence regions are
selected using the direct plug-in method. In particular, we use the plug-in opti-
mal bandwidth for kernel density estimation as h and g, while using the plug-in
optimal bandwidth for the second derivative estimation as [. In fact, we choose
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TABLE 1
Simulation results

Case 1 Case 2 Case 3 Case 4
CP. X P CP. P CP. X\ P CP. X P
H 0.98  8.40 0.63 | 1.00 13.18 0.82 | 1.00 41.21 0.49 | 1.00 59.46 0.88
=200 V.e 0.87 6.91 0.53 | 0.91 6.87 0.53 | 0.95 35.16 0.15 | 0.90 12.17 0.47
\% 091 7.33 0.56 | 0.94 7.28 0.56 | 0.95 36.17 0.17 | 0.85 13.14 049
V.bc | 0.50 6.28 0.46 | 0.56 6.26 0.46 | 0.66 20.63 0.15 | 0.53 11.75 0.43
V.us | 094 1355 0.77 | 0.96 13.45 0.77 | 0.96 2858 0.26 | 0.88 29.82 0.71
H 0.95 4.26 0.34 | 0.98 7.75 0.6 1.00 21.22 0.18 | 098 33.35 0.76
1=1000 V.e 0.90 3.77 0.30 | 0.89 3.79 0.30 | 0.92 36.31 0.09 | 0.9 7.41 0.31
\% 0.94 4.09 0.33 | 0.94 4.11 0.33 | 0.92 3737 0.11 | 0.89 8.00 0.33
V.bc | 0.61 3.54 0.27 | 0.61 3.55 0.28 | 0.64 2560 0.1 0.63 741 0.31
V.us | 094 6.27 0.47 | 0.93 6.30 0.47 | 0.96 30.81 0.15 | 0.94 13.78 0.49
H 0.93  2.32 0.19 | 0.97 447 0.36 | 0.98 9.67 0.07 | 0.99 1529 0.58
n—5000 V.e 090 2.17 0.17 | 0.88 2.16 0.17 | 0.94 9.38 0.06 | 0.90 4.77 0.22
\% 0.94 2.38 0.19 | 0.96 2.37 0.19 | 0.96 13.51 0.07 | 0.92 5.17 0.23
V.bc | 0.74 2.08 0.16 | 0.73  2.07 0.16 | 0.74 8.82 0.06 | 0.71 4.84 0.22
V.us | 097 3.52 0.28 | 0.96 3.49 0.27 | 0.97 33.49 0.10 | 0.95 7.89 0.33
V.s 1.00 5.96 044 | 1.00 6.39 0.47 | 1.00 34.45 0.13 | 1.00 13.85 0.50
H 0.93 1.04 0.08 | 0.92  2.06 0.17 | 0.94 3.86 0.03 | 1.00  7.89 0.36
1=50000 V.e 092 1.01 0.08 | 0.92 0.98 0.08 | 0.90 3.68 0.03 | 0.93 2.73 0.13
\ 0.96 1.11 0.09 | 0.95 1.09 0.09 | 0.94 4.65 0.03 | 0.97 295 0.14
V.bc | 0.81 0.98 0.08 | 0.84 0.96 0.08 | 0.77  3.57 0.03 | 0.83 2.75 0.13
V.us | 097 1.63 0.13 | 0.96 1.60 0.13 | 0.96 6.62 0.05 | 0.98 4.09 0.19
V.is 1.00 1.64 0.13 | 1.00 1.72 0.14 | 1.00 6.44 0.05 | 1.00  4.09 0.19

different bandwidths for each of the two dimensions. For (V.us), we used 70%
of the optimal plug-in bandwidths.

The confidence level was set to be 90%. With the 400 runs, we calculated the
coverage probabilities (C.P.) of these confidence regions as well as their average
Lebesgue measures (A\) and average probability measures (P). Note that in the
general form fc — @, ¢+ ] or f[c — @, c+ @) of the confidence regions based
on vertical variation, sometimes ¢ —a < 0 for Case 3. Since the kernel function
K we used has bounded support, so do f and f The outer boundary of the
confidence regions based on vertical variation for the level sets is in fact the
support of the density estimator (cf. 2. of Section 4). For numerical reasons, we
used f[max(cfa, w),c+a] or f*[max(c—a,w),c+al as the confidence regions,
where we took w = 1076,

In Table 1, (H) has to be compared with (V.e) since these methods are both
targeting the smoothed level sets M. Overall it is clear that the vertical method
(V.e) outperforms the horizontal method (H). Detailed discussions have been
given in Section 4.

We only include results for the large sample confidence regions (V.s) with
n = 5000 and n = 50000. This is because the formula in Theorem 2.1 requires
h < 1, which cannot be satisfied when n is small in our examples. Overall the
large sample confidence regions have conservative coverage probabilities in our
examples. This is not surprising because it is well-known that the convergence
rate of the coverage probability is slow for such large sample confidence regions.
However, their volumes are comparable to those of the bootstrap confidence
regions when the sample size is large, which makes (V.ls) a competitive option
considering its computation does not require bootstrap.
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Comparing (V), (V.bc) and (V.us), which are all confidence regions for the
true level sets M, it is apparent that (V) performs best. Convergence of the
coverage probability of bias correction method (V.bc) is the slowest. This seems
to be caused by slow convergence in the estimation of the second order deriva-
tives in the bias correction. The confidence regions based on the undersmoothing
method (V.us) have the largest volume. This is because the variance becomes
large when the selected bandwidth is small.

6. Conclusion

We have constructed and analyzed various confidence regions for density su-
perlevel sets and density isosurfaces based on plug-in estimates using kernel
density estimation. The analysis is done in terms of large sample theory and
also in the finite sample setting using simulations. The geometry underlying the
construction of the different types of confidence regions is discussed. Geometric
considerations also play a role in the interpretation of the finite sample behavior
of the confidence regions. Overall, vertical variation based confidence intervals
appear to have an edge over the horizontal methods.

The kernel estimator used in our investigations can of course be replaced
by other (non-parametric) density estimators. For such modifications, the large
sample behavior of the corresponding coverage probabilities might be analyzed
using a similar Ansatz as in this work (see discussion of “Structure of the rates
of convergence for the coverage probabilities of bootstrap based confidence sets”
given in Section 2.2). This requires the investigation of all the relevant properties
needed for our approach to go through.

There are various open questions related to the construction of confidence
regions for density level sets. For instance, what can be said about optimality of
the rates of convergence of the coverage probabilities? (Thanks to the referee for
asking this question). Besides some classical work by Hall and Jing (1995), the
only other work related to this question we are aware of is Calonico et al. (2018b).
The role of bias correction in this context might be explored as well. For some
recent work on bias correction see Chen (2017), and Calonico et al. (2018a).
While we have been concentrating on density level sets, a similar approach
might work for level sets of other functions, such as regression level sets, for
instance. Level sets also play an integral role in the context of topological data
analysis (persistent homology). Similar to our vertical variation based upper
and lower confidence sets, Bobrowski et al. (2017) are using such upper and
lower approximations of the level set to construct estimates for the topology of
a single density level set. It might be worthwhile to explore this connection in
more detail.

7. Proofs
7.1. Proof of Theorem 2.1

A key ingredient to the proof of Theorem 2.1, is the following special case of
the main theorem in Qiao and Polonik (2018):
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Theorem 7.1. Let H C R? (d > 2) be a compact set. Let Zy(z),x € H,
0 < h <1 be a sequence of centered Gaussian fields with covariance

ro(x + Az,2) = 1 — h7 2| DAz||> + o(h 2| Az|?), (7.1)

uniformly in h € (0,1] and x € H as Ax/h — 0, where D is d x d positive
definite matrixz. Let r < d and M C H be a r-dimensional compact Riemannian
manifold with reach A(M) > 0. For any 6 > 0, define

Q(9) :== sup {|Jrp(z+ Az, 2)| : .+ Az € M,z € M, ||Az|| > hé}.

0<h<1
Suppose for any § > 0, there exists a positive number n such that
Q) <n<1, (7.2)

In addition, assume that there exists m > 0 and 0y, such that, for any 6 > &,
we have

Q(0)|(log 0)"| < (log )" (7.3)
For any fixed z, define

o(z) =/2rlogh=1 +

r 1

1 [ +(
—_—— | Z
\/2rlog h—1 2 2
(27,.)r/21/2/
log{ [ |IDM,|ds ||, 4
wiog { L [ ot as (74)

where My is a d X r matriz with orthonormal columns spanning T, M. Then

) loglogh~!

Jim P{ sup |7,(1)| < 6(2) } = exp{~2exp{~2}}.

This result will play a key role in the proof of Theorem 2.1, which is presented
now. First we are going to prove (2.4) for d > 2. Recall |K||3 = [ K*(u)du. Let

Vahd(f(z) — f(2) = B(x) _ Vhi(f(x) ~ Ef(2) + B(z) = B(x)

Y (z) = -
) K12 7() )
Let
b(z) = V2(d—1)logh~! + ! [z + (d - 1> loglog h™*
2 —1)logh—" 2
2d — 2)4/2-1 d—1
+ log {( \/%de °K Vd_l(M)H.

To prove (2.4), using Slutsky’s Theorem, it suffices to show

lim IP{ sup |V, (z)| < b(z)} = exp{—2exp{—=z}}, (7.5)

n—oo reM
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because we have

_ Vnhd|f(z) — B(z) — ¢l
LR )

= lim P{f(x)—ﬁ(x)—q < M) VIIK]lze V”K”%c, v:ve/\/l}

n—o00 Vnhi
- lim P { M (Foy [ b<2>\/”}5“50,c+ b(z>\/||hf§|%c] } 6)

To prove (7.5) we show the following two properties:

lim IP{ |\/— Ef(x)
zEM

e \/”K”QC

< b<z>} — exp{—2exp{—2}}  (7.7)

and

nhi(B(z) — B(x))
K3 e

v/1ogh—1 sup

reM

| = 0,(1). (7.8)

Using the uniform convergence rates for kernel density derivatives (see Lemma
3 in Arias-Castro et al. 2016) we obtain

[0 | o, (Vi ),

T VIKRE.
ond - sup [VIEERE | — OV 4+ 17)
reEM

(H2)0. Next we
T € ./\/l}, and

Property (7 8) now follows by usmg assumptlons ( ) a

n ., Vnhi(f(z)—Ef
Gn(g) = ﬁ Yo (9(X;) —Eg(X4)), Vg € F. we can write %\@cﬂw» =
Gn(gz),x € M and thus

x|

= sup |Gn(g)|-
gz €F

\/HKHQC

Let B be a centered Gaussian process on F such that for all g,,g, € F,
E(B(92)B(gy)) = Cov(gx(X1), 9y(X1)). Applying Corollary 2.2 in Chernozhukov
et al. (2014) we have that for all v € (0,1) and n sufficiently large

Vnhi(f(z) Ef(x)) ‘
P(|sup |[—— =120 —qup B
(| sup |27 sup o)
(0] 2/3 (0] 3/4 n (0] n og(n
> Al 1l/ag(nhd)1/(, + A2 11/2g(nh51)1)/4 + AB "/1/;(i(}1d))1/2>§ A4 (’Y + %) (79)

xEM

Ef(z)) ‘
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where A1, As, A3 and A, are some constants. See Proposition 3.1 in Cher-
nozhukov et al. (2014) for a similar derivation. Since E [sup,.z[B(g)|] =
O(y/logn) (by Dudley’s inequality for Gaussian processes, cf. van der Vaart
and Wellner 1996, Corollary 2.2.8), with the choice of v = 1/logn, we apply
Lemma 2.4 in Chernozhukov et al. (2014) and have

Vnhi(f(z)-Ef(z
P <sup$€M ‘W‘ < t> —-P (sup B(g)| < t> ’ =o(1).

sup
t geEF

It remains to show that limp,_,o P (sup,e 7 [B(g)| < b(z)) = exp{—2exp{—=z}}.
Let W and B be d-dimensional Wiener process and Brownian bridge, respec-
tively. Put

_ L K<“
2K/ f(z) Jre h

where M is the Rosenblatt transformation (cf. Rosenblatt 1976). Then

Ulz) ) dB(M(s)),

d
sup [B(g)| = sup |U(x)|.
gEF rzeM

Let further U(z) = h"/+\IKH [ K (£2) dW (s). Following the arguments on
page 1013 of Rosenblatt (1976) (also see Proposition 2.2 in Bickel and Rosenblatt
1973), we have sup,c o |U(x) — U(z)| = O,(h'/?). We then only need to show

lim PP (sup U(z)] < b(z)> = exp{—2exp{—z}}. (7.10)
h—0 rEM
Next we are going to apply the probability results in Theorem 7.1. Under
our assumptions the isosurface M is a d — 1 dimensional C' submanifold in R?
(see Theorem 2 in Walther 1997). As discussed in Remark 2.1b), the reach of
the isosurface is positive under our assumptions. It is easy to verify that the
conditions for Q(¢) in (7.3) since K is assumed to have bounded support. We
will verify (7.1) and (7.2) in what follows.
First observe that, as Az/h — 0,

Cov(U(z),U(x + Az)) =1 — h2Az" S Az + o(h 2| Az|?), (7.11)

where ¥ is a d X d symmetric matrix with the (4, j)-th element

OK (u) 0K (u) d

Ou; Ou

i =
’ 2| K3

(7.12)

Note that the little o term in (7.11) is uniform in x € f~t[c — &o, ¢ + Jo] and

2
h € (0,1], where &y appears in assumption (F2). Let ||0K|3 = [ <8K(“)> du.

Ouq

2
Then due to the symmetry of K, ¥; ; = s%6; ; where s3 = gﬁg”%
2

and 9; ; is
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the Kronecker delta. That is ¥ = s%.I. Then (7.1) and (7.2) are satisfied and we
can apply Theorem 7.1 to get (7.10) by showing that b(z) is equivalent to

1 1 d 1
2(d—1)10gﬁ+m[2+ (5—1)10g10gﬁ

_9yd/2—1
log { LU [ ISV M Jlaads ], (7.13)

where M is a d x (d — 1) matrix with orthonormal columns spanning 7,M,
and || - |41 is the sum of squares of all minors of order d — 1 for a d x (d — 1)
matrix. Note that since ¥ = s2.I we have |ZY2M,|lq_1 = s%_l)HMSHd,l.
By the Cauchy-Binet formula (cf. Broida and Williamson 1989, pp 208-214),
| Mslla—1 = /det(MT M) = 1. Recall that V4_q is the (d — 1)-dimensional
Hausdorff measure. The integral in (7.13) can be simplified as

/ ||Zl/2Ms||d71dS = s(;;il)vdfl(./\/l).
M

Now we have verified the expression in (7.13) is equivalent to b(z) and there-
fore (2.4) follows.

Next we prove the case d = 1. Following the discussion after the assumptions,
denote M = {x;,i = 1,--- , N}. Following similar argument at the beginning
of the proof for d > 2 and using results from Bickel and Rosenblatt (1973),
we have that the asymptotic distribution of sup V| f (@) —c|

zEM IK]3e
that of sup,c [U(2)], as n — oco. When h is small enough, this supremum
becomes max;—_; ... v Z;, where Z;’s are i.i.d. standard normal random variables.
Therefore, as n — oo,

is the same as

Vbl (@) | _d Z. (7.14)

sup — Max;—1,.. N

zeM 1 Kll3e

Recall that ® is the standard normal c.d.f. Then the c.d.f of max;—; .. v Z; is
®N. By Theorem 3.1 in Biau et al. (2007), N = N for n large enough with

probability 1. Following the same argument as for (7.6), we obtain (2.4) for
d=1. U

7.2. Proof of Corollary 2.1

The proof for d =1 is trivial. Now we show the proof for d > 2. Since

p{C;,

(l-a)cLcC 6,;1(1—a)}
- IP{M C Coa(l— a)}P{@jl(l —a)cLcCr(1—a)|MC Coa(l- a)}7
using Theorem 2.1, we only need to show that

lim P{@j{,l(l —a)cLcC(1—a)|MCCui(l- a)} ~1  (7.15)

n—oo



Confidence regions for level sets 1013

In fact, we can obtain the following result: for all L > 0 as n — oo,
P{@Il(l —a)cLcC(l—a) | MC Cpi(l- a)} =1-0(n~b). (7.16)

Note that the event {é;{l(l —a)C LC 6’;1(1 — )} is equivalent to Fy N Ea,
where By = {f(y) > ¢, Vy s.t. fPe(y) > c—i—?i@a )}, and By = { fb(y) >
c— 6@a Yy s.t. f(y) > ¢ }. We also denote Ey = {M C 5,171(1 —a)} ={
c—a@a < fbc(x) < c—|—6ngQ, Vz s.t. f(z) = ¢ }. Then (7.16) can be written in
the form of P(E; N E3|Ey) = 1 — O(n~ L) or equivalently,

P(ES U ES|Ey) = O(n~ 1), (7.17)

where EC = { 3y st. f(y) < ¢ & fP(y) > c—&—agd_)a }, and ES = { Ty sit.
fly) > ck J?bc(y) <c— Zigd_)a }. Property (7.17) obviously follows from

P(ES|Ey) = O(n~F) (7.18)
and
P(ES|Ey) = O(n™b).

We only show (7.18). To this end, we first introduce two more events. For some
C > 0 large enough, define

By = {SupzeRd fPe(2) — f(2)| < C@(BZ}’
B, = {supzeRd IV fre(z) = Vf(2)|| < Cﬂ’f},;t}’

where we use the notation introduced in (2.1). It follows from the proof on page
207 of Mammen and Polonik (2013) that P(Bg) = 1 — O(n~1). Also note that

sup [VF*(2) = Vf(2)|| < sup [VF(2) = EVF(2)l| + sup |VB(z) — VB()]-

zER4 z€ER4 z€ER4

It is known (e.g. see Theorem 1 in Einmahl and Mason 2005, and Lemma 3 in
Arias-Castro et al. 2016) that

sup [[VF() — BV F(2)| = Ou.s. (B157) (7.19)
z€R4
sup V(=) = V()| = Ous. (n25) +12). (7.20)
z€R4

Following an argument similar to that in Mammen and Polonik (2013), we thus
obtain P(B;) = 1 — O(n~F). These rates of convergences of P(Bg) and P(B;)
will be used in the following.

With & given in Assumption (F2), let M% = {x:¢c— 6y < f(x) < c+ o}
We now split up E? into

ES = {3y e MPst. f(y) < c&ef*(y) 2 c+a’,}
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Bl ={Ty ¢ MPst. f(y) < c&f"(y) > c+ar?,}

Note that these two sets are disjoint and E¢ = EL, U ES,. To show (7.18), we
now show that both P( EC‘131|E0) = O(n~F) and P(E%|Ey) = O(n~F).

First we show that EYy N EgN By = 0 for large enough n. To this end, let
x € M, i.e. f(x) = c. Then, on Ey, we have c—agd < fre(x ) < c—i—agd) Let
y be a point that makes ES, occur, ie., y ¢ M% and f(y) < c and f*(y) >

c+ a1 .- Since y ¢ M%_ we in fact have f(y) < ¢ — &y. Note that

() = @) = [f () = F@)] < [F*W) = W) + (@) = (@),
which implies that, on By,

Foly) = Foo@) < 17%() — F@)l + 1F(x) — o] + f(y) — ¢ < —do +2CBY),

Also notice that, on By, we have f° “(z) < c+ Cﬂ(o , and therefore fbc( ) <
c—dp +3Cﬁn 4> which, for large enough n cannot occur when ]?bc( ) > c+a(d)

Therefore we get E?Q N Ey N Bg = B for n large enough.

Next we show that E& N EyN By = ) for large enough n. So we now assume
that y € M. Consider the integral curve X, (t), which is driven by V£/|V f||?,
starting from y. Recall that ||V f(2)|| > € > 0 for z € M% by assumption (F2).
Let 6 = c— f(y) > 0 (on EL,). Using the property of the integral curve described
n (3.4), we have X,(¢) € M. On By, we have (Vfre(2),V1(2)/IIVF(2)]2) >
0, Vz € {X,(t) : t €]0,0]} for n large enough. This means Fb¢ keeps increasing
on the trajectory of {X,(t) : t € [0,60]}. Therefore, be(aey(e)) > fhe(y) >

c+a(1 )a, which contradicts Ey. Therefore, E, N EyN By = () for n large enough.

This now results in the following. For n large enough
P(EY|Eo) = [P(EF, 0 Eo) + P(EF, 0 Fo)l/P(Eo)
= [P(EL, N By n BY) + P(ES, N Ey N BY)] /P(Ey)
< [P(BY) + P(B))/P(Ep)-

Since both P(BY) = O(n~F) and ]P’EBE) = O(n~t), and P(Ey) — 1 — a, the
assertion follows. The fact that P(E3|Ep) = O(n~%) can be shown in a similar
way. This completes the proof. O

7.3. Proof of Theorem 2.2

Assuming (2.9) (or (2.11)) is true, then (2.10) (or (2.12)) can be proved in a
very similar way as for Corollary 2.1. In particular, notice that the key result
(7.16) in the proof of Corollary 2.1 can be replaced by (say, for the proof of

(2.12))
]P’{A:;:;(l—a)CECC 2(1—a)|MCCn2(l—a)} O(n~1).
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Next we prove (2.9) and (2.11). We will use C' to denote a generic constant
that may be different at different occurrences. For any ¢ > 0, the following three
events are equivalent:

MECfle—Cc+d & fla)ele—0¢ c+d, Vo e MP

& sup |f(z) -Ef(x)| <@
zeMFE

Similarly

MCfle—Cc+d & fla)ele—6 c+d), Ve eM

~

& sup |f@) - @l <@
reEM

Therefore it suffices to show that

P( swp [fle) ~Ef@)] <2) = (1—a) +O(¥a(v)).  (721)
zEME
and

B( sup [F@) = f@)] <2a) = (1= )+ (Talm)).  (722)

The proofs for these two results are similar. We first show (7.21) and then
briefly sketch the proof for (7.22). It is known from page 209 in Mammen and
Polonik (2013) (also see Theorem 3.1 in Neumann 1998) that for some C' < oo

P( sup |f(z) - Ef(2) = (F*(@) B @) > ¢ (805" + /8% ) BF)

z€eRd

=0(n™ 1), (7.23)

for an arbitrarily large L > 0, which implies

B(| sup 1) ~ Ef(@)| = sup |F*(2) — B (@)l| > (80" +1/80) ) )

reM reM

= O(n™h). (7.24)

When n is large enough there exists C7 > 0 such that M c Uzere Bl,
C18E), where B(x,r) is the ball in R? with center z and radius 7. Therefore

~ ~ ~ ~ ‘

| sup |f(@) - Ef@)] — sup [F(z) ~ Ef(@)|

zeM TEME

~ o~ o~ o~ ‘

< sup (f(z) =Ef(z)) = (f(y) —Ef(y))|-

=yl <C180) "
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It follows from an argument similar to the one given in Mammen and Polonik
(2013), page 209, that, for some C' > 0,

o~ ~ o~ ~ ’

P sw (f(z) —Ef(x)) - (f(y) -~ Ef(v))

(1).E (0).E
ZCvﬁn,h Bn,h )
lz—yll<C180)"

=0(n 1)
This then leads to

?(| sup |7(e) - BF@)| = swp |f@) ~BF@)]| 2 C55610F) = 0™),
reEM zeEME

(7.25)

which combining with (7.24) further implies

P(| sup (@) ~E*F(@)| ~ suwp [f(z) ~ Ef@)]| = C7F) = On~),
zeEM zeME

(7.26)

where vZ is given in (2.7). As a result of Proposition 3.1 in Neumann (1998) we
obtain with ¥,, as in (2.6),

]P’( sup |f(z) — Ef(z)| € [c, d]) = O(W,(d - ), (7.27)
TEME

where this rate holds uniformly in 0 < ¢ < d < oo Thus, for some C > 0, we
have

supB( sup (o) ~ EF(@)] € (1.t +15)) <CU, (). (7.29)
teR zeMPE
With (7.26) and (7.28), then (7.21) follows from Lemma 2.4 in Mammen and
Polonik (2013).

Next, we briefly outline the proof of (7.22). Following the proof on page 207
and Mammen and Polonik (2013) (also see Lemma 3 in Arias-Castro et al. 2016),
we have that under our assumption, for some C > 0,

0?2 - 0?

YNy - > (2)) — —L
P50 |5 (o) — g 1(0)] = €32) = 0t 1),
foralli,j=1,---,d. (7.20)

Mammen and Polonik (2013, page 210) show that, for all 6 > 0, there exists
C > 0 such that

~

sup |[B*f*(x) — Ef(2)] — [fy(x) — f(2)]

llzll<é

d
82 -~ 82
S Ch2 Z sup mfg(l’) — mf(l’) a.s.
1.3=1 |l2]| <6+Vdh

(7.30)
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Since M C B(0,6) for large § when n is large enough with probability one,
by (7.23), (7.29) and (7.30) we have

B(| sup |f(z) = f(w)| = sup |F* (@) - Fy(a)

reEM TEM
> C((BO" + 898U +h283)) =0(mF).  (7.31)

n7

Since there exists Co > 0 such that M C Uzer= B, 0267(321) when n is large
enough, the following result similar to (7.25) can be derived

P(| sup 1f(@) ~ f@)] = sup |F(@) - f@)l| = CBNA0) = Om5). (7:32)
zeM reM

Then combining (7.31) and (7.32) we get

~

P(| sup IF(@) = fyl@)] = sup |f(@) = f@)| = On) = O7F),  (7.89)

reM TEM
where 7, is given in (2.8). Mammen and Polonik (2013) modify (7.27) to
P( sup |f(@) — f@)] € [e,d]) = O(Wald — ), (7.34)
zeEM
which immediately gives, for some C' > 0,
IP’( sup | f(z) — f(z)| € [t,t + %]) < W, (), (7.35)
zeEM

where (7.34) and (7.35) hold uniformly over 0 < ¢ < d < oo and ¢ € R,

respectively. Applying Lemma 8.1 with Z,, = sup,cp |f(z) — f(2)| and Z} =
sup, . 51 [/ (z) — fo()], by using (7.33) and (7.35), we obtain (7.22). O

7.4. Proof of Theorem 2.3

Following the same argument as in the proof of Theorem 2.2, (2.15) follows
easily (using the proof of Corollary 2.1) once (2.14) is proved. We will only
show the latter. Since

1 2 2 d 62 4
Bla) = 3 / ulK(u)du;:l: 5 @) + 00,
we have
sup |B(z) — B(z)| = Oa.s.(h? B + 1), (7.36)
reM

Similar to (7.29), there exists C' > 0 such that, for an arbitrary L > 0,

IP’( sup |B(x) — )| > Ch* (B2 + h2)> —Oo(n by, (7.37)
reM
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and, similar to (7.25), we obtain

P(| sup |F(@) ~ Ef(@)| - sup |F(@) ~Ef@)l| = CB7 ) ) = O ").
zeM zeM
(7.38)

Since | sup, 5 |7(2) ~ EF(@)] — b, e | F(2) = EF (@) +510, e |B(2) — B(a)

> |sup, 51 1F(@) = Ef@)] = sup,en |F¥¥(2) = f(a)
(7.38), we have

, combining (7.37) and

P(| sup |f(@) ~Ef(@)| - sup (@) - (@)

reM zEM
> C(BNE Bu+ (BT +10)) =0™8). (7:39)

By (7.24), we get

P(| sup |F(2) ~ B (@) = sup |F*(2) = f(@)]] = CHi) = O(n~"). (7.40)
reM reEM

Similar to (7.34), we have

P sup () ~ BF )] € [e,d]) = O(¥(d ~ ) (7.41)

where this convergence is uniform in 0 < ¢ < d < co. Combining (7.37) and
(7.41), we have with x, = Ch2(8) + h?),

P( sup 177 (2) = f(a)] € [e,d])

~

éP(:g;; 1f(z) —Ef(@)] € [c — fin,d + Hn]) +0(n b

= O(\I/n(d —¢) + kp/nhilog n) (7.42)

This then implies that, for some C > 0,

supIP’( sup |f'(x) — f(z)| € [t,t—l—vzc]) < OV, (ybe). (7.43)
teR  \zeM

Therefore, using Lemma 8.1 with (7.40) and (7.43), we have

B( sup |F"(x) = f(2)] < &) = (1= ) + O(Va(12),
zeEM

and the conclusion of the theorem follows. O
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7.5. Proofs for Section 3

We begin_with two lemmas that will be needed in the proofs. Recall that
Fre(z) = flz)—B(x ') be the de-biased density estimator, and X’ be the integral

curve driven by ”v% and 6, 0% be the corresponding time when Xbc hits Mbe.

[

Lemma 7.1. Under assumptions (F1), (F2), (K), B n=o0(1) andﬁ 1 =o(1)

as n — 0o, with probability one we have that for x € M the solution 0 /7;‘: in (3.6)
exists and is unique for n large enough. In such a case the mapping x + X2¢(62¢)
is bijective between M and M.

Proof of Lemma 7.1. Throughout this proof we assume that the sample size is
large enough. We first show that the solution 62¢ in (3.6) exists and is unique.
Due to the strong consistency of f°¢, we have that Mbe C Mo = fte—bg,c+
dp]- Also due to the strong consistency of gradient estimator Vﬁ’c implied by
(7.19) and (7.20), we have ||V Y| > €,/2 for all 2 € M® by assumption (F2).
Since the traJectory of Xl” is driven by V f for x € M we have the existence
and uniqueness of 0; and —oo < 67° < oo. Also using HV]Q’CH > 0 again,
as a property of integral curves we have .’%é’”(é\fﬁ) * %ﬁc(%g) if z1 # o for
r1, Ty € M. o~

The above argument also implies that the mapping = + X5¢(62¢) is bijective
between M and M. The injectivity is an immediate consequence. Next we
show the surject1V1ty For any y € M’ without loss of generality we assume
fly) < c. Since (V2 Vf/[Vf]|2) > 0 on M% the value of f keeps increasing
on the trajectory of %50. Therefore there exists a finite time éy when %;’C hits

M. Let x = 335“(91/) and 5;50 = —5y. Then y = %50(@0). 0

Lemma 7.2. Under assumptions (F1), (F2), (K), (H1)? and (H2)* we have
with

T = B0 + b (5}32 n h2) , (7.44)

that
sup (0] = sup |F*(@) = (@) = Ous. (70), (7.45)

and

sup [V RUBDNRLOF) - 2l ~ 1F(@) - F@)I| = Ous (72) . (746

Proof of Lemma 7.2. By Lemma 7.1, for x € M, g exists and is unique for

x

large sample. For x € M, f(z) =c = j?bc(%fc(@fc)) and therefore

00 = Fr(X(0,°)) - (@) = f(x) = F"(@). (7.47)
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Consequently,
sup 6| = sup |f*(x) — f(x)| = sup |f(x) —Ef(z) + B(z) - B(a)|
zeEM zeM zeEM
- Oa.s. (Tn) )

where we have used (7.36). This is (7.45). Next we prove (7.46). Without loss
of generality we assume 62¢ > 0 in what follows. We can write

0 Zbe (3 be
Sbesn = V(xR
36};6(9;“)—x:/ fb‘(ﬂf ())th
o [IVfre(xze@)ll
Tbe %bc é\bc R §£C R
_ VX6 0L+ nbe(t)dt. (7.48)
IV foe(X2e(02)) 112 0
where we denote 7%(t) = VITEIW) VIR0 gy (7.48) we
VFee(Xge@NIZ IV Pe(X (0297
obtain
Y be/pbe _ _ _ @Ibﬂ _ ‘ < . ~be nbe
[I12202) = 21l = rormmggrm| < Ry Ll

By (7.47) we have
sup. IV 7P 2e(02)) 1|1 X22(02°) = al| = |f (x) = F(a)]]

< sup  sup [|7°(t)]| supgen [07°] supgeu IV 24(X24(0,9))]. (7.49)
c€M 0,5

Using assumptions (H1)? and (H2)?, we obtain for some small € > 0

sup max{[|[V2f(y) — V2f(W)lr, IVFy) — VW) = 0as.(1),
yEMBe

where || - || is the Frobenius norm and M @ e = {z € R?: d(z, M) < ¢}. By
using Taylor expansion, we then have for some small € > 0,

sup [[7"(t)]| < sup \|V2fbc(y)HFHVfbc(y)H*l} 0,°.
te[0,0.0¢] yEMBe

Therefore using (7.49) for some C' > 0, with probability one for n large
enough,

sup [[ VPR L@ IREGL) — ol = |/ (@) = F(@)l] < C sup 2.
zeM oy 9

We conclude the proof of (7.46) by using (7.45). O
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Proof of Theorem 3.1. First notice that (3.8) (or (3.10)) follows from (3.7 (or
(3.9)) using the same approach as in the proof of Corollary 2.1. We point out
that the events F; and FE5 defined in the proof of Corollary 2.1 need to be
replaced by (say, for the proof of (3.8))
E,={fly) >c,Vyst.ye 6';4(1 —a)},
and By = {y € 5;4(1 —a),Vy s.t. f(y) > c}.

Then we can show that
{c+4(1 —a)cLcCl(1—a) | MCCoa(l- a)}
—P {El NEy | MC Cra(l— a)} =0 b).

Details are omitted. We focus on the proofs of (3.10) and (3.9) in what follows.
Part 1. The result immediately follows from Lemma 7.2 and Theorem 2.1.
Part 2. By (7.39) and Lemma 7.2 we obtain that for some C' > 0

P(| sup |7(@) = Ef(@)| = sup [VF(RL(0L) |1 R202) - ol
reM zeM

> O+ B0 B0 + (B8] + 1)) ) = O ). (7.50)

Noting that 72 = o (ﬁ(l) - (O) )+ h? (57(121) + h? )), the assertion follows from an
argument similar to that in the proof of Theorem 2.3. O
The proof of Theorem 3.2. Following the same argument as in the proof of The-

orem 3.1, we will only show (3.11) and (3.12) can be derived consequently. Using
Lemma 7.2 we have

Fbcpgbey _ Ifb°(1) f(@)| ) —L
P sup (IR0 - 2l - bt | > o S (A3

Similarly, if we consider the trajectories %gj traveling between M and M\,
then we have

]p( sup “@I(@m) - M’ > 5(0) B ) <n-L
2EME 1V (Xa(02))l )
Let P* be the conditional probability measure given Xi,---,X,. Then the

bootstrap version of the above result is as follows.

BP (s |IR50;) — 2] - 7',1;%*(95);‘

zeEM*E

c(B?) <nt. (1.52)

Notice that EP* = P. Let oo, = C4 ( T(L% + h2> for some C] fixed and large
enough. Let M ® «,, = {x € R4 . dlz,M) < a,}. With v, 3, i =1,---,5 to
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be given in (7.59), (7.60), (7.61), (7.64) and (7.65), we will show the following
inequalities:

@éﬁ ‘ I\V‘f”Zi(XbC{éff))u Ifbncg;@{ff)l = CVn»l) <n7t (7.53)
P( o ”]é”?—&%]‘ﬁ” — SUPge "?]é”}i(;ﬁr)' > Cun,g) <n E  (7.54)
P oMb, B R Lrepl i Cvn) <nk, (1.55)
P( reMba, W T etin W‘ = CVnA) <n~L, (7.56)

( D el — sup Lol > ) < b (757)

Verification of (7.53). It follows from Lemma 7.2 that

sup ||3{bc( bc) z|| = Og.s.(Th)- (7.58)

zeM

In other words, there exists Cyp > 0 such that sup,c ||§£C(§£C) —z| < Corp,
for n large enough with probability one. Then we have

sup IVFP @@ = IV £ ()]
< sup [VF*(RP(6,7) = V()|
zEM

< sup IVf*(y) = V()|
zeM,|ly—z||<CoTyn

< sw VW) - VI@I+  osw o [VF@) - Vi)
yEM®(Cots) ly—2l1<Corn

= Ous (B5 402 (85 41) +7),
where we have used (7.19) and (7.20). Thus,
v = (B + 02 (B 41) 4 7). (7.59)
Verification of (7.54). We have that

|7 (2)~ f(2)] |Fe (@)= ()]
sup Vi@ SUP “ 7@
vemia, TVT@I vers IVT@I

1FPe@)—f@)| _ 17 w)—f ()]
< sup
veM,o—yl<an | V@I INZI

IA

i% sp IVA@) - V@) - f()]

€ zeM, llz—y||<a,

L s @) - f@] - P - F).

€0 zeM,[lz—yl|<an
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Note that
(s V() -~ VI - f@)] < Canry) <0,
le—yll<on

and

(- sup [[7(@) — f(@)) = [F**) ~ FW))| = Can (B +02(B2F +1)))
lz—yll<an

<nt

)

where the last equality is obtained following a similar argument on pages 208-209
of Mammen and Polonik (2013). Then we have

Va2 = an (807 + K2 (BE)F +1)). (7.60)

Verification of (7.55). Note that

|Fe (@)= ()] |7 (@)= F =P (2)]
sSup - — sup —
semba, V@I semoa, VTG
|F (@)= f (@) |~ | F* ()= F =P ()|
< sup —
seMBen IV F(@)]]
< sw |[f@) - Ef@) - (@) - @+ 2 sw  |B@) - @),
TEMPan, TEMDa,
With (7.23) and (7.37), we have
v = (B0 +\/BU) ) BOE + 12 (82 + 1), (7.61)

Verification of (7.56). First observe that

~ 1 " x—y y— X;
* FE _
P = g 2 [ () R (5w

1 & r—hz—X;
= — KK | =—2 ") dz.
TS (F==2)

We want to show

11»{ sup |F5E (2) — f(z)| < Can} — o b). (7.62)

zERC

On the one hand, v/n[f * & (z) —Ef *¥ ()] can be viewed as an empirical process
indexed by
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Under our assumptions on the bandwidth and kernel function, following a similar
argument on page 207 of Mammen and Polonik (2013), we have

IP’{ sup |f*E(z) — Ef*E(z)] > 05<0>E} Oon~1). (7.63)

z€ER4

On the other hand, notice that
= / K(z)K(u)f(z — hz — gu)dzdu.
R JRd

A standard argument leads to

sup [Ef ¥ (z) — f(z)| = O(h* + ¢%).

zERC
Then (7.62) is a consequence of the above results. Therefore following the same
argument as in Cuevas et al. (2006), we have dH(M\* E'M) = Oq.s. (), which
implies that for € large enough and when the sample size is large enough,
M*E c Ma a, with probability one. Therefore

F @)= FP@) P (@) = P ()

seMba,  IVI@)] vexioe V@ |
Fa) - F2 @ |1FW) f*E )
= verr e T IVE@ T

Following the same argument as for (7.54), we have

. |f*(x) — f*P ()] () - f*E )| s
EP - Cvy, <
( verian V@) e V(@) |2 Cvna) <
with
Una = anfy |, 1).E (7.64)

Verification of (7.57). Following an argument similar to (7.58), there exists
Co > 0 such that sup,__ ..z [|X5(05) — 2| < COBS?ZL’E when the sample size is
large enough with probability one. Then we have

sup ||V (XLOD)] — IV f(2)]

zeEM*E

< sup ||VJ?*(§:(§;)) = V@)

zeM*E

< sup IV f*(y) — V()|

c€M*E y—z||<CoBl) "

< sw VW -VIRl+  sw o V@) - Vi)
yeRieE (o)) Iyl <Cos?
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< sup IV f*(y) = Vf5E ()
yeﬂ*vE@(coﬁffL’E)
+ sup IV ) =ViwIl+  sup  [[Vf(z) = V)l
yeﬁ*‘E@(COBL‘?L’E) lly—=ll<Cofy’
Here

-~ 1 - z—y y—X;
*, B o
V) = g 2 [ V() e (M)
J— r—hz—X;
_nhgdZ/VK(z)K<f> dz
K (2) VK r—hz= X,
ngdHZ 2.

Similar to (7.62), we have

P{  sw V[P - V@)l >C (B +n?) | = omh).
yeM-Eo(Copy")

Also, following standard arguments, we obtain

BP{ s VP - VPO > 08 = o,
veRi-Ea(Cos%)")
and
s IVf() - V) =0 (80F).
ly—=l|<CoB,
Therefore

vns = B (88 + 60 (7.65)

After collecting the results (7.51), (7.52), (7.53), (7.54), (7.55), (7.56) and (7.57),
we have

(
EAS

sup [R2°02) —all = sup |R(0) — @ll| = O3 + Gu/ V/nhTlogm))
D u

zEM*E
<n L (7.66)

because 72 + ¢, /v/nhdlogn is the leading term of 72 + (6( ;LE)Q +Up1+VUno+
VUn,3 + Vna+ Vnps-

Similar to (7.42), we obtain

IP’( Sél}i %7({‘@ € [e, d]) O(¥,(d— )—l—hQ(ﬁ + h?)y/nhdlogn).
(7.67)



1026 W. Qiao and W. Polonik

Note that the proof of the above result need to adapt the proof of Proposition
3.1 in Neumann (1998). Specifically, using Neumann’s notation, corresponding
to page 2045 in Neumann (1998), we have that

Ty Tio(x)
kseujlc)l {522 (||Vfl?x)|| + Hka(l‘)H)} € [c,d]

implies

T T2 () }
28 o] * 32 T ) €l
where zp is a fixed point on Iy, say (2(ky — 1)h,---,2(kqg — 1)h), and &, =
C’hﬁflozl’E. This is because I}, is a cube with size length of h, ||V f]| is differentiable
and bounded away from zero in a neighborhood of the level set. Then the rest
of the proof follows the proof of Proposition 3.1 in Neumann (1998).
With (7.51), (7.53) and (7.67), we have with \,, = C(72 4+ vpn 1),

P( sup |X20F) — x| € [e,d))
reM

|f () = ()] »
SIP’(JESS&WE[C—)\”J-F/\”])-I—O(H )
—0 (\I/n(d — )+ B2 (82) + h%)/nhilog n + A, \/nhdlog n) (7.68)

An application of Lemma 8.1 with Z, = sup,¢c ||.’%£C(§£C) —z| and Z} =
sup, . i-.& |1 X5 (03) — x|, by using (7.66) and (7.68), concludes the proof. [

8. Appendix

The following result is essentially taken from Mammen and Polonik (2013). We
state it here for easy reference.

Using the notation introduced above, let Z,, be a statistic, and let Z; be a
bootstrap version of this statistic. For 0 < a < 1, define

G(l—a)=sup{t: P (Z; <t)<1-a}
and let ¢, (1 — &) be defined similarly with Z* replaced by Z,, (and P* replaced
by P).
Lemma 8.1. Suppose that there exist sequences {vn},{0n} and {7,} such that
P(|Zn — Z}| > ) <6, and (8.1)

supP(Zy, € [t,t + 7)) < Ta. (8.2)
teR

Then we have, for 0 < a < 1,

P(Z, <E(1—a)) — (1 —a)| < 77 + 56, (8.3)
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Proof. Lemma 2.4 of Mammen and Polonik (2013) says that under the stated
conditions, we have

P(Z, <C,(1—a)) —P(Z, < ca(l1—a))| <67, +51/6,.
It remains to observe that, by using assumption (8.2),

P(Zn <ca(l—a)) — (1— a){ < igﬂ}gP(Zn €t — st +7n)) < Ta

Note that in Mammen and Polonik (2013), the quantities Z,, and Z; denote
particular statistics, their Lemmas 2.2 and 2.4 in fact hold for any statistics
satisfying (8.1) and (8.2). Indeed, an inspection of their proofs shows that they
do not use any other properties of the statistics. O

Acknowledgments

The authors would like to thank the Associate Editor and the referee for careful
reading of the manuscript and for insightful comments that lead to significant
improvements. The research of Wolfgang Polonik was partially supported by
NSF grant DMS 1107206. The research of Wanli Qiao was partially supported
by NSF grant DMS 1821154. The simulations in this work were run on ARGO,
a research computing cluster provided by the Office of Research Computing at
George Mason University, VA.

References

Ambrosio, L., Colesanti, A. and Villa, E. (2008): Outer Minkowski content for
some classes of closed sets. Math. Ann. 342, 727-748. MR2443761

Arias-Castro, E., Mason, D., and Pelletier, B. (2016): On the estimation of the
gradient lines of a density and the consistency of the mean-shift algorithm.
Journal of Machine Learning Research 17 1-28. MR3491137

Audibert, J-Y. and Tsybakov, A. (2007): Fast Learning rates for plug-in classi-
fier. Ann. Statist 35,608-633. MR2336861

Biau, G., Cadre, B., and Pelletier, B. (2007): A graph-based estimator of the
number of clusters. ESAIM Probab. Stat. 11 272-280. MR2320821

Bickel, P. and Rosenblatt, M. (1973): On some global measures of the deviations
of density function estimates. Ann. Statist., 1(6), 1071-1095. MR0348906

Bobrowski, O., Mukherjee, S. and Taylor, J.E. (2017): Topological consistency
via kernel estimation. Bernoulli, 23, 288-328. MR3556774

Bredon, G.E. (1993): Topology and Geometry. Volume 139 of Graduate Texts
in Mathematics. Springer-Verlag, New York. MR1224675

Breuning, M.M., Kriegel, H.P., Ng R.T., and Sander, J. (2000): Lof: identifying
density-based local outlier. ACM sigmod record, 29, 93-104.

Broida, J.G. and Willamson, S.G. (1989): A Comprehensive Introduction to
Linear Algebra. Addison-Wesley MR1045200


http://www.ams.org/mathscinet-getitem?mr=2443761
http://www.ams.org/mathscinet-getitem?mr=3491137
http://www.ams.org/mathscinet-getitem?mr=2336861
http://www.ams.org/mathscinet-getitem?mr=2320821
http://www.ams.org/mathscinet-getitem?mr=0348906
http://www.ams.org/mathscinet-getitem?mr=3556774
http://www.ams.org/mathscinet-getitem?mr=1224675
http://www.ams.org/mathscinet-getitem?mr=1045200

1028 W. Qiao and W. Polonik

Cadre, B. (2006): Kernel estimation of density level sets. J. Multivariate Anal.
97 999-1023. MR2256570

Calonico, S., Cattaneo, M.D. and Farrell, M.H. (2018a): On the effect of
bias estimation on coverage accuracy in nonparametric inference. Journal of
the American Statistical Association, DOI: 10.1080/01621459.2017.1285776.
MR3832225

Calonico, S., Cattaneo, M.D. and Farrell, M.H. (2018b): Coverage error optimal
confidence intervals. arXiv:1808.01398

Cavalier, L (1997): Nonparametric estimation of regression level sets. Statistics.
29, 131-160. MR1484386

Chazal, F., Lieutier, A. and Rossignac, J. (2007): Normal-map between normal-
compatible manifolds. International Journal of Computational Geometry and
and Applications, 17, 403-421. MR2362411

Chen, Y, Genovese, C.R., Wasserman, L (2017): Density level set: asymp-
totics, inference, and visualization. J. Amer. Statist. Assoc., 112 1684-1696.
MR3750891

Chen, Y. (2017): Nonparametric Inference via Bootstrapping the Debiased Es-
timator. arXiv: 1702.07027

Chernozhukov, V., Chetverikov, D. and Kato, K. (2014): Gaussian approx-
imation of suprema of empirical processes. Ann. Statist 42, 1564-1597.
MR3262461

Cuevas, A (2009): Set estimation: Another bridge between statistics and geom-
etry. Boletin de Fstadistica e Investigacion Operativa. MR2750781

Cuevas, A., Febrero, M. and Fraiman, R. (2000): Estimating the number of
clusters. Canad. J. Statist. 28, 367-382. MR 1792055

Cuevas, A., Fraiman, R., and Pateiro-Lépez, B. (2012): On statistical properties
of sets fulfilling rolling-type conditions. Advances in Applied Probability 44
311-329. MR2977397

Cuevas, A., Gonzalez-Manteiga, W., and Rodriguez-Casal, A. (2006): Plug-in
estimation of general level sets. Australian € New Zealand Journal of Statis-
tics 48 7-19. MR2234775

Cuevas, A. and Rodriguez-Casal, A. (2004): On boundary estimation. Advances
in Applied Probability, 340-354. MR2058139

Einmahl, U., and Mason, D.M. (2005): Uniform in bandwidth consistency of
kernel-type function estimators. Ann. Statist., 33, 1380-1403. MR2195639

Fasy, B.T., Lecci, F., Rinaldo, A., Wasserman, L., Balakrishnan, S., and Singh,
L. (2014): Confidence sets for persistence diagrams. Ann. Statist., 42, 2301-
2339. MR3269981

Federer, H. (1959): Curvature measures. Transactions of the American Mathe-
matical Society, 93, 418-491. MR0110078

Hall, P. (1979): The rate of convergence of normal extremes. J. Appl. Probab.,
16, 433-439. MR0531778

Hall, P. (1992): The Bootstrap and Edgeworth Expansion. Springer-Verlag, New
York. MR1145237

Hall, P. (1993): On Edgeworth expansion and bootstrap confidence bands in
nonparametric curve estimation. Journal of the Royal Statistical Society, Se-


http://www.ams.org/mathscinet-getitem?mr=2256570
http://www.ams.org/mathscinet-getitem?mr=3832225
http://www.ams.org/mathscinet-getitem?mr=1484386
http://www.ams.org/mathscinet-getitem?mr=2362411
http://www.ams.org/mathscinet-getitem?mr=3750891
http://www.ams.org/mathscinet-getitem?mr=3262461
http://www.ams.org/mathscinet-getitem?mr=2750781
http://www.ams.org/mathscinet-getitem?mr=1792055
http://www.ams.org/mathscinet-getitem?mr=2977397
http://www.ams.org/mathscinet-getitem?mr=2234775
http://www.ams.org/mathscinet-getitem?mr=2058139
http://www.ams.org/mathscinet-getitem?mr=2195639
http://www.ams.org/mathscinet-getitem?mr=3269981
http://www.ams.org/mathscinet-getitem?mr=0110078
http://www.ams.org/mathscinet-getitem?mr=0531778
http://www.ams.org/mathscinet-getitem?mr=1145237

Confidence regions for level sets 1029

ries B. 55, 291-304.

Hall, P. and Jing, B.-Y. (1995): Uniform Coverage Error Bounds for Confidence
Intervals and Berry-Esseen Theorems for Edgeworth Expansion. Annals of
Statistics, 23, 363-375. MR1332571

Hall, P. and Kang, K-H. (2005): Bandwidth choice for nonparametric classifica-
tion. Ann. Statist. 33, 284-306. MR2157804

Hartigan, J.A. (1987): Estimation of a convex density contour in two dimensions.
J. Amer. Statist. Assoc., 82, 267-270. MR0883354

Hodge, V.J., and Austin, J. (2004): A survey of outlier detection methodologies.
Artificial Intelligence Review, 22(2), 85-126.

Jang, W. (2006): Nonparametric density estimation and clustering in astronom-
ical sky survey. Comp. Statist. & Data Anal. 50, 760-774. MR2207006

Jankowski, H and Stanberry, L. (2014): Visualizing variability: Confidence re-
gions in level set estimation. Proceedings of the 16th International Conference
on Geometry and Graphics, 1328-1339.

Mammen, E. and Polonik, W. (2013): Confidence sets for level sets. Journal of
Multivariate Analysis, 122(C), 202-214. MR3189318

Mammen, E. and Tsybakov, A.B. (1999): Smooth discrimination analysis. Ann.
Statist. 27, 1808-1829. MR1765618

Mason, D. and Polonik, W. (2009): Asymptotic normality of plug-in level set
estimates Annals of Applied Probability, 19(3), 1108-1142. MR2537201

Neumann, M.H. (1998): Strong approximation of density estimators from weakly
dependent observations by density estimators from independent observations.
Ann. Statist. 26, 2014-2048. MR1673288

Piterbarg, V.I. (1996): Asymptotic Methods in the Theory of Gaussian Processes
and Fields, Translations of Mathematical Monographs, Vol. 148, American
Mathematical Society, Providence, RI. MR1361884

Polonik, W. (1995): Measuring mass concentrations and estimating density con-
tour clusters - an excess mass approach. Ann. Statist. 23, 855-881. MR1345204

Qiao, W. (2018a): Asymptotics and optimal bandwidth selection for nonpara-
metric estimation of density level sets. arXiv: 1707.09697.

Qiao, W. (2018b): Nonparametric estimation of surface integrals on density level
sets. arXiw: 1804.03601.

Qiao, W. and Polonik, W. (2018): Extrema of rescaled locally stationary Gaus-
sian fields on manifolds. Bernoulli 24, 1834-1859. MR3757516

Qiao, W. and Polonik, W. (2016): Theoretical analysis of nonparametric filament
estimation. Ann. Statist. 44, 1269-1297. MR3485960

Rinaldo, A., Singh, A., Nugent, R. and Wasserman, L. (2010): Stability of
density-based clustering. arXiv: 1011.2771vl. MR2722453

Rosenblatt, M. (1976): On the maximal deviation of k-dimensional density es-
timates. Ann. Probab., 4(6), 1009-1015. MR0428580

Samworth, R.J. and Wand, M.P. (2010): Asymptotics and optimal bandwidth
selection for highest density region estimation. Ann. Statist. 38 1767-1792.
MR2662359

Sommerfeld, M., Sain, S., and Schwartzman, A. (2015): Confidence regions for
excursion sets in asymptotically Gaussian random fields, with an application


http://www.ams.org/mathscinet-getitem?mr=1332571
http://www.ams.org/mathscinet-getitem?mr=2157804
http://www.ams.org/mathscinet-getitem?mr=0883354
http://www.ams.org/mathscinet-getitem?mr=2207006
http://www.ams.org/mathscinet-getitem?mr=3189318
http://www.ams.org/mathscinet-getitem?mr=1765618
http://www.ams.org/mathscinet-getitem?mr=2537201
http://www.ams.org/mathscinet-getitem?mr=1673288
http://www.ams.org/mathscinet-getitem?mr=1361884
http://www.ams.org/mathscinet-getitem?mr=1345204
http://www.ams.org/mathscinet-getitem?mr=3757516
http://www.ams.org/mathscinet-getitem?mr=3485960
http://www.ams.org/mathscinet-getitem?mr=2722453
http://www.ams.org/mathscinet-getitem?mr=0428580
http://www.ams.org/mathscinet-getitem?mr=2662359

1030 W. Qiao and W. Polonik

to climate. arXiv: 1501.07000. MR3862360

Steinwart, I., Hush, D. and Scovel, C. (2005): A classification framework for
anomaly detection. J. Machine Learning Reserach 6, 211-232. MR2249820

Tsybakov, A.B. (1997): Nonparametric estimation of density level sets. Ann.
Statist. 25, 948-969. MR 1447735

van der Vaart, A. and Wellner, J. (1996): Weak Convergence and Empirical
Processes: With Applications to Statistics. Springer, New York. MR1385671

Walther, G. (1997): Ganulometric smoothing. Ann. Statist. 25, 2273-2299.
MR1604445

Willett, R.M. and Nowak, R.D. (2005): Level set estimation in medical imag-
ing, Proceedings of the IEEE Statistical Signal Processing, Vol. 5, 1089-1092.
MR2472804


http://www.ams.org/mathscinet-getitem?mr=3862360
http://www.ams.org/mathscinet-getitem?mr=2249820
http://www.ams.org/mathscinet-getitem?mr=1447735
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=1604445
http://www.ams.org/mathscinet-getitem?mr=2472804

	Introduction
	Confidence regions based on vertical variation
	Confidence regions based on asymptotic distribution
	Bootstrap confidence regions
	A bootstrap confidence region based on explicit bias correction


	Confidence regions based on horizontal variation
	Methods based on integral curves
	Confidence regions for M and L using local adjustment by the gradient
	Confidence regions for ME and LE adjusted by gradient
	Confidence regions not locally adjusted by the gradient

	Horizontal variation based methods not based on integral curves

	Performance of confidence regions and geometry
	Simulations
	Conclusion
	Proofs
	Proof of Theorem 2.1
	Proof of Corollary 2.1
	Proof of Theorem 2.2
	Proof of Theorem 2.3
	Proofs for Section 3

	Appendix
	Acknowledgments
	References

