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The second-phonon (n, = 2) wobbling band has been established in the nucleus !3°Pr. Conclusive
evidence for its wobbling nature comes from the Al =1, E2 character of the transitions between the
new band and the previously identified transverse wobbler band (n, = 1) in this nucleus. Theoretical
calculations in the framework of the quasiparticle triaxial rotor and triaxial projected shell models are
found to be in good agreement with the experimental results.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
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Triaxiality is a rather rare and interesting phenomenon in nu-
clear physics. While many experimental characteristics are said to
be resulting from such a shape [1], the only unambiguous exper-
imental consequences of triaxiality are chirality [2] and wobbling
[3]. While chirality is already a well-established phenomenon in
that a large number of chiral bands have now been observed over
many parts of the nuclear periodic table [4], the experimental ob-
servation of nuclear wobbling motion has been rare so far. Indeed,
wobbling bands have been reported in only 8 nuclei—5 in the
A~160 region [5-9], 2 in the A~130 region [10,11], and, very re-
cently, 1 in the A~100 region [12].
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The notion of wobbling motion of an even-even triaxial nu-
cleus was introduced by Bohr and Mottelson [3], describing it as
the oscillation of one of the principal axes of a triaxial rotor about
the space-fixed angular momentum vector. The mode is the quan-
tum mechanical analog of the oscillation of one of the principal
axes of a classical asymmetric top. Bohr and Mottelson consid-
ered the ideal case of harmonic oscillations, which appears as
the small-amplitude limit of the exact eigenfunctions of the tri-
axial rotor Hamiltonian [3]. In accordance with the interpretation
of nuclear vibrations, wobbling excitations are also classified by
their phonon number when their structure deviates from the har-
monic limit [13,14]. Wobbling bands are experimentally observed
as multiple rotational bands, each corresponding to a particular
wobbling phonon number n,, where n, =0, 1,2, ... etc. The spin
sequence is I = o + 2n for an even number of wobbling quanta
and I = o 4+ 2n+ 1 for an odd number. The signature o« of the
zero-phonon band is 0 for even-even nuclei and +1/2 for odd-A
nuclei, depending on the structure of the odd quasiparticle. These
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nye-bands are connected via Al =1 transitions, which, due to the
collective nature of wobbling excitations, exhibit a dominant E2
character.

Hamamoto and coworkers were the first to study wobbling in
odd-A nuclei [5,13]. In this case, the states n,, =0,2,... and n, =
1, 3, ... have the respective spin sequence I = « + even number or
odd number, where oo = +1/2 is the favored (unfavored) signature
of the odd quasiparticle. For the present case of the hyj/; quasi
proton in 13°Pr, it is o = —1/2.

The wobbling frequency characterizes the type of wobbling ex-
citation. For an even-even nucleus, this frequency increases with
increasing spin. However, for an odd-mass nucleus, Frauendorf and
Donau showed that two possibilities exist [14]: a longitudinal wob-
bler (the odd-particle aligned parallel to the axis of maximum
moment of inertia, the “medium axis”) and a transverse wob-
bler (the odd-particle aligned perpendicular to the axis of maxi-
mum moment of inertia, the “short axis”). Using the Quasiparticle
Triaxial Rotor (QTR) model, they showed that longitudinal wob-
bling is characterized by an increasing wobbling energy (Ewobp)
with increasing angular momentum, whereas for transverse wob-
bler, Ewopp decreases instead [14]. They applied the classification of
one-, two-, ...wobbling phonon excitations to the QTR solutions, as
long as they have the same topology as the harmonic limit from
which they quantitatively deviate.

In addition to the one-phonon wobbling band there exists a
second band with signature opposite to that of the yrast band.
This “unfavored signature partner” represents the energetically less
favored coupling of the odd particle with the uniformly rotating ro-
tor. The signature partner (SP) band exist both in axial and triaxial
nuclei. In the latter case, the wobbling band appears in addition;
this band is distinguished from the SP band by its large quadrupole
transitions to the yrast band.

For a long time, only five cases of wobbling motion were ex-
perimentally established, all in the A~160 region: 18Lu [8], 163Lu
[5], 165Lu [6], '67Lu [7] and !67Ta [9]. Just about three years ago,
a wobbling band was observed in the nucleus '3°Pr [10], estab-
lishing a new region of the nuclear chart where this phenomenon
was shown to exist. It has since been followed by another case in
this new region, '33La [11] and, more recently, in '9°Pd [12]. The
alignment necessary to undergo wobbling in nuclei in the A~130
mass region is provided by an hyq/; proton coupled to a core with
a relatively small deformation of € ~0.16 [10,11], in contrast with
the wobblers in the A~160 region, where the aligned particle is
an i3/, proton and the core has a larger deformation of € ~ 0.40
[10].

With the possible exception of 133La, E,pp for all the wobblers
discovered so far has been found to follow a decreasing trend with
increasing spin, establishing these as transverse wobblers. 133La,
on the other hand, appears to exhibit properties of a longitudinal
wobbler [11].

As stated previously, several wobbling bands (corresponding
to different n, values) may occur in a nucleus and, indeed, ob-
servation of wobbling bands corresponding to higher n, values
provides a further and clear validation of the wobbling scenario.
However, there have been only two cases so far where wobbling
bands corresponding to higher phonons (n, = 2) have been iden-
tified: 1631651y [15,6]. In this Letter, we report identification of
the second-phonon (n, = 2) wobbler band (hereafter termed the
TW2 band) in '3°Pr. The wobbling character of the band is es-
tablished by ascertaining the AI =1, E2 character of the transi-
tions between this band and the previously-reported n, =1 band
(hereafter termed the TW1 band). Furthermore, the experimentally
observed properties of these bands are in consonance with theo-
retical expectations.

Table 1
DCO-like ratios (r) for the transitions corresponding to the TW2 — TW1, and the
SP — Yrast transitions.

Ny =2 Signature partner

Energy (keV) r Energy (keV) r

450.2 0.55 + 0.03 702.3 0.86 + 0.04
550.5 0.49 £+ 0.10 767.7 0.90 £ 0.08
5171 037 + 0.20 758.4 0.92 £+ 0.22

Details of the measurement are very similar to those reported
in Ref. [10] and are only briefly recapitulated here. An 80-MeV
beam of 0 was produced using the ATLAS facility at the Ar-
gonne National Laboratory. It was incident on a !23Sb target to
populate the levels of interest in 13°Pr. The target used was a
634 pg/cm?-thick foil of 23Sb with a 15 pg/cm? aluminum layer
at the front. At the time of the experiment, the Gammasphere
array had 83 working Compton-suppressed Germanium detectors
arranged in 17 different angular rings around the beam line. Data
was acquired in the triple coincidence mode. The upgrade to the
digital Gammasphere (DGS) enabled collection of nearly 4 times
as much data as that in Ref. [10] in a similar amount of beam
time-a total of 145 x 10'0 three and higher-fold y-ray coinci-
dence events. The data was analyzed using the RADWARE suite of
codes [16]. Energy and efficiency calibrations were performed for
each of the working detectors of the Gammasphere array using a
standard '°2Eu radioactive source.

The calibrated data was then sorted into y-y coincidence ma-
trices and y-y-y coincidence cubes. The high statistics afforded
by DGS enabled the construction of an elaborate level scheme of
135pr; only the parts relevant to this report are shown in Fig. 1. In
addition to the previously reported Yrast sequence, the TW1 band,
its signature partner (SP), and the dipole band, the present work
has identified the TW2 band with properties very similar to that of
TW1. Four connecting transitions between the two wobbling bands
have been established. The Yrast and the SP sequences have been
extended to higher spins. Spin and parity assignments to the newly
added levels have been made on the basis of angular distributions
and DCO-like ratios. A complete description of DCO-like ratios can
be found in Ref. [17].

Angular distribution measurements for the Al =1 transitions
between the TW2 and TW1 bands were analyzed and the mixing
ratios § extracted using standard angular distribution analysis pro-
cedures (see, for example, Refs. [10,17,18]). Due to the symmetric
arrangement of Gammasphere detectors, the data was sorted into
seven rings covering the angular range from 6 = 0° to 90° with
each ring corrected individually for efficiency. The angular distri-
bution curves were then fitted with the standard function given in,
for example, Ref. [19]. The fits for the three lowest TW2 — TW1
transitions are presented in Fig. 2. These distributions revealed
about 78-92% E2 admixtures in the AI =1 linking transitions, as
expected for wobbling bands; §, and the percentage of E2 admix-
ture are included in Fig. 2 as well. It should be noted that this
angular distribution analysis procedure was benchmarked for this
nucleus in Ref. [10] with transitions of previously-known pure E2
and M1 character. Further details about the procedures will be pro-
vided in a forthcoming publication [20].

Further, DCO-like ratios were obtained for the TW2 — TW1
linking transitions and the values were found to be very similar to
those for the TW1 — Yrast connecting transitions in Ref. [17]. The
DCO-like ratios calculated for all the SP — Yrast linking transitions
are close to 0.8, the value for a pure dipole transition in the Gam-
masphere geometry [21]; some of these transitions are too weak to
perform full angular distribution analyses. The extracted DCO-like
ratios are presented in Table 1.
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Fig. 1. Partial negative-parity level scheme of '3°Pr developed in the present work. Shown are the previously known Yrast band, the n, = 1 wobbling (TW1) band, the
signature partner band and a dipole band. Higher statistics allowed identification of a new n, =2 wobbling (TW2) band and the extension of the Yrast band. Newly
identified transitions are shown with an asterisk (*). Tentative y-ray transitions are shown as dotted lines.
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Fig. 2. Angular distribution plots for the three lowest n, =2 — n, =1 linking tran-
sitions. The mixing ratios and the percentage of E2 admixture are noted on each
plot. The results establish a Al =1, primarily E2 character for the transitions be-
tween wobbling bands.

Another aspect of wobbling bands is high reduced E2 transition
probabilities, B(E2)oyt for the AI =1 linking transitions in compar-
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Fig. 3. B(E2)out/B(E2)i vs. spin for the TW2 — TW1, TW1 — Yrast, TW2 — Yrast
and the SP — Yrast transitions. (TPSM (red dashed line), QTR (blue dotted line) and
experiment (black squares connected by black solid line). Experimental values for
TW1 — Yrast taken from Ref. [10].

ison with those for the in-band AI = 2 transitions, B(E2)j,. While
it was not possible to measure absolute transition probabilities in
this work, the B(E2)out/B(E2)i, ratios could be extracted from the
intensities of these transitions, combined with the mixing ratios
obtained from angular distributions. These are presented in Fig. 3.

The nature (transverse or longitudinal) of the observed wob-
bling band can be determined from the behavior of the wobbling
energy, Ewobp as a function of the angular momentum. The wob-
bling energy Ewobp is defined as the excitation energy with respect
to the Yrast sequence, which is the n, = 0 band. These are illus-
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Fig. 4. Experimental level energies minus a rotor contribution vs. spin, for the TW1, TW2, Yrast and SP bands in '3°Pr. To correct for the aligned particle, an alignment of
4.5 has been subtracted from the rotor contribution i.e., I(I +1) —4.5~ (I + % —4.5)2 = (I — 4)%. The constants a = 0.0348 MeV and b = 0.00003 MeV are empirical. Also
shown for comparison are the corresponding numbers as given by TPSM and QTR calculations. Solid lines through the experimental points are drawn to guide the eye. The
double pointed arrows between the experimental TW2, TW1 and Yrast points indicate the wobbling energy for the TW2 and the TW1 bands, respectively.

trated by double-pointed arrows in Fig. 4. In the case of the TW1
band, it is taken as the distance to the interpolated value of the
adjacent Yrast energies. The decrease of Eyopp (TW2) as a func-
tion of increasing spin clearly identifies this as a case of transverse
wobbling, similar to that of E,yop, (TW1) observed in Ref. [10].

To elucidate and understand the observed TW + SP band struc-
ture, calculations were performed employing the Quasiparticle Tri-
axial Rotor (QTR) model [14], and the Triaxial Projected Shell
Model (TPSM) [22]. The interpretation of the QTR results in terms
of transverse and longitudinal wobbling modes has been discussed
in Ref. [14]. As the TSPM comprises the same physics as the QTR
viz. the coupling of the odd quasiparticle with the triaxial rotor
core, it is well suited to describe the wobbling modes. Superior to
the QTR, the moments of inertia in TSPM are calculated in a micro-
scopic way and the antisymmetrization between the odd valence
quasiproton and the quasiparticles forming the rotor is fully taken
into account. An analysis of the angular momentum geometry is
yet to be carried out.

The QTR calculations are identical to those in Ref. [10], which
included pairing and employed the deformation parameters € =
0.16 and y = 26° and the moments of inertia Jn, Js and J; = 7.4,
5.6 and 1.8 hZ/MeV, where, respectively, m, s and [ stands for
medium, short and long. Likewise, the moments of inertia had
a spin-dependent increase given by the scale factor 1 + 0.116I.
The TPSM calculations used deformation parameters € =0.17 and
€' =0.12 (corresponding to y = 35°). The moments of inertia are
obtained at a microscopic level in this approach.

Fig. 4 provides the energies relative to the Yrast sequence (Y).
The TW1 wobbling energy obtained by QTR is somewhat larger
than the experiment. As discussed in Ref. [10], it first decreases
with the angular momentum, I, which is the hallmark of trans-
verse wobbling. The increase at the highest value of I is caused by
a transition to longitudinal wobbling. The experimental energies
of the TW2 band are substantially lower than twice the energies
of the TW1 sequence, which is also the case for the QTR values.
This depression of the two-phonon energy signals strong anhar-
monicity. Fig. 3 displays the ratios B(E2)oyt between two bands and
B(E2);, within the band of origin. The QTR somewhat underesti-
mates the ratio B(E2, TW1, I — Y, I-1)/B(E2, TW1, I — TW1, 1-2),

while the collective enhancement of the transition is clearly visi-
ble. The ratio B(E2, TW2, I — TW1, I-1)/B(E2, TW2, | — TW2, 1-2)
is smaller than the ratio B(E2, TW1, I — Y, I-1)/B(E2, TW1, | —
TW1, 1-2), which is in stark contrast to the factor of two expected
for a harmonic wobbling mode. The QTR calculations reproduce the
small ratio, which is in accordance with the strong anharmonicity
seen in the energies. Another consequence of anharmonicity is the
existence of TW2, I — Y, I-2 transitions, which is forbidden in the
harmonic limit. The rather small B(E2, TW2, I — Y, I-2)/B(E2, TW2,
I - TW?2, I-2) ratio is well reproduced by the QTR. A semiclassi-
cal analysis of transverse wobbling suggests strong anharmonicity
for the two-phonon state because it comes close to the separatrix,
which is the line that separates the transverse regime from the
longitudinal one (see Fig. 10 in Ref. [14]).

The results of the TPSM calculations are consistent with the
QTR interpretation. The one-phonon wobbling energy is overesti-
mated by a larger amount than by the QTR. This is not surprising
because TPSM determines the moments of inertia on a micro-
scopic basis, which are adjustable in the QTR approach. The TPSM
suggests an even more anharmonic scenario than QTR and the ex-
periment. The one- and two-phonon wobbling energies are about
the same. The ratios of the E2 transition are close to the QTR val-
ues indicating anharmonicity of similar strength. The position of
the SP band is better reproduced than in case of the QTR.

An important aspect of the wobbling interpretation is the exis-
tence of an additional SP band, which represents a dealignment of
the hy1/, quasiproton with respect to the s-axis. It appears as the
“unfavored signature partner” in both axial and triaxial nuclei. Only
triaxial nuclei develop collective wobbling states, however. Accord-
ingly, no collective E2 enhancement of the transition to the Yrast
band is expected for the SP band. As illustrated in Fig. 4, the QTR
overestimates the SP energies whereas the TPSM gives about the
right values. The low values for the experimental ratio B(E2, SP, |
— Y, I-1)/B(E2, SP, I — SP, I-2) are reproduced by the QTR calcula-
tions. The TPSM gives a larger ratio, which indicates some coupling
between the one-phonon wobbling and the SP states. Further de-
tails of this problem will be provided in a separate theoretical
publication [23].
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In summary, we have identified a wobbling band built on
n, = 2 phonon excitation in the nucleus '3°Pr. This band is con-
nected to the n, =1 wobbling band via four AI =1 transitions,
the high E2 content of which was established from angular distri-
bution measurements. The experimentally observed properties of
this band are found to be in good agreement with the calculations
in the framework of the TPSM and QTR models. This is the first
observation of two-phonon wobbling in the A~130 region, and
further strengthens the existence of this phenomenon in a mass
region and spin values different from all previously reported cases
of wobbling.
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