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The interphase momentum coupling and growth in interfacial mass flow rate corresponding to liquid

jet injection into a quiescent gas are studied in the present work via highly-resolved simulations. It

is shown that the spray formation process is composed of three regimes. In the first regime, which is

closest to the nozzle, the surface of the jet undergoes interfacial perturbations and breakup; however,

the internal liquid core remains intact, and the interphase momentum exchange is weak. In the

second regime, primary atomization occurs, resulting in the breakup of the entire jet. Besides the

creation of relatively large amounts of interfacial area, this second regime is characterized by a huge

increase in the momentum coupling between the gas and liquid phases. In the last regime, both

phases merge into a quasi-equilibrium state, where the atomization process is essentially complete,

and both phasic velocities converge to a unique average value. In a subsequent analysis, this unique

value is shown to be given by (UinjρLΩL)/(ρLΩL + ρGΩG).

KEY WORDS: breakup, near-field spray, interphase momentum, interfacial area, inter-
Foam

1. INTRODUCTION
The current study aims to explore the characteristics of interphase momentum transfer and inter-
facial area throughout the atomization and post-atomization regions of a liquid jet being injected
into a quiescent gas environment. The near-field region is where the initial conditions of the
spray are set, and where the strongest exchange of momentum takes place between the gas and
liquid phases. This momentum exchange has a direct effect in the air entrainment characteristics
and in the subsequent mixing of fuel vapor and air. The level of air entrainment impacts the flow
patterns and local stoichiometry of the flow, which in turn affects the performance and emission
levels of combustion systems (Briffa and Dombrowski, 1966; Ricou and Spalding, 1961; Zhao,
2009). Hence, it represents a key region for continued investigation.
Due to the large difference between the liquid and gas velocity field in the near-field re-

gion, this part of the domain is characterized by large shear rate values, leading to the violent
production of a droplet cloud surrounding the liquid core. As a result, the density of the cloud
has rendered this region very difficult to visualize with traditional optical techniques. In re-
sponse, experimental efforts based on ultra-fast X-ray techniques (Wang et al., 2008), ballistic
imaging (Linne et al., 2006), X-ray radiography (Kastengren et al., 2014), among other ad-
vanced methods continue to be developed and improved. Currently, however, the combination
of fast-moving liquid structures with micron-level features in the near-field still poses significant
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challenges to visualization and quantification. Additionally, if the interest also includes veloc-
ity characteristics, such as is the case here, an attractive alternative is the use of high-fidelity
numerical simulations.
The high-fidelity simulation efforts, often referred to as DNS, are commonly based on im-

plicit interface representation techniques such as level set or volume-of-fluid (VoF) (Sethian and
Smereka, 2003; Tryggvason et al., 2011). These numerical techniques have been used to study
various aspects of the atomization process. For instance, in the work of Herrmann et al. (2010),
the effect of air/liquid density ratio on primary atomization for liquid jet in crossflow is studied,
where it is reported that this density ratio has a significant influence in jet penetration and droplet
size. Shinjo and Umemura (2010, 2011a,b) have numerically and theoretically investigated the
jet head and surrounding gas and liquid flow structures by employing a combined VoF and level
set method. Among other findings, they report that the jet head and liquid core play an inter-
acting role in the creation of the interfacial disturbances. Instabilities in the azimuthal direction
have been analyzed in the work of Jarrahbashi and Sirignano (2014), expanding the causes of
atomization beyond the Rayleigh-Taylor instability. Ling et al. (2017) studied the development
of 3D and 2D instabilities and subsequent spray formation in a gas–liquid mixing layer. One of
the conclusions from the work is the need to numerically resolve the development of interfacial
waves, as this was found to be crucial in predicting correct droplet size distributions. Using a
similar planar liquid sheet geometry, Zandian et al. (2017) identified three distinct atomization
cascades at early breakup time and categorized these cascades on a gasWeber number versus liq-
uid Reynolds number map. While the simulation strategies underpinning these aforementioned
efforts were mostly developed 10 to 15 years ago, they are still being refined and improved to
deal with the difficulties of simulating atomization [e.g., Chiodi and Desjardins (2017)].
In the present work, we employ a VoF (Deshpande et al., 2012) simulation strategy to better

understand the momentum coupling between the gas and liquid phases in the near-nozzle re-
gion. As previously suggested, this region is characterized by the fiercest momentum interaction
producing a large degree of liquid breakup. The results from the present work show that the
spray formation process can be characterized by three distinct domains or regimes. In terms of
distance from the nozzle exit, the first domain is characterized by a relatively mild growth in
the interfacial area, which is quantified in the present work by an interfacial mass flow rate. In
this first region, the momentum exchange between both phases is relatively weak. The second
domain is characterized by vigorous breakup and the disintegration of the liquid core, which
leads to a strong transfer of momentum from the liquid to the surrounding gas. And in the last
domain, this strong momentum exchange leads to a diminishing difference between the liquid
and gas phase mean velocities, which asymptotically approach a unique value. Atomization has
largely subsided in this last regime.
In what follows, the numerical framework employed in the simulations is presented in Sec-

tion 2. A description of the computational setup and definition of the metrics is provided in
Section 3 followed by some comments regarding numerical resolution issues in Section 3.1. The
main results are then presented in Section 4 along with an analysis of the interphase momentum
exchange in Section 4.2. An overall summary of our findings and final conclusions are included
in Section 5.

2. GOVERNING EQUATIONS AND NUMERICAL DESCRIPTION

The computations reported in this work are performed using an algebraic VoF solver, InterFoam,
which forms a part of a larger open-source distribution of computational mechanics solvers and
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C++ libraries of OpenFOAM. The solver employs finite volume discretization on colocated
grids for the solution of two-phase incompressible flows and benefits from various discretiza-
tion strategies.
In a previous publication from our group (Deshpande et al., 2012), a detailed description of

the algorithm and performance analysis was carried out with regard to the kinematics of advec-
tion, dynamics in an inertia-dominated regime, and dynamics in the surface-tension-dominated
regime. With respect to the kinematics of advection, the performance of InterFoam is compa-
rable to the other algebraic VoF schemes of Gopala and van Wachem (2008), as well as to the
coupled level set VoF method of Sussman and Puckett (2000), and the ELVIRAmethod of Pilliod
and Puckett (2004). However, when compared with schemes using a higher order of geometric
reconstruction (Aulisa et al., 2003; Rider and Kothe, 1998; Xiao et al., 2011), InterFoam incurs
noticeably larger errors. Nevertheless, algebraic treatment renders a significant algorithmic sim-
plicity to the solver, while the advection errors can be addressed with adequate grid resolution.
The solver ensures mass conservation rigorously, as is expected from a VoF algorithm. With re-
spect to dynamics, the solver performs well in both capillary-dominated and inertia-dominated
flows. Additionally, the solver shows no instability and is able to deal with very large density
ratios [O(103) and larger] accurately.
A brief overview of the code is given here. More detailed explanations can be found in

Deshpande et al. (2012). In essence, the following conservation equation is being solved:

∂αi

∂t
+∇ · (uαi) = 0, (1)

where αi is the liquid fraction pertaining to an arbitrary computational cell Ωi. Since αi has
sharp gradients in the interfacial region, care has to be taken in computing the flux terms. Hence,
the following version of the above equation is solved:

αn+1
i − αn

i

∆t
+

1
|Ωi|

∑

f∈∂Ωi

(Fu + λMFc) = 0, (2)

which appears here in discretized form. Indicesn and i denote time levels and spatial referencing,
respectively. Subscript f (face) refers to a cell-face quantity. The fluxes are defined as

Fu = φn
fα

n
f,upwind and Fc = φn

fα
n
f + φn

rfα
n
rf (1− αn

rf )− Fu, (3)

where φn
f = un

f · Sf , and Sf is the outward normal vector corresponding to a given cell (not
normalized). The face value of un

f is obtained using the second order central scheme. In the flux
term, Fu, the upwind value for the liquid fraction is denoted by αn

f,upwind. With respect to Fc, αn
f

is determined from the second order vanLeer scheme (Van Leer, 1974). The remaining quantities
comprised the compressive flux, φn

rfα
n
rf (1− αn

rf ). Here

φn
rf = min

f ′∈Ωi

( |φn
f ′ |

|Sf ′ | , Urf,max

)

(nf · Sf ), where Urf,max = max
f∈Ω

[ |φn
f |

|Sf |

]

. (4)

Lastly, the variable αn
rf is obtained using the interfaceCompression scheme native to Open-

FOAM (Deshpande et al., 2012; OpenFOAM User Guide, 2008; Rusche, 2002). The delimiter
λM adjusts the treatment given to the advection of αi. In regions of the domain that are suffi-
ciently removed from the interface, the cells that reside here have values of λM = 0 at all of
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their faces. This region is denoted as Ωsp and it can be either gas or liquid. In Ωsp, Eq. (2) can
be written as

αn+1
i − αn

i

∆t
= − 1

|Ωi|
∑

f∈∂Ωi

φn
fα

n
f,upwind = − 1

|Ωi|
αn
f,upwind

∑

f∈∂Ωi

φn
f
∼= 0, (5)

since αn
f,upwind is uniform at all respective faces, and

∑

f∈∂Ωi
φn

f = 0 to the extent that incom-
pressibility is enforced in the code. This essentially keeps αi values the same from one time
level to the next for cells in Ωsp. The complementary region to Ωsp is Ωint, the interfacial re-
gion. In this part of the domain, λM departs from zero and the flux receives contributions from
Fc as defined in Eq. (3). This helps to a great extent the mitigation of numerical diffusion at the
interface. In numerical tests concerning the advection of a discontinuous profile, for instance a
Heaviside function, the treatment given above for the liquid fraction performs noticeably better
than TVD schemes with regard to the preservation of the sharpness of the α field.
With respect to momentum, the following equation is solved:

∂ρu

∂t
+∇ · (ρu⊗ u) = −∇pd + [∇ · (µ∇u) +∇u · ∇µ]

− g · x∇ρ+

∫

Γ(t)

σκδ(x − xs)ndΓ(xs),
(6)

where the surface tension coefficient is given by σ, local curvature by κ, the gas–liquid interface
by Γ(t), the 3D Dirac Delta function by δ(x− xs), and xs is the integration variable over Γ(t).
In the finite volume discretization, the density and viscosity fields are regularized by

ρ = ρLα+ ρG(1− α) and µ = µLα+ µG(1− α), (7)

where ρL and ρG are, respectively, the liquid and gas phase densities, and µL and µG are,
respectively, the liquid and gas phase dynamic viscosities. Additionally, the continuum surface
tension model of Brackbill et al. (1992) is employed, rendering

∫

Γ(t)∩Ωi

σκδ(x − xs)ndΓ(xs) =

∫

Ωi

σκ∇αdV. (8)

The solution of the momentum equation [Eq. (6)] is obtained via a PISO (Issa, 1986) iteration
procedure. A predictor velocity is first constructed and then corrected to ensure momentum
balance and mass continuity. Explicit formulation of the predictor velocity is a two-step process,
where first the viscous, advective, and temporal terms in the momentum equation are used to
generate a cell centered vector field, which is then projected to cell faces using a second order
scheme. Contributions from surface tension and gravity terms are then added, concluding the
predictor formulation. This procedure enforces a consistent discretization of surface tension and
pressure gradient (Deshpande et al., 2012; Francois et al., 2006).
Within the correction procedure, the pressure contribution is added to the flux of predictor

velocity and mass conservation is invoked to yield a Poisson equation for pressure. The linear
system is then solved using a preconditioned conjugate gradient method, with diagonal incom-
plete cholesky as the preconditioner to advance the pressure and velocity fields to a new iteration
level within the PISO loop. This completes one correction step. In the present work, we have used
three such steps to arrive at the time advanced solution,Un+1, pdn+1.
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3. SIMULATION SETUP AND DEFINITIONS OF METRICS

The physical situation under consideration and the associated computational domain is depicted
in Fig. 1. Two different sets of cases are considered to provide us with a broader range of injection
conditions. The first set consists of injection from a nozzle having a 90 µm diameter (D), where
the inlet velocity profile is spatially uniform with a magnitude of Uinj , a flat hat profile. The
domain extends over a space given by Lx × Ly × Lz = 4400 µm × 4400 µm × 32,000 µm,
where the z-direction coincides with the injection orientation. Octree refinement is employed,
where the finest resolution is D/∆x = 24 or ∆x = 3.75 µm, and this level of resolution is
maintained in a region extending out from the nozzle 90D (8100 µm) along the z-axis and
7D (630 µm) along the transverse and normal directions. Outside this refined region, the grid
resolution drops gradually from∆x = 3.75 µm to∆x = 120 µm in the far-field.
The second set of cases have a much smaller nozzle diameter, namelyD = 30 µm. The inlet

velocity profile is Uz(r) = Uinj (1− r/R)
1/7, where Uinj is varied as indicated below. The

main reason for the smaller diameter cases is to allow for much tighter numerical resolution.
For this second set of cases, the cell size in the spray region is ∆x = 1.875 µm for 30, 40, and
50 m/s computations and ∆x = 1.5 µm for the 70 m/s computations. To improve the efficiency
of the calculations a telescoping grid strategy is employed, where the radial extent in the near-
nozzle region is 60 µm and in the far-field, it is 160 µm. This configuration is the one that is
displayed in Fig. 1. Both sets of calculations have the onset of injection occurring at t = 0 s with
the rate of injection remaining constant throughout the calculation. Most of the cases are based
on isooctane as the working fluid, but also JP-5 and the hydroprocessed renewable naval fuel
HRD-F76 are employed. Additionally, the density ratio is also varied. The associated physical
properties employed as well as a description of the various cases are provided in Tables 1, 2,
3, and 4. In the text that follows, subscripts L and G denote liquid and gas, respectively.
To inspect the type of atomization behavior resulting from simulations performed under the

conditions presented in Table 4, the simulation parameters are placed within the atomization
regime map of Reitz and Bracco (1986) as shown in Fig. 2. This regime map classifies the
atomization process in term of liquid-based Reynolds and Ohnesorge numbers beginning with
the mild Rayleigh regime and ending in the full atomization mode. For the calculations of current
interest, we span the second wind-induced regime into the atomization regime.

FIG. 1: Depiction of the physical domain employed in the 30 µm diameter cases along with a sample cal-
culation corresponding to Uinj = 50 m/s. A no-slip wall boundary condition for the velocity is prescribed
at the wall surrounding the nozzle exit.
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TABLE 1: Physical properties for isooctane

Liquid density ρL = 688.03 kg/m3

Liquid viscosity µL = 4.78× 10−4 kg/(m·s)
Gas density ρG = 50 kg/m3 (Cases 1–7)

ρG = 33 kg/m3 (Case 8)

ρG = 25 kg/m3 (Case 9)

Gas viscosity µG = 1.88× 10−5 kg/(m·s)
Coefficient of surface tension σ = 0.02 kg/s2

Density ratio ρ̂ = ρL/ρG = 13.76 (Cases 1–7)

ρ̂ = ρL/ρG = 20.8 (Case 8)

ρ̂ = ρL/ρG = 27.5 (Case 9)

Viscosity ratio µ̂ = µL/µG = 25.4

TABLE 2: Physical properties for JP-5

Liquid density ρL = 800 kg/m3

Liquid viscosity µL = 1.48× 10−3 kg/(m·s)
Gas density ρG = 50 kg/m3

Gas viscosity µG = 1.88× 10−5 kg/(m·s)
Coefficient of surface tension σ = 0.0249 kg/s2

Density ratio ρ̂ = ρL/ρG = 16

Viscosity ratio µ̂ = µL/µG = 78.7

TABLE 3: Physical properties for HRD-76

Liquid density ρL = 781 kg/m3

Liquid viscosity µL = 4.69× 10−3 kg/(m·s)
Gas density ρG = 50 kg/m3

Gas viscosity µG = 1.88× 10−5 kg/(m·s)
Coefficient of surface tension σ = 0.027 kg/s2

Density ratio ρ̂ = ρL/ρG = 15.6

Viscosity ratio µ̂ = µL/µG = 249.5
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TABLE 4:Description of computational cases studied including their respective
non-dimensional quantities

Case
ID

Fuel

Inlet
dia-
meter
(D)
(µm)

Uinj

(m/s)

Density
ratio
ρL

ρG

Reynolds
number
ρLUinjD

µL

Weber
number
ρLU 2

injD

σ

Ohnesorge
number
√

WeL

ReL

1 Isooctane 90 20 13.76 2.6× 103 1.24× 103 1.358× 10−2

2 Isooctane 90 30 13.76 3.9× 103 2.79× 103 1.358× 10−2

3 Isooctane 90 50 13.76 6.5× 103 7.74× 103 1.358× 10−2

4 Isooctane 30 30 13.76 1.3× 103 0.93× 103 2.353× 10−2

5 Isooctane 30 40 13.76 1.7× 103 1.65× 103 2.353× 10−2

6 Isooctane 30 50 13.76 2.2× 103 2.58× 103 2.353× 10−2

7 Isooctane 30 70 13.76 3.0× 103 5.06× 103 2.353× 10−2

8 Isooctane 30 50 20.8 2.2× 103 2.58× 103 2.353× 10−2

9 Isooctane 30 50 27.5 2.2× 103 2.58× 103 2.353× 10−2

10 JP-5 30 70 16 8.11× 102 2.41× 103 6.05× 10−2

11 HRD-76 30 70 15.6 2.50× 102 2.17× 103 1.86× 10−1

Due to the random nature (statistically stationary) of the various quantities computed, a tem-
poral averaging procedure is employed to calculate the statistics, denoted by (〈. . .〉). The initial
point in the time integration corresponds to a time when the transient associated with the start
of injection has passed, and the end point is chosen to ensure time-averaged convergence. The
metrics employed in the current work correspond to planar flux integrated quantities as a func-
tion of distance from the injector nozzle [this is a metric that is often used to characterize sprays,
e.g., Desantes et al. (2006); Payri et al. (2011)]. They are given by

ṁΓ(z, t) =

∫

Az

ρ(x, t)Uz(x, t)χΓ(x, t)dS, (9)

ṁL(z, t) =

∫

Az

ρ(x, t)Uz(x, t)χL(x, t)dS, (10)

where Uz(= u(x, t) · ez) is the axial velocity, and the cross-sectional area perpendicular to
the z-axis is denoted by Az (cross-sectional area of entire domain). We refer to ṁΓ(z, t) as
an interfacial region mass flux. The indicator function used to isolate this interfacial region is
denoted by χΓ(x, t) and it is defined at the computational cell level as
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FIG. 2: Location of simulation cases (Table 4) within the atomization regime map of Reitz and Bracco
(1986)

χΓ(x, t) =











1 if 0.05 ≤ α(x, t) ≤ 0.95 and the associated cell
is topologically connected to the α(x, t) > 0.95 region.

0 otherwise.

(11)

This indicator function is updated throughout the domain every 10∆t for theD= 90µm cases,
and every 20–25∆t for the 30 µm cases. In an algebraic VoF scheme, such as the one present in
InterFoam, this methodology of computing ṁΓ(z, t) offers an attractive procedure by which to
gauge the extent of the interfacial region. In a similar fashion, the indicator function, χL(x, t),
is employed to identify the liquid region of the domain, i.e. α(x, t) > 0.95.
To track the downstream growth of the interfacial region as a result of atomization, the fol-

lowing ratio is employed:

Φm(z) ≡
〈

ṁΓ(z, t)

ṁL(z, t)

〉

. (12)

This quantity will be denoted as the normalized interfacial mass flow rate. Again, the brackets
〈. . .〉 denote converged temporal averages.
Since interfacial momentum transfer is a key parameter investigated in the present work, the

phasic velocities are also extracted from the simulations. These quantities are obtained from
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〈Uz,q(zp, t)〉 ≡
〈∫

CVp
Uz(x, t)χq(x, t)dV

∫

CVp
χq(x, t)dV

〉

, (13)

where q ∈ (L,G). The velocities are integrated over control volumes, CVp, to provide us with
slightly more global quantities than velocities defined at the computational cell level. The length
of each control volume ranges between 5 and 6.66 diameters in the streamwise direction, and
their traverse and spanwise extent are 7 diameters, respectively. The centers of all CVp lie along
the jet axis. These velocity metrics are used to gauge the momentum interaction between the
liquid and gas phases in the subsequent results. In shorthand, they are simply referred by 〈U z〉,
where the corresponding phase will be indicated in the respective plots.

3.1 Resolution Concerns

It is expected that at some point during the breakup process, a fraction of the smallest liquid
structures will be at or below the level of grid resolution. In the present algebraic VoF scheme,
liquid mass is well conserved; however, the shape representation of objects having a size less than
approximately 4∆x suffers significantly. These inadequately resolved objects can be identified
by observing that throughout their physical domain, the liquid fraction of the associated cells is
well below one.
To quantify the degree of unresolved liquid present in the simulations, the following normal-

ized flux is employed:

˜̇munr(z, t) ≡
ṁ(unr(z, t)

ṁL(0, t)
, (14)

where

ṁunr(z, t) =

∫

Az

ρ(x, t)Uz(x, t)χunr(x, t)dS, and (15)

ṁL(0, t) =
∫

Anozzle

ρLUz(x, t)dS. (16)

Here χunr(x, t) is the corresponding indicator function for the unresolved regions of the
two-phase flow. Analogous to the interfacial mass fluxes defined previously, ṁunr(z, t) tracks
the amount of unresolved liquid across a given plane,Az, located at an arbitrary distance, z, from
the nozzle exit. The normalization factor is the total mass flux of liquid being injected into the
system, which is simply a mass flux integral over the nozzle area (Anozzle). Profiles for ˜̇munr

are shown in Fig. 3 for case 6 (Table 4), corresponding to different levels of resolution beginning
with ∆x = 2.5 µm and ending at ∆x = 1.5 µm. Results for D/∆x = 12 or ∆x = 2.5 µm,
show that while initially, the degree of inadequately resolved liquid is relatively small, once the
jet undergoes complete breakup, ˜̇munr rises to unacceptable levels. At ∆x = 1.875 µm, the
maximum value for ˜̇munr is approximately 15%, and at ∆x = 1.5 µm, that value is reduced
to 10%. For all calculations presented for the D = 30 µm cases, a value of ∆x = 1.875 µm is
used in the refined regions, with the exception of case 7 (Uinj =70 m/s), where a finer resolution
of ∆x = 1.5 µm is required. With respect to the D = 90 µm cases, this level of resolution is
excessive; hence,∆x= 3.75 µm is used. For these larger diameter cases, results forΦm are only
presented where ˜̇munr is reasonably low.
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FIG. 3:Unresolved liquidmass flux as a function of grid resolution for case # 6 (D= 30µm andUinj = 50
m/s)

4. RESULTS

We begin with a visualization of typical results, which are displayed in Fig. 4. These correspond
to the 90 µm isooctane cases, and the images show the interface colored by velocity magnitude.
As liquid breaks off from the jet surface and travels radially outward, its corresponding velocity
decreases as a result of continuous interaction with the surrounding quiescent gas. Hence, the
higher moving liquid bodies are concentrated in the center of the jet analogous to single-phase
jets.
In all three cases shown in Fig. 4, the region closest to the nozzle is characterized by a fairly

intact liquid structure with a few surrounding droplets. We will refer to this region as the near-
field. Moving downstream from this region, we find the location where primary atomization
occurs. This region is characterized by the complete fragmentation of the liquid jet. At 20 m/s,
the fragmentation of the jet is easily distinguishable since the surrounding droplet field is rela-
tively sparse. At 30 m/s, the primary atomization section has become somewhat obscured, and
at 50 m/s, the details of the intact liquid core are hardly discernible. This is, in fact, the problem
encountered by many diagnostic techniques aimed at resolving the internal details of the liquid
core breakup (Kastengren et al., 2014; Linne et al., 2006), particularly at high-speed injection
conditions, such as those pertaining to diesel engines (∼ 500 m/s). The normalized interfacial
mass flow rates corresponding to the images shown in Fig. 4 are plotted together in Fig. 5. Ini-
tially, the liquid jet remains fairly intact for approximately 30 diameters from the nozzle with a
few droplets in this part of the domain as shown in Fig. 4. Around z/D = 30, the interfacial area
grows rapidly as a result of primary atomization. This is reflected by a noticeable change in the
slope of the Φm(z) profiles. For the 20 m/s case, this change in slope is relatively mild, since
the creation of the interfacial area is relatively small. At 50 m/s, however, the change in slope
is significantly more pronounced as a direct consequence of the more vigorous atomization (see
Fig. 4). Depending on the injection velocity and the associated Weber number, theΦm(z) curves
eventually reach a peak somewhere between z/D = 60 and z/D = 80. Beyond this point, there
is a slight decrease in Φm(z), which is caused by coalescence and deceleration of the liquid. For
the 50 m/s case, the results are only plotted up to z/D = 60. Beyond this point the amount of
unresolved liquid is excessive, and the predictions are not reliable.
For the D = 30 µm isooctane cases, the interfacial mass flux profiles are shown in Fig. 6,

and the results display a similar trend as the one depicted for the larger diameter calculations,
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FIG. 4: Liquid jet atomization corresponding to the D = 90 µm isooctane cases, where Uinj = 20, 30,
and 50 m/s from the top to the bottom, respectively. The interface is colored by velocity magnitude where
red corresponds to Uinj and dark blue corresponds to zero velocity

albeit at smaller values. The Φm(z) curves show a steepening profile with increasing injection
velocity. At lower velocities,Φm(z) reaches an asymptotic value at approximately 150 diameters
downstream. For the higher injection cases, a reduction in Φm(z) is observed beyond the peak
value. This is due both to a diminishing presence of interfacial area, as liquid structures coalesce,
but also is a result of liquid deceleration, as discussed previously.
In Figs. 7, 8, and 9, respectively for cases 1, 2, and 3, respectively, the Φm(z) curves are

examined together with their respective phasic velocity profiles. Considering case 1 shown in
Fig. 7, it becomes clear that the Φm(z) profile can be characterized by three distinct regimes as
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FIG. 5:Normalized interfacial mass flow rate profiles,Φm(z), corresponding to theD = 90 µm isooctane
cases

FIG. 6:Normalized interfacial mass flow rate profiles,Φm(z), corresponding to theD = 30 µm isooctane
cases

indicated by the superimposed lines on the plot. The first regime depicts a preliminary state of
the jet, where the liquid core is fairly intact with only some minor perturbations on its surface.
This domain extends from z/D = 0 to approximately z/D = 30. A few droplets exist in this
domain, but they are mostly the remnants of the start of injection. The associated phasic velocity
profiles in this region begin with the assigned injection velocity at z/D = 0 for the liquid and
the zero ambient velocity for the gas phase (noting again that the liquid at the nozzle exit has a
flat hat profile). As we progress downstream, a mild deceleration in the liquid is observed with a
likewise mild acceleration of the gas phase. This indicates that the momentum coupling between
the phases is taking place but that it is relatively weak.
In the atomization region, which is located in the range 30 . z/D . 70 for case 1, a

change in the slope of Φm(z) is observed. The associated phasic velocities also reflect a more
pronounced difference, since in this part of the domain the interfacial area is growing, leading to
better momentum exchange between the liquid and gas phase regions. Beyond the atomization
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FIG. 7: Φm and phasic mean velocities corresponding toD = 90 µm and Uinj = 20 m/s (isooctane)

FIG. 8: Φm and phasic mean velocities corresponding toD = 90 µm and Uinj = 30 m/s (isooctane)

FIG. 9: Φm and phasic mean velocities corresponding toD = 90 µm and Uinj = 50 m/s (isooctane)

region – that is, for z/D & 70 for case 1, – breakup has mostly ceased, and the difference
between phasic velocities has shrunk to approximately 7–9 m/s and continues to decrease with
increasing distance from the nozzle.
For the 30 and 50 m/s cases shown respectively in Figs. 8 and 9, the results are qualitatively

similar to the slower 20 m/s case, with the main difference being that the Φm(z) and phasic
velocity profiles have more pronounced slopes for the higher velocity cases. Additionally, at the
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higher injection speeds, the results show that the degree of phasic velocity convergence towards
a unique value appears much more evident than for the lower injection cases. At these higher
injection velocities, the interfacial area growth is more significant, thereby facilitating a more
vigorous momentum exchange. Also at the higher speeds, the distinction between the initial
region and the middle atomization region begins to blur; that is, the change in slope for φm(z)
is not as distinct as in Fig. 7.
For the D = 30 µm isooctane cases, the results for Φm(z) and 〈Uz〉 are shown in Figs. 10,

11, 12, and 13. Again, in a similar fashion to the D = 90 µm cases, the three regimes during
the spray formation process can be identified in these plots, with their presence becoming more
pronounced with increasing injection velocity. Also, the liquid velocity profiles are initially flat
but are not equal to Uinj since the velocity profile is no longer assigned a uniform value at the
nozzle exit. As primary atomization unfolds and both phases exchange momentum, substantial
variations in the velocity profiles are observed. This is followed by an approach towards equilib-
rium between both phases as their respective velocities asymptotically approach a unique value.
Key differences between these smaller diameter cases and the 90 µm computations are that the
distinctiveness of the spray regimes remains sharp even at 70 m/s. Also, the ability to computa-
tionally resolve more of the spray for the smaller diameter cases allows us to capture more of
the asymptotic equilibrium state, which shows more compellingly the asymptotic convergence
of the velocity fields, particularly at 70 m/s.

FIG. 10: Φm and phasic mean velocities corresponding toD = 30 µm and Uinj = 30 m/s (isooctane)

FIG. 11: Φm and phasic mean velocities corresponding toD = 30 µm and Uinj = 40 m/s (isooctane)
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FIG. 12: Φm and phasic mean velocities corresponding toD = 30 µm and Uinj = 50 m/s (isooctane)

FIG. 13: Φm and phasic mean velocities corresponding toD = 30 µm and Uinj = 70 m/s (isooctane)

4.1 Results for Different Fluids and Conditions

Additional spray cases are reported in this section for isooctane under different ambient density
conditions, as well as jet fuel, JP-5, and a hydroprocessed naval renewable fuel, HRD-76. These
cases are documented in Table 4, cases 8 through 11. For the isooctane cases at milder density
ratios, namely ρ̂ = 20.8 and ρ̂ = 27.5, the results shown in Figs. 14 and 15 reflect the clear
distinction between the three regimes discussed previously. The only noticeable change is the
lengthening of the intact liquid core with increasing density ratio, which is an effect that has
been experimentally reported in the work of Faeth et al. (1995). By shifting the atomization
regime further downstream, the intensity of the momentum exchange between the phases is also
displaced, resulting in a relatively smaller degree of momentum equilibration over the entire
domain. Specifically, the pronounced downward and upward trend of the mean liquid and gas
velocities, respectively, occurs at larger distances from the nozzle as the density ratio increases.
With respect to the different fuels, the non-dimensional quantities pertaining to JP-5, as seen

in Fig. 16, are in the same neighborhood as the lower velocity D = 30 µm isooctane cases.
This gives interfacial mass flow rates and phasic velocity profiles that are naturally similar to
those isooctane cases. However, for HRD-76, as shown in Fig. 17, the Reynolds number is
approximately a factor of 5 times smaller than the mildest isooctane case (case 4). The result is a
noticeably minor degree of atomization, where the liquid structures produced by the breakup are
of the same length scale as the jet. Consequently, the Φm(z) profile for HRD-76 barely shows
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FIG. 14: Φm and phasic mean velocities corresponding to isooctane at D = 30 µm, Uinj = 50 m/s, and
ρ̂ = 20.8

FIG. 15: Φm and phasic mean velocities corresponding to isooctane at D = 30 µm, Uinj = 50 m/s, and
ρ̂ = 27.5

FIG. 16:Φm and phasic mean velocities corresponding to JP-5 atD = 30 µm, Uinj = 70 m/s, and ρ̂= 16

the presence of the three regimes, and the phasic velocity profiles do not exhibit the typical
pronounced shape in the atomization regime observed for higher Re cases.
To examine more closely the phasic velocity behavior, radial profiles at different axial loca-

tions are presented in Fig. 18 corresponding to case 6 conditions. The radial and axial extent of
each of these bins is ∆r = 1.5D and ∆z = 5D, respectively. The results show that relatively
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FIG. 17: Φm and phasic mean velocities corresponding to HRD-76 at D = 30 µm, Uinj = 70 m/s, and
ρ̂ = 15.6

(a) (b)

(c) (d)

FIG. 18: Radial velocity profiles of phasic velocities at (a) z/D ∈ [70, 75], (b) z/D ∈ [90, 95], (c)
z/D ∈ [100, 105], and (d) z/D ∈ [115, 120] for isooctaneD = 30 µm and Uinj = 50 m/s

close to the nozzle exit (z/D ∈ [70, 75]), the liquid velocity is relatively high and concentrated
around the centerline of the spray. The gas velocity distribution in this part of the domain is also
localized around the center, but it has much lower value than the liquid. Downstream of this
location both phasic profiles display the effect of diffusion as the profiles become more radially
broad. Also, the effect of interphase momentum brings the profiles closer to each other as we
move downstream. For instance, at z/D ∈ [115, 120], the overall velocity difference has been
reduced to approximately 5 m/s.
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4.2 Analysis

A simplified mathematical model (conveniently named toy model in the physics literature) can
be developed to reduce the complexity of the jet breakup process to its most dominant physics.
The hope here is that these analytical solutions will provide insight into the trends shown in the
previous section. In this spirit, we begin with momentum conservation for the liquid and gas
phase material regions (ΩL and ΩG, respectively), namely

ρL
D

Dt

∫

ΩL

udV =

∫

∂ΩL

σL · nLdS + ρL

∫

ΩL

gdV, (17)

and

ρG
D

Dt

∫

ΩG

udV =

∫

∂ΩG

σG · nGdS + ρG

∫

ΩG

gdV. (18)

Here nL and nG, and σL and σG are the respective unit outward normal vectors (from Ω)
and stress tensors for the liquid and gas phases. These material regions reflect in a representative
manner the liquid body associated with the jet and the gas phase region that interacts with this
liquid body. Assuming constant fluid properties, the left-hand-side (LHS) terms in Eqs. (17)
and (18) represent the rate of momentum change in balance with the surface and body forces of
the right-hand-side (RHS).
Considering the fact that the Froude numbers are much greater than one and that the rele-

vant time period is O(10−3) s in the present simulations, we can safely ignore the gravitational
contributions. Additionally, it can be assumed that the most significant contributions to momen-
tum change for each phase is through the interaction with the other phase, and this is taking
place through the interface, Γ. Furthermore, we can rewrite the LHS terms using the mean value
theorem to denote liquid and gas phase averages, namely uL and uG. This yields

ρL|ΩL|
dŪL

dt
=

∫

Γ

σL · nLdS, (19)

and

ρG|ΩG|
dŪG

dt
=

∫

Γ

σG · nGdS. (20)

Here, we have used D|ΩL,G|/Dt = 0 from the incompressibility constraint. These vector
equations can be projected along streamwise unit vector, ez, to arrive at a balance in the direction
of injection, namely

ρL|ΩL|
dŪL

dt
=

∫

Γ

(σL · nL) · ez dS = FL, (21)

and

ρG|ΩG|
dŪG

dt
=

∫

Γ

(σG · nG) · ez dS = FG. (22)

The solution to Eqs. (21) and (22) require instantaneous knowledge of the local traction at
each point in Γ and as a function of time. In an effort to arrive at an approximate closed-form
relationship, these traction forms are approximated by

∫

Γ

(σL · nL) · ezdS = FL = KL(ŪG − ŪL)AΓ, (23a)
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∫

Γ

(σG · nG) · ezdS = FG = KG(ŪL − ŪG)AΓ, (23b)

where AΓ is the interfacial area. This approximation is motivated by an empirical treatment
stemming from the form taken by drag coefficients, for example, Prosperetti and Tryggvason
(2009),

CD =
FL,z

1/2ρGA|ŪL − ŪG|2
, (24)

where A is the projected area of the liquid body in the z-direction. In the approximations above
[Eqs. (23a,b)], we have essentially retained only the Re−1r term in the drag coefficient expression,
where Rer = ΛL|ŪL − ŪG|/µG, and ΛL is the associated length scale of the liquid body. In
doing so, we understand that this approximation is limited at relatively large values of Rer, but
becomes better as the phasic velocities converge towards their respective equilibrium value.
Since there are no external forces being applied to the two-phase system, it is expected that

the rate of change for total momentum is zero. This directly implies that the traction terms in the
RHS of Eqs. (21) and (22) are equal and opposite. Furthermore, it implies that the traction does
not suffer a jump across the interface. With the relatively large values for the Weber numbers
considered (Table 4), neglecting the jump in the interfacial traction is a good approximation.
This leads to KL = KG = K and transforms Eqs. (21), (22), and (23), into

dŪL
z

dt
=

K

ρL|ΩL|
(ŪG

z − ŪL
z )AΓ =

1
τL

(ŪG
z − ŪL

z ), (25a)

dŪG
z

dt
=

K

ρG|ΩG|
(ŪL

z − ŪG
z )AΓ =

1
τG

(ŪL
z − ŪG

z ), (25b)

where the time constants, τL and τG are respectively equal to (ρL|ΩL|)/(KAΓ) and (ρG|ΩG|)/
(KAΓ). These equations can be expressed in compact form as

[

dŪL/dt
dŪG/dt

]

=

[

−1/τL 1/τL
1/τG −1/τG

] [

ŪL

ŪG

]

, (26)

resulting in the following closed-form solution for the phasic velocities:

[

ŪL(t)
ŪG(t)

]

= C1

[

1/
√
2

1/
√
2

]

+ C2





τG/
√

τ2L + τ2G

−τL/
√

τ2L + τ2G



 exp

[

−
(

1
τG

+
1
τL

)

t

]

. (27)

This expression can be rewritten as
[

ŪL(t)
ŪG(t)

]

= C1

[

1/
√
2

1/
√
2

]

+
C2

√

(ρLΩL)2 + (ρGΩG)2

[

+ρGΩG

−ρLΩL

]

exp

[

−AΓK

(

1
ρGΩG

+
1

ρLΩL

)

t

]

.

(28)

The constants C1 and C2 can be obtained from the following initial conditions:

ŪL(0) =
C1√
2
+

C2ρGΩG
√

(ρLΩL)2 + (ρGΩG)2
= Uinj , (29)
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for the liquid phase, and

ŪG(0) =
C1√
2
− C2ρLΩL

√

(ρLΩL)2 + (ρGΩG)2
= 0, (30)

for the gas phase. Both of these equations can be used to solve for constants C1 and C2, resulting
in the final form for the phasic velocities, namely

ŪL(t) =
Uinj

ρLΩL + ρGΩG

[

ρLΩL + ρGΩG exp

(

−AΓK

[

1
ρGΩG

+
1

ρLΩL

]

t

)]

, (31)

and

ŪG(t) =
Uinj

ρLΩL + ρGΩG

[

ρLΩL − ρLΩL exp

(

−AΓK

[

1
ρGΩG

+
1

ρLΩL

]

t

)]

. (32)

Although ρL ≫ ρG, ΩL is typically significantly smaller than ΩG, and thus we cannot di-
rectly dismiss ρGΩG in favor ρLΩL. Both of these quantities remain in the above expressions.
At initial times, the interfacial area, which for the sake of the model we are treating as constant,
is relatively small. This means that the argument in the exponential remains minute, indicating a
very mild change in ŪL(t) and ŪG(t). This corresponds to the first regime in the spray develop-
ment process indicated above in the liquid injection calculations for various plots of Φm(z) and
phasic velocities. This regime pertains to the initial destabilization of the liquid jet, where the
momentum coupling between both phases is weak. As we proceed into the atomization region, Γ
grows significantly due to aerodynamic breakup. Mathematically, this makes the argument in the
exponential in Eqs. (31) and (32) much greater than in the previous regime, forcing a substantial
change in the phasic velocities. Referring to Figs. 7 through 13, a large change in these velocities
is similarly captured in the simulations.
Finally, for sufficiently large times, both ŪL(t) and ŪG(t) approach a unique value given by

lim
t→∞

ŪL(t) = lim
t→∞

ŪG(t) =
UinjρLΩL

ρLΩL + ρGΩG
. (33)

This corresponds to the dynamic equilibrium state in the third regime, and it represents the
end state of the momentum exchange process between the liquid and gas phase. Note that as
ρLΩL increases, this limiting equilibrium velocity approaches Uinj , and only if the gas inertia
is negligible does it become equal to Uinj . Under realistic conditions and considering the tur-
bulence structures generated in these higher Re flows, this equilibrium is never truly reached.
The magnitudes of |ŪL − ŪG| are never zero, although they are significantly smaller than in the
near-field region (Deshpande et al., 2011), and their decay is a direct function of the droplet time
constant (Trujillo and Parkhill, 2011).

5. CONCLUSIONS

Two-phase flow simulations based on a VoF methodology are used to study the injection of a
liquid jet into a quiescent gaseous environment. Our study focuses on the spray formation char-
acteristics ranging from 0 to O(100) diameters downstream and considers the quasi-steady pe-
riod, beyond the initial injection transient. For the range of velocities considered and associated
non-dimensional quantities (Table 4), the spray is found to consist of three regimes:
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1. The first regime (near-field) corresponds to the development of initial instabilities and
subsequent surface fragmentation of the jet with the interior of the jet remaining intact.
The momentum coupling between phases is relatively weak with the phasic average ve-
locities displaying nearly flat profiles as a function of the streamwise coordinate.

2. In the second regime (mid-field), the jet core undergoes fragmentation producing a sig-
nificant amount of interfacial area. This is the primary atomization stage. Consequently,
a tremendous increase in momentum coupling between both phases is observed, resulting
in large changes in the velocity development as we move downstream.

3. Beyond the breakup zone (far-field), an equilibration between both phases characterizes
the third regime. A closed-form expression for an asymptotic equilibrium velocity is de-
rived, which is given by (UinjρLΩL)/(ρLΩL + ρGΩG). The mean slip velocity between
phases is relatively small in this part of the domain, thereby weakening the action of shear
considerably as a driver for atomization. Consequently, the liquid mass and interfacial
mass flow rates are again nearly flat, as is the case in the first region.

The three regions are pictorially summarized in Fig. 19.
It is observed that as the liquid-based Weber and Reynolds numbers increase, there is a shift

from a clear three-regime characterization of the phasic velocities and interfacial mass flow rates
to more gradually changing profiles with distance downstream from the nozzle. This is particu-
larly evident for the 90 µm isooctane case at 50 m/s. Under these conditions, there is a significant
creation of interfacial area in the near-field in contrast to the lower Weber conditions. Thus the
rate of interfacial area creation (slope of Φm(z) curve) in the near-field begins to match the
corresponding rate in the primary atomization region. It can be conjectured that for even larger
Weber number cases, the primary atomization region ceases to be distinguished from the near-
field. In the other extreme, for very mild cases of injection such as HRD-76, the three-regime
identification is barely noticeable, since the atomization process is so weak that theΦm(z) curve
hardly changes from the near- to the far-field.
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injection speed is maintained at Uj = 1.5 m/s, while the speed of the surrounding gas stream
(UG) is systematically varied between different injection cases. The inner diameter of the nozzle
(D) is 0.971 mm and the outer diameter is 1.262 mm. The fluid properties for the gas and liquid
are, respectively, ρG = 1.2 kg/m3, νG = 1.5 × 10−5 m2/s, ρL = 1000 kg/m3, and νL = 10−6

m2/s, with a surface tension coefficient of σ = 0.07 N/m. The key non-dimensional quantities
are ReL = ρLUjD/µL andWeG = ρG(UG − Uj)

2D/2σ.
Simulations were performed for WeG = (13, 26, 50, 70, 100, 126, and 260) with a com-

putational grid having a resolution of ∆x = 0.035 mm (D/∆x = 28). This grid resolution
was chosen to ensure numerically converged predictions of liquid core length. Visualization of a
typical result is shown in Fig. A1, where the blue (darker) and gray (lighter) colors identify the
unbroken jet core and broken liquid segments, respectively.
The intact liquid core length (Xliq) can be quantified by using a methodology similar to

that of the electrical resistivity approach of Hiroyasu et al. (1988). Computationally, a parabolic
equation is solved for a charge-like variable with a source at the nozzle, and a conductivity,
which is non-zero only in the liquid phase. The solution of this equation provides instantaneous
information on the unbroken liquid core, from which its length can be readily obtained. Fig-
ure A2 shows a history of Xliq for the case of UG = 124.5 m/s (WeG = 126). The intact core
length varies rapidly over time, and this corroborates the photographic observations of Eroglu
et al. (1991).

FIG. A1: Instantaneous visualization of the co-flow jet undergoing atomization

FIG. A2: Time history ofXliq(t) for the co-flow jet exercise

Atomization and Sprays
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The breakup occurs about a mean location, which is calculated as

〈Xliq〉 =
1

tf − ti

∫ tf

ti

Xliq(t
′)dt′, (A.1)

where ti reflects the time of first breakup (0.002 s in Fig. A2), and tf is sufficiently long to yield
a statistically converged mean value. The comparisons between 〈Xliq〉 and the experimental ob-
servations are presented in Fig. A3 for the different Weber numbers considered. Over this entire
range of conditions, good agreement is achieved between the simulations and the experiments.

FIG. A3: Co-flow atomization showing a comparison of mean breakup length predictions with experi-
ments (Eroglu et al., 1991)
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