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ABSTRACT 

Energy harvesters with wide frequency range, long lifetime, and high output power are preferred to serve as power 
supplies for wireless devices. Motivated to guide the design of a robust energy harvesting platform, an analytical model 
based on the Euler-Bernoulli beam theory for a laminated beam is first presented to predict the nonlinear response of the 
system when subjected to harmonic base acceleration and tunable magnetic forces. Following experimental validation, a 
multi-objective optimization based on a genetic algorithm considers how to improve the frequency range of high 
performance, decrease peak strain level, and maximize output power by manipulating the design of the nonlinear energy 
harvester. The optimization results indicate that a slightly monostable configuration is superior when taking all three 
aspects into consideration. 

1. INTRODUCTION  
It is of great importance to optimize piezoelectric harvester platforms to deliver performance-robust operation over a 
long time horizon [1]. The optimization of piezoelectric energy harvesters has been addressed through a variety of 
strategies to date. Following efforts that studied concepts of beam tapering to prescribe beam strain distributions [2], 
later efforts considered the beam shape, especially tapering along the length, to tailor for linear dynamic response of 
piezoelectric energy harvesters [3]. It has been shown that piezoelectric cantilevers that have reduced width tapers from 
clamped end to free tip deliver greater specific electrical power than rectangular cantilevers [4]. Additional 
characteristics such as partial electrode or partial piezoelectric material placement along the length of a beam [5] [6] [7] 
have recommended avoidance of strain nodes for effective energy harvesting in linear dynamic regimes when 
considering multimodal vibration response. 

More recent attention has been given to optimizing piezoelectric energy harvesters in light of factors essential to 
practical operations but posing genuine fundamental scientific questions. For instance, a study on optimizing harvesters 
for human kinetic energy harvesting by tailoring the beam orientation shed light on how the complex, multi-directional 
excitation profile on the piezoelectric cantilever contributes to the resulting output power [8]. In addition, an accounting 
of large nonlinear deformations exhibited by piezoelectric cantilevers indicates that material strength limitations may 
conflict with optimization based purely on output power generation [9]. Such more transparent modeling also reveals 
that linear models may be wholly unable to capture the realities of kinetic energy conversion associated with nonlinear 
deformation [10].  

Despite these advancements, significant optimization efforts remain to deliver high-performing, robust-operation, and 
long-life service that would provide the self-sustaining power supplies needed for IoT applications. In particular, 
piezoelectric beams may be made more mechanically robust through lamination to provide effective electrical voltage 
[11]. Lamination introduces complex relations between cantilever bending and strain fields. Yet, such laminated 
harvester designs have not been optimized in the literature. The performance-enhancing nonlinearities [9] have not yet 
considered bistable and essential nonlinearities of single piezoelectric cantilevers that are known to enhance robustness 
[12] [13]. 

Consequently, this research devises an optimization tool for nonlinear piezoelectric energy harvesters created from 
laminated beam designs and interfaced with a resistive electrical load. The following sections first introduce the 
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a n al yti c al m et h o d t o m o d el t h e l a mi n at e d pi e z o el e ctri c a n d b e a m wit h m a g n eti c n o nli n e ariti es.  T h e n aft er i d e ntif yi n g t h e 
s yst e m p ar a m et ers e x p eri m e nt all y, a n o pti mi z ati o n m et h o d b as e d o n g e n eti c al g orit h m is pr o p o s e d t o dis c o v er o pti m al 
c o m bi n ati o n of b e a m l e n gt h a n d dist a n c e b et w e e n m a g n ets. 

2.  M O D E L F O R M U L A TI O N A N D S O L U TI O N 

A  t y pi c al  n o nli n e ar  e n er g y  h ar v esti n g  s y st e m  c o n n e ct e d  t o  a  l o a d  r esist a n c e  R  is  s h o w n  i n  Fi g ur e  1( a).  T h e  

pi e z o el e ctri c b e a m, w h os e l e n gt h a n d wi dt h ar e L  a n d b  r es p e cti v el y, is cl a m p e d at o n e e n d. A m ass 0M  c o nsisti n g of 

t h e m ass of t h e m a g n et a n d t h e h ol d er is a d d e d t o t h e b e a m fr e e e n d. I n t h e f oll o wi n g d eri v ati o n, t h e m a g n et h ol d er is 
t a k e n  as  a  ri gi d  e xt e nsi o n  t o t h e  pi e z o el e ctri c  b e a m fr e e  e n d.  T h e  l e n g t h  of  t h e  h ol d er  e xt e n si o n  is  1d .  A  r e p ulsi v e  

m a g n et is m o u nt e d n e xt t o t h e b e a m fr e e e n d t o i ntr o d u c e n o nli n e arit y. T h e dist a n c e b et w e e n t w o m a g n ets is 2d . I n 

a d diti o n, as s h o w n i n Fi g. 1( b), t h e pi e z o el e ctri c b e a m h er e is  c o m p o s e d of ni n e l a y ers. T h e m at eri als f or t h e l a y ers ar e 
F R 4, c o p p er, P Z T- 5 H, c o p p er, F R 4, c o p p er, P Z T- 5 H, c o p p er, a n d F R 4. F R 4 is a gl ass fi b er-r ei nf or c e d e p o x y l a mi n at e 
u s e d t o e n h a n c e d ur a bilit y b y t h e l a y eri n g ar o u n d t h e m or e brittl e P Z T- 5 H. T h e t hi c k n ess es of  F R 4 l a y er, c o p p er l a y er, 

a n d P Z T l a y er ar e 2 sh , ch , ph  r es p e cti v el y. T h e t w o pi e z o el e ctri c l a y ers ar e c o n n e ct e d i n p ar all el.  

Si n c e o nl y t h e f u n d a m e nt al fr e q u e n c y vi br ati o n is c o n si d er e d , w hi c h is d o mi n at e d b y t h e tr a n s v ers e vi br ati o n, E ul er-
B er n o ulli b e a m t h e or y is a d o pt e d t o a p pr o xi m at e t h e str ai n distri b uti o n. W h e n t h e tr a n s v ers e dis pl a c e m e nt at t h e fr e e 

e n d of t h e b e a m is ( ),w x t , t h e str ai n distri b uti o n i n cl u di n g t h e g e o m etr y n o nli n e arit y [ 1 4] is writt e n as  
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Since Euler-Bernoulli beam theory is adopted here, the mechanical and electrical coupling for the piezoelectric layers 
can be simplified to be 

3 33 31 3

1 31 1

s

p

D e E
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ε⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

 (3) 

Where 3D  is the electric displacement in z direction, 1T  and 1S  are the stress and strain in x direction. 31e  refers to the 

coupling effect caused by the electrical field in z direction on the stress in x direction, 33
sε  defines the absolute dielectric 

matrix at constant strain, pE  is the Young’s modulus of the material. 

An energy-based method of deriving the equations of motion for the system is employed using Euler-Lagrange equations 
with the Ritz method. For sake of brevity, the details of the derivation are not included here. Assuming that the vibration 
responses for the generalized mechanical and electrical coordinates are independent in space and time, then the 
mechanical response is approximated by (4) and the electrical response is approximated by (5a). 
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The M  is the total number of functions for the mechanical generalized coordinates. The ( )ir t  is the corresponding 

generalized displacement. The mode shapes of the cantilever [17] are taken as trial functions ( )i xψ . The qv  represents 

the physical voltage at the piezoelectric electrodes. The potentials at s cz h h= +  and ( )s cz h h= − +  are set to be zero as 
grounded. Once the (4) and (5) are substituted into the components of the Lagrangian for the system, the corresponding 
Euler-Lagrange equations lead to (6a) and (6b) 

[ ] [ ] [ ] [ ] [ ]1 1M D K K+ + + + + Θ + =NL1 NL2 mr r r r F v F f&& &  (6a) 

[ ] [ ] 01 p e- + C f⎡ ⎤Θ + − =⎣ ⎦NL3r F v v&& &  (6b) 

The terms in (6a,b) are omitted here for sake of brevity. 

Principles of harmonic and stochastic linearization are utilized to linearize the original governing equations [18][19]. 
The linearized governing equations are consolidated to be 

( ){ } ( ) ( ){ }3 3 2k

e e eM D K K K K
θ θ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ + + + + =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦x x x x f%% % % % % %&& &  (7) 

Assuming a harmonic excitation is applied to the system, the force vector in the governing equation (7) can be written as 
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j te ω=f F% (8) 

By virtue of the periodic excitation, periodic response is assumed. Due to the linearization, the generalized coordinates 
are all together assumed to be composed of complex exponentials and constant, bias terms. By substitution of the 
assumed solutions into (7) and collecting together harmonic and constant terms, a sequence of algebraic equations is 
obtained that is solved to determine the dynamic response of generalized displacements and generalized voltages. 

3. EXPERIMENTAL VALIDATION
Figure 2 shows a photograph of the experimental platform. A piezoelectric beam (PPA-2014, Mide Technology) is 
clamped on an electrodynamic shaker (APS Dynamics 400) with a plastic holder and a neodymium magnet at the free 
end. The driven force applied to harmonically accelerate the table is provided by a controller (Vibration Research 
Controller VR9500) and amplifier (Crown XLS 2500). An accelerometer (PCB Piezotronics 333B40) is used to provide 
feedback for the controller to ensure a constant base acceleration amplitude. Laser displacement sensors (Micro-Epsilon 
ILD-1420) are installed to measure the absolute displacements of the beam tip and shaker table as shown in Fig. 2. In 
experiment, by adjusting the position of the magnet 2 the nonlinear effect included in the system is changed from 
monostable to bistable.  

Figure 2. Photograph of experiment setup 

Table 1. Experimentally identified system parameters.  

L  (mm) b (mm)  sh  (mm) ph  (mm) ch  (mm) 1d  (mm) a b   

32 20.8 0.04 0.19 0.01 10 0.25 0.68 

0M  (g) R (kΩ) 
aM  (MA/m) V(cm3) α  ( 510−×  ) β ( 510−×  ) za  (m/s2) 

10.32 100 1.61 0.768 8 8 7.5

Table 2. Material properties for different layers 

sE (GPa)  pE  (GPa) cE  (GPa) sρ (kg/m3)  pρ (kg/m3) cρ (kg/m3) 33ε (nF/m) 31e  (C/m2) 

26 60.6 128 1900 78000 9404 3.16 -16.6
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In order to validate the analytical model presented in Sec. 2, four positions of magnet 2 are considered. The parameters 
used in the analysis are identified from experiments and listed in Tables 1 and 2. Figure 3 presents the beam tip 
displacement amplitude and output voltage at different excitation frequency under the same excitation acceleration 
amplitude 7.5 m/s2 for both the monostable and bistable configurations. At the frequency far away from the resonance, 
the experiment data indicates a lower amplitude comparing with the analysis. One explanation for this effect is that the 
piezo beam used in the experiment practically exhibits viscoelastic damping. At higher frequencies such as around 36 
Hz, experiment and analysis also show minor disagreement, which may be associated with dynamics of the shaker table 
resonance. Despite the differences stated above, both experiments and analysis show the same trend while adjusting the 
magnet 2 position. When the distance between two magnets is larger than 16mm, the interaction of two magnets leads to 
a monostable configuration. With the decrease of 2d , the resonance frequency will be decreased. Further decreasing the 
distance 2d  to be less than 14.8mm, the harvesting system becomes a bistable one. Then the decrease in the distance 2d
will increase the resonance frequency instead. In addition, both mechanical and electrical responses around the 
resonance are identical experimentally and analytically. Ignoring two cases resonating around 36 Hz, as shown in Table. 
3, the other two cases show great agreement in bandwidth and RMS value of the voltage inside the bandwidth, which 
further help validate the model formulation and solution efforts and build the confidence to utilize the model in 
optimization. 

Figure 3. Mechanical and electrical response of (a) beam-tip displacement amplitude and (b) output voltage for a 
monostable system at different excitation frequency; (c) and (d) corresponding results for a bistable system. 
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Table 3. Analytical and experimental results comparison 

 2 16.5d =  mm 2 14.6d = mm 

Analysis Experiment Analysis  Experiment 

Bandwidth (Hz) 6.13 6.00 6.06 6.75 

RMS value of voltage (V) 30.18 31.67 30.13 30.54 

4. OPTIMIZATION FOR ROBUST ENERGY HARVESTER SYSTEM 
An energy harvester is desired to provide self-sufficient electrical energy on a near-continuous basis. Therefore, in this 
research a multi-objective optimization tool based on the genetic algorithm (GA) is devised to guide attention to robust 
energy harvesters.  

The energy harvester is usually installed in a confined, packaged space to provide sustainable power supply. Then, the 
constraint on the beam length maxL  is set as 80 mm. Therefore beam length L  and magnet distance 2d  are chosen as 
design variables. The constraints are 

1. 2 max 1L d L d+ < +   

2. 45 52mm L mm≤ ≤  

3. 218 23mm d mm< <  

The first constraint is from the limitation in the beam length. The minimum beam length should ensure that snap-through 
response can happen under the fixed acceleration amplitude, which also determine the minimum value for the magnets 
distance 2d  to avoid exceedingly high nonlinearity in system. The corresponding maximum beam length is equal to 

max 2min( )L d− . The maximum value for 2d  is defined to introduce enough monostable effect to the system. With 
these parameter limitations, a continuous GA [25] is devised on the basis of multi-objective optimization for the 
following performance metrics. 

1. Frequency range rangef , which is calculated based on the definition of bandwidth from the beam tip 
displacement response. 

2. The RMS value of output voltage rmsV . Only the values on the high branch inside the frequency range will be 
added together to form the cost function for the voltage aspect. 

3. The RMS value of strain at the fixed end rmsS . For a bistable system, static bias will greatly influence the 
fatigue life of the beam. Since when considering multiple degree of freedom in the governing equation, it is 
challenging to realize the stability check. Here instead of only adding the strain on the high branch (snap-
through) inside the frequency range, all the values for the intrawell response will also be added to build the 
strain cost function. 

It is necessary to non-dimensionalize each objective function. The specific values for such normalization are 

0 25f = Hz, 0 65V = V, 0 1365S = με  (9) 

Therefore, the multi-objective cost function is 

0 0 0

cos range rms rms
f v s

f V St w w w
f V S

⎛ ⎞
= − ⋅ + ⋅ + ⋅⎜ ⎟

⎝ ⎠
  (10) 

Where  
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1f v sw w w+ + =   (11) 

In this work, a total of 60 generations are used in the optimization where each population size is 50. From one generation 
to the next, the selection rate is set to be 50% and the mutation rate is 20%. 

First the weights for different cost functions are set to be equal, which is 0.333. With the setting described in Sec. 4, a 
monostable configuration with 45.88L = mm and 2 18.43d = mm is outstanding after a massive calculation. In order to 
validate the optimization design and learn the role that nonlinearity play in a harvester system, the other three cases with 
same beam length and different magnet distance are studied. One more case with longer beam length is also presented as 
a comparison in beam length. 

 
Figure 4. Potential energy for different configurations  
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Figure 5. (a) Amplitude of beam tip displacement (b) output voltage (c) strain at the fixed end at different excitation 

frequency under the acceleration amplitude 7.5 m/s2, (e) frequency range calculated from the mechanical response based 
on the concept of bandwidth, (e) the RMS value of voltage inside the frequency range, (f) the RMS value of strain at the 

fixed end inside the frequency range 

As shown in Figure 4, case B is the optimal design from the GA codes, which is a monostable system. Then decreasing 
the magnet distance, case C will be around the neutral nonlinear condition. Further decreasing the magnets distance, 
from the plot of the potential energy, case D becomes a slightly bistable configuration. Case A is to increase the magnet 
distance on the basis of case B, which is also a monostable case. Besides, case E, a longer beam with a minor magnet 
distance, is also proposed. Figure 5(a,b,c) display the corresponding displacement response, output voltage, and the 
strain response at the fixed end, the corresponding value of three objectives for the five cases are shown in Fig. 5(d,e,f). 
From Fig.5 (d), with the decrease of magnet distance, the frequency range will first increase then decrease, the maximum 
frequency range exists in case B. Based on the mechanical response in Fig.5(a), a wider frequency range is 
corresponding to a lower displacement amplitude, which will result in a lower strain level and lower output voltage as 
shown in Fig 5(e) and (f). Comparing the first four cases, case B predicts a wider frequency range and lower strain level. 
Although the RMS value for output voltage is not as high as the value in the other cases, the difference is pretty small, 
which makes case B the optimal design and also indicates that a least monostable configuration is preferred in a robust 
nonlinear harvester design. In addition, from Fig. 5(e) a large magnet distance and long beam length will highly increase 
the RMS value of the voltage. The comparison between different cases validates the optimal design and shows the 
reasonability of the optimization tool proposed before. 
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5. CONCLUSION  
This research studies the optimization of a nonlinear piezoelectric energy harvester with magnetic nonlinearity. An 
analytical model is first derived to predict the nonlinear dynamic behavior of the laminated piezoelectric beam. 
Experiments show good agreement with the analysis in both bandwidth and output power, which helps validate the 
analytical model. Then using genetic algorithm optimization, a multi-objective optimization problem is formulated to 
consider the frequency range, output power, and strain level of energy harvester system geometries. The optimization 
result indicates that to balance the three influences in the optimization, a slightly monostable configuration is preferred. 
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