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Exploiting Structural Instability to Design Architected
Materials Having Essentially Nonlinear Stiffness

Jonathan Bunyan and Sameh Tawfick*

Architected materials enable unusual mechanical behavior, that is, inaccessi-
ble to existing materials. This study demonstrates an architected cell
structure having a constant stress plateau extending for a very wide range of
strains followed by hardening at large strains. This essentially nonlinear
stiffness has attractive applications ranging from static stress redistribution
to acoustic wave tailoring, yet materials exhibiting this behavior are
challenging to realize practically. The authors propose designs which realize
controlled essentially nonlinear response using coordinated elastic strut
buckling. The authors exploit controlled asymmetric buckling of the struts’

structure to precisely tailor a wide flat stress plateau in elastomeric materials.

The authors experimentally measure the effects of structural geometry and
provide design guidelines to tune this exotic behavior. The authors utilize
finite element simulations to isolate the core strain energy storage mecha-
nisms governing the deformation. Owing to the 2D nature of the design,
these materials can be readily fabricated in a variety of materials using laser
cutting, extrusion, molding, 3D printing, and micro-lithographic methods.
The proposed designs have wider constant stress plateaus than open cell
foams, and as such offer new opportunities in orthopedic design, protection,
packaging, as well as sonic vacua and non-reciprocal acoustic metamaterials.

behavior known as quasi zero stiffness
(QZS). QZS vibration isolators can attenuate
a wide range of external disturbances over a
broad range of frequencies. Such isolators
are achieved through the introduction of
negative stiffness spring elements through
pre-compression of buckling elements!'>~*!
as well as magnetic springs tuned to
eliminate positive stiffness terms.*®”) This
behavior, in which the linear stiffness
component is vanishingly small, is referred
to as essentially nonlinear. Itis an extremely
attractive strain response which can create
unusual dynamic behavior for wave propa-
gation including the breaking of acoustic
reciprocity.*#'% Essentially nonlinear stiff-
ness oscillators have a “natural frequency”
which is tunable with energy, and as such
have many applications in vibrations due to
their ability to passively tune themselves in
an internal resonance with the surrounding
system.”>?% One such example is the
cochlea within the ear which uses essential

Elastic metamaterials can be engineered to achieve unusual
mechanical properties derived from their underlying structural
architecture. Such properties include auxetic materials,?
materials with vanishing shear modulus,* and vanishing speed
of sound.®! The clever use of controlled buckling can be exploited
to achieve these behaviors as well as tailor them to specific
applications. For example, energy-absorbing materials use novel
geometries to produce buckling behavior characterized by large
negative stiffness!”! and bistability which make them suitable for
energy trapping.®! Programmable metamaterials exploit elastic
instability to create state switching and shape memory effects?®?
as well as acoustic metamaterials with switchable band struc-
tures.""! In addition to negative stiffness and bistability, buckling
behavior is also used to create broad regimes of zero stiffness
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nonlinearity to achieve compression of
dynamic range, sharp tuning for quieter
sounds and generation of combination
tones.*?!

We report a class of 2D architected materials exhibiting
essentially nonlinear stiffness: a flat-stress plateau followed by a
hardening behavior. The architected material consists of elastic
strut elements undergoing coordinated asymmetric buckling
leading to a wide stress plateau followed by nonlinear stiffness
increase. Two different structural architectures that exhibit
qualitatively similar behaviors are investigated (See Figure 1).
The first architecture consists of two struts fixed on a base
forming a triangle. The essentially nonlinear force—displace-
ment is probed by clamping the base of the triangle and applying
a force on the apex. The force can be applied by an indenting flat
surface which is brought into contact with the apex of the
triangle (Figure 1). Though this structure resembles a von Mises
truss,*¥ its behavior is fundamentally different because of its
boundary conditions. We refer to it as 7-spring (pronounced tau
spring) due to its shape in the post-buckling regime. The second
architecture consists of two mirrored 7-springs joined at the
apex. The bridge connecting the apexes of the two triangles
must restrict the struts on the two halves from rotating with
respect to each other. This bridge hence needs to be sufficiently
thick with respect to the strut widths. We refer to the second
design as y-spring (pronounced chi spring) due to its
resemblance to the Greek letter y. Both ends of the y-spring
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Figure 1. 2D Elastic elements: T-spring (top) and X-spring (bottom) with characteristic force—displacement behavior under compression showing three
different regimes of behavior. Snapshots depict typical deformed states of the elements during each regime.

element are clamped and there is no sliding contact between the
indenter and the element. As will be described in the
manuscript, there are some similarities and differences between
the behavior of the 7- and y-springs. The force—displacement
response of both the 7-spring and x-spring can be divided into
three regimes (Figure 1). Regime I is approximately linear and
dominated by local compression of the material at the apex, axial
compression of the struts, or symmetric buckling modes.

Following the linear regime, transition to the flat stress
plateau regime takes place as the struts buckle asymmetrically
(regime II in Figure 1). The zero-stiffness regime is extremely
interesting. As discussed in the introduction, several applica-
tions would benefit from such zero stiffness regime in static load
redistributions as well as acoustic wave tailoring. The flatness
and repeatability of the zero stiffness regime motivated the study
of the dependence of the features of this regime, such as the
plateau width, on the internal structural architecture.

Regime III starts when structural elements, which are initially
separate from each other, severely deform until new solid—solid
contact regions are created (densification). When new contacts
are formed, a nonlinear stiffening behavior is observed. In the
case of the 7-spring the new contact points arise between the
strut elements and the indenting surface, as well as between the
strut elements themselves. In the case of the x- spring the contact
points are only between strut elements. The combination of
regimes II and III constitute the essentially nonlinear behavior
which can be precisely tailored by the internal structural
geometry. Interestingly, similar three-regime behavior has
historically been observed in the compression of many foams
—disordered or honeycomb, elastic or plastic, open cell or closed
cells.>*"! However, it is difficult to precisely control the slope of
the stress “plateau” in traditional foams. In the densification
regime III, the stress increases more steeply with strain, which
can be attributed to new contacts among the various cells. These
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contacts cause hysteresis in foams, and vary with repeated
compression cycles.

Both structural architectures exhibit extremely flat force
plateau, which make them very attractive for a variety of uses.
The y-springs offer wider stress plateau than 7-springs. This is
especially apparent in regime II and III and is depicted in
Figure 2a and 3a. Understanding and tailoring the plateau width
and the subsequent stiffening is especially useful in acoustic
metamaterials. For example, if y-springs are arranged in a pre-
compressed state, their ideal flat plateau region II followed by the
stiffening regime IIs will behave similarly to a vibro-impacting
system. The later has many applications in wave tailoring but
suffers from noise and construction complexity. In this study we
are particularly interested in the essentially nonlinear behavior
of regime II. It is possible to achieve weak negative stiffness in
regime II, however, this does not necessarily result in bistability
of the element since it occurs at sufficiently large pre-
compressions and the applied load does not change direction
(remains in pre-compression).

7- and y-springs are fabricated by cutting a 3/16 inch-thick
sheet of polyurethane rubber (Abrasion-Resistant Polyurethane
Rubber 60A) using a laser cutter (Epilog Mini 18). These samples
are designed with a puzzle-piece geometry at the base to facilitate
easy sample replacements on the test setup. A custom built
mechanical testing device is used for testing. Data collection and
control of the test setup (pictured in the Supporting Information)
is done using NI DAQ input modules connected to a Futek
LSB200 101b loadcell while actuation of the sample is done
through Thorlabs LNR50S stepper motor controlled through a
BSC201 controller. Samples are subject to compression and each
sample is cyclically loaded and unloaded several times to
eliminate initial hysteresis, as is commonly done in testing
elastomeric materials. Following five cycles, the response is
repeatable. The force—displacement relationship for a 7-spring
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Figure 2. Force-displacement relationship for T-spring. a) Experimental
data plotted against simulated response using various models; b—d) snap
shots of the deformed state of the T-spring witht = 1.72mm, L = 14 mm,
w = 22mm at various points of interest along the force—displacement
curve for the experiment, c) 2D finite element model, and d) Timoshenko
beam finite element model.

sample with measured width, length and thickness of 22, 14, and
1.72 mm, respectively, is depicted in Figure 2a. Snap shots of the
deformed element at the beginning of regime I (A), the
transition to regime II (B), the middle of regime II (C), and the
transition to regime III (D) are depicted in Figure 2b. This design
robustly demonstrates essential nonlinear behavior. Depending
on the application, the 7- and y-springs can be used as individual
spring elements, or repeated to construct periodic lattice
materials. The photos associated with each regime in the
force—displacement response depict the mechanism responsible
for the behavior.

Essentially nonlinear stiffness is observed when the local
stress state leads to perfect stiffness cancelation. To better
understand the local stress state leading to essentially nonlinear
behavior, we use four-node bilinear 2D plane stress elements
created in the commercial finite element analysis (FEA) software
ABAQUS. A small perturbation is applied to the apex of the
elements in the FEA model to promote buckling into the
asymmetric mode. First, we discuss the material constitutive law
used in the numerical simulation of the springs. We conduct
tensile tests of the polyurethane rubber and find that it is best
described by a Mooney-Rivlin constitutive law with Cp =
0.29MPa and Cjp = 0.35MPa (see Supporting Information).
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Further details of the FEA simulation can be found in the
Supporting Information. Using these parameters in explicit
FEA, the simulation result agrees with the experimental
measurement very well capturing the initial linear regime I,
the plateau regime II and the hardening regime III (Figure 2, 3).
This agreement with FEA is extremely promising as it indicates
that the flat plateau indeed results from the internal architecture,
and not from uncontrolled experimental factors. The ability to
capture the behavior in explicit FEA simulations using
commercial FEA software indicates the possibility to predictively
design these architected materials and tailor them for specific
device applications. We note minor deviation between the
experiments and FEA near the transition to the asymmetric
buckling mode (regime I to regime II transition), as well as
minor delays of the onset of hardening in the simulations
(transition from regime II to III). These transitions appear to
be sensitive to defects in fabrication and assembly such as
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| |~ — - Timoshenko Beam Model
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Figure 3. Force—displacement relationship for x-spring. a) Experimental
data plotted against simulated response using various models; b—d) snap
shots of the deformed state of the x-spring witht = 1.72mm, L = 14 mm,
w = 22mm at various points of interest along the force—displacement
curve for the experiment, c) 2D finite element model, and d) Timoshenko
beam finite element model.
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out-of-plane tapering and other minor defects including non-
rectangular cross sections. We observe that, a linear constitutive
law produces nearly identical results to the hyperelastic model
and thus conclude that it is reasonable to use a linearized
constitutive law with E = 3.84 MPa and v = 0.4 (see Supporting
Information). This also indicates that the behavior arises solely
from the architecture, and hence can be agnostic to material
selection. This can open opportunities in fabricating these
springs for a wide range of materials, as long as their aspect ratio
ensures they do not break.

We further analyze the behavior of the springs to understand
the elimination of stiffness within the plateau, leading to this
unusual load—displacement behavior. In particular, we investi-
gate the role of bending strain energy in governing the constant
load plateau. Moreover, a bending energy dominated behavior
would indicate the suitability of a wide range of non-elastomeric
materials to obtain this behavior, and open tremendous design
opportunities for hard polymers (e.g., nylon, polyethylene) and
metallic structures. On the other hand, a large compression/
tension strain dominated response would indicate the need for
elastomeric struts to obtain essentially nonlinear stiffness. By
applying a Kraty-Porod model® to the centroid nodes from the
2D plane stress FEA solution we conclude that the flat stress
plateau is governed solely by bending strains in the struts. This
analysis is discussed in detail in the supplementary information.
We note that both bending and compression/tension govern the
linear behavior in regime I.

Based on this insight, we propose a Timoshenko beam model
to simulate the behavior of springs within regime II using
ABAQUS. The accuracy of beam element simulations in
capturing the flat plateau can open opportunities to designing
similar architected materials from thin slender metal elements.
In these simulations, the struts, which use ABAQUS 2D beams
elements, are subject to encastre (clamped) boundary conditions
at the base and a tie constraint at apex, that is, no relative
displacement or rotation between struts at the apex. The cross-
section of the beam elements corresponds to the geometries
used in the experiments, and the linear elastic material
constitutive properties described previously are used. Deforma-
tion is applied by a vertical displacement boundary condition on
the apex. The resulting force—displacement curve is depicted in
Figure 2 and snap-shots of the deformed element are depicted in
Figure 2d. The beam initially deforms in symmetrical buckling
mode resulting in a linear behavior that does not coincide with
the experimental data over regime I since it is caused by a
different mechanism. Following an initial linear response, a flat
zero-stiffness plateau is obtained. Hence, the Timoshenko beam
model FEA predicts the behavior in regime II. Notably, the
transition from regime I to Il using the Timoshenko model takes
place earlier than in the experiments or the other FEA
approaches. We attribute this premature transition to the
fundamental differences in regime I between the 2D model and
experiment which includes local compression as well as
symmetric buckling and the Timoshenko model which only
captures symmetric buckling. This causes the Timoshenko
model to rapidly “snap” into the asymmetric buckling behavior
(regime II) instead of smoothly transitioning into it. Notably, the
linear regime and transition into the asymmetric buckling mode
is shown, in this case, to play an important role in the amount of
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energy that can be stored by the element over regime I and
regime II. Specifically, by delaying the onset of regime II, more
energy can be stored over a compression spanning regime I and
I1. The plateau persists over the entire compression range as the
stiffening behavior (regime III) is not captured due to the
absence of contact interactions.

Next we study the mechanical behavior of the y-spring. The
force-displacement relationship for a polyurethane rubber
spring having width, length and thickness of 22, 14, and
1.72 mm, respectively, is depicted in Figure 3a and snap shots of
the deformed element at the beginning of regime I (A), the
transition to regime II (B), the middle of regime II (C), and the
transition to regime III (D) are depicted in Figure 3b. The force—
displacement behavior is very similar to that of the 7-spring.
However, the plateau region (regime II) is more than three times
wider —persisting to larger deformations- and the stiffening
behavior (regime III) is much more pronounced. Unlike the 7-
spring, additional points of contact are not initiated at the apex
but between the struts and base at much larger compressions.
The plateau region is extended due to the absence of new contact
points initiating at the apex-indenter interface. Initiation of
contact occurs at two regions almost simultaneously, at the top
and bottom base, and the deformed structure is much closer to
densification at the onset of the stiffening behavior (regime III).

FEA is used to simulate the behavior of the y-springs. One end
of the y-spring element is clamped and the other is subject to a
displacement boundary condition. Additional information about
the simulation can be found in the Supporting Information. The
simulation agrees very well with the experimental results,
particularly capturing the behavior within each regime. The
transitions from regimes I to IT and from II to III show deviation
from the experimental measurement. Similarly, we use a
Timoshenko beam model in FEA with the one base subject to
an encastre boundary condition while the other is subject to a
vertical displacement boundary condition. As in the case of the 7-
spring, the Timoshenko model captures the zero-stiffness
plateau behavior.

To our knowledge, even though the stress plateau is regularly
reported in the cellular materials literature, the behavior within
the stress plateau has not been systematically studied due to lack
of control on stress localization in a multi-cell honeycomb
structure. In all the discussed cases, we describe regime II as a
zero-stiffness plateau. When the internal structural architecture
is varied, for example, by changing the width of the struts, the
stiffness can deviate from this ideal behavior demonstrating
slightly positive or negative load—displacement slope. We define
metrics to analyze the features of the stress plateau. The behavior
of the essentially nonlinear material can be described by the
average stiffness in the plateau region, the width of the plateau,
and the energy stored within regimes I and II before the
stiffening. An experimental parametric study is conducted to
probe the range of tunability of the essentially nonlinear
response of the 7- and y-springs. Specifically, the struts’ thickness
is varied in the range 1.5mm <t <2.5mm and the struts’
length is varied in the range 10 mm < L < 18 mm in increments
of 0.25 and 2mm, respectively. Results for both the 7- and y-
springs are depicted in Figure 4a and b, respectively.

First, we consider average plateau stiffness defined as the
slope of the line of best fit over the plateau (regime II). The closer

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim


http://www.advancedsciencenews.com
http://www.aem-journal.com

ADVANCED
SCIENCE NEWS

ADVANCED
ENGINEERING
MAT ERIALS

www.advancedsciencenews.com

’E\ 0 = E
é EE
2 01 % 2
3] ]
g 2 c
© 02 = 9
= n <
= -
15

12 14 16
Length (mm)

18

Average stiffness over plateau

(b)

€ _—
£ EE  nm
» gg
B go 2
c
% £ 3
= n <
- -

15

10 12

Length (mm)

o W,‘,dth of plateau

Length (mm)
Width of plateau

14
Length (mm)

www.aem-journal.co

Energy stored in regimes | and Il

Width(mm)

Thickness (mm)
Stored Energy (J)

Length (mm)
Enersgy Stored in Regimes | and Il
2b——

’g S
£ 8 2 &
: 3 B
’-S 7]
1.5
16 18 10 12 14 16 18

Length (mm)

Figure 4. Tailoring architected metamaterials. Parametric study of the effects of geometry on the average stiffness over regime Il (left plots), width of
regime Il (middle plots) and the energy stored in the elements over regime | and Il (right plot) for the a) T-spring and b) x-spring. Hatched regions in b)
indicate parameters over which the samples buckled out of plane. Regions with inset schematic depict the symmetrical buckling shape of the t- and

X-springs within the dashed line-outlined geometries.

the average plateau stiffness approaches zero, the closer the
spring is to the ideal behavior within the essentially nonlinear
regime II. In the case of the 7-springs, the plateaus remain
relatively flat compared to the linear stiffness O(1 N/mm) with
in the range of L>14mm and t<2mm. In the case of the
x-springs, the plateaus are almost flat, corresponding to nearly
ideal zero-linear stiffness compared to the regime I linear
stiffness O(1 Nmm™") over the range of parameters tested.
y-springs with L < 14 mm exhibit weak negative stiffness over
the plateau while samples with L>14mm exhibit weak
positive stiffness over the plateau. While for the 7-springs,
there is no clear trend between positive and negative average
plateau stiffness over the range of geometrical parameters
tested. When L is very long with respect to the base width
(large aspect ratio), y-springs buckled out of plane and were
not included in the study (hatched region in Figure 4b). The
7- and y-springs with L=10mm and t=2.5mm (having very
short aspect ratio struts) do not buckle asymmetrically and are
excluded.

Next, we present the study of the width of the zero-
stiffness plateaus. - and y-springs having thinner, taller
struts exhibit wider plateaus. Plateau width extends the
range of strains of the architected material before stiffening
and densification (regime III) occur. The ability to tune the
width of the plateau is a useful design attribute of these
springs.

The final attribute of the 7- and y-springs is the amount of
energy stored over regimes I and II. The energy stored is
computed as the area under the force-displacement curve and
parametrically plotted in Figure 4a and b. For both springs, struts
with thicker width tend to store the most energy as they tend to
persist in regime I for longer and require greater force to buckle

Adv. Eng. Mater. 2019, 21, 1800791

1800791 (5 of 7)

asymmetrically into regime II— plateaus occur at a larger
compressive force.

To demonstrate the tailorability and robustness of these
architectures we examine their performance in applications of
materials having essential nonlinearity in distributing static
mechanical stresses. Possible applications include cushioning,
packaging or orthopedics. Stress re-distribution can for example
minimize bedsores (pressure ulcers) in addition to offering
comfort. For example, state-of-the-art commercial foams are
made from low density materials which exhibit a plateau stress
response. The plateau response is typically preceded by a linear
slope similar to regime I for the lattices presented in this study.
The transition from regime I to II usually involves a peak stress,
followed by negative stiffness associated with the foam buckling,
then followed by a stress drop to the stress plateau level.
Materials having this kind of general response, exhibiting a
stress plateau are used for cushioning as they accommodate the
non-uniform geometry of a contacting hard surface by local
buckling and distribution of the stresses. However, in packing
and cushioning foams, precise tuning of this response is not
possible due to randomness of the foam microstructure, and the
lateral coupling among cells leading to strain localization,
coordinated buckling and stiffness slope fluctuations. This is
associated with the difficulty to fabricate perfectly periodic foams
or honeycombs with specific microstructure geometry. To assess
the applicability of y-springs for use in these purposes, an
ABAQUS simulation is constructed in which a “cushion”
comprised of a row of parallel 1D line springs covered by an
extensible 0.5mm thick polyurethane sheet. This cushion is
indented by a rigid body with several asperities (depicted in
Figure 5a). Each spring depicted in Figure 5a represents x-spring
or, for benchmarking, a foam element with the same geometric

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim


http://www.advancedsciencenews.com
http://www.aem-journal.com

ADVANCED
SCIENCE NEWS

VANCED
ENGINEERING
MATERIALS

www.advancedsciencenews.com

(a) @

w

Indenter

@

[
Cushion

21NN I DYIMIN

Indenter

www.aem-journal.com

the indenting surface for the applied load of
25 N (Figure 5b). For applied loads up to 33 N,
the JC80 foam and y-spring configuration
elements have comparable peak contact
pressure, meaning they can almost equally
re-distribute stresses. However, the JC80
foam cushion deforms by 70.3% more than
the y-spring cushion. This shows the benefits
of using y-spring architected metamaterial
compared to commercial JC80 foam. In

B

Applied load: 25N

x-spring cushion (Indentation: 8.1 mm)
—-—-JC80 foam cushion (Indentation: 13.8 mm)

particular, the properties of the y-spring can
be precisely tailored to accommodate this

Contact
Pressure (kPa)

load and distribute the stresses exerted by
non-uniform bodies while minimizing local
deformation. This type of behavior can have
strong implications in materials for cushion-
ing, packaging, and energy absorption. It
important to note that the spring dimensions

(C) Length (mm)

Lra M

13.8 mm deformation

440  are tailored for a specific load range. For loads
higher than 33N, the y-spring metamaterial
densifies more rapidly than the JC80 result-

8.1 mm deformation
v v

v Y v v v vy

A A A A A, A4

ing in worse performance at those loads (see
Supporting Information). This is expected as

A 4 A A A

Indenter

rendered. Dashed line indicates undeformed thickness of the cushion.

footprint. JC80 (Johnson Controls) light polyurethane foam is
chosen as it is commonly used for cushioning applications.*”!
Each of the spring elements is constrained to only be displaced in
the vertical direction. The dimension of the system in the out of
plane direction is set to be the width of each element (22 mm).
Contact between the indenter and sheet is treated as frictionless
contact as the y-springs strain is constrained to the vertical
direction.

An appropriate y-spring architected metamaterial is chosen
based on the parametric study in Figure 4. We choose, an
element with L=14mm and t=2mm since it provides a
suitable tradeoff between plateau width and strain energy
stored. Normal contact pressure is applied in the form of loads
of 7, 15, 25, 33, and 39N on the indentor. For each load, the
peak local stress and the maximum deformation at this stress is
compared between the cases of the y-spring and the JC80 foam
cushions. For the small load (7, 15, and 25N), the y-springs
offer lower deformation values without causing large contact
pressure stress. This response can be visualized by observing
normal contact pressure plotted along the perimeter length of
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Figure 5. Architected metamaterials for stress re-distribution. a) Schematic showing an indenter
with asperities penetrating a “cushion” of spring elements coupled by an extensible sheet. The
springs represent either, X-springs or an appropriately sized commercial |C80 foam element. b)
Contact pressuredistribution overthe perimeter of the indenting surface for the different “springs”
withan applied load of 25 N (more load cases can be found inthe supplementary information). The
equilibrium indentation is specified in the plot legend for each case. c) Snapshot of the ABAQUS
simulation comparing indentation depths at 25N applied load. Individual springs are not
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the thickness of each individual strut is much
thicker O(1mm) than the cell walls of JC80
foam 0(0.01 mm)®. Furthermore, the onset
of densification (transition into regime III
behavior) is smoother in the case of JC80
foam as new points of contact are established
more gradually with increasing deformation
due to the inherent variation between unit
cells.

In summary, we present a class of materi-
als, where the internal architecture exploits
local buckling to achieve essential nonlinear
stiffness. The material construction can be 2D
(prismatic) which opens up opportunities for
fabrication using laser cutter —as demon-
strated in this manuscript- as well as simple
molding, die cutting and lithography. The metamaterial exhibits
a wide flat stress plateau —zero stiffness- followed by a stiffening
regime, leading to what is known as essential stiffness
nonlinearity. The proposed structures can be used as individual
elements or as components of lattice materials. Two possible
configurations, the 7- and the y-springs are studied in detail and
the phenomenon is shown experimentally to be robust for both
these configurations over a range of geometrical parameters.
Finite element models and simplified beam models are used to
isolate the mechanisms of achieving flat stress plateau, and
reveal that the essentially nonlinear behavior is a purely
geometrical effect arising from by asymmetric buckling modes.
Moreover, the structures are fully reversible when compressed —
even to the point of densification. Such elements can be utilized
in cushioning and packaging, where they offer the same ability
for minimizing stress concentration at contact points yet achieve
much smaller deformations. In the future, combining pairs of
these elastic elements in pre-compressed states (such that the
pre-compressed equilibrium is in regime II) can produce
essentially nonlinear springs or even mimic vibro-impact
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behavior and has applications in the design of acoustic
metamaterials such as sonic vacua and acoustic non-reciprocity.

Supporting Information

Supporting information is available online from Wiley Online Library or
from the author.
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