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DIELECTRIC SPHERICAL PARTICLE ON AN INTERFACE IN AN
APPLIED ELECTRIC FIELD*

YI HU T, PETIA M. VLAHOVSKAT, AND MICHAEL J. MIKSIST

Abstract. Here we study the force due to an applied electric field on a spherical particle
trapped at a planar interface. Electric fields applied in either normal or tangential direction to the
interface are investigated. The electric potential is found by using the Mehler-Fock integral transform,
which reduces the problem to a system of Fredholm integral equations. These equations are solved
numerically and asymptotically. The force on an isolated particle is identified numerically, while the
far-field interaction force between two particles is identified asymptotically. Solutions are presented
as a function of the ratio the dielectric constants, the conductivities, and the contact angle of the
particle with the interface. We show that, at leading order, the interaction between perfect dielectric
particles is dominated by the induced dipoles and hence it is repulsive. For leaky dielectric particles
the induced quadrupole can become significant and the interaction force can be either attractive or
repulsive depending on material parameters.
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1. Introduction. Micron-sized (colloidal) particles trapped at a two-phase in-
terface are often encountered in natural and industrial processes, e.g., oil recovery,
and employed in variety of applications, e.g., to stabilize emulsions [25, 27]. These so-
called Pickering emulsions are finding increasing use in the pharmaceutical, petroleum,
food and personal care industries [34], in part because novel and more exotic emulsion
properties become available as materials technology creates greater and greater vari-
ety of particles. The rational design of these novel emulsions requires understanding
of the dynamics of particle-coated interfaces, which is currently lacking.

The interface greatly affects particle dynamics. For example, the drag coefficient
of an interface-trapped sphere differs from the Stokes drag in a homogeneous fluid
and depends on the properties of both liquids and the contact angle of the interface
with the particle [11, 12, 4, 23, 26]. Electrostatic effects due to particle charge or
applied electric fields further complicate the problem, but remain largely unexplored
despite their importance in phenomena such as particle clustering, chaining or dy-
namic patterning at a flat fluid interface [1, 22] or a liquid drop surface [10, 24, 20].
For example, there is no net force on a particle in a homogeneous medium in an
applied uniform electric field, while a particle at an interface experiences a normal
force (electrodipping). Analyses of this force for a particle at a water-nonpolar fluid
interface assumed that the electric field does not penetrate into the water phase, i.e.,
the water phase is a perfect conductor [5, 6, 7]. This simplification limits the appli-
cability of the results. Our work considers the general case of three material phases
of arbitrary conductivity, as well as the non-symmetric case of an applied electric
field tangential to the planar interface. We analyze both the case of perfect dielectric
materials, where the displacement field is continuous at the interface, and the case of
leaky dielectric(weakly conducting) materials, where the electric current is continuous
across the interface [29]. We assume that the interface is not deformed by the action
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of the electric field. This assumption can be satisfied for planar interfaces separating
density or conductivity mismatched fluids [18, 31], or with drops [33]. For example,
instability from an applied tangential field along a planar fluid interface can only hap-
pen if the product of the difference of the electric conductivities times the difference of
the permittivities is negative and the applied field is sufficiently large [17]. A similar
condition exists for an applied normal field [13].

Paralleling the approach of [6], we reformulate the original electrostatic problem,
described by a set of partial differential equations, into integral equations for the
electric potential. This is done by transforming into toroidal coordinates and then
applying the Mehler-Fock integral transform, see e.g., [4, 35, 36] for a similar math-
ematical solution approach applied to Stokes flow problems. The resulting equations
are solved numerically and asymptotically. We present computational results for the
electric potential and for the force on a single particle under a normal and tangen-
tial applied field. We find that the particle experiences only a normal force in both
cases. The analysis of the local field in the neighborhood of the contact line shows
that the same integrable singularity occurs in both cases. In order to determine the
interaction force between two particles resting on the interface, we consider the limit
of widely separated particles, i.e., the distance between them is much larger than
their radii. As a first step, we identify the far field asymptotic behavior of the electric
potential of the first particle in the neighborhood of the second particle. The leading
order behavior includes both dipole and quadrupole contributions, which can have
comparable magnitude in contrast to a particle in a homogenous medium. Once the
dipole and quadrupole terms are known, the far field interaction force between two
particles is found and shown to depend on the interparticle distance as Ry 4. The
force coefficients can be found analytically in the perfect dielectric case, but must
be calculated numerically for the leaky dielectric case. We show that the leading
order force between particles is always repulsive for perfect dielectrics and governed
by dipole-dipole interactions. However, for leaky dielectric particles the force can be
attractive when the quadrupole terms are significant. In cases when the force between
leaky dielectric particles is repulsive, we show that it can be well-approximated by
only dipole-dipole interactions. The results of this analysis can be generalized to the
case of multiple particles interacting on an interface.

2. Problem Formulation. Here we formulate the problem of a spherical par-
ticle of radius a at the interface between two phases in an applied uniform electric
field. We will refer to these two phases as fluids even though they could be a more
general material, e.g., a solid. As noted in Figure la, the upper, lower and particle
regions will be denoted by g, with k = w, [, p, respectively, and we will use subscripts
to denoted variables in each of these regions. We also write the particle interface as
S = S, US, where S, is the particle interface touching the upper fluid, while 5;
touches the lower region.

The fluid-fluid planar interface is located along the plane z = 0 of a cylindrical
coordinate system (r,6,z). Place the particle symmetrically about the z-axis with
the center of the spherical particle located at » = 0 and z = —acosa. Here « is
the constant contact angle the particle makes with the fluid-fluid interface at the
three-phase line, i.e., the contact line, see Figure la. In this coordinate system, the
spherical particle interface is given by 724 (2+a cos a)? = a?. Note that for a = 0, the
particle is completely submerged in the the lower fluid, while for a = 7, the particle
is completely immersed in the upper fluid. Our objective is to determine the electric
field in each phase, to calculate the electric force on the particle, and to determine the
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DIELECTRIC SPHERICAL PARTICLE ON AN INTERFACE 3

applied force on a second identical particle resting on the interface in the presence of
the first particle.

We study two cases: normal and tangential (to the planar interface) applied
electric field. The solution of the tangential case is non-symmetric but since it parallels
the general approach of the symmetric applied normal field case we will only outline
it; we direct the reader to [14] for a detailed derivation of this case. Fields applied at
other angles can be derived by a straight-forward generalization of our approach.

2.1. Applied Normal Field. Let us consider the case where a uniform electric
field is applied normal to the fluid-fluid interface, see Figure la, and as z tends to
negative infinity, the electric field tends to E| = —FEyZ. The problem is axisymmetric
about the z axis. We seek to determine the electric field in the whole domain, including
the particle.

upper fluid (24, v.,)

lower fluid (€, ;)

(a) (b)

Fig. 1: la: Spherical particle trapped at fluid-fluid interface. The electrical properties
of the three phases are characterized by 7,, 77, and 7,,. The z-axis of a cartesian system
(z,y, 2) is noted in the figure. 1b: Toroidal coordinates system. The surface of the
spherical particle is given by £ =7 — «, (2 > 0) and £ = 27 — a, (2 < 0). The planar
interface and contact line are specified by £ = 0 and 1 = oo, respectively.

Introducing the electric potential, Ej = —V g, in each region Q, with k = u, [, p,
the potential problem is described as,

(2.1) VZp, =0, in Q k=ulp.
(2.2) [p] =0, m-[yE] =0 at all interfaces.

Eq. (2.1) expresses the fact that the electric field is divergence free. In (2.2) we
use the notation that [f] represents the jump in f across the interface. The first
boundary condition in Eq. (2.2) is the continuity of the tangential electric field. The
physical interpretation of our problem rests with the definition of 7, in the second
boundary condition in Eq. (2.2). If all phases were perfect dielectrics and ~y, is defined
as the dielectric constant, €, then Eq. (2.2) states the continuity of the normal
displacement field and that there is zero induced charge along all interfaces, see e.g.,
the special two-phase case considered in [5, 7, 6]. If 74 is the electrical conductivity,
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ok, of each of the phases, then the second boundary condition in Eq. (2.2) states
that the electric current in continuous across the interface. This is the appropriate
boundary condition when studying a weakly conducting (leaky dielectric) material
such as considered in [33, 19, 16]. In this model, there would be induced charge along
the interfaces. The charge ¢ is defined as the jump in the normal displacement field
across the interface. In general, balancing all stresses across the interface requires the
interface to be determined as part of the problem. We will assume that the interface
in our case remains planar. Henceforth, we nondimensionlize all variables using the
particle radius a as the unit of length, Fya is the unit of potential and 7; as the unit
of the material parameter. Accordingly, we introduce the ratios v,; = v, /v > 1 and
Yo = Yp/vi- Without loss of generality, we assume 7, > .

If the particle were not there, then the solution to (2.1)-(2.2) is simply ¢, = 2/7u
and ¢; = z. But because of the presence of the particle, there is a nonzero perturbation
potential @, to the applied uniform electric field in each region that needs to be
determined. Hence we define

(2.3) Pu=2/Yul + Pu,
(2.4) pr=z+ P,
(2.5) wp =2+ Py,

Assuming a uniform applied field, ®,, and ®; decays to 0 as r2 4 22 tends to infinity.
Note that when v,; — oo, then ¢, — 0 which corresponds to the water-nonpolar
scenario studied in [5].

To solve for the perturbation potential in this complicated geometry we utilize a
toroidal coordinate system [4, 6, 30],
(2.6) L rosiné R ro sinhn ’

coshn —cos¢ coshn —cos¢

where 0 < £ < 27 and 0 < 1 < oco. Figure 1b illustrates the relation between the
cylindrical and toroidal coordinate systems. The contact line is located at (r,z) =
(ro,0), where ro = sina, which from Equation (2.6) implies n = oo. The z-axis is
1 = 0 while the r-axis is £ = 0 outside of the particle, and & = 7 inside of the particle.
The spherical surface when z > 0is { =&y =7 — «, and it is £ = &y + 7 for z < 0.

Inserting Egs. (2.3)-(2.5) into Eq. (2.1), the Laplace equation in toroidal coordi-
nates becomes,

ﬁ( sinh 8<I>k) n ﬁ( sinh 7 0Py,
0 “coshn — cos& O an

(2.7) ) =0,

coshn —cosé On

where k=u,l,p. From the boundary conditions in Eq. (2.2), we obtain,

(2.8) q’“’g:o = (I)l|5:27r7
(2.9) O, =0, + (1 —1/yu)z at&=~E,
(2.10) O =P, atf=¢ +.
And,
0P, 0P,
(2.11) ’Y“l(97§|§:0 = 87§|5:27T’
o od,, 0z

212) e L
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8<I> 8<I>l 0z
2.13 =(1- — at &= .
( ) -y 85 85 ( Vpl)aé a 5 50 +7
160 Our solution approach is to apply the Mehler-Fock integral transform (see Ap-

pendix A). Introduce the solution ansatz,

(2.14) JT/ Bu(€. 1)K (n,7)dr

where K%(n,7) = P 1 jotin
165 kind of order zero, with complex index —1/2 + i7. If the square root function were
not in Eq. (2.14), the coefficients By (&, 7) would be the Melher-Fock transform of the
perturbation potential ®j in 7.
Use (2.14) in Eq. (2.7) and note that the result is separable. Then the continuity
equations (2.8)-(2.10) imply that By(&,7) can be sought in the general form,

(coshn) is the associated Legendre function of the first

7 _ sinh (§o — §)7 sinh &7
o Fa=GlD) sinh §o7 C2 (T)sinh &oT
(215) (1= 1 /)25 sin o ST = ST sinh &7

coshmr  sinh &7’
sinh (§o + 7 — &)7 sinh (¢ — 2m)7
sinh (§o — )7 3(7) sinh (& — )7’
sinh (& + 7 — &)1 C sinh (& — &)7
_ 3(7-) e L YA

sinh 71 sinh 71
175 where C1(7), C2(7) and C3(7) are undetermined coefficient functions of 7.
To determine Cyi(7), C2(7) and C3(7), we substitute Egs. (2.15)-(2.17) into the
other three boundary conditions (2.11)-(2.13). The result is,

(2.16) By =Ci(7)

(2.17) Bp = 02(7—)

_ VYl
C1(7)[Yur coth &g — coth (& — m)7] = Ca(T) Sh e
1 sinh (7 — &) .
2.1 — . —1)23/2 ;
180 (2:18) Cs(7) sinh (§o — )7 + (= 1) T coshaT sinh(&o7) S ¢,

o K°n,7) e cosh 7t cosh o7
” — " dr — “ K%n,1)d
K l/o mCi(7) sinh &7 g /0 7C2(T) sinh 77 + lsinhﬁ T] (n, 7)dr

K°(n,7)
sinh 77

s sin &g
+ Ypi /0 TC3( ) dr + (7Pl qul) Q(COSh’U ~ cos §0 / C2 m )

sin o > 32 . sinh(m —&)7
B -1 sinh (7w — o) 7
2(coshn — cos &) /0 (Yur )2°/ T sina coshmr K°(n,7)dr

*° ) inh (7 — &) cosh &y
- i — 1)25272 5in o 20 K°(n,7)d
/0 (Y = 1)27 77 sin o coshmr  sinh&yr (n, 7)dr

(2.19)
23/2

(o)
185 +T(1—'ypl)sina/ [T cot &o
0

sinh (w = &), pcosh(r = &o)7

0
cosh 77 cosh 77 JKE (0, 7)dr,

> K°(n,7) > coshmr ~ cosh (§o —m)7,
/0 TCl(T)de — /o TC3(T)[—pi snhor + Sinh (€0 — 7T)7_]K (n,7)dT
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— Ypl /000 TC2(T)MdT + (Yp1 — 1) sin (& + ) / esr -

sinh 71 2(coshn — cos (&g + )
(2.20)
23/2 > sinh &7 cosh &7
1-— —7 cot — o2 — KO d
3 —5 (1= m)sin a/o [=7 cot (&0 +7) cosh 71 cosh T 1K (m, m)dr,

If equations (2.18)-2.20) were solved numerically, the results could be substituted
back in (2.14),(2.15)-(2.17) and then integrated to find the electric field. But there
is a difficulty. Although equations (2.18)-(2.20) are three equations for the three
unknowns Ci(k = 1,2,3) with equation (2.18) algebraic, equation (2.19)-(2.20) only
contain the unknowns in the integrand, similar to a Fredholm integral system of the
first kind. Such systems are difficult to solve, and often ill-posed. To identify a system
that behaves better under numerical solution, we apply the generalized inverse Mehler
Transformation to (2.18)-(2.20) (see Section 2.3) resulting in a Fredholm-like system
of the second kind.

2.2. Applied Tangential Field. Here let us consider the case where a uniform
electric field is applied tangentially to the planar interface between ; and 2, in
the z direction. In the absence of a particle, the solution is EH = —FyZ in both
phases, i.e., a uniform constant field in the = direction. The presence of the particle
perturbs this solution. By a similar argument for the normal applied field and again
introducing dimensionless variables, we look for a solution in cylindrical coordinates
of Egs. (2.1)-(2.2) in the form,

(2.21) @ =rcosf + Py,

where k denotes u, [, p respectively.

Our solution approach will again be to introduce the toroidal coordinate system
(2.6). The difference is that now our solution is not axisymmetric and we must account
for the # dependence of the solution.

The Laplace equation for the perturbed potential ® in toroidal coordinates (&, 7, 0)
with @ as the azimuthal angle, becomes,

2( sinhn 0Py, ) 2( sinhn 0Py, )
0 “coshn — cos& O On coshn —cos& On
1 0Py,

2.22 =0.
(222) * sinh n(coshn — cos§) 062

By a similar argument as in the previous section we look for a solution in the
form

(2.23) Dr(n,&,0) = /coshn — cos& cos(f) /00 Bk(g,T)Kl (n,7)dr
0

where K (n,7) = P!, J24ir (coshn) is the first order associate Legendre function of
the first kind. Note that the equation is separable in the 6 coordinate but because
of this extra dependence, Pi1/2+i7 appears in Eq. (2.23) instead of the zeroth order
associated Legendre function as found in Eq. (2.14).

As before, we can show that the coefficients By, satisfy

sinh (& — &)7

sinh g7

sinh 7

(2.24) By =Cy(7) sinh {7

CQ(T)

This manuscript is for review purposes only.



235

240

245

DIELECTRIC SPHERICAL PARTICLE ON AN INTERFACE 7

sinh (§ +m — &7 (T)M
sinh (&g — m)7 3\ sinh (o —m)T
sinh (§o + 7 — &7 CS(T)M.

sinh 77 sinh w7

(2.25) By =Cy(7)

(2.26) B, = Cy(7)

This will naturally satisfy the continuity of ®; conditions in (2.2). Paralleling the
derivations of equations (2.18)-2.20), we substitute the above equations for By into
the second boundary condition in (2.2) and find that the three coefficients C;, must
satisfy the three equations,

u 1
(2:27) C1(r)lus coth o7 — coth (§ — m)7] = Co(r) 207 Ry o

o0 K'(n,7) o0 cosh 7t cosh&pr, 4
” —— dr — ul = K-(n,7)d
Tt /0 () sinh &1 T /o e (Tl sinh w7 7 sinh 507'] (n,7)dr

K'(n,7) sin & 1
_ K
W /0 7Ca(7) sinh 77 47+ (Opt = Yut) 2(coshn — cos &) /0 Ca(m) K (. m)dr
(2.28)
25/2 sinh (7 — &)

0
= T(’Yul - ’Ypl)/ T sin @ Kl(naT)dT7
0

coshr

= K'(n,7) o coshmr  cosh (§ —m)7,, 4
| gt ) e G G e K o

- K'(n,7) sin (€ + ) o0 )
N P —— -1 K d
Vpl /0 TCQ(T) sinh 7 T+ ('Ypl )Q(COShT] — cos (fo T 7'(')) /0 Cg(T) (’r], 7‘) T
(2.29)
25/2( 1) /OC . sinh goTKl( )d
= 5 — 1n .
3 i 0 rema coshmr 1 T)aT

Here we have used the identity,

sinh 77 sin &y 25/2 % ginh (1 — &)1,
2.30 =—— — K dr.
(2:30) (coshn — cos &y)5/2 3 ) T coshrr (n, 7}

As with the normal field case, more work is needed before we can solve the equations
for Cx. Note that we have retained similar notation in solving the applied normal
field and tangential field case and we expect that the context of the discussion will
eliminate any potential confusion (between normal and tangential field).

2.3. Solving integral equations. To solve the integral equations for both the
normal and tangential field cases above, we apply the generalized inverse Mehler
transforms, Eq. (A.3) in Appendix A. For the normal field case the inverse transform
is applied to equations (2.19)-(2.20). From the resulting equations, eliminating C; by
using (2.18) and with some algebraic manipulation, we obtain the coupled system of
integral equations (see [14] for details).

(2.31) CoAo1(7) + C3A31(7) = S1(7) + (Yur — Vpt) /0°° Co(T)Vi (T, 7)dT,
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Fig. 2: Applied normal electric field. Equal potential lines of @y, o = 7/2, vy = 4. (a) v = 1/2.
(b) vpi = 2, for better demonstration, smaller potential level is used. Select values of the potential
are noted on each figure.

(2.32) CQAQQ(T) + CgAgQ(T) = SQ(T) + (1 - 'Ypl) /OOO C3(7~')‘/2(7~',7')d7~'

See Appendix B for the definitions of Vj, and Sk.

Equations (2.31)-(2.32) are a system of two linear Fredholm integral equations
of the second kind for the unknown coefficients C» and C3. A solution is found com-
putationally by discretizing the integrals using the trapezoidal rule and solving the
resulting discretized system of equations (see [14] for details). Spectral convergence is
observed and we have used the subinterval width A7 = 0.005. The infinite integrals
are truncated at a large value of 7, 7y = 60 > 1, and numerical checks are done to
ensure convergence. The unknown coefficient C; can be found from Eq. (2.27) after
Cy and Cs are found. The perturbation potentials ®; are then determined by using
Egs. (2.14), (2.15)-(2.17).

The tangential field problem is solved in a similar way by applying the transform
Eq. (A.4) to Eq. (2.28)-(2.29). Details are provided in Appendix C.

3. Electric field about an isolated particle. Computation results for the
applied normal and tangential field cases are presented here. The parameters which
affect the potential solution are the contact angle o, and the ratios vy,; and 7.

Figure 2 and Figure 3 show the equipotential lines of several different scenarios
under a given parameter set. For a = m/2, v,y = 4 and v, = 1/2, we see in Figure 2a
that a particle in an applied normal field behaves like a dipole, while for v, = 2,
in Figure 2b, the quadrupole nature of the perturbation field is apparent. Results
for the same parameters are given for the applied tangential field case in Figure 3 as
vpi is increased. In Figure 3 the potential in Eq. (2.23) is plotted without the cosé
dependence. This quadrupole contribution is explicitly derived in Section 6 where we
calculate the far field behavior of the potential.

4. Electric field near the contact line. To study the local behavior of the
electric field near the contact line (rg,0), we consider the limit 77 — oo. Here we only
provide deatils for the case of the applied normal field.

Denote the solution to system Eqs. (2.7)-(2.13) as,

(4.1) Py (n, &) = v/coshn — cosEWk(n, §).

Since the potential is finite at the contact line, it follows that as n — oo, Uy —
Doe~"/2 where Dy is a constant. This suggests a solution near the contact line in the
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Fig. 3: Applied tangential electric field. Equal potential lines of &, a = /2, 7 = 4. (a)
Tpt = 1/2. (b) yp = 2, for better demonstration, smaller potential level is used. Select values of the
potential are noted on each figure.

form Wy = Doe "2 + ¢y (n,€). Near the contact line the boundary conditions Egs.
(2.8)-(2.13) are applied on constant £ lines, hence after using Eq. (4.1) in Eq. (2.1),
we look for (7, £) as a separable function of 7 and £. The result which satisfies the
continuity of potential Eq.(2.8)-(2.10) is

(4.2) Py = Y2 Dy sin (_50 —&v + D, Sjin v 1
sin §ov sin &ou
_Cipomp, Sl T =8y sin (€= 2m
) v Dy sin (§o — m)v Ds sin (§o — m)v )
(4.4) by = 12D, sin (52;—;‘;— §v + Ds smfm:rfo)v].

The separation parameter v > 0 is determined by the three boundary conditions Eqgs.
(2.11)-(2.13); recall that £ = 0 on the 2, side of the planar interface while £ = 27 on
the €; side of the planar interface.

Substituting the local solution Eq. (4.2)-(4.4) into Egs. (2.11)-(2.13), we obtain
three homogeneous linear equations for the coeflicients D;, Dy, D3. A non-trivial
solution of the 3 x 3 linear system requires the following determinant must be zero,

(4.5)
~ut €Ot Epr + cot (€ m)v ~Yut €8¢ Epv esc(éo  mv
“Yul €sc Eov “Yul €Ot Eov + ~p1 COL TV “Ypl CSC TV = 0.
esc(ép mv ~p1 CSC TV cot(§y m)r yp cotmy

Eq. (4.5) determines the separation parameter v, and therefore the singular behavior

of the electric field as a function of the ~ ratios and a = 7 —&p. There are multiple real
solutions of Eq. (4.5) but the smallest solution is always in the interval [%,1]. This
implies an integrable singularity of the normal electric field (see Eq. (4.7)). Figure 4
shows the behavior of the smallest v from Eq. (4.5) as a function of the contact angle
a for different values of v, when vy = 1. It is interesting to note that as o increases
from 0, the value of v first decreases from v = 1, reaches a minimum, and finally
approaches one as «a tends to 180°.

Let us consider the limit where ~,; — co, e.g., when the upper fluid is a perfect
conductor. In this limiting case the determinant (4.5) reduces to cot(§y — m)v —
Yprcotmy = 0 consistent with the results of [5] and the monotonically decreasing
behavior of v shown in Figure 4. Note this asymptotic result implies that v tends to
1 as @ = m — & tends to zero, and it implies that v tends to 1/2 as a tends to 180°,
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10 Y. HU, P. M. VLAHOVSKA, AND M. J. MIKSIS

indicating a singular limit as illustrated in Figure 4. It should be noted that when
& = m/2, the solution for v becomes identical to the solution in the checkerboard
geometry case consider in [2, 3] when the conductivities in their left half plane are the
same.

Once the potential in the neighborhood of the contact line is known, we find
the electric field by taking the gradient of the potential and then letting 7 tend to
infinity. We need to only consider the electric field in the upper fluid, and for ease of
presentation we only look for the singular behavior of E, along z = 0. Suppose we
write Eu =FE,Z+ E.ralong z = 0.

1 0P, 1 ov,,
(4'6) Ez|z=0 = _% - W|z=0 = _% - (COSh'r] - 1)3/2 65 |§=07
using Eq. (4.2) with only the smallest v € [3,1], and the definition of the toroidal
coordinate system Eq. (2.6), we obtain at leading order for large 7

(4.7) E.|.—0 ~ cn(y)e(l—u)n ~ & (V) (r/ro — 1)1/71.

Here ¢, (v) and ¢, (v) are coefficients which do not depend on 7, and note that from
Eq. (2.6) that as n — oo, then r — rg. Since v is between 1/2 and 1, the singularity
in the normal electric field is integrable.

The above asymptotic analysis allows us to also find the local behavior of the
electric field F, at the contact line as n — oo,

v—1
(4.8) Eylg~ 20 _ypietivm B0 p) (T/“) - 1)
2 2 2
Unlike the studies done by Danov and Kralchevsky [8, 5, 6] which are in the limit
where v,; — 00, i.e., the upper fluid is a perfect conductor with F,. = 0 along the
interface, we find here that the tangential electric field is nonzero along the interface
and it is singular at the contact line.

The local behavior of the electric field along z = 0 at the contact line can also
be investigated in the applied tangential field case by a similar analysis. Although
the solution in this case does depend on the azimuthal angle 6, the singular behavior
does not and the local dependence on r at the contact line is exactly the same as
the results above [14]. The assumption of setting z = 0 can be relaxed and the
functional dependence on position in Eq. (4.6)-(4.8) can be shown to simply change

to [(z/r0)2 + (r/ro — 1)2/4)=1/2 [14].

5. Electric force on an isolated particle. Here we calculate the total force
exerted on the particle by the electric field. Details are only given for the applied
normal field case. The applied tangential field case is similar in derivation (see [14]
for details). The calculation involves integration of the Maxwell stress tensor over the
surface of the particle. This tensor depends on the dielectric constants, ex, k = u, 1,
and the electric field on the particle surface. For the sake of brevity, we illustrate the
approach on the case of perfect dielectric media, vy = €;. The derivation for the leaky
dielectrics is similar.

It should be noted that an alternative approach in finding the force on the particle
was used by Danov & Kralchevsky [6] for the special case of a nonpolar/water (perfect
conductor) interface. In that work, the integral of the Maxwell stress tensor over the
particle surface was replaced by an integral along the fluid interface by using the
Divergence theorem. This approach could be used in the case of perfect dielectrics,
v = €. However, the approach is inapplicable in the case of leaky dielectric, v = o
because of nonzero induced charge at the fluid interface.
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Fig. 4: v vs. a for different values of ~,; with Ypt = 1. Here « is given in degrees. The 7,; — oo
limit recovers the case considered in [6]

5.1. Applied Normal Electric Field. From symmetry, the net force on the
particle is only in the vertical direction. The total force on the particle, F = F! + F*,
is calculated by integrating the total pressure on the particle surface S = S, U S;.

(5.1) FF = —//S P*ds,

where k = I,u. The pressures P* in each fluid media is given by the sum of the
Maxwell stress tensor £ and the base pressure pioo,

€ €
(5.2) P¥ = procI — ZF = (oo + éwmz)l - ﬁwkwk.

The force F* is assumed to be dimensionless and the unit of force is e Ega?, where
€o is the vacuum permittivity. The constant dimensionless pressure is derived by
balancing the pressure at the flat (and particle-free) fluid-fluid interface and is given
by Puco = Dico + 8;{2” — §& = Ploo +0p Where pio, are constants and dp is the pressure
jump from the lower to the upper surface due to the presence of the electric field.
Since the constant pressure contribution integrates to zero over S, the total force on
the particle can be written as just an integral of dp over S, plus the Maxwell stress
tensor over the particle interfaces,

(5.3)
€y €n €] €]
F—— Su 2y v _ v PT— .
//S“{(Sp-i- 87T|Vgou| 47TV<puV<pu}dS //S,{SWWW' 4WV@1V¢l}dS

The surface integrals on the right hand side of (5.3) will be calculated numerically on
the particle interfaces( trapezoidal rule for £ = &y, and &y + 7, [14] ) using the solution
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from Section 4. Since there is only a component of force in the z-direction, introduce
aFS =F - e, as the z component of the force, where e, is the unit vector in the z
direction.

Figure 5(a) shows the force coefficients F< varying with epi When « is 90 degrees.
We find that F¢ is monotonically decreasing with €,;. The force is positive (upward)
for small €,;, while it becomes negative as €,; increases. This force is usually referred
to as electro-dipping if it is directed to the region of larger dielectric constant. As
expected, for €,; = 1, the net force on the particle is zero independent of the value of
epr. Figure 5(b) illustrates the dependence of the force on the contact angle. Note the
non-monotonic behavior and also note that both a positive and negative force can be
found.

Fig. 5: In applied normal field. Here v = €. (a) FS vs. €pi, When €,; = 1,2,4,16,100. a = 7/2.
(b) FS vs. . eyp =4, ey = 1/4,1,2,4,16.

5.2. Applied Tangential Electric Field. Given a tangential applied field in
the z direction as in (subsection 2.2), we find that there is no force in the tangential
direction on a single particle no matter what materials are chosen or the contact angle.
This is due to the symmetry of the field and the particle geometry, see Appendix E.
There is a force in the normal direction which is calculated by using (5.3), note that
now 6p = 0. The normal force coefficient F* is plotted in Figure 6 for some typical
values of the parameters. Note in Figure 6a that now, for small €, the force in
downward, and increases to a net positive force as ¢, increases. The behavior of
the force as a function of « is plotted in Figure 6b and we see that the qualitative
behavior is similar to the applied normal field case, except now the mean values of
FS will increase with €pi as opposed to the mean decreasing of FS observed in the
applied normal field case of Figure 5Ha.

6. Far-field asymptotic expansion of potentials. In order to study the col-
lective dynamics of many particles on an interface under an applied electric field,
the electric interaction between the particles must be understood. Computationally,
we could extend the results of the previous section to the many particle case but
this would be a challenging numerical computation. A more common approach is
to assume that the particles are far apart, and then to use the far-field asymptotic
expansion of the potentials of each particle to calculate the force on a particular
particle. This many body force approximation is typically calculated in the far-field
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Fig. 6: In applied tangential field with v = e. (a) FS vs. €, when €,; = 1,4,16,100. o = 7/2.
(b) FS vs. . €y =4, €y =1/4,1,2,4,16.

approximation by determining the two-particle interaction force and then using this
to determine the total force on the particle. The two-body force is calculated in the
next section. Here we first calculate the far-field asymptotic expansion for the electric
potential of a single particle on an interface.

For a particle located near the origin of the cylindrical coordinate system, our
interest is to find the asymptotic behavior of the potential as 1 — oo with z order
one, i.e., close to the particle. In terms of the toroidal coordinate system, this implies
that both £ and 7 tend to zero (see Eq. 2.6).

6.1. Applied Normal field. Consider first the applied normal field case. Our
aim is to find the far field expansion (0 < 7 < 1 and 0 < £ < 1) of the perturbed
potential ®. Here we give the details only for the upper potential ®, as defined by
Eq. (2.3). In terms of our transformed toroidal coordinate system, this potential is
given by the integral (2.14) along with (2.15) where the coeflicients C; and Cy are
determined numerically as outlined in Section 2.

Begin by expanding K°(n,7) as n — 0. This is done by finding a power series
solution about 77 = 0 of the associated Legendre differential equation in terms of 7
[14]. The result is
(6.1) K°(n,7) ~1—(1/16 + 72/4)n* + O(n*), n — 0.
The expansion is valid for any fixed 7. Using (6.1) in Eq. (2.14) we find that ®,, can
be approximated as,

o, N\/m/m Bu(€,7)[1 = (1/16 + 72/4)?]dr.
0

(6.2)

The truncated part of the integral decays exponentially with 7.
For fixed 7 we can also expand B, in Eq. (2.15) as & — 0 (i.e. near interface
z=0)
(6.3)
B o~C [ 372 . sinh(m — &)
w~ C1+ & |—CiTeoth&m + (C2 + (1 — 1/7)2% “7 sina——————

Tesch &g
cosh 77 ) ST |
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with truncation error at O(£2). Substitute Eq. (6.3) into (6.2) and using the inverse
of the toroidal coordinates,
i, r’+(z—isina)? 1, 224 (r+sina)?

6.4 =1 = n-— 7
(64) ¢ 2nr2+(z+isina)2’ g 2n22+(r7sino¢)2’

we obtain the far field expansion of ®, when R = V72 + 22 — oo and z ~ O(1):
u ? u 1 -5

Notice here that we write the answer in terms of R and z, not r. The coeflicients C;*
are calculated as below,

gy = 2\/§sin2a/ [—Cy7 coth &y
0

sinh (7 — &)

_ 3/2_
(6.6) + (Co+ (1 — 1/vw)2%*Tsina P — )7 esch &oT]dT
<1
(6.7) C¥ = +/2sin® a/ (1 — 72)Cy(7)dr.
0

These coefficients are found numerically.
Paralleling the above analysis in the lower fluid, we obtain,

(6.8) P ~c§%+qﬁ% +O(R™).

Using the boundary condition (2.2) it is straightforward to show that C% = C} /v,
and C¥ = C.. Note that because there is no net charge on the particle the O(R™1)
terms do not contribute in the above expansions.

Egs. (6.5) and (6.8) show that in the far-field, the leading order potential has two
contributions: a dipole aligned with the applied electric field, given by the C¥ term,
and a quadrupole contribution, given by the C¥ term.

In Figure 7(a)(b) we plot C% as a function of the v ratios. In Figure 7(a) we plot
C} as a function of ~,, for several values of 7,;. Notice that C} decreases monotonically
with y,;. When v, is small, e.g., in a leaky dielectric this implies that the particle is
less conductive than the surrounding fluids, we find that the effective far field dipole
coeflicient is positive, which indicates that the induced dipole is antiparallel to the
applied field. With increasing 7,;, the induced dipole flips sign and becomes parallel
to the applied field. Here C} is often referred to the excess dipole moment which is
induced by the external field on the particle. This changing behavior of the dipole is
illustrated for both of these cases in Figure 2, i.e. the induced dipolar fields in the
lower fluid in Figure 2(b) are in the opposite direction of Figure 2(a). Finally note
that as -y, — oo, the dimensionless dipole coefficient in the lower fluid asymptotes to
a finite limit, similar to the behavior when 7,; = 1. Also we find that C} = 0.5 for
Ypt = 0 for all v,; when o = /2. In Figure 7(b) we plot C} vs. v, for fixed values of
vpi- There we see the non-monotonic behavior of CY with ~,; implied in Figure 7(a),
plus the asymptotic behavior with increasing -, implied in Figure 7(a).

In Figure 7(c)(d), we plot C} as a function of 4. Recall, C} = C¥ corresponds to
the quadrupole moment contribution at the same order as the dipole. When ~v,; = 1,
the solution can be exactly found and there is no quadrupole, the potential is purely
dipolar, otherwise Cy is non-monotonic with 7, and 7,;. Note that the magnitude
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Fig. 7: (Normal field) C} and C! when a = w/2. (a) C4 vs. ~,, when v, = 1,4,16,100, (b)
Cé VS. Yul, When v, = 1,4,16,100, (c) Ci vs. Ypi, when ~,; = 1,4,16,100, (d) Cfl VS. Yul, When
vo1 = 1,4,16, 100.

of the quadrupole effect is much less than the dipolar effect for a = /2, implying
that it will have only a small effect on the interaction force between particles when
the particle is centered at the fluid interface.

In Figure 8 we plot C4 and C} as a function of the contact angle . Notice that
when 1 < vy < Yur, i.e. from the curve of v, = 2 in Figure 8(a), we observe that the
far field potential dipole coefficient C} will flip sign when the particle emerges from
the lower fluid into the upper fluid. This phenomenon was observed previously in a
limiting case [6] where 7,; — co. In Figure 8(a) the dashed lines are the approximating
function C! , (o) = mg + (m, —mg)V () where my is the value of C} at a = 0, m,, is
the value C} at o = 180°, and V() = sin*(a/2)(3 — 2sin?(/2)) is proportional to
the volume of the particle in the lower fluid as a function of «. Note that for the plots
shown, this approximation does well in approximating the a dependence of Cé. The
approximation works well for a wide range of parameters but will beging to fail when
the behavior of C% is no longer monotonic, e.g., see the vYpi = 16 plot in Figure 8. Our
computations imply this is true for large values of 7,; and 7,;. In Figure 8(b) the
quadrupole coefficient C! is generally small compared to C} when a = 7/2. However
away from 7/2 (off-centered), the magnitude of quadrupole moment increases and
becomes nonnegligible.

6.2. Applied Tangential field. Paralleling the derivation of the previous sub-
section but now identifying the power series expansion of K! [14] , the far-field asymp-
totic expansion for the induced potential in an applied tangential field has the general
form:
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Fig. 8: (Normal field) (a) Cé vs. « in degrees, when v, = 1/4,1/2,1,2,4,16, v,; = 4. The solid
lines are numerical results while the broken lines at the approximate solutions CéA. (b) Cfl vs. ain
degrees, when v,y = 1/4,1/2,1,2,4,16, v, = 4.

(6.9) By~ Ch 2

=~ Ak L
2R3

+C,

~k T2
+C Ay

4 ﬁ + O(R_7).
See [14] for details and Appendix D for the explicit expressions of the coefficients C%.
The first term in Eq. (6.9) is a tangential dipole potential, i.e. a dipole aligned
horizontally with a higher order decaying effect. Since Cy¥ = C!, the far-field ex-
pansions in both the upper and lower fluid are identical at leading order and the
particle can be regard as a single dipole. The C¥ term is a quadrupole term. From
the boundary condition Eq. (2.2) it must satisfy C} = 4,,C¥. The C¥ term is from
the octupole contribution. The quadrupole and octupole contributions both come at
the same order in our far field expansion because of our assumptions on R and z (see
[14] for plots of the coefficients as a functions of the parameters).

7. Interaction of widely separated particles. In the previous section we
calculated the far-field behavior of the electric potential. Here we use these results to
determine the force between two widely spaced identical particles resting on a fluid
interface. Assume that particle 1 is centered at (0,0, — cos ) as shown in Figure 1a
and that an identical particle 2 is located a distance Ry (dimensionless units) along
the interface with Ry > 1, see Figure 9. We seek to determine the applied horizontal
force on particle 1 due to the presence of particle 2 by integrating the total Maxwell
stress X over the particle 1 interface S'. We are only interested in the components of
the force in the direction horizontal to the interface, i.e., F'*ex + FYe,, where ex and
ey are unit vectors in the  and y directions, respectively. This allows us to write

(7.1) Fm:F~em:// 3dS - em,
Sl

for m = z,y. Set F™ = F* + F/™ were F|" only includes the integration of (7.1)
along the S}, k = u,l, portion of the S* interface.

There is no contribution to the horizontal force from the constant pressure pgeso
in Eq. (5.2). The total electric stress in Eq. (7.1) accounts for the presence of
both particles along the interface. In the widely spaced situation considered here
(Rp > 1), at leading order, the potential used to calculate the stress is simply the
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Fig. 9: Particle locations in inter-particle force calculation. Normal field: assume the
second particle centered at (Rg, 0, — cos «), without losing any generality. Tangential
field: assume the second particle centered at (Rg cos 3, Rg sin 3, — cos «).

sum of the applied field on particle 1 (Section 2) plus the perturbation field from
particle 2 (Section 6).

7.1. Applied Normal field. Without loss of generality, assume that the center
of particle 2 is located at (R, 0, — cosa), see Figure 9. By symmetry we need only
consider the z component of the force as given by (7.1).

From Eq. (7.1), the force components in the = direction on particle 1 can be
written as

2m o)
(7.2) £y :(71)"/0 /0 (—rcos 92—;2’1“1 — rsin 02—;2?2 + rg—;Elfg)dndﬂ,

where £ = £y and n = 0 for £k = u on the upper surface of particle 1, and £ = &y + 7
and n = 1 for £ = [ on the lower surface in the above integral. The components of
the Maxwell stress tensor ¥ for k = u, 1 in Eq.(7.2) are given by Eq.(5.2) where the
potentials on the upper and lower surface of particle 1 are given by

C+Céz

(73) Py = Z/’Yul + q)u,l + 4 RS 2 s
Cl + Clz
(74) <,Ol =z + (1)171 + %

Here ® 1 is the electric perturbation potential on particle 1 given by Eq. (2.14), and
we have used the leading order contribution at O(R~3) of the potential from particle
2 on particle 1 as given by (6.5) and (6.8),

z 1
(7.5) . ~ Cf o5 + Ci 73

2@ k:ualv

where now R = /(z — Ro)? + y2 + 22 >> 1.

With this information, we can now compute the horizontal force F}7 for k = u, .
At this point we find it convenient to expand R in Egs. (7.3) and (7.4) for large Ro
and then substitute into Eq. (7.2). This allows us to write Xf; = X ,; + E’f’ina?’ +
Eé,in()_4 +---. The O(1) in Ry term in (7.2) integrates to zero as noted in Section
5, i.e., a particle in an applied normal field does not feel any horizontal force on the
interface. We also find that the O(R, %) term integrates to zero. The first nonzero
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contribution to (7.2) occurs at O(Ry™*). At this order, the % ;; contributions to the
stress tensor in the upper fluid are:

Y 3¢u [ o9, LOD.,. LOD.,.
(7-6) 2,11:*E {02(1/’Yul+ 821)55*02 axlz*Cﬁ 63:1}’

w 3€u w 8‘1)%1 " 8(13%1
(7.7) 2,12 = M{Cz Tyz+c4 81/}’

3€u 8@u 1 8<I>u 1 acI)u 1
A u — u ) u ) 1 U ) 1 .
(7.8) 213 = - {Cz o r+ Cy( Ep +1/yur)z + C{( 92 + /%l)}

The components of the horizontal force on the upper part of the particle 1 interface
can be found by plugging (7.6)—(7.8) into (7.2), and integrating. A similar calculation
can also be done for the lower part of particle 1 [14].

A non-dimensional inter-particle force coefficient FZ can now be defined by sum-
ming the upper and lower forces on particle 1,

T T T €1 74
. F*=F, Ffr=—F".
(7.9) =

Figure 10 shows the force coefficients FZ with fixed 7, values and increasing 7y,
when o = 27/3. In Figure 10a we consider the dielectric case where v = €. We find

€pl pl

Fig. 10: (Normal field) FZ vs. v, a = 27/3. (a) v =€, €y = 2,4,16. (b) v = 0, o = 2,4,16
and €,; = 1 is used for all cases.

that FZ remains negative (repulsive) for all values considered. The force decreases
in magnitude with increasing ,;, reaches zero, and then continues increasing in mag-
nitude. Notice that FZ = 0 for €, = €pi = 1, i.e., where you have a homogeneous
material. Also note that it is also possible for FZ = 0 when +y,; # 1, since as noted
in Figure 7a, C% will vanish for finite values of ;. In this case the quadrupole terms
determine the leading order behavior of the force and the contribution will occur at
O(Ry®), this will not be discussed further here.

In Figure 10b we consider the leakly dielectric case where v = ¢ is varied but the
dielectric constants appearing in the force definition in Eq. (5.3) are set as €, /¢, = 1.
Note that in the leakly dielectric case of Figure 10b we can find reasonable values of o,

Thi. 1script 15 f ly.
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which makes the total force attractive, £ > 0 at order O(Ry ). This happens when
the quadrupole contribution occurring in the potential of (7.5) becomes dominant.
When v = ¢, it can be proved that the C§ terms in (7.5) do not contribute to
the inter-particle force Fi¥ [14]. This follows because there is zero net charge on the
interface of a dielectric. In this case, paralleling the calculation in [6], it can be found
analytically that the leading order force between a pair of wide-separated particles is
a dipole-dipole interaction and the inter-particle force can now be identified [14] as

el(C%)Q + Eu(cg)Q
2R

(7.10) F*=_3

Note that this result is independent of €, and o since these parameters will only
change the total force by influencing the effective induced dipole moments, i.e. C%.
Equation (7.10) is consistent with the special case considered in [6]. In should be noted
that even in the leakly dielectric case where v = o, Eq. (7.10) is a good approximation
when the quadrupole coefficients are much smaller than dipole coefficients, such as
when o = 7/2 shown in Figure 8.

7.2. Applied Tangential field. When the electric field is applied tangential to
the fluid interface and parallel to the z-axis, the force on particle 1 depends not only
on the distance between the two particles, R, but on the location of particle 2 relative
to the direction of the applied field. The interaction force will have components in
both the = and y direction (an electric torque will also exist in this case). To make
this more definite, assume that particle 1 is again centered at (0,0, — cos «), while
particle 2 is centered at (Rg cos 3, Rg sin 3, — cos &), where [ is the angle in the z —y
plane measured from the z-axis and to the plane through the particle centers and
perpendicular to the x —y plane, see Figure 9, with 8 > 0 if both x and y are positive.

The interaction force F'* in the z-direction is again calculated from (7.2) but now
using in the Maxwell stress a potential which is the sum of the far field potential of
particle 2 given by (6.9) plus the potential (2.21) of a single particle in an applied
tangential field. To get the leading order behavior in Ry of F* both the R~3
R~® terms in (6.9) need to be retained in the approximation. Note that here we set
R=/(z — Rycos B)2 + (y — Rosin3)2 + z2 >> 1. The constant offset in z-direction
will not affect the result.

The force in y direction is

27
0z 0z or
7.11 FY =(—1 ”/ / —rcos—3k — rsin0—3k, + r—%k.)dndo,
( ) k (=1 . ( an 21 an 22 an 23)77

where again £ = £ and n = 0 for £ = u on the upper surface of particle 1, and
E=¢& +mand n=1 for k=1 on the lower surface in the above integral.

As in the previous section, the Maxwell tensor can be expanded in Ry and we
find that the leading order nonzero contribution to the interaction force from particle
2 is given by,

k 3€k02 3‘I)k. 1 8‘1%71

3¢’k L 0%y 0Py 1
% = - : 4 2 3 5
211 67 {[3( By Y+ ER z]cos B+ 5(x + o T+ By
(7.12)
BQJM 8(1316’1 6k04 (9(Pk 1
[Tyx 1+ o —)y|(sin 8 + 5sin 30) }—l— . 0s 3,
3exCk 8@ oP 8<I> oP
k kY2 k, 1 k,1 k,1 k,1
[ s ) —(1 s
512 6 {l +3 By x]cos B+ 5[7ay z—(1+ )y cos 33

This manuscript is for review purposes only.

y) cos 38



20 Y. HU, P. M. VLAHOVSKA, AND M. J. MIKSIS

(7.13)
P d
1+ 88;’1 )a + 88;’1 y](sin B + 5sin 38) },
3¢, CE 0Py, 1 0Py 1 0Py,
koo 2 (1 ,
Y513 = T6m { o )z +3 ] cos B+ 5Lz cos 38
(7.14)
8<I>k €kC4 aq)k,l
+ P y(sin 3+ 5sin38)} — g (1+ o ) cos 3,
3ex O} 8<I> 0% 0P 0P 0P
630 212“_’22 = 1%71’2 {[3( Pl 8;1 y+4 82’1 z]cos B+ 5(z + 83]?1 x + 8;1 y) cos 38
(7.15)
afbk,l 8<I>k,1 ekC' 8<I)k1
- By z—(1+ o ) ](bmﬁ+58m3ﬂ}+ 4 P o0s 3,
3e,CY 0@ 8<I> oo
k _ kYo k 1 k,1 _ k,1 1 . .
Y503 = 6 {( 3y z)cos S —5 z(sin B + 5sin34) }
(7.16)
o 6k04 8(I)k 1
in (?y cos 3.

635 From (7.12)—(7.16), we see that only the dipole (C%) and quadrupole (C¥) terms
contribute to the integration of the forces at the leading order of O(Ry*).
Substitute (7.12)—(7.16) into (7.2) and (7.11) and sum up the forces on the upper
and lower surface. Consider only the total force due to the dipole-dipole interactions,
i.e., the C§ terms in the above. Write the x and y components of this dipole-dipole
640 force as Fij and Fg, respectively. This allows us to write,

(7.17) Fj = (]:Idcosﬁ+ 3dc0536) FY = (]—"Ids1n,8+ 3d51n3ﬁ)

N 4R4 4R4

where we have factored out the § dependence. Specifically, ]-'g & FL s T SI 4 and F, SI3 d
are dipolar force coefficients independent of the particle align angle 3. From (7.12)-

645 (7.16), it can be proved [14] that F% , = SFZ, FL = 2FI and FI, = 3 FZ,
Rewriting the force components in the axial direction with respect to the particle
centers, we obtain,

aFiyg 2 W aFig 4
IR ( +2cos28), Fj = R ( sin 2/3),

650 Thus the maximum dipole interaction Fj* in axial direction direction with respect to
B is obtained when 8 = 0 or m. The maximum in the perpendicular direction F is
obtained at = 7 or %’T.

As with the apphed normal field case of Section 7.1, the quadrupole does not
contribute to the leading order inter-particle force when we set v = €. Only the

655 dipole-dipole interaction at the leading order [14] occurs with the force exponents as,

(7.18) Fge

3032 . 303 .
(7.19) F§® = 2R4(1+300525) F :eR—afsmw,

where € = (eu + €)/2 is the average dielectric constants of the two fluid material
and Cy = C} = C¥. This result is equivalent to the classical result for a general
660 dipole-dipole interaction [9, 15].
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In the leaky dielectric case there is a non-zero quadrupole contribution at leading
order in the force, i.e., O(Ry*). From Equations (7.12)-(7.16), we observe that the
quadrupole interaction terms (i.e., those with C¥) are all proportional to cos 3. These
terms do not contribute to the force in the y direction but there is a force contribution
in the x direction. Denote this quadrupole contribution to the force as F/ and write

x € T
(7.20) Fy = TRE)‘}—C"] cos f3.

Combinding this result with (7.17) the total force in the z-direction can be written

) 5 10 15 20 25 30

Fig. 11: (Tangential field) F, 4 (solid lines) and Fe,q (dashed lines) vs. oy, when o, = 2,4, 16.
a=m7/2 and €,; =1 is used.

as F'* = Fi+F7 =€ [3(]—"15’(1 + FZ.,)cos B+ 5FL, 4cos 36] /12R4. Figure 11 plots
the two force coeflicients F. 4 and F. 4 as a function of o, for several values of o,
when o = 7/2 in the leaky dielectric case, i.e., when v = o. Notice that the magnitude
of the dipole force contribution and quadrupole force contribution can be of the same
order for small values of o,;, but when the particle becomes more conductive, i.e.
opl >> 0y, the dipolar interaction becomes dominant, and estimates of the inter-
particle force using only dipole interactions becomes a reasonable approximation.
But for less conductive particles, the quadrupole contribution to the force cannot be
ignored.

8. Conclusion. The force due to an applied electric field on an isolated spherical
particle trapped at a planar interface and the interaction force between two widely
separated particles on the interface is calculated. Electric fields applied in both the
normal and the tangential direction to the interface are investigated. The problem
allows for different permittivities and conductivities of the three phases and for the
presence of a finite contact angle between the phases. The fact that the particles
are located along an interface as apposed to being within a homogeneous fluid, see
e.g., [15], has resulted in a nonstandard problem requiring the use of the Mehler-
Fock integral transform. Although potential problems can be solved by a variety of
numerical approaches, our analysis not only allowed for an efficient numerical solution,
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it also resulted in a asymptotic analysis that allowed us to identify the singularity in
the electric field at the contact line and in developing a far-field interaction forced
between particles along an interface. In the case of perfect dielectrics, we find that
the leading order force between particles is always repulsive and governed by dipole-
dipole interactions. However, for leaky dielectric particles and media the force can be
attractive due to significant quadrupole contribution.

The study of particle dynamics along an interface driven by an electric field is a
very active area of research [10, 22, 24] and falls within the field known today as active
matter. Electric fields can induce rotation (Quinke motion) and particle translation
along an interface. The results presented here can be used to model the dynamics
of interfaces with many particles. Future work will focus on including the effect of
interface curvature into the model and on implementing our results into modeling the
dynamics of many particles along a fluid interface.

Appendix A. Mehler-Fock Integral Transform. The generalized Mehler-
Fock integral transform pair of a function B(u) [5, 21, 28, 32], defined on 1 < u < oo,
is given by

(D) Bl = [Py tear
1

(A2)  C(r) = —7sinh7r r(% —k+ n)r(% —k- w)/ B(u)P*, )i, (u)du.
1

Here C(7) is the transformed (or image) function defined on 0 < 7 < cc. P’jl/QHT(u)
is the associated Legendre function of the first kind with complex index —1/2 4+ i7.
This explicit form of the transform can be found in [28] and although we used the
standard notation for the integration in (A.1), it typically is defined as an integral in
the complex 7 plane, see [21].

In all of our calculations we will set the argument of C as u = coshn. For the
normal applied electric field problem, we need k = 0. Thus,

(A.3) C(7) = T tanh 7r7'/ B(cosh 77)P91/2+ir (coshn) sinh 7 dn.
0

For the tangential electric field, we take k =1,

47

tanh w7 / B(cosh U)Pi1/2+i7' (cosh i) sinh iy dn.
0

Appendix B. Functions for Section 2.3.
These functions are needed in the definition of equations (2.31)-(2.32).

tanh 77 * K%n,7)K°(n, 7)
B.1 7 = i ’ > inh
(B.1) Vi(7,7) 5 sin &g | coshn —coséy sinh ndn,
tanh 77 * KO, 7)K(n,7)
B.2 T = 1 9 inhnd
(B-2) Va(7.7) g o (§o +m) o  coshn+ cosé SR A,
23/2 sinh (7 — &)7 cosh (m — &)1
=1~ ¢ —9
S1(7) 3 ( o) lcot & coshmr T cosh 7wt ]
b (7 —
(g — )22 ST = CO)T e
cosh T
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DIELECTRIC SPHERICAL PARTICLE ON AN INTERFACE

Yo sinh (7 — &) 7

+2%/2(1 — )7
( Yut) cosh 77 sinh? &oT[yur coth &g — coth (&g — 7)7]

- _sinh (m —&0)T . . .
B. it — 1)23/27 2T 7 50T d
I A e e LT
23/2 sinh & cosh &7
= L (Yu — 1) [~ —2
Sa(7) 3 (Vi — Yp1)[— cot (§o + ) coshor 2T coshar
1
B.4 25/2(1 =,
(B.4) + (1=~ l)Tcosh 77 sinh €y T [y coth g7 — coth (&g — 7)7]’
and
AQl(T) = — Yul
sinh &7 [— coth (g — )7 + Y coth &o7]
(B.5) — (yp1 coth T 4 7y, coth o),
Vol
A =7
21(7) Yo Sinh w1
1
(B.6) i . )
sinh &7 sinh (§p — 7)7[— coth (§o — 7)7T + Y coth &oT]
1
A =
22(7) sinh &7 sinh (§o — 7)7[— coth (§g — 7)7 + Y coth &oT]
Vpl
B.7 -
(B.7) Y sinh w1’
1
As(T) = ———
sinh® (& — 7)7[— coth (§o — 7)T + Yu coth {o7]
(B.8) + (ypi coth T — coth (§o — m)7).

23

Appendix C. Solving the tangential field problem. By applying the
inverse Mehler-Fock transform for the first order Legendre functions in Appendix A

to Eq. (2.28) and (2.29), we obtain,

1
sinh g7

YulC1(7) — Co(7)[yp1 coth T + 7 coth &7]

+ piCs(7) sinh 77

— )ﬁsinh (m—&)7
—\ul =l 3 coshr

2tanh 71 . R _ .
(C.1) + (Yur — Ypt) sin §o/ Co(F)UL (7, 7)d7,
0

472 +1

and

1
sinh (§o — m)T
1
= WwiCa(7) sinh 77

25/2 ) sinh &o7

:T('Ypl - 1)

Ci(7) — C3(7)[—~ypi coth T + coth (& — 7)7]

coshnr
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2tanh 77 . < ~ N
(©2) 1= s +m) [ G@UlE
where
. * K'(n, )K" (n, 7)
. 1 = ’ ") inhnd
(C.3) Uy (7,7) | coshy —cong Smhn,
e e} Kl Kl ~
(C.4) UL(7,7) = . 1)KL T) ot .

o  coshn+ cos&p

Combinding Eqgs. (2.27), (C.1) and (C.2), the tangential field problem can be
solved in a manner similar to the normal field problem.

Appendix D. Far-field Asymptotic expansion coefficients for the ap-
plied tangential field case.
The coefficients C* and C! are given by,

(D.1) .

ClL = C% = —/2sin? a/o (1 +73)Cy(1)dT

(D.2)

A Au . <51 o 11 s
Cl=0C¢ = \@sm‘*a/o [6(1 +7°)+ 5(1 + 7%)?1Cy (T)dT
(D.3)

_ _ > 1
Cl = 7y C = —2¢/25sin® a/ (Z + 72)[~Cy7 coth (&) — )T + C37 csch (& — 7)7]dT.
0

Appendix E. Zero tangential force on a single particle.

Here we wish to prove that for an applied tangential electric field, there is no net
tangential force on a particle.

When an applied tangential field is in the x direction, the electric potential is
given by (2.21). The force on the particle is given by (5.1) along with (5.2). By
symmetry, the next force in the y direction must be zero. The force in the = direction
on the upper part of the particle, F' can be written as

(E.1) Y= // PUdS - & = // [P{ny + Plyng + Plns] dA,
Su Su

where the unit normal to the particle interface is n = (n1,n9,n3) and dS = ndA is the
area element. From (5.2) the components of the tensor P* are given by P/} = puco +
S+ 52+ (%) + (527, Py = (14 5) e, and Py = g (14 52) e
Notice from Egs. (2.21) and (2.23) that ¢, and ®, are odd about the z-axis, i.e.,
Dy (x,y,2) = —Pr(—=x,y, z). This implies that Py; is even, while Py» and Pj3 are odd.
Since the particle is a sphere, ny is odd about the z-axis, while ny and ng are even.
Together these imply that F* = 0, and a similar derivation gives F. = 0.
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