
DIELECTRIC SPHERICAL PARTICLE ON AN INTERFACE IN AN
APPLIED ELECTRIC FIELD∗

YI HU † , PETIA M. VLAHOVSKA† , AND MICHAEL J. MIKSIS†

Abstract. Here we study the force due to an applied electric field on a spherical particle
trapped at a planar interface. Electric fields applied in either normal or tangential direction to the5
interface are investigated. The electric potential is found by using the Mehler-Fock integral transform,
which reduces the problem to a system of Fredholm integral equations. These equations are solved
numerically and asymptotically. The force on an isolated particle is identified numerically, while the
far-field interaction force between two particles is identified asymptotically. Solutions are presented
as a function of the ratio the dielectric constants, the conductivities, and the contact angle of the10
particle with the interface. We show that, at leading order, the interaction between perfect dielectric
particles is dominated by the induced dipoles and hence it is repulsive. For leaky dielectric particles
the induced quadrupole can become significant and the interaction force can be either attractive or
repulsive depending on material parameters.
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1. Introduction. Micron-sized (colloidal) particles trapped at a two-phase in-
terface are often encountered in natural and industrial processes, e.g., oil recovery,
and employed in variety of applications, e.g., to stabilize emulsions [25, 27]. These so-
called Pickering emulsions are finding increasing use in the pharmaceutical, petroleum,20

food and personal care industries [34], in part because novel and more exotic emulsion
properties become available as materials technology creates greater and greater vari-
ety of particles. The rational design of these novel emulsions requires understanding
of the dynamics of particle-coated interfaces, which is currently lacking.

The interface greatly affects particle dynamics. For example, the drag coefficient25

of an interface-trapped sphere differs from the Stokes drag in a homogeneous fluid
and depends on the properties of both liquids and the contact angle of the interface
with the particle [11, 12, 4, 23, 26]. Electrostatic effects due to particle charge or
applied electric fields further complicate the problem, but remain largely unexplored
despite their importance in phenomena such as particle clustering, chaining or dy-30

namic patterning at a flat fluid interface [1, 22] or a liquid drop surface [10, 24, 20].
For example, there is no net force on a particle in a homogeneous medium in an
applied uniform electric field, while a particle at an interface experiences a normal
force (electrodipping). Analyses of this force for a particle at a water-nonpolar fluid
interface assumed that the electric field does not penetrate into the water phase, i.e.,35

the water phase is a perfect conductor [5, 6, 7]. This simplification limits the appli-
cability of the results. Our work considers the general case of three material phases
of arbitrary conductivity, as well as the non-symmetric case of an applied electric
field tangential to the planar interface. We analyze both the case of perfect dielectric
materials, where the displacement field is continuous at the interface, and the case of40

leaky dielectric(weakly conducting) materials, where the electric current is continuous
across the interface [29]. We assume that the interface is not deformed by the action
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of the electric field. This assumption can be satisfied for planar interfaces separating
density or conductivity mismatched fluids [18, 31], or with drops [33]. For example,
instability from an applied tangential field along a planar fluid interface can only hap-45

pen if the product of the difference of the electric conductivities times the difference of
the permittivities is negative and the applied field is sufficiently large [17]. A similar
condition exists for an applied normal field [13].

Paralleling the approach of [6], we reformulate the original electrostatic problem,
described by a set of partial differential equations, into integral equations for the50

electric potential. This is done by transforming into toroidal coordinates and then
applying the Mehler-Fock integral transform, see e.g., [4, 35, 36] for a similar math-
ematical solution approach applied to Stokes flow problems. The resulting equations
are solved numerically and asymptotically. We present computational results for the
electric potential and for the force on a single particle under a normal and tangen-55

tial applied field. We find that the particle experiences only a normal force in both
cases. The analysis of the local field in the neighborhood of the contact line shows
that the same integrable singularity occurs in both cases. In order to determine the
interaction force between two particles resting on the interface, we consider the limit
of widely separated particles, i.e., the distance between them is much larger than60

their radii. As a first step, we identify the far field asymptotic behavior of the electric
potential of the first particle in the neighborhood of the second particle. The leading
order behavior includes both dipole and quadrupole contributions, which can have
comparable magnitude in contrast to a particle in a homogenous medium. Once the
dipole and quadrupole terms are known, the far field interaction force between two65

particles is found and shown to depend on the interparticle distance as R−4
0 . The

force coefficients can be found analytically in the perfect dielectric case, but must
be calculated numerically for the leaky dielectric case. We show that the leading
order force between particles is always repulsive for perfect dielectrics and governed
by dipole-dipole interactions. However, for leaky dielectric particles the force can be70

attractive when the quadrupole terms are significant. In cases when the force between
leaky dielectric particles is repulsive, we show that it can be well-approximated by
only dipole-dipole interactions. The results of this analysis can be generalized to the
case of multiple particles interacting on an interface.

2. Problem Formulation. Here we formulate the problem of a spherical par-75

ticle of radius a at the interface between two phases in an applied uniform electric
field. We will refer to these two phases as fluids even though they could be a more
general material, e.g., a solid. As noted in Figure 1a, the upper, lower and particle
regions will be denoted by Ωk, with k = u, l, p, respectively, and we will use subscripts
to denoted variables in each of these regions. We also write the particle interface as80

S = Su ∪ Sl, where Su is the particle interface touching the upper fluid, while Sl
touches the lower region.

The fluid-fluid planar interface is located along the plane z = 0 of a cylindrical
coordinate system (r, θ, z). Place the particle symmetrically about the z-axis with
the center of the spherical particle located at r = 0 and z = −a cosα. Here α is85

the constant contact angle the particle makes with the fluid-fluid interface at the
three-phase line, i.e., the contact line, see Figure 1a. In this coordinate system, the
spherical particle interface is given by r2+(z+a cosα)2 = a2. Note that for α = 0, the
particle is completely submerged in the the lower fluid, while for α = π, the particle
is completely immersed in the upper fluid. Our objective is to determine the electric90

field in each phase, to calculate the electric force on the particle, and to determine the
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DIELECTRIC SPHERICAL PARTICLE ON AN INTERFACE 3

applied force on a second identical particle resting on the interface in the presence of
the first particle.

We study two cases: normal and tangential (to the planar interface) applied
electric field. The solution of the tangential case is non-symmetric but since it parallels95

the general approach of the symmetric applied normal field case we will only outline
it; we direct the reader to [14] for a detailed derivation of this case. Fields applied at
other angles can be derived by a straight-forward generalization of our approach.

2.1. Applied Normal Field. Let us consider the case where a uniform electric
field is applied normal to the fluid-fluid interface, see Figure 1a, and as z tends to100

negative infinity, the electric field tends to ~E⊥ = −E0ẑ. The problem is axisymmetric
about the z axis. We seek to determine the electric field in the whole domain, including
the particle.
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Fig. 1: 1a: Spherical particle trapped at fluid-fluid interface. The electrical properties
of the three phases are characterized by γu, γl, and γp. The x-axis of a cartesian system
(x, y, z) is noted in the figure. 1b: Toroidal coordinates system. The surface of the
spherical particle is given by ξ = π − α, (z > 0) and ξ = 2π − α, (z < 0). The planar
interface and contact line are specified by ξ = 0 and η =∞, respectively.

Introducing the electric potential, ~Ek = −∇ϕk, in each region Ωk with k = u, l, p,
the potential problem is described as,105

∇2ϕk = 0, in Ωk, k=u,l,p.(2.1)

[ϕ] = 0, n · [γ ~E] = 0 at all interfaces.(2.2)

Eq. (2.1) expresses the fact that the electric field is divergence free. In (2.2) we
use the notation that [f ] represents the jump in f across the interface. The first110

boundary condition in Eq. (2.2) is the continuity of the tangential electric field. The
physical interpretation of our problem rests with the definition of γk in the second
boundary condition in Eq. (2.2). If all phases were perfect dielectrics and γk is defined
as the dielectric constant, εk, then Eq. (2.2) states the continuity of the normal
displacement field and that there is zero induced charge along all interfaces, see e.g.,115

the special two-phase case considered in [5, 7, 6]. If γk is the electrical conductivity,

This manuscript is for review purposes only.



4 Y. HU, P. M. VLAHOVSKA, AND M. J. MIKSIS

σk, of each of the phases, then the second boundary condition in Eq. (2.2) states
that the electric current in continuous across the interface. This is the appropriate
boundary condition when studying a weakly conducting (leaky dielectric) material
such as considered in [33, 19, 16]. In this model, there would be induced charge along120

the interfaces. The charge q is defined as the jump in the normal displacement field
across the interface. In general, balancing all stresses across the interface requires the
interface to be determined as part of the problem. We will assume that the interface
in our case remains planar. Henceforth, we nondimensionlize all variables using the
particle radius a as the unit of length, E0a is the unit of potential and γl as the unit125

of the material parameter. Accordingly, we introduce the ratios γul = γu/γl > 1 and
γpl = γp/γl. Without loss of generality, we assume γu > γl.

If the particle were not there, then the solution to (2.1)-(2.2) is simply φu = z/γul
and φl = z. But because of the presence of the particle, there is a nonzero perturbation
potential Φk to the applied uniform electric field in each region that needs to be130

determined. Hence we define

ϕu = z/γul + Φu,(2.3)

ϕl = z + Φl,(2.4)

ϕp = z + Φp.(2.5)135

Assuming a uniform applied field, Φu and Φl decays to 0 as r2 + z2 tends to infinity.
Note that when γul → ∞, then φu → 0 which corresponds to the water-nonpolar
scenario studied in [5].

To solve for the perturbation potential in this complicated geometry we utilize a
toroidal coordinate system [4, 6, 30],140

(2.6) z =
r0 sin ξ

cosh η − cos ξ
, r =

r0 sinh η

cosh η − cos ξ
,

where 0 ≤ ξ < 2π and 0 ≤ η < ∞. Figure 1b illustrates the relation between the
cylindrical and toroidal coordinate systems. The contact line is located at (r, z) =
(r0, 0), where r0 = sinα, which from Equation (2.6) implies η = ∞. The z-axis is
η = 0 while the r-axis is ξ = 0 outside of the particle, and ξ = π inside of the particle.145

The spherical surface when z > 0 is ξ = ξ0 = π − α, and it is ξ = ξ0 + π for z < 0.
Inserting Eqs. (2.3)-(2.5) into Eq. (2.1), the Laplace equation in toroidal coordi-

nates becomes,

(2.7)
∂

∂ξ
(

sinh η

cosh η − cos ξ

∂Φk
∂ξ

) +
∂

∂η
(

sinh η

cosh η − cos ξ

∂Φk
∂η

) = 0,

where k=u,l,p. From the boundary conditions in Eq. (2.2), we obtain,150

Φu
∣∣
ξ=0

= Φl
∣∣
ξ=2π

,(2.8)

Φu = Φp + (1− 1/γul)z at ξ = ξ0,(2.9)

Φl = Φp at ξ = ξ0 + π.(2.10)

And,155

γul
∂Φu
∂ξ

∣∣
ξ=0

=
∂Φl
∂ξ

∣∣
ξ=2π

,(2.11)

γpl
∂Φp
∂ξ
− γul

∂Φu
∂ξ

= (1− γpl)
∂z

∂ξ
at ξ = ξ0,(2.12)
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γpl
∂Φp
∂ξ
− ∂Φl

∂ξ
= (1− γpl)

∂z

∂ξ
at ξ = ξ0 + π.(2.13)

Our solution approach is to apply the Mehler-Fock integral transform (see Ap-160

pendix A). Introduce the solution ansatz,

Φk(η, ξ) =
√

cosh η − cos ξ

∫ ∞
0

Bk(ξ, τ)K0(η, τ)dτ,(2.14)

where K0(η, τ) = P 0
−1/2+iτ (cosh η) is the associated Legendre function of the first

kind of order zero, with complex index −1/2 + iτ . If the square root function were165

not in Eq. (2.14), the coefficients Bk(ξ, τ) would be the Melher-Fock transform of the
perturbation potential Φk in η.

Use (2.14) in Eq. (2.7) and note that the result is separable. Then the continuity
equations (2.8)-(2.10) imply that Bk(ξ, τ) can be sought in the general form,

Bu = C1(τ)
sinh (ξ0 − ξ)τ

sinh ξ0τ
+ C2(τ)

sinh ξτ

sinh ξ0τ
170

+ (1− 1/γul)2
3/2τ sinα

sinh (π − ξ0)τ

coshπτ

sinh ξτ

sinh ξ0τ
,(2.15)

Bl = C1(τ)
sinh (ξ0 + π − ξ)τ

sinh (ξ0 − π)τ
+ C3(τ)

sinh (ξ − 2π)τ

sinh (ξ0 − π)τ
,(2.16)

Bp = C2(τ)
sinh (ξ0 + π − ξ)τ

sinhπτ
− C3(τ)

sinh (ξ0 − ξ)τ
sinhπτ

,(2.17)

where C1(τ), C2(τ) and C3(τ) are undetermined coefficient functions of τ .175

To determine C1(τ), C2(τ) and C3(τ), we substitute Eqs. (2.15)-(2.17) into the
other three boundary conditions (2.11)-(2.13). The result is,

C1(τ)[γul coth ξ0τ − coth (ξ0 − π)τ ] = C2(τ)
γul

sinh ξ0τ

− C3(τ)
1

sinh (ξ0 − π)τ
+ (γul − 1)23/2τ

sinh (π − ξ0)τ

coshπτ sinh(ξ0τ)
sinα,(2.18)

180

γul

∫ ∞
0

τC1(τ)
K0(η, τ)

sinh ξ0τ
dτ −

∫ ∞
0

τC2(τ)[γpl
coshπτ

sinhπτ
+ γul

cosh ξ0τ

sinh ξ0τ
]K0(η, τ)dτ

+ γpl

∫ ∞
0

τC3(τ)
K0(η, τ)

sinhπτ
dτ + (γpl − γul)

sin ξ0
2(cosh η − cos ξ0)

∫ ∞
0

C2(τ)K0(η, τ)dτ

− sin ξ0
2(cosh η − cos ξ0)

∫ ∞
0

(γul − 1)23/2τ sinα
sinh (π − ξ0)τ

coshπτ
K0(η, τ)dτ

=

∫ ∞
0

(γul − 1)23/2τ2 sinα
sinh (π − ξ0)τ

coshπτ

cosh ξ0τ

sinh ξ0τ
K0(η, τ)dτ

+
23/2

3
(1− γpl) sinα

∫ ∞
0

[τ cot ξ0
sinh (π − ξ0)τ

coshπτ
− 2τ2 cosh (π − ξ0)τ

coshπτ
]K0(η, τ)dτ,

(2.19)

185

∫ ∞
0

τC1(τ)
K0(η, τ)

sinh (ξ0 − π)τ
dτ −

∫ ∞
0

τC3(τ)[−γpl
coshπτ

sinhπτ
+

cosh (ξ0 − π)τ

sinh (ξ0 − π)τ
]K0(η, τ)dτ
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− γpl
∫ ∞

0

τC2(τ)
K0(η, τ)

sinhπτ
dτ + (γpl − 1)

sin (ξ0 + π)

2(cosh η − cos (ξ0 + π))

∫ ∞
0

C3(τ)K0(η, τ)dτ

=
23/2

3
(1− γpl) sinα

∫ ∞
0

[−τ cot (ξ0 + π)
sinh ξ0τ

coshπτ
− 2τ2 cosh ξ0τ

coshπτ
]K0(η, τ)dτ,

(2.20)

190

If equations (2.18)-2.20) were solved numerically, the results could be substituted
back in (2.14),(2.15)-(2.17) and then integrated to find the electric field. But there
is a difficulty. Although equations (2.18)-(2.20) are three equations for the three
unknowns Ck(k = 1, 2, 3) with equation (2.18) algebraic, equation (2.19)-(2.20) only
contain the unknowns in the integrand, similar to a Fredholm integral system of the195

first kind. Such systems are difficult to solve, and often ill-posed. To identify a system
that behaves better under numerical solution, we apply the generalized inverse Mehler
Transformation to (2.18)-(2.20) (see Section 2.3) resulting in a Fredholm-like system
of the second kind.

2.2. Applied Tangential Field. Here let us consider the case where a uniform200

electric field is applied tangentially to the planar interface between Ωl and Ωu in
the x direction. In the absence of a particle, the solution is ~E‖ = −E0x̂ in both
phases, i.e., a uniform constant field in the x direction. The presence of the particle
perturbs this solution. By a similar argument for the normal applied field and again
introducing dimensionless variables, we look for a solution in cylindrical coordinates205

of Eqs. (2.1)-(2.2) in the form,

ϕk = r cos θ + Φk,(2.21)

where k denotes u, l, p respectively.
Our solution approach will again be to introduce the toroidal coordinate system210

(2.6). The difference is that now our solution is not axisymmetric and we must account
for the θ dependence of the solution.

The Laplace equation for the perturbed potential Φ in toroidal coordinates (ξ, η, θ)
with θ as the azimuthal angle, becomes,

∂

∂ξ
(

sinh η

cosh η − cos ξ

∂Φk
∂ξ

) +
∂

∂η
(

sinh η

cosh η − cos ξ

∂Φk
∂η

)215

+
1

sinh η(cosh η − cos ξ)

∂2Φk
∂θ2

= 0.(2.22)

By a similar argument as in the previous section we look for a solution in the
form

Φk(η, ξ, θ) =
√

cosh η − cos ξ cos(θ)

∫ ∞
0

Bk(ξ, τ)K1 (η, τ) dτ(2.23)220

where K1 (η, τ) = P 1
−1/2+iτ (cosh η) is the first order associate Legendre function of

the first kind. Note that the equation is separable in the θ coordinate but because
of this extra dependence, P 1

−1/2+iτ appears in Eq. (2.23) instead of the zeroth order

associated Legendre function as found in Eq. (2.14).225

As before, we can show that the coefficients Bk satisfy

Bu = C1(τ)
sinh (ξ0 − ξ)τ

sinh ξ0τ
+ C2(τ)

sinh ξτ

sinh ξ0τ
(2.24)
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Bl = C1(τ)
sinh (ξ0 + π − ξ)τ

sinh (ξ0 − π)τ
+ C3(τ)

sinh (ξ − 2π)τ

sinh (ξ0 − π)τ
(2.25)

Bp = C2(τ)
sinh (ξ0 + π − ξ)τ

sinhπτ
− C3(τ)

sinh (ξ0 − ξ)τ
sinhπτ

.(2.26)
230

This will naturally satisfy the continuity of Φk conditions in (2.2). Paralleling the
derivations of equations (2.18)-2.20), we substitute the above equations for Bk into
the second boundary condition in (2.2) and find that the three coefficients Ck must
satisfy the three equations,235

C1(τ)[γul coth ξ0τ − coth (ξ0 − π)τ ] = C2(τ)
γul

sinh ξ0τ
− C3(τ)

1

sinh (ξ0 − π)τ
,(2.27)

γul

∫ ∞
0

τC1(τ)
K1(η, τ)

sinh ξ0τ
dτ −

∫ ∞
0

τC2(τ)[γpl
coshπτ

sinhπτ
+ γul

cosh ξ0τ

sinh ξ0τ
]K1(η, τ)dτ

+ γpl

∫ ∞
0

τC3(τ)
K1(η, τ)

sinhπτ
dτ + (γpl − γul)

sin ξ0
2(cosh η − cos ξ0)

∫ ∞
0

C2(τ)K1(η, τ)dτ

=
25/2

3
(γul − γpl)

∫ ∞
0

τ sinα
sinh (π − ξ0)τ

coshπτ
K1(η, τ)dτ,

(2.28)

240

∫ ∞
0

τC1(τ)
K1(η, τ)

sinh (ξ0 − π)τ
dτ −

∫ ∞
0

τC3(τ)[−γpl
coshπτ

sinhπτ
+

cosh (ξ0 − π)τ

sinh (ξ0 − π)τ
]K1(η, τ)dτ

− γpl
∫ ∞

0

τC2(τ)
K1(η, τ)

sinhπτ
dτ + (γpl − 1)

sin (ξ0 + π)

2(cosh η − cos (ξ0 + π))

∫ ∞
0

C3(τ)K1(η, τ)dτ

=
25/2

3
(γpl − 1)

∫ ∞
0

τ sinα
sinh ξ0τ

coshπτ
K1(η, τ)dτ .

(2.29)

245

Here we have used the identity,

sinh η sin ξ0
(cosh η − cos ξ0)5/2

= −25/2

3

∫ ∞
0

τ
sinh (π − ξ0)τ

coshπτ
K1(η, τ)dτ.(2.30)

As with the normal field case, more work is needed before we can solve the equations
for Ck. Note that we have retained similar notation in solving the applied normal250

field and tangential field case and we expect that the context of the discussion will
eliminate any potential confusion (between normal and tangential field).

2.3. Solving integral equations. To solve the integral equations for both the
normal and tangential field cases above, we apply the generalized inverse Mehler
transforms, Eq. (A.3) in Appendix A. For the normal field case the inverse transform255

is applied to equations (2.19)-(2.20). From the resulting equations, eliminating C1 by
using (2.18) and with some algebraic manipulation, we obtain the coupled system of
integral equations (see [14] for details).

C2A21(τ) + C3A31(τ) = S1(τ) + (γul − γpl)
∫ ∞

0

C2(τ̃)V1(τ̃ , τ)dτ̃ ,(2.31)
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Fig. 2: Applied normal electric field. Equal potential lines of Φk, α = π/2, γul = 4. (a) γpl = 1/2.
(b) γpl = 2, for better demonstration, smaller potential level is used. Select values of the potential
are noted on each figure.

C2A22(τ) + C3A32(τ) = S2(τ) + (1− γpl)
∫ ∞

0

C3(τ̃)V2(τ̃ , τ)dτ̃ .(2.32)260

See Appendix B for the definitions of Vk and Sk.
Equations (2.31)-(2.32) are a system of two linear Fredholm integral equations

of the second kind for the unknown coefficients C2 and C3. A solution is found com-
putationally by discretizing the integrals using the trapezoidal rule and solving the265

resulting discretized system of equations (see [14] for details). Spectral convergence is
observed and we have used the subinterval width ∆τ = 0.005. The infinite integrals
are truncated at a large value of τ , τU = 60 � 1, and numerical checks are done to
ensure convergence. The unknown coefficient C1 can be found from Eq. (2.27) after
C2 and C3 are found. The perturbation potentials Φk are then determined by using270

Eqs. (2.14), (2.15)-(2.17).
The tangential field problem is solved in a similar way by applying the transform

Eq. (A.4) to Eq. (2.28)-(2.29). Details are provided in Appendix C.

3. Electric field about an isolated particle. Computation results for the
applied normal and tangential field cases are presented here. The parameters which275

affect the potential solution are the contact angle α, and the ratios γpl and γul.
Figure 2 and Figure 3 show the equipotential lines of several different scenarios

under a given parameter set. For α = π/2, γul = 4 and γpl = 1/2, we see in Figure 2a
that a particle in an applied normal field behaves like a dipole, while for γpl = 2,
in Figure 2b, the quadrupole nature of the perturbation field is apparent. Results280

for the same parameters are given for the applied tangential field case in Figure 3 as
γpl is increased. In Figure 3 the potential in Eq. (2.23) is plotted without the cos θ
dependence. This quadrupole contribution is explicitly derived in Section 6 where we
calculate the far field behavior of the potential.

4. Electric field near the contact line. To study the local behavior of the285

electric field near the contact line (r0, 0), we consider the limit η →∞. Here we only
provide deatils for the case of the applied normal field.

Denote the solution to system Eqs. (2.7)-(2.13) as,

(4.1) Φk(η, ξ) =
√

cosh η − cos ξΨk(η, ξ).

Since the potential is finite at the contact line, it follows that as η → ∞, Ψk →290

D0e
−η/2 where D0 is a constant. This suggests a solution near the contact line in the
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Fig.3: Appliedtangentialelectricfield. EqualpotentiallinesofΦk,α= π/2,γul =4. (a)
γpl=1/2.(b)γpl=2,forbetterdemonstration,smallerpotentiallevelisused.Selectvaluesofthe
potentialarenotedoneachfigure.

formΨk=D0e
−η/2+ψk(η,ξ). NearthecontactlinetheboundaryconditionsEqs.

(2.8)-(2.13)areappliedonconstantξlines,henceafterusingEq.(4.1)inEq.(2.1),
welookforψk(η,ξ)asaseparablefunctionofηandξ.Theresultwhichsatisfiesthe
continuityofpotentialEq.(2.8)-(2.10)is295

ψu=e
(−1/2−ν)η[D1

sin(ξ0−ξ)ν

sinξ0ν
+D2

sinξν

sinξ0ν
],(4.2)

ψl=e
(−1/2−ν)η[D1

sin(ξ0+π−ξ)ν

sin(ξ0−π)ν
+D3

sin(ξ−2π)ν

sin(ξ0−π)ν
],(4.3)

ψp=e
(−1/2−ν)η[D2

sin(ξ0+π−ξ)ν

sinπν
+D3

sin(ξ−ξ0)ν

sinπν
].(4.4)

Theseparationparameterν>0isdeterminedbythethreeboundaryconditionsEqs.300

(2.11)-(2.13);recallthatξ=0ontheΩusideoftheplanarinterfacewhileξ=2πon
theΩlsideoftheplanarinterface.
SubstitutingthelocalsolutionEq.(4.2)-(4.4)intoEqs.(2.11)-(2.13),weobtain

threehomogeneouslinearequationsforthecoefficientsD1,D2,D3. Anon-trivial
solutionofthe3×3linearsystemrequiresthefollowingdeterminantmustbezero,305

(4.5)
γulcotξ0ν+cot(ξ0 π)ν γulcscξ0ν csc(ξ0 π)ν

γulcscξ0ν γulcotξ0ν+γplcotπν γplcscπν
csc(ξ0 π)ν γplcscπν cot(ξ0 π)ν γplcotπν

=0.

Eq.(4.5)determinestheseparationparameterν,andthereforethesingularbehavior
oftheelectricfieldasafunctionoftheγratiosandα=π−ξ0.Therearemultiplereal
solutionsofEq.(4.5)butthesmallestsolutionisalwaysintheinterval[12,1].This
impliesanintegrablesingularityofthenormalelectricfield(seeEq.(4.7)).Figure4310

showsthebehaviorofthesmallestνfromEq.(4.5)asafunctionofthecontactangle
αfordifferentvaluesofγulwhenγpl=1.Itisinterestingtonotethatasαincreases
from0,thevalueofνfirstdecreasesfromν=1,reachesaminimum,andfinally
approachesoneasαtendsto180◦.
Letusconsiderthelimitwhereγul→ ∞,e.g.,whentheupperfluidisaperfect315

conductor.Inthislimitingcasethedeterminant(4.5)reducestocot(ξ0−π)ν−
γplcotπν=0consistentwiththeresultsof[5]andthemonotonicallydecreasing
behaviorofνshowninFigure4.Notethisasymptoticresultimpliesthatνtendsto
1asα=π−ξ0tendstozero,anditimpliesthatνtendsto1/2asαtendsto180

◦,
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10 Y. HU, P. M. VLAHOVSKA, AND M. J. MIKSIS

indicating a singular limit as illustrated in Figure 4. It should be noted that when320

ξ0 = π/2, the solution for ν becomes identical to the solution in the checkerboard
geometry case consider in [2, 3] when the conductivities in their left half plane are the
same.

Once the potential in the neighborhood of the contact line is known, we find
the electric field by taking the gradient of the potential and then letting η tend to325

infinity. We need to only consider the electric field in the upper fluid, and for ease of
presentation we only look for the singular behavior of ~Eu along z = 0. Suppose we
write ~Eu = Ez~z + Er~r along z = 0.

Ez|z=0 = − 1

γul
− ∂Φu

∂z
|z=0 = − 1

γul
− (cosh η − 1)3/2 ∂Ψu

∂ξ
|ξ=0,(4.6)

330

using Eq. (4.2) with only the smallest ν ∈ [ 1
2 , 1], and the definition of the toroidal

coordinate system Eq. (2.6), we obtain at leading order for large η

(4.7) Ez|z=0 ∼ cn(ν)e(1−ν)η ∼ c̃n(ν)(r/r0 − 1)ν−1.

Here cn(ν) and c̃n(ν) are coefficients which do not depend on η, and note that from
Eq. (2.6) that as η →∞, then r → r0. Since ν is between 1/2 and 1, the singularity335

in the normal electric field is integrable.
The above asymptotic analysis allows us to also find the local behavior of the

electric field Er at the contact line as η →∞,

(4.8) Er|z=0 ∼
D0

2
− νD1e

(1−ν)η ∼ D0

2
− νD1

(
r/r0 − 1

2

)ν−1

Unlike the studies done by Danov and Kralchevsky [8, 5, 6] which are in the limit340

where γul → ∞, i.e., the upper fluid is a perfect conductor with Er = 0 along the
interface, we find here that the tangential electric field is nonzero along the interface
and it is singular at the contact line.

The local behavior of the electric field along z = 0 at the contact line can also
be investigated in the applied tangential field case by a similar analysis. Although345

the solution in this case does depend on the azimuthal angle θ, the singular behavior
does not and the local dependence on r at the contact line is exactly the same as
the results above [14]. The assumption of setting z = 0 can be relaxed and the
functional dependence on position in Eq. (4.6)-(4.8) can be shown to simply change
to [(z/r0)2 + (r/r0 − 1)2/4](ν−1)/2 [14].350

5. Electric force on an isolated particle. Here we calculate the total force
exerted on the particle by the electric field. Details are only given for the applied
normal field case. The applied tangential field case is similar in derivation (see [14]
for details). The calculation involves integration of the Maxwell stress tensor over the
surface of the particle. This tensor depends on the dielectric constants, εk, k = u, l,355

and the electric field on the particle surface. For the sake of brevity, we illustrate the
approach on the case of perfect dielectric media, γk ≡ εk. The derivation for the leaky
dielectrics is similar.

It should be noted that an alternative approach in finding the force on the particle
was used by Danov & Kralchevsky [6] for the special case of a nonpolar/water (perfect360

conductor) interface. In that work, the integral of the Maxwell stress tensor over the
particle surface was replaced by an integral along the fluid interface by using the
Divergence theorem. This approach could be used in the case of perfect dielectrics,
γ = ε. However, the approach is inapplicable in the case of leaky dielectric, γ = σ
because of nonzero induced charge at the fluid interface.365
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Fig. 4: ν vs. α for different values of γul with γpl = 1. Here α is given in degrees. The γul → ∞
limit recovers the case considered in [6]

5.1. Applied Normal Electric Field. From symmetry, the net force on the
particle is only in the vertical direction. The total force on the particle, F = Fl + Fu,
is calculated by integrating the total pressure on the particle surface S = Su ∪ Sl.

(5.1) Fk = −
∫∫

Sk

PkdS,

where k = l, u. The pressures Pk in each fluid media is given by the sum of the370

Maxwell stress tensor Σk and the base pressure pk∞,

Pk = pk∞I−Σk = (pk∞ +
εk
8π
|∇ϕk|2)I− εk

4π
∇ϕk∇ϕk.(5.2)

The force Fk is assumed to be dimensionless and the unit of force is ε0E
2
0a

2, where
ε0 is the vacuum permittivity. The constant dimensionless pressure is derived by375

balancing the pressure at the flat (and particle-free) fluid-fluid interface and is given
by pu∞ = pl∞+ εu

8πγ2
ul
− εl

8π = pl∞+δp where pk∞ are constants and δp is the pressure

jump from the lower to the upper surface due to the presence of the electric field.
Since the constant pressure contribution integrates to zero over S, the total force on
the particle can be written as just an integral of δp over Su plus the Maxwell stress380

tensor over the particle interfaces,
(5.3)

F = −
∫∫

Su

{δp+
εu
8π
|∇ϕu|2I−

εu
4π
∇ϕu∇ϕu}dS−

∫∫
Sl

{ εl
8π
|∇ϕl|2I−

εl
4π
∇ϕl∇ϕl}dS.

The surface integrals on the right hand side of (5.3) will be calculated numerically on
the particle interfaces( trapezoidal rule for ξ = ξ0, and ξ0 +π, [14] ) using the solution
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from Section 4. Since there is only a component of force in the z-direction, introduce385

εlFS = F · ez as the z component of the force, where ez is the unit vector in the z
direction.

Figure 5(a) shows the force coefficients FS varying with εpl when α is 90 degrees.
We find that FS is monotonically decreasing with εpl. The force is positive (upward)
for small εpl, while it becomes negative as εpl increases. This force is usually referred390

to as electro-dipping if it is directed to the region of larger dielectric constant. As
expected, for εul = 1, the net force on the particle is zero independent of the value of
εpl. Figure 5(b) illustrates the dependence of the force on the contact angle. Note the
non-monotonic behavior and also note that both a positive and negative force can be
found.395

ǫpl
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Fig. 5: In applied normal field. Here γ = ε. (a) FS vs. εpl, when εul = 1, 2, 4, 16, 100. α = π/2.

(b) FS vs. α. εul = 4, εpl = 1/4, 1, 2, 4, 16.

5.2. Applied Tangential Electric Field. Given a tangential applied field in
the x direction as in (subsection 2.2), we find that there is no force in the tangential
direction on a single particle no matter what materials are chosen or the contact angle.
This is due to the symmetry of the field and the particle geometry, see Appendix E.
There is a force in the normal direction which is calculated by using (5.3), note that400

now δp = 0. The normal force coefficient FS is plotted in Figure 6 for some typical
values of the parameters. Note in Figure 6a that now, for small εpl the force in
downward, and increases to a net positive force as εpl increases. The behavior of
the force as a function of α is plotted in Figure 6b and we see that the qualitative
behavior is similar to the applied normal field case, except now the mean values of405

FS will increase with εpl as opposed to the mean decreasing of FS observed in the
applied normal field case of Figure 5a.

6. Far-field asymptotic expansion of potentials. In order to study the col-
lective dynamics of many particles on an interface under an applied electric field,
the electric interaction between the particles must be understood. Computationally,410

we could extend the results of the previous section to the many particle case but
this would be a challenging numerical computation. A more common approach is
to assume that the particles are far apart, and then to use the far-field asymptotic
expansion of the potentials of each particle to calculate the force on a particular
particle. This many body force approximation is typically calculated in the far-field415
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Fig. 6: In applied tangential field with γ = ε. (a) FS vs. εpl, when εul = 1, 4, 16, 100. α = π/2.

(b) FS vs. α. εul = 4, εpl = 1/4, 1, 2, 4, 16.

approximation by determining the two-particle interaction force and then using this
to determine the total force on the particle. The two-body force is calculated in the
next section. Here we first calculate the far-field asymptotic expansion for the electric
potential of a single particle on an interface.

For a particle located near the origin of the cylindrical coordinate system, our420

interest is to find the asymptotic behavior of the potential as r → ∞ with z order
one, i.e., close to the particle. In terms of the toroidal coordinate system, this implies
that both ξ and η tend to zero (see Eq. 2.6).

6.1. Applied Normal field. Consider first the applied normal field case. Our
aim is to find the far field expansion (0 < η � 1 and 0 ≤ ξ � 1) of the perturbed425

potential Φ. Here we give the details only for the upper potential Φu as defined by
Eq. (2.3). In terms of our transformed toroidal coordinate system, this potential is
given by the integral (2.14) along with (2.15) where the coefficients C1 and C2 are
determined numerically as outlined in Section 2.

Begin by expanding K0(η, τ) as η → 0. This is done by finding a power series430

solution about η = 0 of the associated Legendre differential equation in terms of η
[14]. The result is

K0(η, τ) ∼1− (1/16 + τ2/4)η2 +O(η4), η → 0.(6.1)

The expansion is valid for any fixed τ . Using (6.1) in Eq. (2.14) we find that Φu can435

be approximated as,

Φu ∼
√

cosh η − cos ξ

∫ τ0

0

Bu(ξ, τ)[1− (1/16 + τ2/4)η2]dτ.(6.2)

The truncated part of the integral decays exponentially with τ0.
For fixed τ we can also expand Bu in Eq. (2.15) as ξ → 0 (i.e. near interface440

z = 0)
(6.3)

Bu ∼ C1 + ξ

[
−C1τ coth ξ0τ + (C2 + (1− 1/γul)2

3/2τ sinα
sinh (π − ξ0)τ

coshπτ
)τ csch ξ0τ

]
,
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with truncation error at O(ξ2). Substitute Eq. (6.3) into (6.2) and using the inverse
of the toroidal coordinates,

(6.4) ξ =
i

2
ln
r2 + (z − i sinα)2

r2 + (z + i sinα)2
, η =

1

2
ln
z2 + (r + sinα)2

z2 + (r − sinα)2
,445

we obtain the far field expansion of Φu when R =
√
r2 + z2 →∞ and z ∼ O(1):

(6.5) Φu ∼ Cu2
z

R3
+ Cu4

1

R3
+O(R−5).

Notice here that we write the answer in terms of R and z, not r. The coefficients Cui
are calculated as below,

Cu2 = 2
√

2 sin2 α

∫ ∞
0

[−C1τ coth ξ0τ450

+ (C2 + (1− 1/γul)2
3/2τ sinα

sinh (π − ξ0)τ

coshπτ
)τ csch ξ0τ ]dτ(6.6)

Cu4 =
√

2 sin3 α

∫ ∞
0

(
1

4
− τ2)C1(τ)dτ.(6.7)

These coefficients are found numerically.
Paralleling the above analysis in the lower fluid, we obtain,455

(6.8) Φl ∼ Cl2
z

R3
+ Cl4

1

R3
+O(R−5).

Using the boundary condition (2.2) it is straightforward to show that Cu2 = Cl2/γul
and Cu4 = Cl4. Note that because there is no net charge on the particle the O(R−1)
terms do not contribute in the above expansions.

Eqs. (6.5) and (6.8) show that in the far-field, the leading order potential has two460

contributions: a dipole aligned with the applied electric field, given by the Ck2 term,
and a quadrupole contribution, given by the Ck4 term.

In Figure 7(a)(b) we plot Cl2 as a function of the γ ratios. In Figure 7(a) we plot
Cl2 as a function of γpl for several values of γul. Notice that Cl2 decreases monotonically
with γpl. When γpl is small, e.g., in a leaky dielectric this implies that the particle is465

less conductive than the surrounding fluids, we find that the effective far field dipole
coefficient is positive, which indicates that the induced dipole is antiparallel to the
applied field. With increasing γpl, the induced dipole flips sign and becomes parallel
to the applied field. Here Cl2 is often referred to the excess dipole moment which is
induced by the external field on the particle. This changing behavior of the dipole is470

illustrated for both of these cases in Figure 2, i.e. the induced dipolar fields in the
lower fluid in Figure 2(b) are in the opposite direction of Figure 2(a). Finally note
that as γpl →∞, the dimensionless dipole coefficient in the lower fluid asymptotes to
a finite limit, similar to the behavior when γul = 1. Also we find that Cl2 = 0.5 for
γpl = 0 for all γul when α = π/2. In Figure 7(b) we plot Cl2 vs. γul for fixed values of475

γpl. There we see the non-monotonic behavior of Cl2 with γul implied in Figure 7(a),
plus the asymptotic behavior with increasing γul implied in Figure 7(a).

In Figure 7(c)(d), we plot Cl4 as a function of γ. Recall, Cl4 = Cu4 corresponds to
the quadrupole moment contribution at the same order as the dipole. When γul = 1,
the solution can be exactly found and there is no quadrupole, the potential is purely480

dipolar, otherwise C4 is non-monotonic with γpl and γul. Note that the magnitude
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Fig. 7: (Normal field) Cl
2 and Cl

4 when α = π/2. (a) Cl
2 vs. γpl, when γul = 1, 4, 16, 100, (b)
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of the quadrupole effect is much less than the dipolar effect for α = π/2, implying
that it will have only a small effect on the interaction force between particles when
the particle is centered at the fluid interface.

In Figure 8 we plot Cl2 and Cl4 as a function of the contact angle α. Notice that485

when 1 < γpl < γul, i.e. from the curve of γpl = 2 in Figure 8(a), we observe that the
far field potential dipole coefficient Cl2 will flip sign when the particle emerges from
the lower fluid into the upper fluid. This phenomenon was observed previously in a
limiting case [6] where γul →∞. In Figure 8(a) the dashed lines are the approximating
function Cl2A(α) = m0 + (mπ −m0)V (α) where m0 is the value of Cl2 at α = 0, mπ is490

the value Cl2 at α = 180◦, and V (α) = sin4(α/2)(3 − 2 sin2(α/2)) is proportional to
the volume of the particle in the lower fluid as a function of α. Note that for the plots
shown, this approximation does well in approximating the α dependence of Cl2. The
approximation works well for a wide range of parameters but will beging to fail when
the behavior of Cl2 is no longer monotonic, e.g., see the γpl = 16 plot in Figure 8. Our495

computations imply this is true for large values of γpl and γul. In Figure 8(b) the
quadrupole coefficient Cl4 is generally small compared to Cl2 when α = π/2. However
away from π/2 (off-centered), the magnitude of quadrupole moment increases and
becomes nonnegligible.

6.2. Applied Tangential field. Paralleling the derivation of the previous sub-500

section but now identifying the power series expansion of K1 [14] , the far-field asymp-
totic expansion for the induced potential in an applied tangential field has the general
form:
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Fig. 8: (Normal field) (a) Cl
2 vs. α in degrees, when γpl = 1/4, 1/2, 1, 2, 4, 16, γul = 4. The solid

lines are numerical results while the broken lines at the approximate solutions Cl
2A. (b) Cl

4 vs. α in
degrees, when γpl = 1/4, 1/2, 1, 2, 4, 16, γul = 4.

Φk ∼ C̄k2
x

R3
+ C̄k4

xz

R5
+ C̄k8

x

R5
+O(R−7).(6.9)

505

See [14] for details and Appendix D for the explicit expressions of the coefficients C̄lk.
The first term in Eq. (6.9) is a tangential dipole potential, i.e. a dipole aligned

horizontally with a higher order decaying effect. Since C̄u2 = C̄l2, the far-field ex-
pansions in both the upper and lower fluid are identical at leading order and the
particle can be regard as a single dipole. The C̄k4 term is a quadrupole term. From510

the boundary condition Eq. (2.2) it must satisfy C̄l4 = γulC̄
u
4 . The C̄k8 term is from

the octupole contribution. The quadrupole and octupole contributions both come at
the same order in our far field expansion because of our assumptions on R and z (see
[14] for plots of the coefficients as a functions of the parameters).

7. Interaction of widely separated particles. In the previous section we515

calculated the far-field behavior of the electric potential. Here we use these results to
determine the force between two widely spaced identical particles resting on a fluid
interface. Assume that particle 1 is centered at (0, 0,− cosα) as shown in Figure 1a
and that an identical particle 2 is located a distance R0 (dimensionless units) along
the interface with R0 � 1, see Figure 9. We seek to determine the applied horizontal520

force on particle 1 due to the presence of particle 2 by integrating the total Maxwell
stress Σ over the particle 1 interface S1. We are only interested in the components of
the force in the direction horizontal to the interface, i.e., F xex + Fyey, where ex and
ey are unit vectors in the x and y directions, respectively. This allows us to write

Fm = F · em =

∫∫
S1

ΣdS · em,(7.1)525

for m = x, y. Set Fm = Fmu + Fml were Fmk only includes the integration of (7.1)
along the S1

k, k = u, l, portion of the S1 interface.
There is no contribution to the horizontal force from the constant pressure pk∞

in Eq. (5.2). The total electric stress in Eq. (7.1) accounts for the presence of530

both particles along the interface. In the widely spaced situation considered here
(R0 � 1), at leading order, the potential used to calculate the stress is simply the
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F axF n

Fig. 9: Particle locations in inter-particle force calculation. Normal field: assume the
second particle centered at (R0, 0,− cosα), without losing any generality. Tangential
field: assume the second particle centered at (R0 cosβ,R0 sinβ,− cosα).

sum of the applied field on particle 1 (Section 2) plus the perturbation field from
particle 2 (Section 6).

7.1. Applied Normal field. Without loss of generality, assume that the center535

of particle 2 is located at (R0, 0,− cosα), see Figure 9. By symmetry we need only
consider the x component of the force as given by (7.1).

From Eq. (7.1), the force components in the x direction on particle 1 can be
written as

F xk =(−1)n
∫ 2π

0

∫ ∞
0

(−r cos θ
∂z

∂η
Σk11 − r sin θ

∂z

∂η
Σk12 + r

∂r

∂η
Σk13)dηdθ,(7.2)540

where ξ = ξ0 and n = 0 for k = u on the upper surface of particle 1, and ξ = ξ0 + π
and n = 1 for k = l on the lower surface in the above integral. The components of
the Maxwell stress tensor Σk for k = u, l in Eq.(7.2) are given by Eq.(5.2) where the
potentials on the upper and lower surface of particle 1 are given by545

ϕu = z/γul + Φu,1 +
Cu4 + Cu2 z

R3
,(7.3)

ϕl = z + Φl,1 +
Cl4 + Cl2z

R3
.(7.4)

Here Φk,1 is the electric perturbation potential on particle 1 given by Eq. (2.14), and
we have used the leading order contribution at O(R−3) of the potential from particle550

2 on particle 1 as given by (6.5) and (6.8),

(7.5) Φk ∼ Ck2
z

R3
+ Ck4

1

R3
, k = u, l,

where now R =
√

(x−R0)2 + y2 + z2 >> 1.
With this information, we can now compute the horizontal force F xk for k = u, l.

At this point we find it convenient to expand R in Eqs. (7.3) and (7.4) for large R0555

and then substitute into Eq. (7.2). This allows us to write Σkij = Σk0,ij + Σk1,ijR
−3
0 +

Σk2,ijR
−4
0 + · · · . The O(1) in R0 term in (7.2) integrates to zero as noted in Section

5, i.e., a particle in an applied normal field does not feel any horizontal force on the
interface. We also find that the O(R−3

0 ) term integrates to zero. The first nonzero
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contribution to (7.2) occurs at O(R−4
0 ). At this order, the Σk2,ij contributions to the560

stress tensor in the upper fluid are:

Σu2,11 = −3εu
4π

{
Cu2 (1/γul +

∂Φu,1
∂z

)x− Cu2
∂Φu,1
∂x

z − Cu4
∂Φu,1
∂x

}
,(7.6)

Σu2,12 =
3εu
4π

{
Cu2

∂Φu,1
∂y

z + Cu4
∂Φu,1
∂y

}
,(7.7)

Σu2,13 =
3εu
4π

{
Cu2

∂Φu,1
∂x

x+ Cu2 (
∂Φu,1
∂z

+ 1/γul)z + Cu4 (
∂Φu,1
∂z

+ 1/γul)

}
.(7.8)

565

The components of the horizontal force on the upper part of the particle 1 interface
can be found by plugging (7.6)–(7.8) into (7.2), and integrating. A similar calculation
can also be done for the lower part of particle 1 [14].

A non-dimensional inter-particle force coefficient FI can now be defined by sum-
ming the upper and lower forces on particle 1,570

F x = F xu + F xl =
εl

4R4
0

FI .(7.9)

Figure 10 shows the force coefficients FI with fixed γul values and increasing γpu,
when α = 2π/3. In Figure 10a we consider the dielectric case where γ = ε. We find

ǫpl
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(b)

Fig. 10: (Normal field) FI vs. γpl, α = 2π/3. (a) γ = ε, εul = 2, 4, 16. (b) γ = σ, σul = 2, 4, 16
and εul = 1 is used for all cases.

that FI remains negative (repulsive) for all values considered. The force decreases575

in magnitude with increasing γpl, reaches zero, and then continues increasing in mag-
nitude. Notice that FI = 0 for εul = εpl = 1, i.e., where you have a homogeneous
material. Also note that it is also possible for FI = 0 when γul 6= 1, since as noted
in Figure 7a, Cl2 will vanish for finite values of γpl. In this case the quadrupole terms
determine the leading order behavior of the force and the contribution will occur at580

O(R−8
0 ), this will not be discussed further here.
In Figure 10b we consider the leakly dielectric case where γ = σ is varied but the

dielectric constants appearing in the force definition in Eq. (5.3) are set as εu/εl = 1.
Note that in the leakly dielectric case of Figure 10b we can find reasonable values of σul
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which makes the total force attractive, FI > 0 at order O(R−4
0 ). This happens when585

the quadrupole contribution occurring in the potential of (7.5) becomes dominant.
When γ = ε, it can be proved that the Ck4 terms in (7.5) do not contribute to

the inter-particle force F xk [14]. This follows because there is zero net charge on the
interface of a dielectric. In this case, paralleling the calculation in [6], it can be found
analytically that the leading order force between a pair of wide-separated particles is590

a dipole-dipole interaction and the inter-particle force can now be identified [14] as

F x = −3
εl(C

l
2)2 + εu(Cu2 )2

2R4
0

.(7.10)

Note that this result is independent of εpl and α since these parameters will only
change the total force by influencing the effective induced dipole moments, i.e. Ck2 .595

Equation (7.10) is consistent with the special case considered in [6]. In should be noted
that even in the leakly dielectric case where γ = σ, Eq. (7.10) is a good approximation
when the quadrupole coefficients are much smaller than dipole coefficients, such as
when α = π/2 shown in Figure 8.

7.2. Applied Tangential field. When the electric field is applied tangential to600

the fluid interface and parallel to the x-axis, the force on particle 1 depends not only
on the distance between the two particles, R, but on the location of particle 2 relative
to the direction of the applied field. The interaction force will have components in
both the x and y direction (an electric torque will also exist in this case). To make
this more definite, assume that particle 1 is again centered at (0, 0,− cosα), while605

particle 2 is centered at (R0 cosβ,R0 sinβ,− cosα), where β is the angle in the x− y
plane measured from the x-axis and to the plane through the particle centers and
perpendicular to the x−y plane, see Figure 9, with β > 0 if both x and y are positive.

The interaction force F x in the x-direction is again calculated from (7.2) but now
using in the Maxwell stress a potential which is the sum of the far field potential of610

particle 2 given by (6.9) plus the potential (2.21) of a single particle in an applied
tangential field. To get the leading order behavior in R0 of F x both the R−3 and
R−5 terms in (6.9) need to be retained in the approximation. Note that here we set
R =

√
(x−R0 cosβ)2 + (y −R0 sinβ)2 + z2 >> 1. The constant offset in z-direction

will not affect the result.615

The force in y direction is

F yk =(−1)n
∫ 2π

0

∫ ∞
0

(−r cos θ
∂z

∂η
Σk21 − r sin θ

∂z

∂η
Σk22 + r

∂r

∂η
Σk23)dηdθ,(7.11)

where again ξ = ξ0 and n = 0 for k = u on the upper surface of particle 1, and
ξ = ξ0 + π and n = 1 for k = l on the lower surface in the above integral.620

As in the previous section, the Maxwell tensor can be expanded in R0 and we
find that the leading order nonzero contribution to the interaction force from particle
2 is given by,

Σk2,11 = −3εkC̄
k
2

16π

{
[3(1 +

∂Φk,1
∂x

)x− ∂Φk,1
∂y

y + 4
∂Φk,1
∂z

z] cosβ + 5(x+
∂Φk,1
∂x

x+
∂Φk,1
∂y

y) cos 3β

− [
∂Φk,1
∂y

x− (1 +
∂Φk,1
∂x

)y](sinβ + 5 sin 3β)
}

+
εkC̄

k
4

4π

∂Φk,1
∂z

cosβ,

(7.12)

625

Σk2,12 = −3εkC̄
k
2

16π

{
[(1 +

∂Φk,1
∂x

)y + 3
∂Φk,1
∂y

x] cosβ + 5[
∂Φk,1
∂y

x− (1 +
∂Φk,1
∂x

)y] cos 3β
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+ [(1 +
∂Φk,1
∂x

)x+
∂Φk,1
∂y

y](sinβ + 5 sin 3β)
}
,

(7.13)

Σk2,13 = −3εkC̄
k
2

16π

{
[−4(1 +

∂Φk,1
∂x

)z + 3
∂Φk,1
∂z

x] cosβ + 5
∂Φk,1
∂z

x cos 3β

+
∂Φk,1
∂z

y(sinβ + 5 sin 3β)
}
− εkC̄

k
4

4π
(1 +

∂Φk,1
∂x

) cosβ,

(7.14)

Σk2,22 =
3εkC̄

k
2

16π

{
[3(1 +

∂Φk,1
∂x

)x− ∂Φk,1
∂y

y + 4
∂Φk,1
∂z

z] cosβ + 5(x+
∂Φk,1
∂x

x+
∂Φk,1
∂y

y) cos 3β630

− [
∂Φk,1
∂y

x− (1 +
∂Φk,1
∂x

)y](sinβ + 5 sin 3β)
}

+
εkC̄

k
4

4π

∂Φk,1
∂z

cosβ,

(7.15)

Σk2,23 = −3εkC̄
k
2

16π

{
(
∂Φk,1
∂z

y − 4
∂Φk,1
∂y

z) cosβ − 5
∂Φk,1
∂z

y cos 3β +
∂Φk,1
∂z

x(sinβ + 5 sin 3β)
}

− εkC̄
k
4

4π

∂Φk,1
∂y

cosβ.

(7.16)

From (7.12)–(7.16), we see that only the dipole (C̄k2 ) and quadrupole (C̄k4 ) terms635

contribute to the integration of the forces at the leading order of O(R−4
0 ).

Substitute (7.12)–(7.16) into (7.2) and (7.11) and sum up the forces on the upper
and lower surface. Consider only the total force due to the dipole-dipole interactions,
i.e., the C̄k2 terms in the above. Write the x and y components of this dipole-dipole
force as F xd and F yd , respectively. This allows us to write,640

F xd =
εl

4R4
0

(FIc,d cosβ + FIc3,d cos 3β), F yd =
εl

4R4
0

(FIs,d sinβ + FIs3,d sin 3β),(7.17)

where we have factored out the β dependence. Specifically, FIc,d,FIc3,d, FIs,d, and FIs3,d
are dipolar force coefficients independent of the particle align angle β. From (7.12)–
(7.16), it can be proved [14] that FIc3,d = 5

3F
I
c,d, FIs3,d = 5

3F
I
c,d and FIs,d = 1

3F
I
c,d.645

Rewriting the force components in the axial direction with respect to the particle
centers, we obtain,

F axd =
εlFIc,d
4R4

0

(
2

3
+ 2 cos 2β), Fnd =

εlFIc,d
4R4

0

(
4

3
sin 2β),(7.18)

Thus the maximum dipole interaction F axd in axial direction direction with respect to650

β is obtained when β = 0 or π. The maximum in the perpendicular direction Fnd is
obtained at β = π

4 or 3π
4 .

As with the applied normal field case of Section 7.1, the quadrupole does not
contribute to the leading order inter-particle force when we set γ = ε. Only the
dipole-dipole interaction at the leading order [14] occurs with the force exponents as,655

F axd = ε̄
3C̄2

2

2R4
0

(1 + 3 cos 2β), Fnd = ε̄
3C̄2

2

R4
0

sin 2β,(7.19)

where ε̄ = (εu + εl)/2 is the average dielectric constants of the two fluid material
and C̄2 = C̄l2 = C̄u2 . This result is equivalent to the classical result for a general
dipole-dipole interaction [9, 15].660
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In the leaky dielectric case there is a non-zero quadrupole contribution at leading
order in the force, i.e., O(R−4

0 ). From Equations (7.12)–(7.16), we observe that the
quadrupole interaction terms (i.e., those with C̄k4 ) are all proportional to cosβ. These
terms do not contribute to the force in the y direction but there is a force contribution
in the x direction. Denote this quadrupole contribution to the force as F xq and write665

F xq =
εl

4R4
0

FIc,q cosβ.(7.20)

Combinding this result with (7.17) the total force in the x-direction can be written

σpl
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Fig. 11: (Tangential field) Fc,d (solid lines) and Fc,q (dashed lines) vs. σpl when σul = 2, 4, 16.
α = π/2 and εul = 1 is used.

as F x = F xd +F xq = εl
[
3(FIc,d + FIc,q) cosβ + 5FIc,d cos 3β

]
/12R4

0. Figure 11 plots
the two force coefficients Fc,d and Fc,q as a function of σpl for several values of σul,670

when α = π/2 in the leaky dielectric case, i.e., when γ = σ. Notice that the magnitude
of the dipole force contribution and quadrupole force contribution can be of the same
order for small values of σpl, but when the particle becomes more conductive, i.e.
σpl >> σul, the dipolar interaction becomes dominant, and estimates of the inter-
particle force using only dipole interactions becomes a reasonable approximation.675

But for less conductive particles, the quadrupole contribution to the force cannot be
ignored.

8. Conclusion. The force due to an applied electric field on an isolated spherical
particle trapped at a planar interface and the interaction force between two widely
separated particles on the interface is calculated. Electric fields applied in both the680

normal and the tangential direction to the interface are investigated. The problem
allows for different permittivities and conductivities of the three phases and for the
presence of a finite contact angle between the phases. The fact that the particles
are located along an interface as apposed to being within a homogeneous fluid, see
e.g., [15], has resulted in a nonstandard problem requiring the use of the Mehler-685

Fock integral transform. Although potential problems can be solved by a variety of
numerical approaches, our analysis not only allowed for an efficient numerical solution,
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it also resulted in a asymptotic analysis that allowed us to identify the singularity in
the electric field at the contact line and in developing a far-field interaction forced
between particles along an interface. In the case of perfect dielectrics, we find that690

the leading order force between particles is always repulsive and governed by dipole-
dipole interactions. However, for leaky dielectric particles and media the force can be
attractive due to significant quadrupole contribution.

The study of particle dynamics along an interface driven by an electric field is a
very active area of research [10, 22, 24] and falls within the field known today as active695

matter. Electric fields can induce rotation (Quinke motion) and particle translation
along an interface. The results presented here can be used to model the dynamics
of interfaces with many particles. Future work will focus on including the effect of
interface curvature into the model and on implementing our results into modeling the
dynamics of many particles along a fluid interface.700

Appendix A. Mehler-Fock Integral Transform. The generalized Mehler-
Fock integral transform pair of a function B(u) [5, 21, 28, 32], defined on 1 ≤ u <∞,
is given by

B(u) =

∫ ∞
0

P k−1/2+iτ (u)C(τ)dτ,(A.1)

C(τ) =
1

π
τ sinhπτ Γ(

1

2
− k + iτ)Γ(

1

2
− k − iτ)

∫ ∞
1

B(u)P k−1/2+iτ (u)du.(A.2)705

Here C(τ) is the transformed (or image) function defined on 0 ≤ τ <∞. P k−1/2+iτ (u)

is the associated Legendre function of the first kind with complex index −1/2 + iτ .
This explicit form of the transform can be found in [28] and although we used the
standard notation for the integration in (A.1), it typically is defined as an integral in710

the complex τ plane, see [21].
In all of our calculations we will set the argument of C as u = cosh η. For the

normal applied electric field problem, we need k = 0. Thus,

C(τ) = τ tanhπτ

∫ ∞
0

B(cosh η)P 0
−1/2+iτ (cosh η) sinh η dη.(A.3)

715

For the tangential electric field, we take k = 1,

C(τ) =
4τ

4τ2 + 1
tanhπτ

∫ ∞
0

B(cosh η)P 1
−1/2+iτ (cosh η) sinh η dη.(A.4)

Appendix B. Functions for Section 2.3.
These functions are needed in the definition of equations (2.31)-(2.32).720

V1(τ̃ , τ) =
tanhπτ

2
sin ξ0

∫ ∞
0

K0(η, τ)K0(η, τ̃)

cosh η − cos ξ0
sinh ηdη,(B.1)

V2(τ̃ , τ) =
tanhπτ

2
sin (ξ0 + π)

∫ ∞
0

K0(η, τ)K0(η, τ̃)

cosh η + cos ξ0
sinh ηdη,(B.2)

S1(τ) =
23/2

3
(1− γpl)[cot ξ0

sinh (π − ξ0)τ

coshπτ
− 2τ

cosh (π − ξ0)τ

coshπτ
]

+ (γul − 1)23/2τ
sinh (π − ξ0)τ

coshπτ
coth ξ0τ725
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+ 23/2(1− γul)τ
γul sinh (π − ξ0)τ

coshπτ sinh2 ξ0τ [γul coth ξ0τ − coth (ξ0 − π)τ ]

+

∫ ∞
0

(γul − 1)23/2τ̃
sinh (π − ξ0)τ̃

coshπτ̃
V1(τ̃ , τ)dτ̃ ,(B.3)

S2(τ) =
23/2

3
(γlu − γpl)[− cot (ξ0 + π)

sinh ξ0τ

coshπτ
− 2τ

cosh ξ0τ

coshπτ
]

+ 23/2(1− γul)τ
1

coshπτ sinh ξ0τ [γul coth ξ0τ − coth (ξ0 − π)τ ]
,(B.4)

730

and

A21(τ) =
γul

sinh2 ξ0τ [− coth (ξ0 − π)τ + γul coth ξ0τ ]

− (γpl cothπτ + γul coth ξ0τ),(B.5)

A31(τ) =
γpl

γul sinhπτ

− 1

sinh ξ0τ sinh (ξ0 − π)τ [− coth (ξ0 − π)τ + γul coth ξ0τ ]
,(B.6)735

A22(τ) =
1

sinh ξ0τ sinh (ξ0 − π)τ [− coth (ξ0 − π)τ + γul coth ξ0τ ]

− γpl
γul sinhπτ

,(B.7)

A32(τ) = − 1

sinh2 (ξ0 − π)τ [− coth (ξ0 − π)τ + γul coth ξ0τ ]

+ (γpl cothπτ − coth (ξ0 − π)τ).(B.8)740

Appendix C. Solving the tangential field problem. By applying the
inverse Mehler-Fock transform for the first order Legendre functions in Appendix A
to Eq. (2.28) and (2.29), we obtain,

γulC1(τ)
1

sinh ξ0τ
− C2(τ)[γpl cothπτ + γul coth ξ0τ ]

+ γplC3(τ)
1

sinhπτ
745

=(γul − γpl)
25/2

3

sinh (π − ξ0)τ

coshπτ

+ (γul − γpl)
2 tanhπτ

4τ2 + 1
sin ξ0

∫ ∞
0

C2(τ̃)U1
1 (τ̃ , τ)dτ̃ ,(C.1)

and

C1(τ)
1

sinh (ξ0 − π)τ
− C3(τ)[−γpl cothπτ + coth (ξ0 − π)τ ]750

− γplC2(τ)
1

sinhπτ

=
25/2

3
(γpl − 1)

sinh ξ0τ

coshπτ
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+ (1− γpl)
2 tanhπτ

4τ2 + 1
sin (ξ0 + π)

∫ ∞
0

C3(τ̃)U1
2 (τ̃ , τ)dτ̃ ,(C.2)

where755

U1
1 (τ̃ , τ) =

∫ ∞
0

K1(η, τ)K1(η, τ̃)

cosh η − cos ξ0
sinh ηdη,(C.3)

U1
2 (τ̃ , τ) =

∫ ∞
0

K1(η, τ)K1(η, τ̃)

cosh η + cos ξ0
sinh ηdη.(C.4)

Combinding Eqs. (2.27), (C.1) and (C.2), the tangential field problem can be
solved in a manner similar to the normal field problem.760

Appendix D. Far-field Asymptotic expansion coefficients for the ap-
plied tangential field case.

The coefficients C̄ui and C̄li are given by,

C̄l2 = C̄u2 = −
√

2 sin2 α

∫ ∞
0

(
1

4
+ τ2)C1(τ)dτ

(D.1)

C̄l8 = C̄u8 =
√

2 sin4 α

∫ ∞
0

[
5

6
(
1

4
+ τ2) +

1

2
(
1

4
+ τ2)2]C1(τ)dτ

(D.2)

765

C̄l4 = γulC̄
u
4 = −2

√
2 sin3 α

∫ ∞
0

(
1

4
+ τ2)[−C1τ coth (ξ0 − π)τ + C3τ csch (ξ0 − π)τ ]dτ.

(D.3)

Appendix E. Zero tangential force on a single particle.
Here we wish to prove that for an applied tangential electric field, there is no net

tangential force on a particle.770

When an applied tangential field is in the x direction, the electric potential is
given by (2.21). The force on the particle is given by (5.1) along with (5.2). By
symmetry, the next force in the y direction must be zero. The force in the x direction
on the upper part of the particle, Fux can be written as

(E.1) Fux =

∫∫
Su

PudS · x̂ =

∫∫
Su

[Pu11n1 + Pu12n2 + Pu13n3] dA,775

where the unit normal to the particle interface is n = (n1, n2, n3) and dS = ndA is the
area element. From (5.2) the components of the tensor Pu are given by Pu11 = pu∞+
εu
8π [−(1+ ∂Φu

∂x )2+(∂Φu

∂y )2+(∂Φu

∂z )2], Pu12 = εu
4π (1+ ∂Φu

∂x )∂Φu

∂y , and Pu13 = εu
4π (1+ ∂Φu

∂x )∂Φu

∂z .

Notice from Eqs. (2.21) and (2.23) that φu and Φu are odd about the x-axis, i.e.,
Φk(x, y, z) = −Φk(−x, y, z). This implies that P11 is even, while P12 and P13 are odd.780

Since the particle is a sphere, n1 is odd about the x-axis, while n2 and n3 are even.
Together these imply that Fux = 0, and a similar derivation gives F lx = 0.
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