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Abstract: Non-orthogonal multiple access has recently emerged as a promising multiple access technique for future wireless
technology. In this study, the authors investigate superposition coding in a downlink cooperative cellular system based on the
orthogonal frequency division multiplexing (OFDM) modulation in the presence of frequency selective multipath fading channels,
a setup that has not been studied before. Specifically, the base station communicates with two paired mobile users
simultaneously via the OFDM modulation with the help of a half-duplex relay under either the decode-and-forward (DF) or
amplify-and-forward (AF) scheme, where the power allocation between two mobile users depends on the statistical channel
state information (CSI) rather than perfect CSI. They derive the ergodic rate regions under Rayleigh fading channels and
present an ad-hoc approach to determine the power splitting parameters when the target data rates are given. Simulation
results based on the outage probabilities show that superposition coding consistently outperforms frequency division, however,
the relative advantage of the DF and AF schemes in a superposition-coded OFDM relay system depends on the system
geometry.

1 Introduction
To achieve significant gains in capacity and quality of user
experience, the research defining the fifth generation (5G)
networks has received considerable attention [1–5]. The state-of-
the-art wireless communication systems have been utilising
orthogonal multiple access (OMA) techniques, in which, the
resources are allocated orthogonally to multiple users. These
techniques include time-division multiple access (TDMA),
frequency-division multiple access (FDMA), orthogonal
frequency-division multiple access (OFDMA), and code-division
multiple access (CDMA), where multiple users are multiplexed in
the time, frequency, or code domains, respectively. Recently, as a
major candidate of multiple access technique in the 5G mobile
communication system, non-orthogonal multiple access (NOMA)
have received significant attention for 5G cellular networks, thanks
to ability of serving multiple users using the same time and
frequency resources.

There are two main categories of NOMA techniques based on
power-domain and code-domain user separations [6]. In this paper,
we focus on the power-domain NOMA in the form of superposition
coding (SC). In a two-user setting, the transmitter transmits signals
to two users simultaneously with different power levels. The user
with a lower channel gain considers the signal of the other user as
noise and detects its own signal directly. The user with a larger
channel gain performs successive interference cancellation (SIC),
i.e. this user detects and subtracts the signal of the other user, and
then proceeds to decode its own signal [6, 7]. There are extensive
investigations on superposition coded systems. For our
convenience, we next divide existing works into four categories
depending on the channel and system setups. We first consider flat-
fading channels and describe superposition coded systems in
noncooperative and cooperative systems. We then consider
frequency selective channels and describe superposition coded
OFDM transmissions in noncooperative and cooperative systems.

1.1 Superposition coding in non-cooperative systems

Superposition coding was proposed in [8, 9] for single-antenna
downlink cellular systems, where NOMA is shown to be superior
than OMA in terms of the overall cell throughput and cell-edge
user throughput in both low and high mobility scenarios. In [10],
the conditions under which the spectral efficiency gains of NOMA
are guaranteed compared to OMA are derived for each individual
user in both uplink and downlink. Furthermore, the extension to
multiple-input multiple-output (MIMO) systems has been
extensively studied in [11–19]. The results collectively
demonstrated that MIMO-NOMA outperforms conventional
MIMO-OMA.

1.2 Superposition coding in cooperative systems

Cooperative relaying systems (CRS) provide the destination an
opportunity to receive and combine two independent copies of the
same data from the source via the direct and relayed channels to
improve the overall system performance [20]. Application of
superposition coding in a relay system comes in two forms: (i)
assigning one NOMA user to act as a relay for other users, or (ii)
employing a dedicated relay to assist all users.

In the first category, it was shown in [21] that the performance
of cooperative NOMA is always superior to cooperative OMA.
Cooperative MIMO-NOMA was studied in [22] where intra-beam
SC at the transmitter and inter-beam SIC at the receiver are
proposed for the users within a beam.

In the second category, various scenarios with different
numbers of transmitters and receivers have been studied using
different forwarding schemes such as the decode-and-forward (DF)
and the amplify-and-forward (AF) [23–31]. In particular, the exact
and asymptotic expressions for the achievable average rate in
independent Rayleigh fading channels were derived in [23]. The
outage behaviour and the ergodic sum rate of the two paired users
have been presented in [25] and the problem of relay selection has
been studied in [27]. In both categories, it was shown in [32–34]
that the spectral efficiency of cooperative NOMA can be further
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improved by employing a full-duplex cooperation mechanism
instead of a half-duplex one.

1.3 Superposition coded OFDM in non-cooperative systems

Broadband wireless systems encounter frequency selective
multipath fading channels. Orthogonal frequency division
multiplexing (OFDM) prevails in recent wireless standards such as
wireless fidelity (WiFi) and 4G cellular systems due to its ability to
handle long dispersive channels. In addition to OFDM, there are
several 5G waveform candidates, such as universal filtered
multicarrier (UFMC), filter bank multicarrier (FBMC), and
generalised frequency division multiplexing (GFDM). Each
waveform has its own characteristics and the comparison among
these waveforms is an interest subject; see e.g. [35–37]. Such a
comparison is out of the scope of this paper. It was shown in [38]
that a NOMA-OFDM system can further enhance the spectral
efficiency as well as accommodate more users compared with the
conventional OFDMA system. The resource allocation (RA)
problem for a downlink NOMA-OFDM system was investigated in
[39, 40]. An algorithm to optimally minimise the total transmit
power for a given quality of service (QoS) requirements was
provided in [39] under the assumption that perfect channel state
information (CSI) is available at both the transmitter and receivers.
Ma et al. [41] presented a practical superposition coded OFDM
scheme for an underwater acoustic communication system with
statistical CSI at the transmitter. Further, superposition coding has
been applied to reduce the peak-to-average power ratio (PAPR) of
OFDM transmissions in [42].

1.4 Superposition coded OFDM in co-operative systems

In this paper, we study superposition coded OFDM transmissions
in a downlink cooperative relay system. It's worth to mention that
OFDM transmissions has large PAPRs. However, the PAPR issue
is less of concern for the base station as compared to the user
equipment, and OFDM transmissions are currently used in 4G
cellular downlink. To the best of our knowledge, there is no
existing work on this topic. We consider a practical scenario where
the power is allocated to two users based on the statistical CSI
available at the transmitters. We derive the ergodic rate regions and
present an ad-hoc approach to determine the power splitting
parameters when the target data rates are given. Simulation results
show that superposition coding outperforms frequency division
(FD) consistently regardless the system geometry and the relay
scheme. However, the relative advantage of the DF and AF
schemes in the context of superposition coded OFDM depends on
the system geometry.

The remaining of this paper is organised as follows. Section 2
introduces the system setup and main assumptions. Sections 3 and
4 present the DF and AF schemes, respectively, then analyse them
in terms of ergodic rate and outage probability. Section 5 compares
the performance of the DF, AF and no-relay (NR) schemes in the
context of superposition coded OFDM transmissions. Finally,
Section 6 concludes this paper.

2 System setup
Consider a downlink cooperative scenario, where one source node
S intends to transmit information to multiple distant users with the

help of a relay R and the direct links between S and these users
exist. One practical way of limiting the system complexity is to
break the users into groups, with each group containing two users
with disparate channels [43]. Across the user groups, transmissions
are kept orthogonal via frequency division or time division. Hence,
we explicitly study a two-user case in this paper, where two users
are labelled as U1 (The far user) and U2 (The near user), as shown
in Fig. 1. We assume that all the nodes are single-antenna devices
and operate in a half-duplex mode. The delivery of information to
these two users will be done in two consecutive phases. In the first
phase, S broadcasts a signal xS(t) whereas R, U1, and U2 listen. In
the second phase, R broadcasts a relay signal xR(t) to U1 and U2,
where either the DF or AF scheme will be used.

There are five channels involved in the system setup. Let hR(t),
h1(t), h2(t) denote the S-to-R, S-to-U1, and S-to-U2 channels,
respectively, and let g1(t), g2(t) denote the R-to-U1 and R-to-U2

channels, respectively. All the involved channels are assumed
frequency selective, and OFDM modulation is used for data
transmission on all the links. To facilitate the discussion, we next
provide a brief description of OFDM.

2.1 OFDM

Assume that a cyclic-prefix (CP) OFDM block transmission is
used, where the system parameters include the bandwidth B, the
total number of subcarriers K, the symbol duration T, and a CP of
length Tcp. The subcarrier spacing is then Δ f = B/K. Let x[k]
denote the data symbol transmitted at the kth subcarrier during an
OFDM block. The time-domain waveform can be expressed as

x(t) = ∑
k ∈ K

x[k]e j2πkΔ f t, t ∈ [ − Tcp, T] . (1)

After passing through a frequency selective channel h(t), the
received signal is

y(t) = h(t) ⋆ x(t) + η(t), (2)

where ⋆ stands for convolution and η(t) is the additive noise. The
receiver performs Fourier transform to obtain the frequency-
domain samples

y[k] =
1
T ∫

0

T

y(t) e− j2πkΔ f t dt . (3)

Let H[k] denote the channel frequency response at the kth
subcarrier

H[k] = ∫ h(t)e− j2πkΔ f t dt, (4)

whose average power reflects the channel strength as

E H[k]2 = E ∫ h(t)
2

dt . (5)

The superiority of OFDM modulation is that it establishes the
following channel input–output relationship in the frequency
domain

y[k] = H[k]x[k] + η[k], k = 0, …, K − 1, (6)

where η[k] is the additive noise sample. Out of K parallel
subcarriers, there are Kp pilot subcarriers that carry known symbols
to enable channel estimation at the receiver and Kd data subcarriers
to carry the user payload. In this paper, we assume perfect channel
estimation at the receiver and investigate the performance limit of
various data transmission scenarios.

Fig. 1  Downlink NOMA in a cooperative relay network (R could be
placed at different locations)
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2.2 Channel model and statistical CSI

Based on the OFDM modulation, we now spell out the channel
models for the five links involved in the system. At the end of the
first phase, the received signals at R, U1, and U2 at each subcarrier
k = 0, …, K − 1 are given by

yR[k] = HR[k]xS[k] + ηR[k], (7)

y1[k] = H1[k]xS[k] + η1[k], (8)

y2[k] = H2[k]xS[k] + η2[k], (9)

where the noise samples are Gaussian distributed as
ηR[k] ∼ N(0, σR

2), η1[k] ∼ N(0, σ1
2), and η2[k] ∼ N(0, σ2

2). At the end
of the second phase, the received signals at U1 and U2 are

y
~

1[k] = G1[k]xR[k] + η
~

1[k], (10)

y
~

2[k] = G2[k]xR[k] + η
~

2[k], (11)

where the noise samples are Gaussian distributed as
η
~

1[k] ∼ N(0, σ~1
2) and η~2[k] ∼ N(0, σ~2

2).
For simplicity, we assume that the noise levels are the same at

R, U1, and U2, i.e. σ2 = σR
2 = σi

2 = σ~i
2, i = 1, 2. Let PS and PR denote

the symbol energy on each OFDM subcarrier for S and R
transmissions, respectively. The instantaneous signal-to-noise
ratios (SNRs) and their average values are defined as follows:

γR[k] =
HR[k] 2

PS

σ
2 , ΓR = E{γR[k]},

γ1[k] =
H1[k] 2

PS

σ
2 , Γ1 = E{γ1[k]},

γ2[k] =
H2[k] 2

PS

σ
2 , Γ2 = E{γ2[k]},

γ
~

1[k] =
G1[k] 2

PR

σ
2 , Γ

~
1 = E{γ

~
1[k]},

γ
~

2[k] =
G2[k] 2

PR

σ
2 , Γ

~
2 = E{γ

~
2[k]} .

(12)

In this paper, we assume that S and R have the knowledge of
the average SNRs of all links, i.e. {Γ1, Γ2, ΓR, Γ

~
1, Γ

~
2} to optimise

their transmissions. This is in contrast with existing works [44–46],
where perfect CSI is assumed at the transmitters. In practical
systems, the channels could be fast varying, but the channel statics
can remain constant for a long period so that they can be fed back
to assist the system optimisation [41].

2.3 Superposition coding

Superposition coding is a non-orthogonal scheme for downlink
communications which has been recently proposed for 3rd
generation partnership project long-term evolution advanced
(3GPP-LTE-A) cellular networks in Release 14 [47, 48]. In SC, all
users are allowed to access the channel freely and SIC is used for
decoding [49, 50]. For the two-user case, the symbol transmitted at
S is

xS[k] = αPSx1[k] + ᾱPSx2[k], (13)

where x1[k] and x2[k] are the information symbols transmitted to U1

and U2 at the kth subcarrier, α ∈ [0, 1] is the power fraction
assigned to U1, and ᾱ = 1 − α. For notational convenience, the
transmitted symbols x1[k] and x2[k] are assumed to have unit
average energy.

For the AF scheme, R simply forwards the received signal after
proper amplification. However, for the DF scheme, R needs first to
decode both the data streams and then applies SC again, but with a
different power allocation as

xR[k] = βPRx1[k] + β̄PRx2[k], (14)

where β ∈ [0, 1] is the power fraction assigned to U1 and
β̄ = 1 − β. If R cannot decode the transmitted symbols correctly,
no transmission occurs, and PR will be set to zero.

Next, we will examine the receiver design and system
performance of the DF and AF schemes separately.

3 Decode and forward
In this section, we study the scenario where R applies the DF
scheme. During the first phase, R will decode x1[k] and x2[k] based
on the received signal yR[k]. As U2 is the near user to S and hence
has a larger SNR than U1, R first decodes x1[k] by treating x2[k] as
interference, performs SIC, and then decodes x2[k] [41]. In the
second phase, R will forward the decoded symbols with power PR

to the destinations.
The decoding order is done per subcarrier, instead of jointly

across all data subcarriers, as the data symbols are assumed to be
interleaved. Under this assumption, the far user U1 has the received
signals.

y1[k] = H1[k]( αPSx1[k] + ᾱPSx2[k]) + η1[k], (15)

y
~

1[k] = G1[k]( βPRx1[k] + β̄PRx2[k]) + η
~

1[k] . (16)

To combine the received signals, we adopt the maximum ratio
combining (MRC) where the weights are proportional to the
individual SNRs on each branch with the goal of maximising the
SNR at the output of MRC detector [51, 52].

z1[k] = w11[k]y1[k] + w12[k]y~1[k], (17)

where w11[k] and w12[k] are the weights. Since U1 will decode its
own data x1[k] in the presence of interference from U2's signal, i.e.
x2[k] is treated as another source of additive noise and the weights
can be specified as

w11[k] =
αPSH1*[k]

ᾱPS H1[k] 2 + σ
2
, (18)

w12[k] =
βPRG1*[k]

β̄PR G1[k]
2

+ σ
2

. (19)

The instantaneous signal-to-noise-plus-interference ratio (SINR) at
U1 will be

γ1
DF[k] =

αPS H1[k] 2

ᾱPS H1[k] 2 + σ
2

+
βPR G1[k] 2

β̄PR G1[k]
2

+ σ
2 (20)

=
α

ᾱ + 1
γ1[k]

+
β

β̄ + 1
γ~1[k]

. (21)

Hence, the instantaneous mutual information between S and U1 at
the kth subcarrier is

ℐ1[k] =
1
2

log2 1 + γ1
DF[k]

=
1
2

log2 1 +
α

ᾱ + 1
γ1[k]

+
β

β̄ + 1
γ~1[k]

.
(22)

The constant 1
2  in (22) is due to the fact the total transmission time

is split into two halves for both the DF and AF schemes. For the
No-Relay scheme, this constant is removed.

Now let us look at the near user. The near user U2 will detect
U1's message x1[k] and, if decoding was successful, he will then
remove it from the observation
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y2
Δ[k] = y2[k] − αPSH1[k]x1[k]

= ᾱPSH2[k]x2[k] + η2[k],
(23)

y
~

2
Δ[k] = y

~
2[k] − βPRG2[k]x1[k]

= β̄PRG2[k]x2[k] + η
~

2[k] .
(24)

After finishing the two phases, the combined signal at the
detector's output is

z2[k] = w21[k]y2
Δ[k] + w22[k]y~2

Δ[k], (25)

where the weights are

w21[k] =
ᾱPSH2*[k]

σ
2 , (26)

w22[k] =
β̄PRG2*[k]

σ
2 . (27)

The instantaneous SNR at U2 is

γ2
DF[k] =

ᾱPS H2[k] 2

σ
2 +

β̄PR G2[k]
2

σ
2

(28)

= ᾱγ2[k] + β̄γ
~

2[k] . (29)

Hence, the instantaneous mutual information between S and U2 at
the kth subcarrier is

ℐ2[k] =
1
2

log2 1 + γ2
DF[k]

=
1
2

log2 1 + ᾱγ2[k] + β̄γ
~

2[k] .
(30)

Once we have the instantaneous mutual information between S and
Ui at the kth subcarrier, the mutual information averaged over all
data subcarriers can be found as

ℐi =
1
Kd

∑
k ∈ Kd

ℐi[k] . (31)

We next carry out some further analysis of the ergodic rate. In
the analysis, in order to obtain a performance benchmark, we
assume that R always works. We then analyse the outage
probabilities, where the outage at R is accounted for.

3.1 Average mutual information for U1

Under the assumption that the subcarrier gains Hi[k]  and Gj[k]
undergo Rayleigh fading, the instantaneous SNRs will be
exponentially distributed as follows:

f (γi) =
1
Γi

e−(γi/Γi),

f (γ~i) =
1
Γ
~

i

e−(γi/Γ
~

i),
(32)

where Γi and Γ
~

i are the average SNRs. The average mutual
information for Ui will be

ℐ̄i = E[ℐi] = E[ℐi[k]] . (33)

For U1, the average mutual information is then

ℐ̄1 = E[ℐ1] =
1

2ln 2
E ln 1 +

α

ᾱ + 1
γ1

+
β

β̄ + 1
γ~1

. (34)

For notational convenience, define

A =
α

ᾱ + (1/γ1)
, B =

β

β̄ + (1/γ~1)
. (35)

Based on the identity

ln(x) = ∫
0

∞ 1
y

e−y − e−xy dy, (36)

we obtain

ℐ̄1 =
1

2ln 2
E ∫

0

∞ 1
y

e−y − e−(1 + A + B)y dy . (37)

From the fact that the two channels are independent, we reach at

ℐ̄1 =
1

2ln 2∫0

∞ 1
y

e−y − e−yE e−Ay E e−By dy . (38)

Now, we need to deal with the two expectations in the integration,
E[e−Ay] and E[e−By]. Based on (32) and (33), we have

E e−Ay =
1
Γ1
∫

0

∞

e
−

αy

ᾱ +
1
γ1 e−

γ1
Γ1 dγ1, (39)

E e−By =
1
Γ
~

1
∫

0

∞

e
−

βy

β̄ +
1

γ~1 e−
γ~1
Γ
~

1 dγ
~

1 . (40)

Inserting (39) and (40) into (38), we get the average mutual
information ℐ̄1. A two-dimensional integration is needed for
numerical evaluations.

3.2 Average mutual information for U2

We now derive a closed-form expression for the average mutual
information for U2. We have

ℐ̄2 = E[ℐ2] =
1

2ln 2
E ln 1 + ᾱγ2 + β̄γ

~
2 . (41)

The probability density function (pdf) of the sum of two
independent random variables Z = ᾱγ2 + β̄γ

~
2 can be found by

convolving the individual pdfs as

f Z(z) =
1

ᾱΓ2 − β̄Γ
~

2

e−
z

ᾱΓ2 − e
−

z

β̄Γ
~

2 U(z), (42)

where U( ⋅ ) represents the unit step function. Further carrying out
the integration, we have

ℐ̄2 =
β̄Γ

~
2e

1
β̄Γ

~
2Ei − 1

β̄Γ
~

2
− ᾱΓ2e

1
ᾱΓ

~
2Ei − 1

ᾱΓ2

2ln 2(ᾱΓ2 − β̄Γ
~

2)
, (43)

where Ei( ⋅ ) is the exponential integral and defined as
Ei(x) = ∫

−∞
x et

t
dt [53].

3.3 The boundary of the achievable ergodic rate region

For a given pair of (α, β), we have found the average mutual
information for U1 and U2 in Sections 3.1 and 3.2, respectively.
This average mutual information specifies the theoretic limit when
the codeword is long or when K approaches infinity. The ergodic
rate region is then given by

⋃ R1 ≤ ℐ̄1, R2 ≤ ℐ̄2 , (44)
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where the boundary of the achievable rate region can be obtained
by varying the values of α and β.

3.4 Outage probability for a given rate pair

For a finite K, we look for the outage probability defined as

pi
out(Ri

*) = ℙ ℐi < Ri
* , (45)

where Ri
* is the target rate for Ui.

In an ideal scenario, R will perfectly decode and forward all
received data to the two users. However, this is not the case in a
real scenario. To discuss this more, let us define three outage
events; A, B, and C at R, U1, and U2, respectively.

The outage at R is declared if it cannot decode perfectly either
U1's data or U2's data and hence remains idle and sets PR = 0 for
that period of time. The outage probability at R can be expressed as

ℙ(A) = 1 − ℙ
1
Kd

∑
k ∈ Kd

1
2

log2 1 +
αγR[k]

1 + ᾱγR[k]
≥ R1*

⋂ 1
Kd

∑
k ∈ Kd

1
2

log2 1 + ᾱγR[k] ≥ R2* .
(46)

For U1, the outage depends on the status of R as follows:

• If R is in outage, then

ℙ(B A) = ℙ
1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ1
NR[k] < R1* , (47)

where

γ1
NR[k] =

αPS H1[k] 2

ᾱPS H1[k] 2 + σ
2

.

• If R decodes perfectly, then

ℙ(B A) = ℙ
1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ1
DF[k] < R1* , (48)

where γ1
DF[k] is given by (20).

This way, the outage probability at U1 is [54]

p1
out(R1*) = ℙ(B A)ℙ(A) + ℙ(B A)ℙ(A) . (49)

For U2, the outage depends on the status of R as follows:

• If R is in outage, then

ℙ(C A) = 1 − ℙ
1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ1 → 2
NR [k] ≥ R1*

⋂ 1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ2
NR[k] ≥ R2* ,

(50)

where

γ1 → 2
NR [k] =

αPS H2[k] 2

ᾱPS H2[k] 2 + σ
2
, γ2

NR[k] =
ᾱPS H2[k] 2

σ
2 . (51)

• If R decodes perfectly, then

ℙ(C A) = 1 − ℙ
1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ1 → 2
DF [k] ≥ R1*

⋂ 1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ2
DF[k] ≥ R2* ,

(52)

where γ2
DF[k] is given by (28) and

γ1 → 2
DF [k] =

αPS H2[k] 2

ᾱPS H2[k] 2 + σ
2

+
βPR G2[k] 2

β̄PR G2[k]
2

+ σ
2

. (53)

The outage probability at U2 is then

p2
out(R2*) = ℙ(C A)ℙ(A) + ℙ(C A)ℙ(A) . (54)

Further analysis for outage probability is challenging due to the
correlation among data subcarriers. Numerical simulation is hence
adopted to evaluate the outage probability, where the outage at R is
included.

3.5 System operation

We now consider system operation. The knowledge of {Γ1, Γ2, ΓR,
Γ
~

1, Γ
~

2} is available at S and R. Now the system needs to support the
target rates R1* and R2*, what should the system choose the
parameters (α, β)? Ideally, one would choose the parameters so that
the two users experience the same outage probability. However,
this probability cannot be easily predicted.

Here we adopt an ad-hoc approach to find (α, β) using the
results from the ergodic rate region. Let λ = R2*/R1* denote the
target rate ratio, which determines the target operating point. With
the knowledge of statistical CSI, the power fraction under the given
target rate pair which achieves the ergodic rates is obtained
according to

(α^ DF, β
^

DF) = arg min
α, β

R̄2

R̄1

− λ , (55)

where (R̄1, R̄2) is the point on the boundary of the ergodic rate
region.

4 Amplify and forward
In this section, we investigate the AF scheme. Due to the large
number of data subcarriers, the received signal is assumed to have
an almost constant power, hence, the amplification factor A f  is a
constant and given by

A f =
PR

PSE[ HR[k] 2 ] + σ
2

. (56)

Therefore

xR[k] = A f yR[k] . (57)

The received signals at the two destinations in phase 2 are

y
~

1[k] = A f G1[k]yR[k] + η
~

1[k]

= A f G1[k]HR[k]xS[k] + η
~

1′[k],
(58)

y
~

2[k] = A f G2[k]yR[k] + η
~

2[k]

= A f G2[k]HR[k]xS[k] + η
~

2′[k],
(59)

where

η
~

1′[k] = A f G1[k]ηR[k] + η
~

1[k], (60)

η
~

2′[k] = A f G2[k]ηR[k] + η
~

2[k] . (61)

Define two constants

c1
2 = 1 + ΓR + Γ

~
1, (62)

c2
2 = 1 + ΓR + Γ

~
2 . (63)
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Assuming that the noise terms ηR[k] and η~1[k] are independent, the
equivalent noise η

~
1′[k] is zero-mean, complex Gaussian with

variance

E η
~

1′[k] 2 = σ
2 1 + A f

2E[ G1[k] 2 ] = c1
2
σ

2 . (64)

Similarly for η2′[k], we have

E η
~

2′[k] 2 = σ
2 1 + A f

2E[ G2[k] 2 ] = c2
2
σ

2 . (65)

For U1, the output of the MRC detector is

z1[k] = w11[k]y1[k] + w12[k]y~1[k], (66)

where w11[k] and w12[k] are the weights and determined as

w11[k] =
αPSH1*[k]

ᾱPS H1[k] 2 + σ
2
, (67)

w12[k] =
A f αPSHR*[k]G1*[k]

A f
2
ᾱPS HR[k] 2

G1[k] 2 + c1
2
σ

2
. (68)

The instantaneous SINR at U1 is

γ1
AF [k]

=
αPS H1[k] 2

ᾱPS H1[k] 2 + σ
2

+
A f

2
αPS HR[k] 2

G1[k] 2

A f
2
ᾱPSHR[k] 2

G1[k] 2 + c1
2
σ

2

(69)

=
α

ᾱ + 1
γ1[k]

+
α

ᾱ +
c1

2

γR[k]γ~1[k]

. (70)

Hence, the instantaneous mutual information between S and U1 at
the kth subcarrier is

ℐ1[k] =
1
2

log2 1 + γ1
AF[k]

=
1
2

log2 1 +
α

ᾱ + 1
γ1[k]

+
α

ᾱ +
c1

2

γR[k]γ~1[k]

.
(71)

U2 will first decode the first data stream and subtract the
contribution from the received signal. Under the assumption that
decoding done successfully, we obtain

y2
Δ[k] = ᾱPSH2[k]x2[k] + η2[k], (72)

y
~

2
Δ[k] = A f ᾱPSG2[k]HR[k]x2[k] + η

~
2′[k] . (73)

Based on these data streams, U2 applies MRC to obtain

z2[k] = w21[k]y2
Δ[k] + w22[k]y~2

Δ[k], (74)

where the weights are

w21[k] =
ᾱPSH2*[k]

σ
2 , (75)

w22[k] =
A f ᾱPSHR*[k]G2*[k]

c2
2
σ

2 . (76)

The instantaneous SNR at U2 is

γ2
AF[k] =

ᾱPS H2[k] 2

σ
2 +

A f
2
ᾱPS HR[k] 2

G2[k] 2

c2
2
σ

2 (77)

= ᾱγ2[k] +
ᾱ

c2
2 γR[k]γ~2[k] . (78)

Hence, the instantaneous mutual information between S and U2 at
the kth subcarrier is

ℐ2[k] =
1
2

log2 1 + γ2
AF[k]

=
1
2

log2 1 + ᾱγ2[k] +
ᾱ

c2
2 γR[k]γ~2[k] .

(79)

The mutual information for U1 and U2 averaged over all data
subcarriers can be found using (31).

4.1 Average mutual information for U1

Following the same procedure and assumptions adopted for the DF
scheme. From (71), the average mutual information for U1 is

ℐ̄1 = E[ℐ1[k]] =
1

2ln 2
E ln(1 + A + D) , (80)

where A is defined in (35) and

D =
α

ᾱ +
c1

2

γRγ~1

. (81)

Using (36), we have

ℐ̄1 =
1

2ln 2
E ∫

0

∞ 1
y

e−y − e−(1 + A + D)y dy (82)

=
1

2ln 2∫0

∞ 1
y

e−y − e−yE e−Ay E e−Dy dy . (83)

E e−Ay  is found in (39). To find E e−Dy , define γz = γRγ
~

1, the
product of two independent exponential random variables. Hence,
it has the distribution

f (γz) =
2

ΓRΓ
~

1

K0 2
γz

ΓRΓ
~

1

, (84)

where K0[ . ] is the modified Bessel function of the second kind
[55]. Subsequently,

E e−Dy = ∫
0

∞

e

−
αy

ᾱ +
c1
2

γz
2

ΓRΓ
~

2

K0 2
γz

ΓRΓ
~

2

dγz . (85)

Inserting (39) and (85) into (82), we get the average mutual
information ℐ̄1. A two-dimensional integration is needed for
numerical evaluations.

4.2 Average mutual information for U2

From (79), the average mutual information for U2 will be

ℐ̄2 = E[ℐ2] =
1

2ln 2
E ln(1 + Q + N) , (86)

where

Q = ᾱγ2, N =
ᾱ

c2
2 γRγ

~
2 . (87)

Again, using (36), we obtain

ℐ̄2 =
1

2ln 2
E ∫

0

∞ 1
y

e−y − e−(1 + Q + N)y dy (88)
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=
1

2ln 2∫0

∞ 1
y

e−y − e−yE e−Qy E e−Ny dy . (89)

Since Q = ᾱγ2, we have

E e−Qy =
1

1 + ᾱΓ2y
. (90)

To find E e−Ny , we define γw = γRγ
~

2, which leads to

E e−Ny = ∫
0

∞

e
−

ᾱ

c2
2γwy 2

ΓRΓ
~

2

K0 2
γw

ΓRΓ
~

2

dγw . (91)

Inserting (90) and (91) into (88), we get the average mutual
information ℐ̄2. A two-dimensional integration is needed for
numerical evaluations.

4.3 The boundary of the achievable ergodic rate region

Having found the average mutual information for U1 and U2 in
Sections 4.1 and 4.2 for a given value of α, the ergodic rate region
is given by

⋃ R1 ≤ ℐ̄1, R2 ≤ ℐ̄2 , (92)

where the boundary of the achievable rate region can be obtained
by varying the value of α.

4.4 Outage probability for a given rate pair

For a finite K, the outage probability is defined according to (45).
Unlike the DF scheme, R always forwards the data it received.
Hence, the outage probability at U1 is

p1
out(R1*) = ℙ

1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ1
AF[k] < R1* , (93)

where γ1
AF[k] is given by (69). The outage probability at U2 is

p2
out(R2*) = 1 − ℙ

1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ1 → 2
AF [k] ≥ R1*

⋂ 1
Kd

∑
k ∈ Kd

1
2

log2 1 + γ2
AF[k] ≥ R2* ,

(94)

where γ2
AF[k] is given by (77) and

γ1 → 2
AF [k] =

αPS H2[k] 2

ᾱPS H2[k] 2 + σ
2

+
A f

2
αPS HR[k] 2

G2[k] 2

A f
2
ᾱPSHR[k] 2

G2[k] 2 + c1
2
σ

2
.

(95)

4.5 System operation

One can see that the outage probabilities depend on α. Like the DF
scheme, we here adopt an ad-hoc approach to find α using the
results from the ergodic rate region. Given a target rate pair, one
can find the corresponding operating point on the boundary of the
ergodic rate region and the corresponding α. Let λ = R2*/R1* denote
the target rate ratio. With the knowledge of statistical CSI, the
power fraction under the given target rate pair is obtained via

α^ AF = arg min
α

R̄2

R̄1

− λ , (96)

where (R̄1, R̄2) is the point on the boundary of the ergodic rate
region.

5 Simulation results
In this section, we will first determine the boundaries of the
achievable rate regions the DF, AF, and NR schemes under FD and
SC. Then we will investigate the outage probabilities at the two
users as R is moving away from S. Finally, we will compare the
performance of FD and SC in terms of outage probability. It's
assumed that the distances among the nodes, as shown in Fig. 1,
are dSU1 = 1.7 km, dSU2 = 1.3 km, dRU1 = 0.94 km, and dRU2 = 0.54 
km, while dSR varies from 0.25 to 1.25 km.

The number of OFDM subcarriers is K = 1024 with Kd = 672
and the number of channel taps on every channel is L = 32. The
target rates, R1* and R2*, are set to 1 bit/symbol, and we choose the
average SNR of longest link, Γ1, to be Γref. Moreover, in our
simulations, the outage at R is considered.

It is widely accepted that

E H[k] 2 ∝ (d /d0)
−n (97)

where H[k] is the frequency response at a receiver d metres away
from the transmitter, d0 is the reference distance, and n is the path
loss exponent and it's between 2.7 and 3.5 for urban cellular area.
Hence, we set n = 3.

5.1 Boundaries of the achievable rate region

We now evaluate the boundaries of the achievable rate regions of
the DF, AF, and NR schemes under FD and SC. The regions of the
DF and AF schemes under SC are based on (44) and (92),
respectively. Under FD, they are based on [41, eq. (16)].

According to the system setup, R could be located at different
locations. For the purpose of demonstration, we picked two
distances, dSR = 0.5 km and dSR = 1 km. From Figs. 2 and 3, it can
be observed that the DF scheme has the best achievable ergodic
rate region compared to the AF and NR schemes if dSR = 1 km.
However, the AF scheme offers the best region when dSR = 0.5 km,
i.e., R is closer to S. On the other hand, SC always has the larger
achievable ergodic rate regions compared to FD. This can be
explained as follows: SC gives the near user U2 a complete degree
of freedom while being allocated only a small amount of transmit
power, thus, causing a small amount of interference to the far user
U1. Therefore, both users can achieve reasonable rates. On the
contrary, FD allocates a significant fraction of the bandwidth to U1

to achieve the same performance as for U2 which causes a large
degradation in the performance of U2. 

5.2 Outage probability at different relay locations

We next study the effect of changing the location of R in the
network on the outage probabilities at the two users. Figs. 4 and 5
show the outage probabilities of the two users for the DF and AF

Fig. 2  Boundaries of the achievable rate regions of the DF, AF, and NR
schemes under FD and SC at Γref = 10 dB when dSR = 0.5 km
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schemes at different distances dSR, respectively. For the DF scheme,
we can notice that the lowest outage probability happens when
dSR = 1 km. Moreover, this outage probability is getting larger
when R is either near or far away from S. In the latter one, this
corresponds to be near to the users. On the other hand, for the AF
scheme, as R is moving away from S, the outage probability is
getting larger. This makes sense as the AF scheme simply amplifies
the received signal with the included noise which increases as R is
moving away from S. As R is moving towards S, it will act as a
repeater which helps the two users to perform better than the NR
and DF schemes.

It's worth to point out here that the optimum parameters at the
two picked distances are as follows: αDF = 0.82, βDF = 0.85, and

αAF = 0.87 at dSR = 0.5 km. However, αDF = 0.88, βDF = 0.89, and
αAF = 0.89 at dSR = 1 km. While, αNR = 0.79.

5.3 Comparison between FD and SC

To complete the picture, we compare the performance of FD with
SC under the three relay options. To make it easier for reading, we
plot the average outage probability at the two users instead of
plotting each user's outage probability. Figs. 6 and 7 show the
outage probabilities when dSR = 0.5 km and dSR = 1 km,
respectively. From these figures, we can see that SC is always
better than FD regardless the scheme is used or where R is.
However, the DF scheme is the best at dSR = 1 km but the AF
scheme is the best when R is near S. 

6 Conclusion
We investigated superposition coded OFDM transmissions in a
downlink cooperative relay network where the source splits the
power between two users based on statistical CSI under either the
DF or AF scheme. We derived the ergodic rate regions, from
which, the power splitting parameters can be specified when the
target data rates are given. Results of outage probabilities show that
SC is always better than FD regardless the relay scheme is adopted
or where the relay is located. However, when it comes it to decide
which scheme to use, the DF or AF scheme, the relay location is
the dominant factor.

Fig. 3  Boundaries of the achievable rate regions of the DF, AF, and NR
schemes under FD and SC at Γref = 10 dB when dSR = 1 km

 

Fig. 4  DF at different dSR

 

Fig. 5  AF at different dSR

 

Fig. 6  Comparison between FD and SC with different relay schemes when
dSR = 0.5 km

 

Fig. 7  Comparison between FD and SC with different relay schemes when
dSR = 1 km
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