
1 23

Numerische Mathematik
 
ISSN 0029-599X
 
Numer. Math.
DOI 10.1007/s00211-018-01021-7

A high-order meshless Galerkin method for
semilinear parabolic equations on spheres

Jens Künemund, Francis J. Narcowich,
Joseph D. Ward & Holger Wendland



1 23

Your article is protected by copyright and

all rights are held exclusively by Springer-

Verlag GmbH Germany, part of Springer

Nature. This e-offprint is for personal use only

and shall not be self-archived in electronic

repositories. If you wish to self-archive your

article, please use the accepted manuscript

version for posting on your own website. You

may further deposit the accepted manuscript

version in any repository, provided it is only

made publicly available 12 months after

official publication or later and provided

acknowledgement is given to the original

source of publication and a link is inserted

to the published article on Springer's

website. The link must be accompanied by

the following text: "The final publication is

available at link.springer.com”.



Numerische Mathematik
https://doi.org/10.1007/s00211-018-01021-7

Numerische
Mathematik

A high-order meshless Galerkin method for semilinear
parabolic equations on spheres

Jens Künemund1 · Francis J. Narcowich2 · Joseph D. Ward2 ·
Holger Wendland1

Received: 27 July 2017 / Revised: 28 November 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract
We describe a novel meshless Galerkin method for numerically solving semilinear
parabolic equations on spheres. The new approximation method is based upon a dis-
cretization in space using spherical basis functions in a Galerkin approximation. As
our spatial approximation spaces are built with spherical basis functions, they can be
of arbitrary order and do not require the construction of an underlying mesh. We will
establish convergence of themeshlessmethodby adapting, to the sphere, a convergence
result due to Thomée and Wahlbin. To do this requires proving new approximation
results, including a novel inverse or Nikolskii inequality for spherical basis functions.
We also discuss how the integrals in the Galerkin method can accurately andmore effi-
ciently be computed using a recently developed quadrature rule. These new quadrature
formulas also apply toGalerkin approximations of elliptic partial differential equations
on the sphere. Finally, we provide several numerical examples.

Mathematics Subject Classification 35K58 · 65M12 · 65M15 · 65M20 · 65M60

1 Introduction

Partial differential equations on the sphere are often used to describe geological, mete-
orological and oceanic problems, with the sphere as a rough model of the earth.
Moreover, solving partial differential equations on the sphere can be seen as the sim-
plest version of the more general problem of solving partial differential equations on
an arbitrary, smooth compact manifold.
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The goal of this paper is to derive and analyze a new high-order meshfree method
for numerically solving semilinear parabolic differential equations on the unit sphere
S
d ⊆ R

d+1. This means we are looking for solutions u : [0, T ]×S
d → R of reaction

diffusion equations of the form

∂t u + Lu = F(u) on (0, T ] × S
d , (1.1)

u(0, ·) = u0 on S
d . (1.2)

L denotes a second order elliptic operator (see Sect. 2). The reaction term is described
by a smooth function F : R → R. The function u0 : Sd → R is the initial data.

Solutions to problems of the form (1.1) and (1.2) are known to exist, for at least a
certain time, and, when they do exist, they are known to be smooth (see for example
the discussion in Chapter 15 of [30]).

The method we propose in this paper follows the standard idea of using a method
of line approach to separate the time and space variables and then to use Galerkin
approximation in space to convert the PDE into a finite system of ordinary differential
equations.

However, as we may expect a smooth solution, the crucial new point of our method
is to choose a high-order spatial approximation space which is meshfree and based
upon radial basis functions. As smooth spaces can simply be constructed by choosing
a smooth basis function and as these spaces do not require the construction of an
underlying mesh they seem perfectly suited for such kind of problems.

There is growing literature on solving partial differential equations using meshfree
methods in general (see for example [4]) and using radial basis function or kernel-
based methods in particular (see for example the literature in [8]). Amongst those,
there are only few papers, which deal with partial differential equation on spheres,
see for example [11,12,18,21], most of them are of a numerical nature or deal with
time-independent problems. Time dependent partial differential equations were, for
example, considered in [18,33].

This paper is organized as follows. In the rest of this section, we will introduce
the necessary material for working on the sphere. Then, we will discuss material on
reaction diffusion equations and on the standard numerical approximation technique
based on the method of lines approach. In particular, we will recall a generic approx-
imation result, which will be the foundation of the convergence proof of our method.
In the third section we will introduce our spatial approximation space and provide the
approximation results which are required for the above mentioned generic approxi-
mation statement. This means that we have to prove new approximation and inverse
inequalities for approximation on the sphere with radial basis functions. This section
will finish with our main result, the convergence of the semi-discrete scheme and
some comments on convergence of a fully discretized scheme. Up to this point, we
will work with rather general basis functions and on spheres of arbitrary dimensions.
The fourth section deals with quadrature schemes to speed up the computation of the
mass and stiffness matrices and the right-hand side. This section is restricted to the
unit sphere S

2 in R
3 and to thin-plate splines as basis functions. The results of this
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section can also be used to speed up the computation of numerical solutions of elliptic
partial differential equations on the sphere recently introduced and discussed in [27].

Section 5, the final section, is devoted to applying our methods to numerically
solving three problems: a linear parabolic equation, a linear elliptic equation and the
nonlinear Allen–Cahn equation for the sphere. The first two problems test temporal
discretization errors and spatial discretization errors, respectively. We have chosen
the Allen–Cahn equation as a more complicated example to show the potential of our
method. However, the mathematical analysis provided in this paper is not particularly
taylored for this kind of equation. There exist more sophisticated techniques, see for
example [9,10], which, most likely, can be used to also derive better bounds for our
kernel-based discretisation spaces.

1.1 Basic information on the sphere

We will study equations on the d-variate unit sphere given by S
d := {x ∈ R

d+1 :
‖x‖2 = 1} ⊆ R

d+1. It has surface area ωd = 2π(d+1)/2

�((d+1)/2) . Its metric tensor1 will
be denoted by gi j .

The geodesic distance between two points x, y ∈ S
d is the length of the shorter

part of the great circle joining x and y; it is given by dist(x, y) = arccos(xT y). On
S
d , we will use the usual inner product

〈 f , g〉L2 :=
∫
Sd

f (x)g(x)dμ(x), (1.3)

where dμ(x) = √
det(gi j )dx1 · · · dxd is the volume element on S

d . The Laplace–
Beltrami operator2 for the sphere is

�∗u = 1√
det(gi j )

d∑
i, j=1

∂

∂xi

(√
det(gi j )g

i j (x)
∂u

∂x j

)
, (1.4)

where, as usual, gi j = (gi j )−1. It is well known that the eigenvalues of −�∗ are

λ� = �(� + d − 1), � ∈ N0,

and that the corresponding eigenfunctions are (spherical) polynomials called spherical
harmonics, of degree �. Wewill use the notation {Y�,k : 1 ≤ k ≤ N (d, �)} to denote an
orthonormal basis for the eigenspace corresponding to λ�. It is known that this space
has dimension

N (d, �) =
{
1 if � = 0,
2�+d−1

�

(
�+d−2

�−1

)
if � ≥ 1,

1 On S
2, with θ being the colatitude and ϕ being the longitude, the metric ds has the form ds2 = dθ2 +

sin2 θdϕ2. Thus the four entries of the tensor are g11 = 1, g12 = g21 = 0, and g22 = sin θ .
2 On S

2, in colatitude–longitude coordinates, �∗u = 1
sin θ

∂
∂θ

(
sin θ ∂u

∂θ

) + 1
sin2 θ

∂2u
∂ϕ2

.
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with N (d, �) = O(�d−1) for � → ∞. The collection of all eigenfunctions Y�,k

forms an orthonormal basis for L2 = L2
(
S
d
)
. Furthermore, the space of all spherical

polynomials πm
(
S
d
)
of degree m or less is given by

πm
(
S
d) = span

{
Y�,k : 0 ≤ � ≤ m, 1 ≤ k ≤ N (d, �)

}
. (1.5)

This can also be used to introduce Sobolev spaces of order σ ≥ 0 as

Hσ
(
S
d) := {u ∈ L2

(
S
d) : ‖u‖Hσ < ∞},

where the norm is defined by

‖u‖2Hσ =
∞∑

�=0

N (d,�)∑
k=1

|̂u�,k |2(1 + λ�)
σ , û�,k =

∫
Sd

u(ω)Y�,k(ω)dμ(ω).

Obviously, the norm stems from an inner product

〈u, v〉Hσ =
∞∑

�=0

N (d,�)∑
k=1

û�,k v̂�,k(1 + λ�)
σ .

All this information as well as further material on spherical harmonics can be found
in [22].

We will also employ other L p-spaces and norms on S
d . The space L p consist of

all measurable functions f : Sd → R with ‖ f ‖L p < ∞, where ‖ f ‖L p is the usual
L p-norm. Further spaces will be introduced later on.

2 Semilinear parabolic equations and their discretization

In this section, we will discuss, in more detail, equations of the form (1.1) and (1.2)
and how they are usually discretized using a method of lines approach. The operator L
in (1.1) is assumed to be a strongly elliptic, second order operator on Sd in divergence
form. In local coordinates x1, . . . , xd , L is given by

Lu = − 1√
det(gi j )

d∑
i, j=1

∂

∂xi

(√
det(gi j )a

i j (x)
∂u

∂x j

)
.

The ai j are the contravariant components of a C∞, symmetric rank 2 tensor a that is
positive definite in the sense that there exist positive constants c1, c2 such that

c1

d∑
i, j=1

gi j (x)viv j ≤
d∑

i, j=1

ai j (x)viv j ≤ c2

d∑
i, j=1

gi j (x)viv j
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holds for all vectors v in the tangent space at x ∈ S
d . Note that in the case a = g this

reduces to Lu = −�∗u.
Semilinear parabolic equations of the form (1.1) with initial conditions (1.2) are

known to have smooth solutions, as long as these solutions exist. To be more precise,
if σ > d/2 then we have Hσ

(
S
d
) ⊆ C

(
S
d
)
by the Sobolev embedding theorem and

it is also well-known that the Moser estimates (4.18) and (4.19) from Chapter 15 of
[30] are satisfied, provided that also F ∈ Hσ (R). Thus, the following result follows
from Propositions 1.2 and 4.2 of Chapter 15 in [30]. The smoothness assumption on
F can be further relaxed.

Lemma 2.1 Let σ > d/2. Suppose that F ∈ C∞(R) and u0 ∈ Hσ
(
S
d
)
. Then there is

a time T > 0 such that (1.1) and (1.2) has a unique solution u satisfying

u ∈ C
(
[0, T ], Hσ

(
S
d)) ∩ C1

(
[0, T ], Hσ−2(

S
d)) .

Because of this smoothness result, high-order methods are well-suited to solve such
semi-linear parabolic problems numerically.

The weak formulation of (1.1) is derived by multiplying (1.1) with a test function
χ and integrating the result over Sd . Using integration by parts, this leads to the weak
problem of finding a u(t) := u(t, ·) ∈ H1 satisfying the initial conditions (1.2) and

〈∂t u(t), χ〉L2 + a(u(t), χ) = 〈F(u(t)), χ〉L2 , χ ∈ H1(
S
d), (2.1)

employing the bilinear form

a(u, v) :=
∫
Sd

⎛
⎝ d∑

i, j=1

ai j
∂u

∂xi
∂v

∂x j

⎞
⎠ dμ(x), u, v ∈ H1(

S
d).

In a numerical scheme, the weak formulation (2.1) is spatially restricted to a finite
dimensional subspace Vh ⊆ H1

(
S
d
)
. Meaning that the approximate solution uh(t) ∈

Vh must now satisfy

〈uh(t), χ〉L2 + a(uh(t), χ) = 〈F(uh(t)), χ〉L2 , χ ∈ Vh, (2.2)

with an appropriate initial condition.
The error between u(t) and uh(t) has extensively been studied for various approxi-

mation spaces Vh , mainly for more general domains than the unit sphere. Here, wewill
mainly follow well-known results on Galerkin approximation of parabolic problems,
which can be found, for example, in [31,32]. In particular, we will use the following
result from [32]. There, it has been formulated for a bounded domain. But its proof
can be modified so that it also applies to our situation of the sphere (without boundary
conditions).

To state it, we need the following definition.
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Definition 2.2 Let {Vh}h>0, be a family of subspaces of H1
(
S
d
)
. We will call {Vh} a

feasible family of approximation spaces for Hσ
(
S
d
)
, σ > d/2, if it has the following

properties.

1. Inverse estimate There are constants ν > 0 and h1 > 0 such that

‖χ‖L∞ ≤ Ch−ν‖χ‖L2 , χ ∈ Vh, h ≤ h1. (2.3)

2. Simultaneous approximation With ν from above and d/2 < μ ≤ σ we have

lim
h→0

sup
v∈Hμ

‖v‖Hμ=1

inf
χ∈Vh

{‖v − χ‖L∞ + h−ν‖v − χ‖L2

} = 0. (2.4)

3. Convergence order For all v ∈ Hμ
(
S
d
)
with d/2 < μ ≤ σ we have

inf
χ∈Vh

{‖v − χ‖L2 + h‖v − χ‖H1
} ≤ Chμ‖v‖Hμ. (2.5)

Note that the condition σ > d/2 ensures via the Sobolev embedding theorem
that we are actually dealing with continuous functions. The second property (2.4)
guarantees that the elliptic projection uh(t) of u(t) is close to u(t). To make this more
precise, let M = {u(t, x) : x ∈ S

d , t ∈ [0, T ]}. For a continuous function u, M is
an interval, say M = [m1,m2]. Given this interval and a δ > 0 sufficiently small, we
define Mδ = [m1 − δ,m2 + δ].
Theorem 2.3 Let σ ≥ μ > d/2. Assume that the solution of (2.1) with initial con-
ditions (1.2) satisfies u ∈ C

([0, T ], Hμ
(
S
d
))
. Assume that there is a δ > 0 such

that F is Lipschitz continuous on Mδ . Let {Vh}h be a feasible family of approximation
spaces for Hσ

(
S
d
)
. Then, for sufficiently small h, the solution uh(t) of (2.2) with

initial conditions uh(0) = u0 exists for t ∈ [0, T ] and satisfies for t ∈ [0, T ] the error
bound

‖uh(t) − u(t)‖H j ≤ Chμ− j , j = 0, 1,

where H0 = L2.

Proof The proof is given in [32] for a bounded domain. Hence, we will be brief and
discuss only the changes which are relevant in our case. First of all, we note that
our bilinear form a is not an inner product on H1

(
S
d
)
. However, as u(t) ∈ H1

(
S
d
)

obviously solves (2.1) if and only if it solves

〈u(t), χ〉L2 + ã(u(t), χ) = 〈F̃(u(t)), χ〉L2 , χ ∈ H1(
S
d),

with ã(u, v) := a(u, v) + 〈u, v〉2 and F̃(x) = F(x) + x and the same modification
holds for uh(t), we can work with ã and F̃ , instead, noting that if F is Lipschitz
continuous on Mδ with Lipschitz constant L > 0, so is F̃ with Lipschitz constant

123

Author's personal copy



A high-order meshless Galerkin method for semilinear parabolic…

L + 1. The advantage of this formulation is that ã is now H1
(
S
d
)
-coercive and hence

defines a norm ‖u‖2ã := ã(u, u) on H1
(
S
d
)
which is equivalent to the standard norm

‖·‖H1 . With this, we can proceed as in [32] and define the Ritz projection wh(t) ∈ Vh
of u(t), which satisfies

ã(wh(t), χ) = ã(u(t), χ), χ ∈ Vh,

and split the error u(t) − uh(t) = ρ(t) − θ(t) with ρ(t) = u(t) − wh(t) and θ(t) =
uh(t) − wh(t). From (2.5) we immediately have ‖ρ(t)‖H j ≤ Chμ− j for j = 0, 1.
Moreover, a short calculation as done in [32], shows that (2.3) together with (2.5) also
yields

‖ρ(t)‖L∞ ≤ C inf
χ∈Vh

{‖u(t) − χ‖L∞ + h−ν‖u(t) − χ‖L2

}+ Chμ−ν,

so that (2.4) together with u ∈ C
([0, T ], Hμ

(
S
d
))

shows that ‖ρ‖L∞(L∞) becomes
arbitrary small for sufficiently small h. In particular, there is a h1 > 0 such that
wh(t) ∈ Mδ/2 for all t ∈ [0, T ] and all h ≤ h1.

Next, standard calculations show that θ(t) satisfies

d

dt
‖θ(t)‖2H1 ≤ C

{
‖∂tρ(t)‖2L2

+ ‖F̃(uh(t)) − F̃(wh(t))‖2L2
+ ‖F̃(wh(t)) − F̃(u(t))‖2L2

}

as long as uh(t) exists. If we now set th := max{t ≤ T : uh(s) ∈ Mδ, s ≤ t} then we
can use the Lipschitz continuity of F̃ twice to derive

d

dt
‖θ(t)‖2H1 ≤ C

{
h2μ + ‖θ(t)‖2L2

+ ‖ρ(t)‖2L2

}
,

where we have also used (2.5) on ∂tρ. Gronwall’s inequality then yields

‖θ(t)‖H1 ≤ ChμeCT , t ≤ th,

from which, again with (2.3), we can conclude that

‖θ(t)‖L∞ ≤ Chμ−νeCt < δ/2

for h ≤ h2. This, however, shows that we must have th = T for h ≤ min(h1, h2) and
that the stated error estimates hold for 0 ≤ t ≤ T . 
�

As usual in this context, the initial condition uh(0) = u0 can be replaced by any
approximation u0,h of u0 without altering the convergence result if ‖u0,h − u0‖H j ≤
Chμ− j for j = 0, 1 is satisfied.
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3 High order spatial approximation spaces

The goal of this section is to introduce the spatial approximation spaces. These spaces
are based upon a meshfree discretization employing spherical basis functions, which
are the spherical equivalent to radial basis functions inRd .Moreover, wewill show that
the so introduced approximation spaces are feasible for Hσ

(
S
d
)
, σ > d/2, in the sense

of Definition 2.2, i.e. they satisfy the inverse estimate (2.3), which in the context of
approximation theory is also called a Nikolskii inequality, they have the simultaneous
approximation property (2.4) and satisfy the convergence order estimate (2.5).

3.1 Spherical basis functions and approximation spaces

For σ > d/2, the Sobolev embedding theorem guarantees that Hσ
(
S
d
) ⊆ C

(
S
d
)
.

Hence, in this situation, Hσ
(
S
d
)
has a reproducing kernel given by

�σ (x, y) =
∞∑

�=0

N (d,�)∑
k=1

(1 + λ�)
−σY�,k(x)Y�,k(y).

This kernel is reproducing in the sense that �σ (·, x) ∈ Hσ
(
S
d
)
for all x ∈ S

d and
u(x) = 〈u,�σ (·, x)〉Hσ for all x ∈ S

d and all u ∈ Hσ
(
S
d
)
. The kernel is also bizonal

in the sense that �σ (x, y) = φσ (xT y) with φσ : R → R, which immediately follows
from the addition theorem for spherical harmonics, see [22]. Obviously, a bizonal
kernel is symmetric in the sense that �(x, y) = �(y, x).

We will relax the idea of a reproducing kernel in the following sense. Suppose, we
have a symmetric kernel of the form

�(x, y) =
∞∑

�=0

N (d,�)∑
k=1

φ̂(�)Y�,k(x)Y�,k(y), (3.1)

where the Fourier coefficients satisfy

c1(1 + λ�)
−σ ≤ φ̂(�) ≤ c2(1 + λ�)

−σ (3.2)

for all � ∈ N0. Then, we can introduce a new Hilbert space N� consisting of all
function u ∈ L2

(
S
d
)
with

‖u‖2� =
∞∑

�=0

N (d,�)∑
k=1

|̂u�,k |2
φ̂(�)

< ∞. (3.3)

Obviously, this Hilbert space is, because of the decay condition (3.2), algebraically
identical with Hσ

(
S
d
)
and the norm defined by (3.3) is equivalent to the standard

norm on Hσ
(
S
d
)
. Furthermore, � is the reproducing kernel of Hσ

(
S
d
)
with respect
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to the inner product associated to the norm (3.3). Taking this into account, we will
also simply define the norm and inner product on Hσ

(
S
d
)
to be

‖u‖2Hσ =
∞∑

�=0

N (d,�)∑
k=1

|̂u�,k |2
φ̂(�)

and 〈u, v〉Hσ =
∞∑

�=0

N (d,�)∑
k=1

û�,k v̂�,k

φ̂(�)
.

We will use the notation ‖·‖� and 〈·, ·〉� only if it is necessary to distinguish Hσ
(
S
d
)

and N�.
This approach gives us access to a variety of kernels, including compactly supported

ones. In particular, we can use kernels defined on all of Rd+1 and restrict them to S
d

since it it well-known that a radial kernel � : Rd+1 → R, which is the reproducing
kernel of H τ (Rd+1) with τ > (d + 1)/2 leads via restriction to a kernel �(x, y) =
�(x − y), x, y ∈ S

d , which is the reproducing kernel of H τ−1/2
(
S
d
)
; see [26].

The class of positive definite kernels that we will deal with has the form

φ = Gβ + Gβ ∗ ψ, β > 0,

where Gβ is the Green’s function for the operator
(( d−1

2

)2 − �∗
)β

and ψ ∈ L1.

Typical examples of such basis functions are the compactly supported radial functions
restricted to the sphere [19, Sect. 3] mentioned above and the Matérn3 (Sobolev)

splines �(x, y) = C |x − y|m− d+1
2 Km− d+1

2
(|x − y|), x, y ∈ S

d , m > d + 1, and
β = 2m − 1.

Wewill also use specific conditionally positive definite kernels on the sphere. These
are, again, kernels of the form (3.1). However, we only assume condition (3.2) to hold
for all � ≥ m with a given m ∈ N. Such a kernel is conditionally positive definite
of order m − 1. In this case, the associated function space consists of all functions
u : Sd → R with finite

‖u‖2� :=
∞∑

�=m

N (d,�)∑
k=1

|̂u�,k |2
φ̂(�)

. (3.4)

Obviously, this is only a semi-norm, since it vanishes on all polynomials of degree
less than m. However, if we choose fixed points � = {ζ1, . . . , ζQ} ⊆ S

d with Q =
dim πm−1

(
S
d
)
such that they are unisolvent, i.e. p = 0 is the only polynomial from

πm−1
(
S
d
)
that vanishes on �, then we can define a norm on Hσ

(
S
d
)
equivalent to the

Sobolev norm via

‖u‖ := ‖u‖2� +
Q∑
j=1

|u(ζ j )|2.

3 One can establish this by showing that the asymptotic estimate in [24, Eq. 4.11], where s = m, is equal
to the right-hand side in that inequality.
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Typical examples of conditionally positive definite functions on the sphere are the
restrictions of thin-plate splines to Sd . These lead to the kernels�m(x, y) = φm(x · y),
x, y ∈ S

d , with

φm(t) =
{

(−1)m− d−1
2 (1 − t)m− d

2 , d odd

(−1)m+1− d
2 (1 − t)m− d

2 log(1 − t), d even.
(3.5)

where m ∈ N with m > d/2.

Remark 3.1 The Legendre–Fourier coefficients
{
φ̂m(�)

}
for φm have been explicitly

calculated [3, Sect. 2.3]. For � ≥ m, they have the asymptotic form φ̂m(�) ∼ λ−m
� as

� → ∞. Consequently, (3.2) holds for φm , with σ = m.

In both cases, if� is positive definite or conditionally positive definite, we will also
say that � is a spherical basis function. To be more precise, let us make the following
definition.

Definition 3.2 A kernel � : Sd ×S
d → R of the form (3.1) is called a spherical basis

function (SBF) of order m generating Hσ
(
S
d
)
, σ > d/2, if the Fourier coefficients

φ̂(�) satisfy the decay condition (3.2) for � ≥ m.

A spherical basis function is the first ingredient for building our finite dimensional
approximation spaces. The second ingredient is a finite set of distinct points X =
{ξ1, . . . , ξN } ⊆ S

d .

Definition 3.3 Let X ⊆ S
d be a finite set and let � be a spherical basis function of

order m ∈ N0. If � is positive definite we set

VX = VX ,� = span{�(·, ξ) : ξ ∈ X}.

If � is a conditionally positive definite kernel of order m ≥ 1, we let

VX = VX ,�,m =
{∑

ξ∈X
αξ�(·, ξ) :

∑
ξ∈X

αξ p(ξ) = 0 ∀ p ∈ πm−1
(
S
d)}+ πm−1

(
S
d).
(3.6)

In the case of a positive definite SBF the dimension of VX is obviously N = |X |. In
the case of a conditionally positive definite function� of orderm, the dimension of VX

can be easily calculated. There are N kernels, subjected to dim
(
πm−1

(
S
d
))

linearly
independent conditions, along with dim

(
πm−1

(
S
d
))

polynomials. Adding these gives
again dim(VX ) = N = |X |.

As we do not assume any connectivity between the data sites X , the space VX is a
meshfree approximation space. As the smoothness of the functions in VX only depends
on the smoothness of the kernel �, we see that we can easily build approximation
spaces of arbitrary smoothness, which will lead to arbitrarily high approximation
orders.
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Without a mesh, we need other geometric quantities to measure the quality of the
distribution of the points X over Sd .

Definition 3.4 The fill distance hX , the separation radius qX and the mesh ratio ρX

of a finite set X ⊆ S
d are defined to be

hX := sup
x∈Sd

min
ξ∈X dist(x, ξ), qX := 1

2
min
η �=ξ

dist(ξ, η), ρX := hX/qX ,

respectively. Here, dist(ξ, η) denotes the geodesic distance between ξ, η ∈ S
d . The

set X is said to be quasi-uniform with respect to a constant cqu ≥ 1 if ρX ≤ cqu . If
the constant cqu , i.e. ρX , is small then we will simply say that X is quasi-uniform.

Obviously, we have qX ≤ hX so that ρX ≥ 1. Themesh ratio can become arbitrarily
large if X deviates significantly from a regular distribution. To avoid problems coming
from this, in this paper, we are mainly concerned with quasi-uniform sets.

The fill distance and the separation radius allow us to estimate the number of points
in X . If B(x, r) denotes the spherical cap about x ∈ S

d with radius r > 0, then we
have

⋃
ξ∈X

B(x, qX ) ⊆ S
d ⊆

⋃
ξ∈X

B(x, hX ),

where the first union is disjoint. Hence, comparing the surface areas yields the follow-
ing result.

Lemma 3.5 There are constants c1, c2 > 0 such that all finite sets X ⊆ S
d with

cardinality N = |X | satisfy

c1h
−d
X ≤ N ≤ c2q

−d
X .

For quasi-uniform data sets this means that the quantities N , q−d
X and h−d

X are all
of comparable size.

3.2 Lagrange and local lagrange functions

We will now introduce two other bases for our approximation space VX , which will
become important later on, particularly in the situation of thin-plate splines.

The spherical basis function � allows us to find functions in VX to interpolate data
given at each point of X . In the case of a positive definite function these interpolants
are unique. In the case of a conditionally positive definite function of order m ≥ 1
they are unique if the data sites X are πm−1

(
S
d
)
-unisolvent, meaning that the zero

polynomial is the only polynomial from πm−1
(
S
d
)
which vanishes on X . We will

assume this from now on, whenever we use a conditionally positive definite function.
In particular, for every fixed ξ ∈ X we can find a unique function χξ ∈ VX that

satisfies χξ (η) = δξ,η for all η in X . This function χξ is called the Lagrange function
centered at ξ .
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The set of Lagrange functions {χξ : ξ ∈ X} is a basis for VX , because the set has
|X | = dim VX linearly independent functions. Consequently, we have

VX = span{χξ : ξ ∈ X}. (3.7)

In terms of the kernel basis, these Lagrange functions have the representation

χξ (x) =
N∑

k=1

aη,ξ�(x, η) + pξ (x), (3.8)

where pξ ∈ πm−1
(
S
d
)
is zero if � is positive definite. In the case of the thin-plate

splines defined by (3.5), this Lagrange basis has been studied extensively in [14,16].
In particular, we have the following result.

Proposition 3.6 Suppose that X ⊆ S
d has a fixed mesh ratio ρX > 0. Let χξ , ξ ∈ X

be the Lagrange functions for the thin-plate splines (3.5), with m ≥ 2. Then, there
exist constants h0, ν, c1, c2 and C, depending only on m and ρX so that if hX ≤ h0,
we have

c1q
d/p
X ‖b‖p ≤ ∥∥∑

ξ∈X
bξχξ

∥∥
L p

≤ c2q
d/p
X ‖b‖p, b = (bξ ) ∈ R

N , (3.9)

and, restricting to even4 d,

|χξ (x)| ≤ C exp

(
−ν

dist(x, ξ)

hX

)
, ξ ∈ X , (3.10)

|aη,ξ | ≤ Cqd−2m
X exp

(
−ν

dist(η, ξ)

hX

)
, ξ, η ∈ X . (3.11)

Proof The first inequality follows from [16, Theorem 5.7], the second from [16, The-
orem 5.3], and the third from [14, Remark 5.4]. To apply [14, Remark 5.4] to obtain
the third inequality, the Lagrange functions involved are required to have exponential
decay. As noted, at present we only know that this holds when d is even. 
�

The first of the three inequalities is really a statement that the basis is stable. The
second and third mean that, at least for d even, both the Lagrange functions and the
coefficients in the expansion (3.8) decay exponentially fast in dist(x, ξ) and dist(η, ξ),
respectively. As a consequence, the Lagrange functions are highly localized in space,
and, because of the exponential decay of the coefficients, they really require only a
few elements from the kernel basis—that is, they have a small footprint in that basis.
Both of these consequences will prove to be useful later, as will the Nikolskii-type
inequality below.

4 For d odd, it is an open question as to whether the exponential inequalities hold. There are however
bounds in terms of powers of h. See [16, Theorem 5.5].
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Corollary 3.7 (Thin-plate spline Nikolskii inequality) If X is quasi-uniform, hX is
sufficiently small, and 1 ≤ p, q ≤ ∞, then, for all g ∈ VX , the approximation space
built using thin-plate splines (3.5), we have

‖g‖L p ≤ Cd,p,q,ρX h
−d

(
1
q − 1

p

)
+

X ‖g‖Lq . (3.12)

Proof Since (3.12) is a basis-independent inequality, we can, and will, use the
Lagrange basis for the thin-plate splines. Thus we may employ Proposition 3.6, with

g = ∑
ξ∈X bξχξ . By (3.9), where we use qX ∼ hX , and ‖b‖p ≤ N

(
1
p − 1

q

)
+‖b‖q , we

have

‖g‖L p ≤ c2h
d/p
X ‖b‖p ≤ c2h

d/p
X N

(
1
p − 1

q

)
+‖b‖q .

Applying (3.9) to bound ‖b‖q from above, we obtain

‖g‖L p ≤ (c2/c1)h
d/p
X N

(
1
p − 1

q

)
+h−d/q

X ‖g‖Lq .

Noting that N ≤ Ch−d
X , we arrive at

‖g‖L p ≤ (c2/c1)h
d/p
X h

−d
(
1
p − 1

q

)
+

X h−d/q
X ‖g‖q .

Combining the powers of hX yields (3.12). 
�
When |X | is large, constructing the basis of Lagrange functions for VX requires

solving a large system of equations. Even though many entries in this system are small
enough to be neglected, making the system sparse, it is still very large and is unlikely to
be parallelizable. To overcome this difficulty, Fuselier et al. [13, Sect. 6.3] introduced
a local Lagrange basis for VX ,φm that can be obtained by solving a large number of
small systems; these systems can be solved in parallel. They did this for thin-plate
splines on S

2, and they obtained results similar to those in Proposition 3.6, although
the bounds in the first and second inequalities are somewhat different. We will discuss
the analogous results for thin-plate splines for Sd , d even.

We begin by constructing the local Lagrange functions. Fix ξ ∈ X . Let Xξ be
defined by

Xξ := {η ∈ X : dist(ξ, η) ≤ rX } where rX := KhX | log hX |. (3.13)

We remark that η ∈ Xξ if and only if ξ ∈ Xη. Define the local Lagrange function
centered at ξ to be the function

χ loc
ξ (x) =

∑
η∈Xξ

αloc
η,ξ�(x, η) + plocξ (x), ploc ∈ πm−1

(
S
d), where
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0 =
∑
η∈Xξ

αloc
η,ξq(η) for all q ∈ πm−1

(
S
d) and (3.14)

χ loc
ξ (η) = δξ,η, for all η ∈ Xξ . (3.15)

which exists and is unique because � is an order m conditionally positive definite
kernel. By construction, the local Lagrange functions are in VX and one can show that
{χ loc

ξ : ξ ∈ X} is a basis for VX—the local Lagrange basis.

Proposition 3.8 Let the notation and assumptions of Proposition 3.6 hold. There exists
μ = μ(m) such that for K chosen to satisfy J := Kν −4m+d −2μ > 0 these hold:

‖χ loc
ξ − χξ‖L∞ ≤ C hJ

X , (3.16)

|χ loc
ξ (x)| ≤ C

(
1 + dist(x, ξ)/hX

)−J
. (3.17)

Furthermore, when J > 2, the set {χ loc
ξ } is L p stable: there are c1, c2 > 0 for which

c1q
d/p
X ‖b‖p ≤ ∥∥∑

ξ∈Xbξχ
loc
ξ

∥∥
L p

≤ c2q
d/p
X ‖b‖p, b = (bξ ) ∈ R

|X |. (3.18)

Proof The proof is a slight modification of the one for d = 2 given in [14, Proposi-
tion 6.1]. The main difference is that the dimension d must be taken account of. It first
comes into play in [14, Eq. (6.9)] in estimating N , which will change from N ∼ q−2

to N ∼ q−d . The end result in (6.9) is, however, unchanged because of a cancellation.
Another place is in the estimate of ‖s̃ − s‖L∞ . This is again accounted for by the
change to N ∼ q−d . The only other place a change is required is in the proof of [13,
Theorem 6.5], where the inequality θ ≥ Cq2m−2 has to be changed to θ ≥ Cq2m−d .
See [13, Footnote 4, p. 255]. 
�

3.3 Approximation and convergence orders

In order to verify that the above constructed approximation spaces VX are feasible
in the sense of Definition 2.2, we start with providing results on the approximation
properties of VX , which eventually will prove (2.4) and (2.5).

Approximation with radial basis functions on the sphere has extensively been stud-
ied and both direct and inverse estimates were derived, see for example the ones found
in [19,25]. In this paper, we will particularly need the following approximation result,
which applies to both positive definite and conditionally positive definite SBFs. The
error estimates also embody both the “escape” from native space and the “doubling
trick.”

To describe them, recall the Lagrange basis χξ , ξ ∈ X . With this basis, we can
immediately write down the interpolant IX f to a continuous function f on X as

IX f :=
∑
ξ∈X

f (ξ)χξ .

This interpolant has the following approximation properties.
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Theorem 3.9 ([27, Theorems A.2 and A.3]) Suppose that � is an SBF that is positive
definite or order-m conditionally positive definite satisfying (3.2), with σ > d/2. Let
β,μ ∈ R, with d/2 < μ ≤ 2σ , and 0 ≤ β ≤ min(μ, σ ). Suppose that f ∈ Hμ

(
S
d
)
.

If hX is sufficiently small, then

‖ f − IX f ‖Hβ ≤ Chμ−β
X ‖ f ‖Hμ. (3.19)

There is an additional approximation result that is bounding the error in the L∞-
norm, required later on.

Corollary 3.10 Let �, f , m, σ , μ be as in Theorem 3.9. If hX is sufficiently small, then

‖ f − IX f ‖L∞ ≤ Chμ−d/2
X ‖ f ‖Hμ. (3.20)

Proof We will apply a typical zeros theorem, as for example given in [16, Theo-
rem A11] with � = M = S

d or [15, Theorem 3.10] with ∂� = S
d .

We fix a β ∈ R with d/2 < β ≤ min(μ, σ ). As f ∈ Hμ
(
S
d
)
and μ ≥ β we

have f ∈ Hβ
(
S
d
)
. Since β ≤ σ we also have that IX f ∈ Hβ

(
S
d
)
. This means

u := f − IX f ∈ Hβ
(
S
d
)
and as we also obviously have u|X = ( f − IX f )|X = 0

we can apply the above mentioned zeros theorem, which means

‖ f − IX f ‖L∞ ≤ Chβ−d/2
X ‖ f − IX f ‖Hβ .

The result in [16] is only given for β ∈ N but extends to β ∈ R, see also [15].
In addition, since f ∈ Hμ

(
S
d
)
, we also have ‖ f − IX f ‖Hβ ≤ Chμ−β

X ‖ f ‖Hμ .
Combining this with the previous inequality results in (3.20). 
�

3.4 A Nikolskii inequality for positive definite SBFs

It is now our goal to derive an inverse estimate, or to be more precise, a Nikolskii-type
inequality [28] for our space VX .We have already proven this for the thin-plate splines,
in Corollary 3.7.

We now want to show that (3.12) holds for spherical basis functions having the
form

φ = Gβ + Gβ ∗ ψ, β > 0,

where Gβ is the Green’s function for Lβ
d and ψ ∈ L1.

To do this, we will need to discuss the frame operators constructed in [19,23]. Let
a ∈ Ck(R), which we may assume is even, has support in

[− 2,− 1
2

] ∪ [ 1
2 , 2

]
, and

satisfies |a(t)|2 + |a(2t)|2 ≡ 1 on
[ 1
2 , 1

]
. Such a function can be easily constructed

out of an orthogonal wavelet mask m0 [7, Paragraph 8.3]. In fact, if m0(ξ) ∈ Ck+1,
then a(t) := m0(π log2(|t |)) on

[− 2,− 1
2

]∪ [ 1
2 , 2

]
, and 0 otherwise, is a Ck function
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that satisfies the requisite conditions. Define b ∈ Ck(R) by

b(t) :=
{
1 |t | ≤ 1

|a(t)|2 |t | > 1.
(3.21)

Consider the operator Ld =
(( d−1

2

)2
I − �∗

)1/2
, where �∗ is the Laplace–Beltrami

on Sd . The eigenfunctions for Ld are the spherical harmonics Y�,k and the eigenvalues
are � + d−1

2 . Let P� be the orthogonal projection onto span{Y�,k : 1 ≤ k ≤ N (d, �)}.
Let jd := �log2( d−1

2 )�. We define the J th frame operator by BJ := b(2−J− jd Ld).
Using the fact that the support of b is [−2, 2] and applying the spectral theorem, we
obtain

BJ =
mJ∑
�=0

b
(
2−J− jd

(
� + d−1

2

))
P�, mJ :=

⌊
2J+ jd+1 − d−1

2

⌋
. (3.22)

Note that BJ : L p → πmJ

(
S
d
)
, 1 ≤ p ≤ ∞. Important properties of the frame

operators are given below.

Proposition 3.11 ([23, Proposition 5.1]) Let k > max{d, 2}, and let b be defined by
(3.21), with a ∈ Ck(R). If f ∈ L p

(
S
d
)
, 1 ≤ p ≤ ∞, and if m > 0 is an integer such

that 2−J− jd ≤ (m + (d − 1)/2)−1, then

‖ f − BJ f ‖L p ≤ Cb,k,d Em( f )p, Em( f )p := distL p

(
f , πm

(
S
d)) . (3.23)

Also, for 1 ≤ p < ∞ or, if p = ∞, for f ∈ C
(
S
d
)
, we have limJ→∞ BJ f = f .

From this result, one can derive the following Nikolskii-type inequality for πm
(
S
d
)
.

Theorem 3.12 ([19, Theorem 4.10], [20, Proposition 2.1]) Let S ∈ πm
(
S
d
)
. Then, for

1 ≤ p, q ≤ ∞, we have

‖S‖L p ≤ Cp,q,d m
d
(
1
q − 1

p

)
+‖S‖Lq , Cp,q,d > 0. (3.24)

We begin our analysis by decomposing a function g ∈ VX into the sum
g = BJ g + (I − BJ )g, and then applying the triangle inequality to get

‖g‖L p ≤ ‖BJ g‖L p + ‖(I − BJ )g‖L p . (3.25)

Since BJ : L p
(
S
d
) → πmJ

(
S
d
)
, BJ g is a spherical polynomial in πmJ

(
S
d
)
. By (3.22),

mJ ∼ ε−1
J = 2J+ jn . Consequently, from (3.24) with hX = εJ , we have that

‖BJ g‖p ≤ Cd εJ
−d

(
1
q − 1

p

)
+‖BJ g‖q ≤ Cd εJ

−d
(
1
q − 1

p

)
+
(‖g‖q + ‖(I − BJ )g‖q

)

≤ 2Cd εJ
−d

(
1
q − 1

p

)
+‖g‖q = 2Cd h

−d
(
1
q − 1

p

)
+

X ‖g‖q ,
(3.26)
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where the right-most inequality follows from (3.23), since distLq
(
g, πm

(
S
d
))

≤ ‖g‖Lq .
Our task now is to estimate ‖(I − BJ )g‖L p . We will do this in two steps.

The first is to estimate ‖(I − BJ )g‖L p using the coefficients in the expansion

g(x) = ∑N
j=1 a jφ(x · x j ). From [19, Theorem 4.13], we have for φ = Gβ +Gβ ∗ψ

‖(I − BJ )g‖L p ≤ Cρ
d/p′
X ε

β−d/p′
J (1 + E2J+ jd (ψ)1)‖a‖p ≤ C ′ρd/p′

X ε
β−d/p′
J ‖a‖p,

(3.27)

where p′ is the dual to 1 ≤ p ≤ ∞—i.e. 1/p + 1/p′ = 1. The standard inequality

‖a‖p ≤ N

(
1
p − 1

q

)
+‖a‖q , hX = εJ and N ∼ h−d

X , yields

‖(I − BJ )g‖L p ≤ Cρ
d/p′
X hβ−d/p′

X h
−d

(
1
p − 1

q

)
+

X ‖a‖q . (3.28)

The second step is estimating the norm ‖a‖q in terms of ‖g‖Lq . Doing this step
amounts to bounding the q-norm stability ratio

rVX ,q := max
VX�g �=0

‖a‖q
‖g‖Lq

.

By [19, Theorem5.3],we have rVX ,q ≤ Chd/q ′−β
X . Using this in (3.28) and simplifying,

we see that

‖(I − BJ )g‖L p ≤ Cρ
d/p′
X h

−d
(
1
q − 1

p

)
+

X ‖g‖Lq . (3.29)

Combining (3.25), (3.26) and (3.29) yields the SBF Nikolskii inequality in the
result below.

Theorem 3.13 Suppose that φ = Gβ + Gβ ∗ ψ , where ψ ∈ L1 and β > 0. If X is
quasi-uniform, hX is sufficiently small, and 1 ≤ p, q ≤ ∞, then

‖g‖L p ≤ Cp,q,dh
−d

(
1
q − 1

p

)
+

X ‖g‖Lq , g ∈ VX .

3.5 Main result

We can now collect the results from the previous subsections to show that our approxi-
mation spaces Vh := VX are indeed feasible for Hσ

(
S
d
)
in the sense of Definition 2.2

and hence lead to high-order approximation spaces for numerically solving semilinear
parabolic PDEs on the sphere. Our main result is as follows.

Theorem 3.14 Let � : Sd × S
d → R be a spherical basis function of order m ∈ N0

for Hσ
(
S
d
)
, σ > d/2. Then, for every finite set X ⊆ S

d , the approximation space
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Vh := VX is feasible for Hσ
(
S
d
)
in the sense of Definition 2.2 for sufficiently small

h = hX . To be more precise, VX satisfies the inverse estimate (2.3) with ν = d/2
and the simultaneous approximation property (2.4) as well as the convergence order
property (2.5).

In particular, if the assumptions of Theorem 2.3 hold, then the approximate solution
uh(t) ∈ VX of (2.2) converges to u(t) ∈ Hμ

(
S
d
)
, the solution of (2.1), and the error

can be bounded by

‖uh(t) − u(t)‖H j ≤ Chμ− j , j = 0, 1.

Proof First of all, the Nikolskii inequality in Theorem 3.13 or Corollary 3.7 gives the
inverse estimate

‖χ‖L∞ ≤ Ch−d/2
X ‖χ‖L2 , χ ∈ VX .

That means we have (2.3) with ν = d/2. Next, from the approximation results in
Corollary 3.10 and Theorem 3.9, we see

inf
χ∈Vh

{
‖v − χ‖L∞ + h−d/2

X ‖v − χ‖L2

}

≤ ‖v − IXv‖L∞ + h−d/2
X ‖v − IXv‖L2

≤ Chμ−d/2
X ‖v‖Hμ,

provided that v ∈ Hμ
(
S
d
)
with d/2 < μ ≤ σ . Hence, we also have the simultaneous

approximation property (2.4).
Finally, Theorem 3.9 yields for v ∈ Hμ

(
S
d
)
with d/2 < μ ≤ σ and quasi-uniform

data sets X :

inf
χ∈VX

{‖v − χ‖L2 + hX‖v − χ‖H1
}

≤ ‖v − IXv‖L2 + hX‖v − IXv‖H1

≤ Chμ
X‖v‖Hμ,

provided v ∈ Hμ
(
S
d
)
, yielding the third property (2.5). 
�

To compute the approximate solution uh(t) from (2.2) we proceed as usual. We
expand uh(t) in terms of the Lagrange basis χξ , ξ ∈ X , i.e. we write

uh(t) = uh(t, ·) =
∑
η∈X

αη(t)χη.

Plugging this into (2.2) yields the system of ODEs

∑
ξ∈X

α̇ξ (t)〈χξ , χη〉L2 +
∑
ξ∈X

αη(t)a(χξ , χη) =
〈
F

⎛
⎝∑

ξ∈X
αξ (t)χξ

⎞
⎠ , χη

〉

L2

, η ∈ X ,
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which can, as usual, be written as Aα̇ + Bα = f (α), with

A = (〈χ j , χk〉L2

)
, B = (

a(χ j , χk)
)
, f (α) =

⎛
⎝
〈
F

⎛
⎝∑

ξ∈X
αξχξ

⎞
⎠ , χη

〉

L2

⎞
⎠ .

(3.30)

This systemofODEs requires an initial condition,which canbegivenbyuh(0) = IXu0
without altering the convergence result of the above theorem.

It is important to note that, according to results from [27], the condition number of
the stiffness matrix behaves like h−2, even for smooth kernels and high-order kernel-
based approximation spaces.

For a full discretized system, this semi-discrete system needs to be discretized
in time. Here a higher order method in time is appropriate. Fortunately, the time
discretization as well as its analysis is rather independent of the spatial discretization.
This means we can refer to standard results in this context as they can, for example,
be found in [31]. For the convenience of the reader and as we will employ it in the
numerical examples later on, we mention the implicit Crank–Nicolson scheme.

Assuming that the time discretization is given by tn = nτ , the implicit Crank–
Nicolson method for the system Aα̇ + Bα = f (α) is given by

A
αn − αn−1

τ
+ B

αn + αn−1

2
= f

(
αn + αn−1

2

)
,

which suffers from the presence of the next solution αn within the nonlinear function
f . A typical linearisation of this, based on an extrapolation, is given by

A
αn − αn−1

τ
+ B

αn + αn−1

2
+ f

(
3

2
αn−1 − 1

2
αn−2

)
, (3.31)

which results into the scheme

(
A + τ

2
B
)

αn =
(
A − τ

2
B
)

αn−1 + τ f

(
3

2
αn−1 − 1

2
αn−2

)
,

which, however, now requires two initial values.We follow [31] to compute the second
initial value.

First,we chooseU 0 ∈ VX asU 0 = IXu0 on X butwe can choose any approximation
vh ∈ VX which satisfies ‖u0 − vh‖L2 ≤ Chμ

X . Then, we define an intermediate
function U 1,0 ∈ VX as the solution of

〈
U 1,0 −U 0

τ
, χ

〉
L2

+ a

(
U 1,0 +U 0

2
, χ

)
=
〈
F
(
U 0

)
, χ

〉
L2

, χ ∈ VX (3.32)

123

Author's personal copy



J. Künemund et al.

and then the second initial value U 1 ∈ VX via solving

〈
U 1 −U 0

τ
, χ

〉
L2

+ a

(
U 1 +U 0

2
, χ

)
=
〈
F

(
U 1 +U 1,0

2

)
, χ

〉
L2

, χ ∈ VX .

(3.33)

Theorem 3.15 The linearized Crank–Nicolson scheme is unconditionally stable.
Under the assumptions of Theorem 3.14, the error between the fully discretized solu-
tion Un and the true solution u(tn) can be bounded by

‖Un − u(tn)‖L2 ≤ C(u)
(
τ 2 + hμ

X

)
.

4 Quadrature

Computing the inner products in (3.30) requires using quadrature formulas for func-
tions in C

(
S
d
)
. Since, apart from vertices of the platonic solids, there are no uniform

grids on spheres, quadrature formulas must be able to handle functions sampled at
scattered sites. A discussion of quadrature formulas for spheres, and for homogeneous
spaces in general, may be found in [13]. The ones used here are kernel based.

The salient feature of the quadrature formulas discussed here is that the weights
can be obtained by solving a linear system of equations. When the thin-plate splines
are used as kernels, the system is stable and, although not sparse, has entries in a
row that decay rapidly moving away from the diagonal. On S

2, for m = 2 thin-plate
spline kernels, weights for a set of quadrature points having 600,000 points were easily
computed [13, Sect. 5].

4.1 Kernel-based quadrature

Constructing the quadrature formulas begins with selecting the quadrature points,
Y = {η1, . . . , ηNY } ⊆ S

d , and an order M SBF �(x, y) = φ(x · y)—for example, a
thin-plate spline. For the quadrature points Y , let hY be the fill distance (mesh norm),
qY be the separation radius, and ρY = hY /qY be the mesh ratio. Later, we will make
the assumption that Y is quasi uniform.

The approximation space for the pair �,Y is defined in (3.6) and will be denoted
by VY ,� = VY , with the corresponding Lagrange basis being {χ̃η : η ∈ Y }. For
any f ∈ C

(
S
d
)
, there is a unique interpolant to f from VY , IY f = ∑

η∈Y f (η)χ̃η.
The quadrature formula we will use is obtained by replacing the integrand f by its
interpolant IY f :

∫
Sd

f (x)dμ(x) ≈
∫
Sd

IY f (x)dμ(x) =
∑
η∈Y

w̃η f (η), w̃η =
∫
Sd

χ̃η(x)dμ(x).

(4.1)
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We remark that the quadrature formula is exact for f ∈ VY . This follows from the
observation that f ∈ VY implies that f = IY f , and sowehave that

∫
Sd

IY f (x)dμ(x) =∫
Sd

f (x)dμ(x).
It is useful to introduce some notation in connection with this formula. Specifically,

we define the quadrature functional QY ,� : C(Sd) → R by

QY ( f ) = QY ,�( f ) :=
∫
Sd

IY f (x)dμ(x) =
∑
η∈Y

w̃η f (η), (4.2)

where the weights w̃η are defined in (4.1).
Order M SBF kernels are rotationally invariant, because �(Rx, Ry) = φ(Rx ·

Ry) = φ(x · y) = �(x, y), and so are the polynomial spaces πM−1
(
S
d
)
and the

measure dμ(x). The weights of the quadrature can be computed by solving a linear
system, which we describe now using this invariance.

Consider the spherical harmonics {Y�,k : 1 ≤ k ≤ N (d, �)} of degree 0 ≤ � ≤
M − 1. Relabel them by ψ j = Y�,k , where j = dim

(
π�−1

(
S
d
)) + k. That is, ψ1 =

Y0,1, ψ2 = Y1,1, ψ3 = Y1,2 and so on. Define the M × dim
(
πM−1

(
S
d
))

matrix

� =
(

ψ1|Y ψ2|Y · · ·ψ
dim

(
πM−1

(
Sd
))|Y

)
, whose (i, j) entry is ψ j (ηi ). Finally, let

J0 = ωd−1

∫ π

0
φ(cos θ) sind−1 θdθ, J = √

ωd(1 0 0 · · · 0)T and 1 = 1|Y ,

then we have the following result:

Proposition 4.1 ([13, Proposition 2.2]) Let φ be the Mth order SBF and dμ the
invariant measure for S

d . In addition, suppose that Y = {η1, . . . , ηNY } ⊆ S
d

is unisolvent with respect to πM−1
(
S
d
)
. Then, there exist a unique weight vector

w̃ = (w̃η) ∈ R
NY , w̃η = ∫

Sd
χ̃η(x)dμ(x) and an auxiliary vector z ∈ R

dim
(
πM−1

(
S
d
))

that solve the system of equations

Kw̃ + �z = J01 and �T w̃ = J , where K j,k = φ(η j · ηk) = �(η j , ηk). (4.3)

The weights satisfy the following bound:

|w̃η| ≤ ‖χ̃η‖L1

(
Sd
), η ∈ Y . (4.4)

Error estimates for kernel quadrature formulas have been derived in several papers
[13,17,27]. The proposition below contains the one to be employed here. It shows that
higher convergence rates for functions smoother than ones in the native space of φ, as
well as giving standard rates when the functions are less smooth.

Proposition 4.2 ([27, Proposition 4.5]) Suppose that Y is quasi uniform and that the
order m SBF φ satisfies

c(1 + λ�)
−σ ≤ φ̂� ≤ C(1 + λ�)

−σ , � ≥ m. (4.5)
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Let σ > d/2, 2σ ≥ μ > d/2, and f ∈ Hμ
(
S
d
)
. If hY is sufficiently small, then

∣∣∣∣
∫
Sd

f (x)dμ − QY ( f )

∣∣∣∣ ≤ Chμ
Y ‖ f ‖Hμ. (4.6)

4.2 Thin-plate spline quadrature for S2

At this point we restrict our attention to kernel quadrature on S2, with the kernel being
a thin-plate spline SBF φM , where M > d/2 = 1; thin-plate spline SBFs are defined
in (3.5).

The Gakerkin method presented here uses an approximation space based on the
thin-plate spline φm , with m > 1. As was noted in [27, Remark 7.3], there is no
advantage in taking M ≥ m. Thus throughout the remainder of the paper we assume
that m ≥ M > 1.

We point out that a few of the weights w̃η can be near zero or become slightly
negative in the case of arbitrary Y ; see [29]. This is usually not the case for many
quasi-uniform sets Y . (See the discussion in [13, Sect. 2.2.1].) In fact, not only are the
weights positive for most sets, but they also satisfy the lower bound

w̃η ≥ Ch2Y .

Whether the weights are positive or negative, all of them are bounded above:

|w̃η| ≤ Ch2Y . (4.7)

This was shown in [27, Eq. (4.16)] for S2. The proof amounts to noting that the norm
‖χ̃η‖L1

(
S2
) on the right in (4.4) can then be estimated from above by means of (3.9),

with p = 1, bη = 1, and all of the other b’s equal to 0.

4.3 Quadrature in the discretization scheme

We now turn to applying the thin-plate spline quadrature formulas discussed above
for the three integrals in (3.30). Much of the theory for numerically computing these
integrals was developed in [27, Sect. 7]. In particular, we have these results, which are
found in [27, Eqs. 7.3 and 7.4], respectively,

∣∣∣∣
∫
S2

χξχηdμ − QY (χξχη)

∣∣∣∣ ≤ C(hY /hX )2Mh1−δ
X , (4.8)

∣∣∣∣
∫
S2
a∇χξ · ∇χηdμ − QY (a∇χξ · ∇χη)

∣∣∣∣ ≤ C(hY /hX )2Mh−δ
X ‖a‖H2m , (4.9)

∣∣∣∣
∫
S2

f χξdμ − QY ( f χξ )

∣∣∣∣ ≤ C

(
hY
hX

)2M

h1−δ
X ‖ f ‖H2m . (4.10)
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The last inequality (4.8) requires comment. While it is not explicitly given in [27], it
can be established using the same proof given for [27, Eq. 7.3].

4.4 Sparse approximation

We now want to discuss sparse approximations to the integrals in (3.30). Each of the
integrands involved can be bounded as follows

|χξ (x)χη(x)| ≤ C exp

(
−ν

dist(ξ, η)

hX

)
,

∣∣a(x)∇χξ (x) · ∇χη(x)
∣∣ ≤ Cq−2

X exp

(
−ν

dist(ξ, η)

hX

)
‖a‖L∞ .

From these inequalities, it follows that |Aξ,η| ≤ C exp
(
−ν

dist(ξ,η)
hX

)
and that |Bξ,η| ≤

Cq−2
X exp

(
−ν

dist(ξ,η)
hX

)
‖a‖L∞ . Suppose that, in A, we discard all entries Aξ,η that

satisfy dist(ξ, η) > rX := KhX | log hX |, where Kν > 2. Let the matrix we get in this
way be Ã, where

Ãξ,η :=
{
0, dist(ξ, η) > rX ,

Aξ,η, dist(ξ, η) ≤ rX .
(4.11)

We also define B̃ is a similar way.
Both Ã and B̃ are symmetric. The number of nonzero elements in each row is

approximately the ratio of the areas of caps having radii KhX | log hX | and hX , respec-
tively. If we make use of this and of the fact that, since X is quasi-uniform, hX is of
size N−1/2

X , then we see that

|{ξ ∈ X : dist(ξ, η) ≤ rX }| = O
(

(KhX | log hX |)2
h2X

)
= O

(
K 2 (log(hX ))2

)

= O
(
1

4
K 2 (log(NX ))2

)
, (4.12)

as opposed to NX for A and B. It follows that the density of these matrices is about

1

4
K 2NX (log(NX ))2/N 2

X = 1

4
K 2(log(NX ))2/NX .

We close this section with a result concerning distance estimates.

Proposition 4.3 Let Ã and B̃ be as above. Then,

‖A − Ã‖2 ≤ 2CKe−ν

(1 − e−ν)2
hKν
X | log(hX )|,
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‖B − B̃‖2 ≤ 2CKe−ν

(1 − e−ν)2
hKν−2
X ‖a‖H2m | log(hX )|.

Proof The proof is virtually the same as the one given for [27, Proposition 8.1] and
will be omitted. 
�

4.5 Truncated quadrature

Our aim is to discuss the effect of “chopping” the terms in the tail end of our quadrature
formula. The results below are for global Lagrange functions; they also hold for local
Lagrange functions. The centers in X are for the approximation spaces; those in Y are
for the quadrature formula.

4.5.1 Lagrange functions

This section deals with truncating the quadrature formulas for integrals involving the
global Lagrange functions, the χξ ’s. We begin with an error estimate from [27]. Letm
and M correspond to the Lagrange functions χξ , ξ ∈ X and χ̃η, η ∈ Y , respectively.
From (4.10) we have the following estimate on the quadrature error:

EY :=
∣∣∣∣
∫
S2

f χξdμ − QY ( f χξ )

∣∣∣∣ ≤ C

(
hY
hX

)2M

h1−δ
X ‖ f ‖H2m , (4.13)

where QY ( f χξ ) = ∑
η∈Y f (η)χξ (η)w̃η.

Our goal is to show that it is possible to truncate the sum in QY ( f χξ ) and still
retain the same rate of approximation given in (4.13). Let B(ξ, r0) := B, r0 > 0. Split
QY as follows.

QY ( f χξ ) =
∑

η∈Y∩B

f (η)χξ (η)w̃η +
∑

η∈Y∩Bc

f (η)χξ (η)w̃η := Q1 + Q2.

Let E1 := |Q1 − ∫
( f χξ )dμ| and E2 = |Q2|. Since Q1 − ∫

f χξdμ = QY −∫
( f χξ )dμ − Q2, the triangle inequality implies that E1 ≤ EY + E2. Thus, by this

inequality and (4.13), we have

E1 ≤ C

(
hY
hX

)2M

h1−δ
X ‖ f ‖H2m + E2. (4.14)

Estimating E1 thus reduces to estimating E2, which we now do.

Lemma 4.4 Let hY ≤ chX/ν and n0 := �r0/hY �. Then,

E2 ≤ Cρ2
Y ‖ f ‖L∞
ν2

h2Xn0e
−n0

νhY
hX . (4.15)
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Proof Let R := hY /hX . Let w̃η be the quadrature weight corresponding to χ̃η,
η ∈ Y . By (4.7), the weight satisfies |w̃η| ≤ Ch2Y . Consequently, the error E2 =
|∑η∈Y∩Bc f (η)χξ (η)w̃η| has the bound

E2 ≤ Ch2Y ‖ f ‖L∞
∑

η∈Y∩Bc

|χξ (η)|.

From (3.10), we have with ν̃ := Rν = ν hY
hX

the estimate

|χξ (η)| ≤ Ce
− νd(η,ξ)

hX = Ce
− ν̃d(η,ξ)

hY .

Using this in the previous inequality above then yields

E2 ≤ Ch2Y ‖ f ‖L∞
∑

η∈Y∩Bc

Ce
− ν̃d(η,ξ)

hY . (4.16)

The sum on the right above may be estimated using [27, Lemma 4.2], with X →
Y , x → ξ, ξ → η. Doing so yields

∑
η∈Y∩Bc

Ce
− ν̃d(η,ξ)

hY < Cρ2
Y
n0e−(n0−1)ν̃

(1 − e−ν̃ )2
= Cρ2

Y
n0e−n0ν̃e2ν̃

4 sinh2(ν̃/2)
.

Because sinh(x) ≥ x , for all x ≥ 0, we have that 4 sinh2(ν̃/2) ≥ ν̃2. From this, it
follows that the sum on the right above is bounded byCρ2

Y n0e
−n0 ν̃e2ν̃ ν̃−2. In addition,

since ν̃ = Rν = νhY /hX and hY ≤ chX/ν we have ν̃ ≤ c. Consequently, e2ν̃ < e2c,
and so Cρ2

Y n0e
−n0ν̃e2ν̃ ν̃−2 < Cρ2

Y n0e
−n0ν̃ν−2R−2. Combining these results, we

obtain the bound below:

∑
η∈Y∩Bc

Ce
− ν̃d(η,ξ)

hY < Cρ2
Y n0e

−n0
νhY
hX ν−2h2Xh

−2
Y . (4.17)

Inserting this into (4.16) yields (4.15). 
�

We now wish to choose n0 so that the bound on E2 above is proportional to the
bound on EY in (4.13). Divide the bound in (4.15) by the bound on the right side of
(4.13), again using hY /hX = R. Simplifying the result, we have

E2

R2Mh1−δ
X ‖ f ‖H2m

≤ C
ρ2
Y ‖ f ‖L∞

ν2‖ f ‖H2m

h1+δ
X n0e−n0νR

R2M︸ ︷︷ ︸
S

. (4.18)
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Recall that n0 = �r0/hY � = r0/hY , if we take r0 to be an integer multiple of hY . Since
R = hY /hX , we have Rn0 = r0/hX and hXn0 = r0/R. It follows that

S = hδ
Xr0e

− r0ν

hX

R2M+1 .

Choose5 r0 := KhX log( 1
R ) 1

ν
, so that e

− νr0
hX = e−K log( 1

R ) = eK log R = RK . Thus

S = Kh1+δ
X

ν
log

(
R−1

)
RK−2M−1. (4.19)

Let x := log R−1, α := K − 2M − 1, and f (x) := xe−αx . We will also suppose
that α > 0. In this notation, S = Kh1+δ

X f (x)/ν. The function f (x) has a maximum
at x = α−1; namely, f (α−1) = e−1α−1 < α−1. Applying it above, we obtain the
estimate

S <
Kh1+δ

X

αν
. (4.20)

which holds uniformly in R. Using (4.20) in (4.18) yields, after multiplying by
‖ f ‖H2m ,

E2

R2Mh1−δ
X

≤ Cρ2
Y ν−3 Kh1+δ

X

K − 2M − 1
‖ f ‖L∞ . (4.21)

We thus have the following result:

Lemma 4.5 If r0 = Kν−1hX log( hXhY ) with K > 2M + 1 and if hY ≤ chX/ν, then

E2 ≤ C

(
hY
hX

)2M Kρ2
Y ν−3h2X

K − 2M − 1
‖ f ‖L∞ . (4.22)

As we have m ∈ N we have 2m > 1 = d/2 so that the Sobolev embedding
theorem yields ‖ f ‖L∞ ≤ C‖ f ‖H2m for all f ∈ H2m . Hence, combining (4.13) and
(4.22) gives us the bound

E1 ≤ C

(
1 + Kρ2

Y ν−3h1+δ
X

K − 2M − 1

)(
hY
hX

)2M

h1−δ
X ‖ f ‖H2m . (4.23)

Finally, since hX < π , we see that

E1 ≤ C

(
hY
hX

)2M

h1−δ
X ‖ f ‖H2m , (4.24)

5 This choice of r0 is large, in the sense that the ball B(ξ, r0) has to contain more Y points than the usual
KhY | log(hY )|. It should be possible to do better.
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where C depends on the constants in (4.23).
We close by remarking that this will hold provided the centers in Y used to compute

QY ( f χξ ) are in the ball B(ξ, r0), r0 = KhX log
(
hX
hY

)
.

Similar bounds apply to the other quadrature formulas needed to numerically
approximate the integrals in the entries of Ã and B̃, which are defined in Proposi-
tion 4.3. Indeed, we have have the result below.

Proposition 4.6 Let Yξ := Y ∩B(ξ, r0), where r0 := Kν−1hX log( hXhY ). Then we have
the following results

∣∣∣∣
∫
S2

f χξdμ − QYξ
( f χξ )

∣∣∣∣ ≤ C

(
hY
hX

)2M
h1−δ
X ‖ f ‖H2m , (4.25)

∣∣∣∣
∫
S2

χηχξdμ − QYξ
(χηχξ )

∣∣∣∣ ≤ C

(
hY
hX

)2M
h1−δ
X , (4.26)

∣∣∣∣
∫
S2

a∇χη · ∇χξdμ − QYξ
(a∇χη · ∇χξ )

∣∣∣∣ ≤ C‖a‖H2m

(
hY
hX

)2M
h−δ−1
X . (4.27)

Proof The first bound is just the one in (4.24). To establish the second bound, with
χη replacing f , one uses (4.8) in its proof, rather than (4.10). Apart from notational
differences, the two proofs are identical. Obtaining the third bound can be done as
follows. Note that [27, Theorem 4.3] gives us the the estimate |∇χη · ∇χξ (x)| ≤
C‖a‖H2m q−2

X e−ν dist(x,ξ)/hX = Cρ2
X‖a‖H2m h−2

X e−ν dist(x,ξ)/hX . The estimates in the
two lemmas above relied on this inequality. Repeating their proofs, mutatis mutandis,
yields (4.27). 
�

4.5.2 Local Lagrange functions

In this section we will treat quadrature error estimates stemming from replacing the
χξ ’s in QYξ ( f χξ ), and the other related formulas, by their local versions, the χ loc

ξ . We
will need an estimate on the cardinality of Yξ = Y ∩ B(ξ, r0), which will be provided
in the lemma below.

Lemma 4.7 If r0 := Kν−1hX log( hXhY ) and if X and Y are quasi-uniform, then the
cardinality of Yξ = Y ∩ B(ξ, r0) can be estimated by

|Yξ | ≤ K 2ν−2
(
hX

hY

)2

log2(hX/hY ) = O
(
1

4
K 2ν−2 NY

NX
log2(NY /NX )

)
.

(4.28)

Proof The middle bound follows from a standard volume argument. The bound on the
right follows from NX ∼ h−2

X and NY ∼ h−2
Y . 
�

The simplest case concerns the integrand f χ loc
ξ . We start with it but in a slightly

more general form. Let ξ, ζ ∈ X . Consider the difference QYξ ( f χζ )−QYξ ( f χ
loc
ζ ) =
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QYξ ( f χζ − f χ loc
ζ ). From the quadrature formula itself, we have that

|QYξ ( f χζ ) − QYξ

(
f χ loc

ζ

)
| ≤ ‖ f ‖L∞‖χζ − χ loc

ζ ‖L∞
∑
η∈Yξ

|w̃η|.

From (4.7) and (4.28), the sum on the right satisfies

∑
η∈Yξ

|w̃η| ≤ C |Yξ |h2Y ≤ CK 2ν−2h2X log2(hX/hY ).

Using the two previous and the bound in (3.17), we arrive at

∣∣∣QYξ ( f χζ ) − QYξ

(
f χ loc

ζ

)∣∣∣ ≤ CK 2ν−2‖ f ‖L∞hJ+2
X log2(hX/hY ), (4.29)

which gives for ξ = ζ the first desired bound

∣∣QYξ ( f χξ ) − QYξ ( f χ
loc
ξ )

∣∣ ≤ CK 2ν−2‖ f ‖L∞hJ+2
X log2(hX/hY ), (4.30)

where, from Proposition 3.8 for d = 2, J = Kν − 4m + 2 − 2μ > 0. Since χη and
χ loc

ξ are bounded, we may in (4.29) on the one hand let f = χη and ζ = ξ and on the

other hand let f = χ loc
ξ and ζ = η to obtain

∣∣∣QYξ

(
χηχξ

) − QYξ

(
χ loc

η χ loc
ξ

)∣∣∣
≤
∣∣∣QYξ

(
χηχξ

) − QYξ

(
χηχ

loc
ξ

)∣∣∣+
∣∣∣QYξ

(
χηχ

loc
ξ

)
− QYξ

(
χ loc

η χ loc
ξ

)∣∣∣
≤ CK 2ν−2hJ+2

X log2(hX/hY ). (4.31)

The same argument used to obtain the bounds in (4.30) and (4.31) gives us the
following inequality:

∣∣∣QYξ

(
a∇χη · ∇χξ

) − QYξ

(
a∇χ loc

η · ∇χ loc
ξ

)∣∣∣
≤ C‖a‖L∞K 2ν−2h2X log2(hX/hY )‖∇χη · ∇χξ − ∇χ loc

η · ∇χ loc
ξ ‖L∞ .

From [27, Proposition 8.4], if J > 2, then

‖∇χη · ∇χξ − ∇χ loc
η · ∇χ loc

ξ ‖L∞ ≤ ChJ−2
X .

Combining the two previous inequalities results in this:

∣∣QYξ

(
a∇χη · ∇χξ

) − QYξ

(
a∇χ loc

η · ∇χ loc
ξ

) ∣∣ ≤ C‖a‖L∞K 2ν−2hJ
X log2(hX/hY ).

(4.32)
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We now turn to giving the quadrature error estimates for truncated local Lagrange
functions. To simplify our final quadrature error estimates, we define the quantity

E(hX , hY , J ) := max
(
(hY /hX )2Mh1−δ

X , K 2ν−2hJ+2
X log2(hX/hY )

)
, (4.33)

where J = Kν − 4m + 2 − 2μ.

Proposition 4.8 Let Yξ := Y ∩ B(ξ, r0), where r0 := Kν−1hX log( hXhY ). Let f , a ∈
H2m. Suppose that J > 2. Let X and Y be quasi-uniform with hY ≤ chX/ν. Then,

∣∣∣∣
∫
S2

f χξdμ − QYξ

(
f χ loc

ξ

)∣∣∣∣ ≤ CE(hX , hY , J )‖ f ‖H2m , (4.34)
∣∣∣∣
∫
S2

χηχξdμ − QYξ

(
χ loc

η χ loc
ξ

)∣∣∣∣ ≤ CE(hX , hY , J ), (4.35)
∣∣∣∣
∫
S2
a∇χη · ∇χξdμ − QYξ

(
a∇χ loc

η · ∇χ loc
ξ

)∣∣∣∣ ≤ Ch−2
X E(hX , hY , J )‖a‖H2m .

(4.36)

Proof The result follows from using the triangle inequality in conjunction with each
pair: (4.30) and (4.25), (4.31) and (4.26), (4.32) and (4.27). 
�
Corollary 4.9 Let f and f loc be column vectors with entries fξ := ∫

S2
f χξdμ and

f locξ = QYξ ( f χ
loc
ξ ), ξ ∈ X, respectively. Then, we have

‖f − f loc‖2 ≤ CρXh
−1
X E(hX , hY , J )‖ f ‖H2m . (4.37)

Proof By (4.34), |fξ − f locξ |2 ≤ CE(hX , hY , J )2‖ f ‖2
H2m . Summing these results in

‖f − f loc‖22 ≤ CNX E(hX , hY , J )2‖ f ‖22m . Taking square roots of both sides and using
NX ∼ q−2

X = ρ2
Xh

−2
X , we obtain (4.37). 
�

The error E(hX , hY , J ) appears in each of the estimates in the proposition above.
It is useful to have conditions that can be used to determine which is the larger of
the two expressions. If we ignore logs, constants and δ, this amounts to comparing
(hY /hX )2MhX and hJ+2

X . It is easy to do this.We state the result in terms of logarithms.

E(hX , hY , J ) =
{

(hY /hX )2Mh1−δ
X , when

∣∣ log(hX )
log(hY )

∣∣ � 2M
J+2M+1 ,

K 2ν−2hJ+2
X log2(hX/hY ), when

∣∣ log(hX )
log(hY )

∣∣ � 2M
J+2M+1 .

(4.38)

4.6 Sparse approximation with truncated local quadrature

In Sect. 4.4, we discussed the �2 errors made in replacing the matrices A and B,
defined in (3.30), by their truncated versions, Ã and B̃. The non-zero entries in Ã
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and B̃ are, respectively, just the integrals
∫
S2

χξχηdμ and
∫
S2
a∇χξ · ∇χηdμ, with

dist(ξ, η) ≤ KhX | log(hX )|. The idea is to find the �2 error made in using truncated
local quadrature formulas to approximate them.

Define the matrices ÃY ,loc and B̃Y ,loc as follows. Let rX := KhX | log(hX )|. For
dist(ξ, η) > rX , the (ξ, η) entries in both are 0. For dist(ξ, η) ≤ rX , we set

ÃY ,loc
ξ,η = QYξ

(
χ loc

ξ χ loc
η

)
and B̃Y ,loc

ξ,η = QYξ

(
a∇χ loc

ξ · ∇χ loc
η

)
.

Both matrices are not symmetric anymore but we could easily achieve symmetry
by using the quadrature QYξ ∪Yη instead of QYξ . This will only effect the error estimate
derived above by a constant factor. It will also slightly increase the computational cost.
Instead we simply look at,

‖ ÃY ,loc − Ã‖1 = max
η∈X

∑
ξ∈X

| Ã − ÃY ,loc
ξ,η |.

For fixed η, all terms with dist(ξ, η) > rX are 0. Thus, we have

∑
ξ∈X

| Ãξ,η − ÃY ,loc
ξ,η | =

∑
ξ∈B(η,rX )∩X

∣∣∣∣
∫
S2

χηχξdμ − QYξ (χ
loc
η χ loc

ξ )

∣∣∣∣ .

From (4.35), the difference in the right sum is uniformly bounded by CE(hx , hY , J ).
Consequently, we have

∑
ξ∈B(η,rX )∩X

∣∣∣∣
∫
S2

χηχξdμ − QYξ
(χ loc

η χ loc
ξ )

∣∣∣∣ ≤ CE(hX , hY , J )|{ξ ∈ X : dist(ξ, η) ≤ rX }|

From (4.12), |{ξ ∈ X : dist(ξ, η) ≤ rX }| is bounded above by K 2 log2(hX ). Combin-
ing this and the two previous inequalities yields the estimate

‖ ÃY ,loc − Ã‖1 ≤ CK 2 log2(hX )E(hX , hY , J ). (4.39)

A similar calculation yields a bound for ‖B̃Y ,loc − B̃‖1; namely,

‖B̃Y ,loc − B̃‖1 ≤ CK 2 log2(hX )h−2
X E(hX , hY , J )‖a‖H2m . (4.40)

As the same argument gives the same bound for the ‖·‖∞-norm and as we generally
have ‖A‖2 ≤ √‖A‖1‖A‖∞, we can use (4.39) and (4.40) together with Proposi-
tion 4.3, we obtain the following error estimates:

Proposition 4.10 If J > 2 and hX and hY are sufficiently small, then

‖ ÃY ,loc − A‖2 ≤ C
(
K 2 log2(hX )E(hX , hY , J ) + KhKν

X | log(hX )|
)

‖B̃Y ,loc − B‖2 ≤ Ch−2
X

(
K 2 log2(hX )E(hX , hY , J ) + KhKν

X | log(hX )|
)

‖a‖H2m .
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4.6.1 Computational costs

There are three sources of computational costs in finding thematrices ÃY
loc and B̃

Y
loc: (1)

Finding the weights w̃η, η ∈ Y . (2) Finding the local Lagrange functions,χ loc
ξ , ξ ∈ X .

(3) Finding the local quadrature formulas QYξ (χ
loc
ξ χ loc

η ) andQYξ (∇χ loc
ξ ·∇χ loc

η ),when
dist(ξ, η) ≤ KhX | log(hX )|. The first two costs have been addressed in [14]. We want
to discuss the third.

Here,wefirst need to address the cost of an evaluation of a (local) Lagrange function.
Each evaluation of a full Lagrange function χξ costs O(NX ) and is hence too expen-
sive. The cost of the evaluation of one local Lagrange function χ̃ξ is determined by the
number of centers of X in B(ξ, rX ). A volume argument shows again that this is given
byO(log2(hX )) = O( 14 log

2(NX )). To set up our matrix, we need to compute the val-
uesχξ (η) for ξ ∈ X and η ∈ Y with dist(ξ, η) ≤ r0 = Kν−1hX log(hX/hY ). The total
number of these entries is due to (4.28) bounded by O( 14K

2ν−2NY log2(NY /NX )),
so that the time required for precomputing all of them is bounded by

O
(

1

16
K 2ν−2NY log2(NY /NX ) log2(NX )

)
.

After this, we can consider each evaluation as a constant. This means, we can now
estimate the cost of setting up the matrix as follows. Consider the quadrature formula
QYξ (χ

loc
ξ χ loc

η ) = ∑
ζ∈Yξ

w̃ζ χ
loc
η (ζ )χ loc

ξ (ζ ). The number of evaluations required for

each quadrature formula QYξ (χ
loc
ξ χ loc

η ) is 2|Yξ |. In the matrix ÃY , by (4.12) each of

the rows has 1
4K

2(log(NX ))2 quadrature formulas to be evaluated. There are NX rows,
so the total number of them is 1

4K
2NX (log(NX ))2. From (4.28), we have that |Yξ | �

1
4K

2ν−2 NY
NX

log2(NY /NX ). The total number of evaluations required to compute all
of the quadrature formulas is thus bounded by

Total evaluations for computing B̃Y � 1

8
K 4ν−2NY log2(NY /NX ) log2(NX ).

5 Numerical tests

The aim of this section is to test our method numerically and to verify the theoretical
findings of the last sections. To this end, we study three different examples.

The first of these is a linear parabolic equation and the second is a linear elliptic
equation. These tests will be used to separately explore our methods in a situation
where time dependence is the major factor, and where the more accurate, but com-
putationally more expensive, “full” quadrature method from Sect. 4.1 is used. In the
elliptic example, we will test the effect of using the truncated quadrature method from
Sect. 4.5, and compare its results with those from [27], which used the method in
Sect. 4.1. We will elaborate on this below. Our third example deals with the Allen–
Cahn equation.
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Table 1 Parameters and variables used in Table 3

NX Number of spatial approximation points

NY Number of quadrature points

nX
1
NX

∑
ξ∈X |X ∩ B̃rX (ξ)| where B̃rX (ξ) is the Euclidean ball about ξ with radius rX

n0
1
NX

∑
ξ∈X |Y ∩ B̃r0 (ξ)| where B̃r0 (ξ) is the Euclidean ball about ξ with radius r0

All tests were performed for various quasi-uniform data sets. For the centers in X ,
minimum energy points [34] were used. For quadrature, icosahedral points were used
for Y ; the corresponding weights, which were obtained from [35], were constructed
by the method from Sect. 4.1, using the m = 2 thin-plate spline.

Throughout the sequel we make use of the following notation. Since the data sets
used here are quasi-uniform with mesh ratio of the order of 2 at worst, we may assume
that h ≈ q. In addition, because N = O(h−2), we will replace h and q by N−1/2 in
the formulas that we use. In particular, with these conventions the quantities rX and
r0, which were defined in (3.13) and Lemma 4.5, respectively, become

rX = K

2
√
NX

log (NX ) and r0 = K

2ν
√
NX

log(NY /NX ).

In the numerical calculations, ν = 4/3, while K varies. Other notation is in Table 1.
It will be used in Table 3.

Our first example deals with the linear parabolic problem

∂t u − ε�∗u + cu = ex1+
1

1+t
(
c − (1 + t)−2 + ε(x21 + 2x1 − 1)

)
on (0, T ] × S

2,

u0(x) = ex1+1 on S
2,

which has the exact solution u(t, x) = ex1+
1

1+t . Here x1 = cosϕ sin θ .
For the numerical example, we have chosen ε = 10−1 and c = 3. The approx-

imation at time t = 0 was the L2-approximation from VX , whose coefficients can
be computed using the mass matrix A. The goal of this example is to test the
time discretization. Hence, we have chosen local Lagrange functions with radius
rX = K

2
√
NX

log (NX ) with K = 7. To locate the local points we have used the

3-dimensional ball with radius rX rather than the spherical cap BrX (ξ). As we
expect fast convergence in the spatial discretization, we have chosen a data set X
with NX = 961 and one with NX = 3721. The results for various quadrature
points Y and various time step widths are given in Table 2 and depicted in Fig. 1.
The error is measured in the discrete L2 norm at time T = 1, i.e. rel. error =(∑

η∈Y w̃η

∣∣u(T , η) − uh(T , η)
∣∣2)1/2 (∑

η∈Y w̃η|u(T , η)|2
)−1/2

.

The results show that the time discretization is indeed of second order. A smaller τ

does not further improve the error as it is then dominated by the quadrature and spatial
discretization error. We can also see, as in the elliptic case, that the quadrature error
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Table 2 K = 7, relative error at T = 1 and numerical order := � log(rel.err)
� log τ

NY τ NX = 961 NX = 3721

Rel. error Order Rel. error Order

23,042 0.06 1.251055 × 10−4 – 1.513424 × 10−4 –

0.04 6.055402 × 10−5 1.79 1.044747 × 10−4 1.58

0.02 1.869301 × 10−5 1.70 8.716916 × 10−5 0.92

0.01 1.185031 × 10−5 0.66 8.596317 × 10−5 0.13

40,962 0.06 1.246794 × 10−4 – 1.287791 × 10−4 –

0.04 5.967948 × 10−5 1.82 6.782403 × 10−5 0.91

0.02 1.562927 × 10−5 1.93 3.581706 × 10−5 0.26

0.01 5.939187 × 10−6 1.40 3.277029 × 10−5 0.02

92,162 0.06 1.246025 × 10−4 – 1.249748 × 10−4 –

0.04 5.952055 × 10−5 1.82 6.029569 × 10−5 1.80

0.02 1.501096 × 10−5 1.99 1.783858 × 10−5 1.76

0.01 4.040844 × 10−6 1.89 1.045071 × 10−5 0.77

256,002 0.06 1.245960 × 10−4 – 1.246096 × 10−4 –

0.04 5.950723 × 10−5 1.82 5.953572 × 10−5 1.82

0.02 1.495807 × 10−5 1.99 1.507104 × 10−5 1.98

0.01 3.839708 × 10−6 1.96 4.258655 × 10−6 1.82

plays a crucial role and that we need to increase the number of quadrature points when
increasing the number of spatial discretization points.

As the quadrature becomes prohibitively expensive when a larger set Y is used, our
second example deals with the case of localizing both the matrix and the quadrature
formula, as described in the last section. To avoid any additional error from a time
discretization, we now restrict ourselves to the elliptic problem

−�∗u + u = f ,

where we have used two different right-hand sides f = fi , i = 1, 2, with

f1(x) = (1− x1)
s−1+

(
1+s − s2 −

(
1 + s + s2

)
x1
)

and f2(x) = ex1
(
x21 +2x1

)
.

The solutions for these are u1(x) = (1 − x1)s+ and u2(x) = ex1 , respectively; in
spherical coordinates, x1 = cosϕ sin θ . In the first case, we have chosen s = 2.1. The
results inTable 3 have been computed using thematrices ÃY ,loc and B̃Y ,loc as described
in the last section with NX = 3721 spatial points and various quadrature point sets Y
with NY points. Besides the relative errors, the tables contain the computed radii rX
and r0, the average number of points nX used to compute the local Lagrangians, and
n0 used in the local quadratures. A summary of these variables is given in Table 1.
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Fig. 1 Visualisationof the error as a functionof the timediscretization τ for NX = 961 (left) and NX = 3721
(right) spatial discretization points X with various quadrature sets Y

Table 3 NX = 3721, K = 12, s = 2.1, and order := � log(rel. error)
� log NY

Variables u1(x) = (1 − x1)
s+ u2(x) = ex1

NY r0 n0 Rel. error Order Rel. error Order

23,042 0.135 106 3.855015 × 10−2 – 3.951215 × 10−2 –

40,962 0.177 326 1.468624 × 10−2 1.68 1.224507 × 10−2 2.04

92,162 0.237 1311 1.983329 × 10−3 2.47 1.904260 × 10−3 2.30

655,362 0.381 23,950 1.067095 × 10−4 1.49 7.741394 × 10−5 1.63

The relative error is dominated by quadrature errors. From Proposition 4.10, when
X is fixed and φ2 is used both for approximation and quadrature, these behave like
(NX/NY )2, which agrees with Table 3. For Y fixed and X varied, see [27].

Our final example is the nonlinear Allen–Cahn equation

∂t u = �∗u + 1

ε2
u
(
1 − u2

)

with given initial conditions u(0) = u0. The equation can be used to describe a
diffused interface model of two phase fluids, see [1]. The width of the diffuse interface
is determined by the parameter ε > 0. It is known that after an initialization period,
bounded regions occur determined by function values ±1 and that the boundaries
between these regions move according to mean curvature flow. It is also known that
for piecewise linear spatial discretisations, there is a linear dependence of the mesh
width h and the parameter ε (see for example [2,5,6]), which leads to the trade-off
that a small diffusive boundary requires a small ε and hence a small discretisation
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Fig. 2 The shrinking circle at time t = τ (left) and t = 0.2 (right)

parameter h, leading to a high dimension of the discretisation space. Our numerical
tests indicate that in our situation there might also be a relation between ε and h, but
more tests are required to determine the precise character of this relation.

A typical test case is as follows (see for example [2,6]). For u0(x), we choose
u0 = +1 on a spherical cap of radius R0 and u0 = − 1 the rest of the sphere. Then,
after the boundary of the cap is diffused it shrinks following mean curvature flow. This
means that the radius at time t is given by

R(t) =
[
1 −

(
1 − R2

0

)
e2t

]1/2
,

which is well-defined as long as the cap shrinks, i.e. as long as R(t) > 0, which means
t < T := − 1

2 log
(
1 − R2

0

)
.

For our example, we have chosen R0 = 0.717 and ε = 0.05 which gives a final
time of T ≈ 0.361. This choice has been motivated by [2,6], where comparable values
have been used. The cap is centered at the north pole (0, 0, 1). We have approximated
the equation using NX = 3721 spatial discretization points, local Lagrange functions
with radius rX = 0.775 and global quadratures with NY = 40,962 and NY = 92,162
quadrature points, respectively. The Crank–Nicolson time discretization uses a step
width of τ = 5 × 10−4.

Figure 2 shows on the left the situation directly after the initialization when the
diffuse interface has just formed. On the right, the situation at t = 0.2 is depicted,
showing that the diffuse interface is stable.

We have numerically determined the radius of the spherical cap at time t as follows.
For t > 0 let x∗(t) ∈ S

2 be given x∗(t) = argminx∈S2 |u(x, t)|. Let z∗(t) ∈ R denote
the z-component of x∗(t). Then,

r(t) =
[
1 − |z∗(t)|2

]1/2
.

Figure 3 shows that we match the analytical radius for a long time. Only close to
the final time T we have some deviation, which is caused by the still rather coarse
spatial discretization. Nonetheless, our results are significantly better than previously
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Fig. 3 Shrinking circle,
NX = 3721, ε = 0.05
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results from [2,6] derived using surface finite elements and narrow band methods,
respectively.
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