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A comparison between polarization-transfer to a bound proton in quasi-free kinematics by the A(�e, e′ �p)

knockout reaction and that in elastic scattering off a free proton can provide information on the 
characteristics of the bound proton. In the past the reported measurements have been compared to 
those of a free proton with zero initial momentum. We introduce, for the first time, expressions for 
the polarization-transfer components when the proton is initially in motion and compare them to the 
2H data measured at the Mainz Microtron (MAMI). We show the ratios of the transverse (P x) and 
longitudinal (P z) components of the polarization transfer in 2H(�e, e′ �p)n, to those of elastic scattering off 
a “moving proton”, assuming the proton’s initial (Fermi-motion) momentum equals the negative missing 
momentum in the measured reaction. We found that the correction due to the proton motion is up to 
20% at high missing momentum. However the effect on the double ratio (Px/P z)

A

(Px/P z)
1H

is largely canceled 
out, as shown for both 2H and 12C data. This implies that the difference between the resting- and the 
moving-proton kinematics is not the primary cause for the deviations between quasi-elastic and elastic 
scattering reported previously.

© 2019 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Polarization transfer from a polarized electron to a proton in 
an elastic scattering reaction has become a recognized method to 
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measure the ratio of the proton’s elastic electromagnetic form fac-
tors G E/G M [1–9]. For a proton initially at rest, assuming the one-
photon exchange approximation, the ratio of the transverse (P x) to 
longitudinal (P z) polarization-transfer components, with respect to 
the momentum transfer �q, is proportional to G E/G M [10]:

(
P x

P

)
= − 2M

(k + k′ ) tan(θ ′/2)

G E

G
, (1)
z H 0 0 k,k M
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where k0, k ′
0 are respectively the initial and final electron energies, 

θk,k′ is the electron scattering angle in the lab frame, and M is 
the proton’s mass. This provides a direct measurement of the form 
factor (FF) ratio and eliminates many systematic uncertainties [11].

Measuring the ratio of the components of the polarization 
transfer to a knock-out proton in quasi-free kinematics on nu-
clei, which is sensitive to the electromagnetic FF ratio, has been 
suggested as a method to study differences between free and 
bound protons [4,5]. As such it can be used as a tool to iden-
tify medium modifications in the bound proton’s internal structure 
[12], reflected in the FFs and thereby in the polarization trans-
fer. Deviations between polarization ratios in quasi-free and elastic 
scattering can be interpreted only with realistic calculations of 
the nuclear effects, such as final state interactions (FSI), meson 
exchange currents (MEC), isobar currents (IC), and relativistic cor-
rections on the outgoing proton polarization components [13–15]. 
However, a comparison to the polarization transfer on a free pro-
ton should also consider the Fermi motion of the struck proton, 
rather than comparing to a reaction with the proton at rest.

Polarization-transfer experiments have been carried out re-
cently on 2H and 12C target nuclei at the Mainz Microtron (MAMI) 
[13,14,16], as well as on 2H, 4He and 16O at Jefferson Lab [17–21], 
in search of medium modification in the bound proton’s internal 
structure. In particular, these experiments were performed to study 
deeply bound nucleons, characterized by high missing momentum, 
which is equivalent (neglecting FSI) to protons with high initial 
momentum. It was shown in [13,14] that for 2H at low momen-
tum transfer,2 the deviations can be explained by nuclear effects 
without the necessity of introducing modified FFs. In these ex-
periments, the comparison to the free proton was done either by 
measurements of the polarization transfer ratio to 1H at similar 
kinematics [17,18], or by calculations using Eq. (1) and a fit to the 
world data of proton FFs [11,22], which were used in [13,14,16].

Kinematically, quasi-elastic scattering differs from elastic scat-
tering in that the bound proton is off -shell, and in that it moves 
relative to the nucleus with Fermi motion. However, using Eq. (1)
to calculate the polarization ratio is only valid if the proton is both 
on-shell and at rest.

In this work we introduce an alternative approach: comparing 
the polarization transfer in quasi-free scattering to that of a free 
proton (on-shell) with a finite initial momentum. The general ex-
pressions for polarization transfer to a free moving proton have 
been developed. We applied this prescription to the 2H and 12C 
data measured at MAMI over relatively large missing momentum 
ranges. The elastic kinematics are described in Section 2, while the 
polarization transfer formulae are given in Section 3. The applica-
tion of this prescription to MAMI data is shown in Section 4.

2. Kinematics

The kinematics are defined by an electron with initial four-
momentum k scattering off a proton with initial four-momentum 
p, through exchange of a virtual photon with four-momentum q, 
resulting in the two particles having final four-momenta k′ and p′
respectively.

The final momenta of the proton and electron, �p ′ and �k ′ , are 
measured in the spectrometers. The “missing momentum”, de-
fined as �pmiss = �q − �p ′ , is calculated using the momentum transfer 
defined by �q = �k − �k ′ . In the absence of FSI, the initial proton 
momentum is given by the missing momentum, �p = −�pmiss. By 
convention, the missing momentum is considered positive (nega-
tive) if �pmiss · �q is positive (negative).

2 These data were taken at Q 2 = 0.18 and 0.4 (GeV/c)2.
Fig. 1. The measured kinematics for a sample QE event (top) compared to the rest-
ing (middle) and moving (bottom) elastic kinematics. In the middle and bottom 
plots, the solid lines show the free-proton kinematics and the dashed lines show 
the measured kinematics. In the middle plot, the initial momentum of the proton 
is zero. In the bottom plot, the proton’s initial momentum is the negative missing 
momentum, which neglecting FSI, is equal to the bound proton’s initial momentum 
�p in the top plot. The transformation from the measured kinematics to the mov-
ing free-proton kinematics causes smaller changes to the magnitudes of the vectors 
�k, �k ′ , �q and �p ′ , and the angles between them, than the transformation to resting 
free-proton kinematics.

These measured kinematics are shown in the top diagram in 
Fig. 1, and are compared, in the middle and bottom diagrams, to 
the kinematics of elastic scattering off a proton initially at rest, and 
off a proton with initial momentum �p = −�pmiss, respectively.

Each measured quasi-elastic event is compared to an elastic 
event that has the same incident energy (k0), the same magnitude 
of the four-momentum transfer (Q 2 = −q2) and the same initial 
proton momentum (�p) as the measured quasi-elastic event. Also, 
the struck proton is on-shell in its initial and final state in the 
elastic event.3 These criteria uniquely define a set of kinematics, 
here referred to as “moving-proton” kinematics. We use a subscript 
“M ” to distinguish between the kinematic variables in the moving-
proton kinematics from the measured quantities.

In the standard coordinate system for polarization transfer, 
where �q || ̂z and the scattering is in the xz plane, the moving-
proton kinematics are4:

pM = (
p0M , px, p y, pz

)
, (2)

kM =
(

k0,
Q

√
4k0(k0 − ωM) − Q 2

2qzM
, 0,

2k0ωM + Q 2

2qzM

)
, (3)

p′
M = pM + qM , (4)

and

3 This is equivalent to the Bjorken condition, 
[

Q 2

2p·q
]

M
= 1.

4 For the derivation, see the supplementary material.
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k′
M = kM − qM , (5)

where

qM = (ωM , 0, 0, qzM) , (6)

ωM =
Q 2 p0M + pz Q

√
4E2

pt + Q 2

2E2
pt

, (7)

and

qzM =
√

Q 2 + ω2
M , (8)

using p0M and E pt as shorthand for 
√

M2 + |�p|2 and√
M2 + p2

x + p2
y , respectively. Note that px , p y and pz are the co-

ordinates of �p = −�pmiss in the �q || ̂z coordinate system.
In previous publications [13,14,16], we used a different type of 

free-proton kinematics (“resting proton”, denoted with a subscript 
“R ” in Fig. 1 and elsewhere in this paper) where instead of hav-
ing the same �p as in the measured kinematics, we had �pR = �0. 
The resting-proton kinematics may therefore be evaluated by sub-
stituting �p = 0 in Eqs. (2)–(8).

3. Polarization transfer

The general expressions for the polarization transfer from a lon-
gitudinally polarized electron to an initially moving nucleon with 
momentum �p in the scattering plane are presented below, with 
more details in [23]:

P x = −C P G M (G E(α�x − β�x) + G Mβ�x) , (9)

P z = −C P G M (G E(α�z − β�z) + G Mβ�z) , (10)

where

C P = 2

(1 + τ )M2�0
, (11)

�0 = (G2
E + τ G2

M)

(
(K · p)2

M2 Q 2(1 + τ )
− 1

)
+ 2τ G2

M , (12)

α�x = 1 + τ

2

(
px

p′
0 + M

(
M K0 + 2p · k − Q 2

2

)
− M Kx

)
, (13)

β�x = −1

4M2

(
2k · p − Q 2

2

)
px

p′
0 + M

(
Mω − Q 2

2

)
, (14)

α�z = 1 + τ

2

(
pz + qz

p′
0 + M

(
M K0 + 2p · k − Q 2

2

)
− M Kz

)
, (15)

and

β�z = −1

4M2

(
2k · p − Q 2

2

)(
pz + qz

p′
0 + M

(
Mω − Q 2

2

)
− Mqz

)
,

(16)

using τ = Q 2

4M2 and K = k + k′ . The factors of −C P G M in Eq. (9)
and (10) cancel out in the ratio:

P x

P z
= G E(α�x − β�x) + G Mβ�x

G E(α�z − β�z) + G Mβ�z
. (17)

Equation (17) reduces to Equation (1) if the proton is initially at 
rest. It should be noted that the formulae in this section are only 
valid for elastic scattering in the one-photon approximation.
Fig. 2. Comparison of the kinematic variables measured for 2H in [13,14] (x-axis) to 
those in the moving-proton (left) and resting-proton (right) prescriptions (y-axis). 
The different colors represent different kinematic settings. The variables, from top 
to bottom, are the momentum and angle of the scattered electron (k′ and θe ), and 
those of the recoiling proton (p′ and θp ). The two angles are measured relative 
to the beam �k. These variables were selected because they are the ones that are 
directly measured in the experiment.

4. Application to MAMI A(�e, e′ �p) data

Polarization-transfer measurements on 2H and 12C have been 
carried out at MAMI [24,25] at momentum transfers of Q 2 = 
0.18 and 0.40 (GeV/c)2 [13,14,16]. The kinematic settings of the 
measurements are given in Tables 1 and 2 of the supplemental 
material. The double ratios (Px/P z)

A

(Px/P z)
1H

were presented for both nu-

clei as functions of the struck proton’s virtuality (“off-shellness”), 
ν ≡ (p′ − q)2 − M2, which proved to be a useful parameter for a 
unified description of the deviation of the bound proton from a 
free one. In addition, Ref. [14] presents the ratios (Px)

A

(Px)
1H

and (P z)
A

(P z)
1H

for the deuteron data, and showed that they were in agreement 
with the theoretical calculation, indicating that the deviations from 
the free proton were primarily due to FSI.

Applying the moving-proton prescription to the deuteron data 
[13,14], we notice a good correspondence between the mea-
sured and evaluated kinematic variables in the left side of Fig. 2. 
These differences are much smaller than those between the rest-
ing-proton kinematics and the measured kinematics, shown on the 
right side of Fig. 2.

The differences between the measured and the resting-proton 
kinematics are more pronounced for settings B and D than in set-
ting A, due to larger |�pmiss| and virtuality in the former.

There are larger differences between the moving-proton kine-
matics and the measured kinematics in the 12C data [16], as shown 
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Fig. 3. Ratios of Px , P z and Px/P z for moving free protons to those for free resting 
protons, using the kinematics derived from measured events in 2H(�e, e′ �p)n reac-
tions reported in [14]. Different colors represent different kinematic setups. See [13,
14] for details.

in the supplementary material, due to the larger Fermi motion in 
the carbon nucleus. However, they are still much smaller than the 
difference between the resting-proton kinematics and the mea-
sured kinematics.

In Fig. 3, we compare the polarization-transfer components cal-
culated for the resting- and the moving-proton kinematics. We 
show in this figure the ratios (P x)

1H
moving/(P x)

1H
resting, (P z)

1H
moving/

(P z)
1H
resting, and (P x/P z)

1H
moving/(P x/P z)

1H
resting, as calculated for the 

kinematics of the 2H events in Ref. [13]. The difference between 
resting and moving for the individual components is small around 
ν = 0, and it increases up to 20% (15%) at large virtuality5 with 
negative (positive) pmiss. The difference between moving and rest-
ing in the ratio P x/P z is small: up to 3% for pmiss < 0 and up to 
10% at pmiss > 0.

The ratios of the polarization observables measured for the 
deuteron to the values calculated event-by-event for a moving pro-
ton using Equations (9) and (10) are shown in Fig. 4. These are 
contrasted with the corresponding ratios for the resting proton, 

which were reported in [14]. The double ratio (Px/P z)
2H

(Px/P z)
1H

, calculated 
event-by-event, is also presented in Fig. 4, using a procedure de-
scribed in detail in the supplementary material. As expected from 
Fig. 3, the moving effect on the double ratio is small.

A good agreement was found between the double ratios 
(Px/P z)

A

(Px/P z)
1H

measured for 12C and 2H as functions of virtuality using 
resting-proton kinematics [16]. In order to test if this agreement is 
preserved using moving-proton kinematics, we calculated the dou-
ble ratios for the 12C datasets from MAMI [16] in the same manner 
as for 2H. The double ratios for the two nuclei are compared with 

5 This is expected, since the |�pmiss| is near zero at small ν and increases mono-
tonically with ν for any given target and residual nuclear masses.
Fig. 4. The measured ratios, (Px)
2H/(Px)

1H and (P z)
2H/(P z)

1H and the double ratio 
(Px/P z)

2H/(Px/P z)
1H, using moving free-proton in the denominator are shown as 

functions of the proton virtuality, ν (filled colored symbols). These are compared to 
the same ratios with resting free-proton kinematics (grey open symbols) from [14]. 
The virtuality dependence is shown separately for positive and negative missing 
momenta. The different symbols and colors for the data of this work correspond to 
the different kinematical settings.

Fig. 5. The measured double ratios (Px/P z)
A/(Px/P z)

1H, using moving free-proton 
kinematics in the denominator, are shown as functions of the proton virtuality, for 
both 12C and 2H. (The large double-ratios for carbon at |ν| < 0.04 GeV2/c2 have 
been attributed [16] to knock-out of p3/2-shell protons at small |pmiss| [26–28].)

one another in Fig. 5, showing that the good agreement is main-
tained.

5. Conclusions

We observe that using the moving-proton kinematics described 
in this paper reduces, but does not eliminate, the difference be-
tween measured components of the polarization transfer in quasi-
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free scattering and those in elastic scattering. The deviations from 
the free-proton in the transverse (P x) component become smaller 
(around 7%) when using the moving kinematics. Similarly, the de-
viations in the longitudinal (P z) component are reduced, but re-
main significantly large, up to 50% (Fig. 4). Since using the moving 
proton kinematics has a similar effect on both components, the ef-
fect on the double ratio largely cancels out. Thus the double ratio 
is less sensitive to the kinematics than the separate components. 
This implies that the choice of elastic kinematics is not the primary 
cause of the deviations in P x/P z between quasi-free and elastic 
scattering.

It was previously noted that the virtuality is a useful parame-

ter for comparing the double ratio (Px/P z)
A

(Px/P z)
1H

of different nuclei at 

different Q 2. Here we show that the double ratio has only a weak 
sensitivity to the initial momentum of the proton, which continues 
to make the double ratio a preferred observable for studying the 
differences between bound and free protons.
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