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ABSTRACT: Alkaline earth dimers have small bond energies
(less than 5 kcal/mol) that provide a difficult challenge for
electronic structure calculations. They are especially challeng-
ing for Kohn−Sham density functional theory (KS-DFT) using
generalized gradient approximations (GGAs) as the exchange−
correlation density functional because GGAs often do not
provide accurate results for weak interactions. Here we treat
alkaline earth dimers from six different rows of the periodic
table. We show that the dominant correlating configurations are
the same in all six dimers. We also show that multiconfiguration
pair-density functional theory (MC-PDFT) using a fully translated GGA as the on-top density functional not only performs
much better than KS-DFT with GGAs in predicting equilibrium distances and dissociation energies but also performs better
than the more computationally demanding complete active space second-order perturbation theory (CASPT2) with large basis
sets and performs even better than CASPT2 with smaller basis sets.

Alkaline earth atoms and their dimers are widely used as
trapped ultracold atoms and molecules in their singlet

ground states.1−3 The binding energy of Be2 is 2.7 kcal/mol.4

In comparison, Li, which is its neighbor in the periodic table,
has a dimer binding energy of 20.4 kcal/mol,5 which is 8 times
larger, and Ne2 (selected for comparison because Ne is the
noble gas in the same row of the periodic table) has a binding
energy of 0.08 kcal/mol (32 times smaller).6 We see that the
alkaline earth dimers occupy a middle ground between noble
gas dimers and typical covalent bonds. The binding in alkaline
earth dimers and clusters has been widely studied and is
especially fascinating because of their closed-subshell electronic
structure.7−15

An especially interesting property of Be2 is the 2s−2p
hybridization.16 Many studies of alkaline earth dimers have
been carried out, especially for Be2, which in the earliest
experimental17,18 and theoretical19 investigations was believed
to be unstable. Even when later theoretical calculations showed
a weak bond for Be2, controversy remained about whether the
equilibrium distance was about 2.520−24 or 4.5 Å.25,26

Experiments have now shown that the equilibrium distance
is 2.44−2.45 Å, with a well depth of about 2.66 kcal/mol4,27,28

Theoretical studies with various wave function methods
showed that very high levels such as full configuration
interaction (FCI) calculations with large basis sets are required
to calculate the binding energy correctly.29−32

Of the many studies carried out for heavier alkaline earth
dimers,33−45 we emphasize the calculations done by coupled-
cluster theory with single and double excitations and
quasiperturbative connected triple excitations, [CCSD(T)],46

with a perturbative treatment of relativistic effects47−49 and the

basis set extrapolated to the complete basis set (CBS) limit.50

Reference 50 agrees with experimental values very well for Ca2
and Sr2, differing in experiments by no more than 0.06 kcal/
mol, and therefore, these results are used as reference values
for Ca2, Sr2, and Ba2 in the present work. Radium is the
heaviest alkaline earth metal, but there is a lack of experimental
data, and we found only two theoretical papers that provide
estimated thermodynamic data for Ra2.

51,52

In the earliest work, Kohn−Sham density functional
theory53 (KS-DFT) with local exchange−correlation func-
tionals was hard pressed to accurately describe these systems,
in part because many local functionals (for example,
generalized gradient approximations (GGAs)) do not usually
describe van der Waals (vdW) interactions accurately.54−56

Progress in obtaining better energies for weak interactions by
KS-DFT has mainly involved four kinds of strategies:
combining KS-DFT with damped dispersion by molecular
mechanics,57,58 introducing nonlocal correlation into the
exchange−correlation density functional,59−64 using para-
metrized functionals containing kinetic energy density,65 and
using range separation to combine KS-DFT for short
interelectronic separations with wave function theory for
long interelectronic separations.66

Multiconfiguration pair-density functional theory67 (MC-
PDFT) uses on-top density functionals; in current practice
these are translated from existing GGA exchange−correlation
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functionals, e.g., tPBE is a translation of the PBE68 exchange−
correlation functional, and ftPBE,69 which is a full translation
of the PBE functional. MC-PDFT calculations have usually
been performed using the kinetic energy, density, and on-top
density from complete active space self-consistent field70

(CASSCF) calculations, in which case they may be called CAS-
PDFT; reviews are available.71,72 Here we study whether
CASSCF with translated GGAs can describe weak bonding
well, even though the untranslated functional does not perform
very well in KS-DFT and even though the density functional
we use does not involve any of the four strategies mentioned in
the previous paragraph.
Computational Methodology. Dissociation energies (De) and

ground-state equilibrium bond distances (re) of Be2, Mg2, Ca2,
Sr2, Ba2, and Ra2 were calculated by the two multireference
(MR) methods: (i) CAS-PDFT with either the tPBE or the
ftPBE on-top functional and (ii) complete active space second-
order perturbation theory73−75 (CASPT2).
We used three basis sets that are designed for calculations

that include scalar relativistic effects, ANO-RCC, ANO-RCC-
VQZP, and ANO-RCC-VTZP,76 where ANO-RCC is a very
large contracted basis to be denoted AR, ANO-RCC-VQZP is
contracted down to valence quadruple-ζ plus polarization and
will be denoted ARQ, and ANO-RCC-VTZP is contracted
down to valence triple-ζ plus polarization and will be denoted
ART. The actual number of primitive and contracted basis
functions in each of these basis sets for each of the dimers is
given in the SI in Tables S20−S23. The SI also considers
nonelativistic calculations with nonrelativistic basis sets.
The CAS-PDFT and CASPT2 calculations are based on the

same CASSCF wave functions. We examined the use of two
popular choices for the active space. The first is the widely
used full valence (FV) active space, in which the active
electrons are all of the valence electrons and the active orbitals
are those formed from the valence orbitals of all of the atoms;
for alkaline earth dimers, this yields four active electrons in
eight active orbitals (σns, σns*, σpz, σpz*, πpx, πpx*, πpy, and πpy*
formed primarily by the valence s and p orbitals of the two
centers). The second active space, which was tested for only
the largest AR basis set, is based on the correlated participating
orbitals (CPO) scheme,77−79 which for alkaline earth dimers
involves all occupied bonding and antibonding orbitals plus a
correlating orbital for each, and therefore, there are four active
electrons in four active orbitals, which are the bonding and
antibonding orbitals and a correlating orbital for each, namely,
σns, σns*, σpz, and σpz* (in previous work, we distinguished
three levels of the CPO scheme, but for alkaline earth dimers,
they are all the same because there are no occupied
nonbonding valence orbitals).

The CASPT2 calculations use a default ionization energy−
electron affinity (IPEA) shift of 0.25 au80 and an imaginary
shift of 0.2 au.81

We also performed unrestricted KS-DFT with the PBE
functional, which is the Kohn−Sham exchange−correlation
functional corresponding to the tPBE and ftPBE on-top
functionals of MC-PDFT.
A second-order Douglas−Kroll−Hess82,83 (DKH) relativ-

istic Hamiltonian is used for all of the calculations to account
for scalar relativistic effects. All of the calculations were done in
Molcas 8.1.84

In some of the following discussion, we use a simplified
notation: MC-PDFT with the ftPBE and tPBE on-top
functionals are simply called ftPBE and tPBE, respectively.
Additionally, we use a prefix to indicate an active space, for
example, CPO-tPBE and FV-CASPT2. The KS-DFT calcu-
lations with the PBE exchange−correlation functional are
called KS-PBE.
Multiconf igurational Character. One of the challenges in

these alkaline earth dimers is that the multiconfigurational
nature of the system is important for describing the character
of the bonding. The M diagnostic85 indicates how strongly
multiconfigurational a system is. Details of how to calculate M
diagnostics can be found in ref 85, but a simplified description
is that M measures the deviations of frontier natural orbital
occupation numbers from integers. The M diagnostics for the
alkaline earth metal dimers at their experimental equilibrium
distances can be found in Table 1, and the results show that
they are all strongly multiconfigurational systems (M ≥ 0.10).
Although all six dimers are strongly correlated, Be2 is the most
strongly correlated, and Mg2 and Ra2 are least strongly
correlated.
In order to show which configurations dominate the

deviation from a single-configuration wave function, Table 1
shows the dominant configurations in the FV-CASSCF wave
function at the equilibrium geometry. The same four
configurations have the largest squared coefficients for all six
dimers. We observe that a determinant with configuration
σns

2σnpz
2 plays a much more important role in the wave

function for Be2 than it does for the rest of the dimers, which is
consistent with the important role of s−p hybridization in Be2
that has previously been pointed out by Schmidt et al.16

In the CPO-CASSCF calculations, only the first two
configurations shown in Table 1 have significant weights; the
configuration coefficients are in the SI.
Binding Energies (De) for Dimers from Be2 to Ba2. The

reference values of the bond energies and equilibrium distances
are given in Table 2. The MC-PDFT and CASPT2 results
calculated with the largest basis set (the AR basis set) using the

Table 1. M Diagnostics and Dominant Configurations at the Equilibrium Geometry As Calculated by FV-CASSCF
Calculationsa

squared coefficient

M σns
2σns*

2 σns
2σnpz

2 σns
1σns*

1πnpx
1πnpy*

1 σns
1σns*

1πnpy
1πnpx*

1

Be2 0.27 0.80 0.069 0.024 0.024
Mg2 0.12 0.86 0.007 0.023 0.023
Ca2 0.13 0.83 0.022 0.026 0.026
Sr2 0.12 0.84 0.018 0.025 0.025
Ba2 0.14 0.83 0.019 0.020 0.020
Ra2 0.10 0.87 0.010 0.021 0.021

aGeometries for Be2 to Ba2 are experimental geometries. For Ra2, the CPO-tPBE, FV-ftPBE, and CPO-ftPBE calculations all give 5.28 Å, and
therefore, that distance was used for Ra2 in this table.
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two active spaces are given in Table 3. We consider four mean
unsigned errors (MUEs) for MC-PDFT; these MUEs
correspond to the four possible combinations of two active
spaces and two on-top density functionals. We also give two
MUEs for CASPT2; they correspond to the two active spaces.
For the bond energy, three of the four MUEs for MC-PDFT
are smaller than the better of the two CASPT2 MUEs, and the
fourth is the same. This is a key finding of the present study.
Table 3 also shows mean signed errors (MSEs) and standard
deviations.
Note that the ftPBE calculations overestimate the bond

energy for Be2 and Ba2, underestimate it for Mg2, and either
overestimate it or underestimate it, depending on the active
space, for Ca2 and Sr2. The smallest errors of the ftPBE
calculations are achieved for Mg2 and Ba2, and the largest error
is for Be2.
Equilibrium Internuclear Distances (re) for Dimers from Be2 to

Ba2. Table 2 also shows the accuracy that can be achieved for
the bond distances. Again we consider four MUEs for MC-
PDFT; these MUEs correspond to the four possible
combinations of two active spaces and two on-top density

functionals. We also give two MUEs for CASPT2; they
correspond to the two active spaces. For the equilibrium
distance, all four MUEs for MC-PDFT are smaller than either
of the CASPT2 MUEs. This is another important finding of
the present study.
Larger Active Spaces. We also explored bigger active spaces

for MC-PDFT calculations on Be2, and the results are in Table
S2 in the SI. The performance is somewhat worse with the
larger active spaces. This result is consistent with a previous
detailed study on H2 where we found that very large active
spaces can degrade the result.86 In general, we recommend that
the active space should be large enough to include the
dominant static correlation but not significantly larger.
Therefore, it is encouraging that we get generally good results
with the two standard active space choices in Table 3.
Basis Set Dependence. The MC-PDFT and CASPT2 results

calculated with the contracted basis sets using the FV active
space are given in Table 4. With smaller valence basis sets,
namely, ARQ and ART, a general trend is found that the
results of CASPT2 change more (as compared to the larger AR
basis set) than do the ftPBE calculations. Comparison of
Tables 4 and 3 shows that the accuracy of CASPT2 degrades
significantly with smaller basis sets, which is not surprising
because of the slow convergence of perturbation theory with
basis set size. For ftPBE, we see a smaller degradation in bond
energies and no degradation in bond distances. Thus, MC-
PDFT retains its accuracy comparatively better with basis sets
that would be more practical for larger systems.
Comparison to KS-DFT. The KS-PBE results are given in

Table 5. The KS-DFT bond energies with the parent GGA are,
on average, much less accurate than MC-PDFT or CASPT2.
We see that MC-PDFT with either active space gives the most
accurate bond distances, followed by CPO-CASPT2, then KS-
PBE, and at last FV-CASPT2.

Table 2. Reference Values for Dissociation Energies (De, in
kcal/mol) and Equilibrium Distances (re, in Å)

De re

Be2 2.66a 2.454a

Mg2 1.24b 3.890b

Ca2 3.13c 4.287c

Sr2 3.02c 4.663c

Ba2 3.87c 4.972c

aThese results are from the most recent experimental value (2.658 ±
0.006 kcal/mol) in ref 4. bThese results are from experimental values
in ref 33. cThe results are from high-level theoretical calculations in ref
50.

Table 3. Dissociation Energy, Equilibrium Distance, Mean Signed Error (MSE), Mean Unsigned Error (MUE), and Standard
Deviation (StdDev) for Calculations with the Large AR Basis Seta

ftPBE tPBE CASPT2

active space molecule De re De re De re

FV Be2 3.58 2.404 1.42 2.436 0.00b 2.554
Mg2 0.49 3.800 −0.10b 4.242 0.60 4.313
Ca2 2.64 4.284 1.56 4.376 1.81 4.536
Sr2 2.76 4.657 1.77 4.752 1.94 4.855
Ba2 3.89 4.960 2.80 5.038 2.88 5.102
Ra2 2.34 5.275 1.48 5.379 1.82 5.521
MSE −0.11 −0.032 −1.3 0.12 −1.3 0.22
MUE 0.49 0.032 1.3 0.12 1.3 0.22
StdDevc 0.64 0.037 0.18 0.14 0.78 0.13

CPO Be2 4.09 2.440 4.44 2.375 4.50 2.423
Mg2 1.00 3.767 0.96 3.768 2.83 4.068
Ca2 3.46 4.304 3.12 4.314 4.39 4.439
Sr2 3.58 4.682 3.27 4.682 4.53 4.806
Ba2 4.80 4.983 4.52 4.975 5.73 5.056
Ra2 3.11 5.276 2.79 5.282 4.24 5.410
MSE 0.60 −0.018 0.48 −0.030 1.6 0.11
MUE 0.70 0.037 0.59 0.050 1.6 0.12
StdDevc 0.63 0.060 0.80 0.066 0.25 0.084

aAll energies in this table are in kcal/mol, and all distances are in Å. Error statistics are based on Be2−Ba2 because accurate results are not available
for Ra2.

bThese nonbonding results correspond to local minima on potential energy curves. See Figure 2b as an example where CASPT2 fails. See
also refs 25 and 26 for similar results, consistent with the difficulty in studying Be2.

cThe standard deviation in the tables is the standard deviation of
the unsigned errors from their mean.
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Potential Energy Curves. Figure 1 shows dissociation curves of
Mg2 and Ca2 by FV-ftPBE, FV-CASPT2, and KS-PBE as
compared to the experimental curve from refs 87 and 88,
respectively. (The potential energy curve for Be2 is shown in
Figure 2, discussed below, and the potential energy curves for
all six dimers are given in tabular form in Tables S18−S23 in
the SI. We did not find experimental potential energy curves
for Sr2, Ba2, or Ra2.) Figure 1 shows that the FV-ftPBE curve
agrees with the experiment very well for both equilibrium
distances and dissociation energies, but it is underestimated for
the long-range tail of the potential, which may be attributed to
underestimation of dispersion energy contributions.
The potential energy curves for Be2 are shown in Figure 2

near the equilibrium internuclear distance; this figure shows
that the ftPBE results are well converged at ARQ, but for this

basis set, the CASPT2 calculations still have a significant
difference from the AR curves.
Performance of Other On-Top Functionals. In Tables S4−S6,

we present results for other on-top translated and fully
translated functionals89 compared with each other and
compared with their untranslated KS analogues, namely, KS-
revPBE90 and KS-OPBE68,91 together with their translated or
fully translated versions. We found that fully translated
functionals are usually more accurate than their corresponding
translated ones, and the fully translated functionals have better
performance than their corresponding KS parent functionals.
One possible reason for the improved performance of the ft
functionals is that they include the gradient of the on-top
density.
MP2 vs CASPT2. One may ask whether the improved

performance of ftPBE or tPBE over KS-PBE originates from
MC-PDFT being able to handle multiconfigurational systems
better. The M diagnostics presented above show that these
systems are inherently multiconfigurational (i.e., strongly
correlated), but it is also useful to consider another aspect of
MR character, namely, the deviation of CASPT2 based on
CASSCF from single-configuration Møller−Plesset perturba-
tion theory92,93 (MP2) based on a restricted Hartree−Fock
calculation. The MP2 results are given in Table S8 in the SI.
When using the AR basis set, we find, unexpectedly, that MP2
performs better than CASPT2. This demonstrates how difficult
it is to identify sources of errors in approximate calculations.
There is a subtle interplay between all of the approximations,
and there is some cancellation of errors, and for weak
interactions, this can subvert any simple attempt to divide the
errors into categories.
Core Correlation. All of the CASPT2 calculations reported

here and in the SI make the frozen-core approximation. The SI
contains a comparison of full MP2, denoted as MP2(Full),

Table 4. Dissociation Energy, Equilibrium Distance, Mean
Signed Error (MSE), Mean Unsigned Error (MUE), and
Standard Deviation (StdDev) for Calculations with the
Smaller Basis Setsa

ART ARQ

method molecule De re De re

ftPBE Be2 3.30 2.435 3.56 2.412
Mg2 0.40 3.855 0.47 3.812
Ca2 2.44 4.303 2.55 4.296
Sr2 2.53 4.676 2.70 4.669
Ba2 3.68 5.000 3.86 4.970
MSE −0.31 0.001 −0.16 −0.021
MUE 0.57 0.022 0.52 0.027
StdDevb 0.59 0.026 0.66 0.038

CASPT2 Be2 −0.56 2.513 −0.24 2.630
Mg2 0.56 4.690 0.64 4.397
Ca2 1.13 4.790 1.41 4.653
Sr2 1.17 5.199 1.69 4.972
Ba2 3.07 5.154 3.88 5.016
MSE −1.71 0.42 −1.31 0.28
MUE 1.71 0.42 1.31 0.28
StdDevb 1.03 0.30 1.11 0.18

aAll energies in this table are in kcal/mol, and all distances are in Å.
bThe standard deviation in the tables is the standard deviation of the
unsigned errors from their mean.

Table 5. Dissociation Energy, Equilibrium Distance, Mean
Signed Error (MSE), Mean Unsigned Error (MUE), and
Standard Deviation (StdDev) for Calculations with KS-DFT
Using the PBE Exchange−Correlation Functionala

ART ARQ AR

De re De re De re

Be2 9.7 2.458 9.8 2.438 9.8 2.431
Mg2 3.2 3.518 3.2 3.512 3.2 3.510
Ca2 5.2 4.197 5.3 4.188 5.4 4.171
Sr2 4.7 4.556 4.8 4.555 4.9 4.544
Ba2 6.4 4.863 6.6 4.845 6.6 4.845
Ra2 3.6 5.197 3.5 5.205 3.8 5.172
MSE 3.1 −0.14 3.2 −0.15 3.2 −0.15
MUE 3.1 0.14 3.2 0.15 3.2 0.15
StdDevb 2.3 0.14 2.3 0.14 2.2 0.13

aAll energies in this table are in kcal/mol, and all distances are in Å.
Error statistics are based on Be2−Ba2 because accurate results are not
available for Ra2.

bThe standard deviation in the tables is the standard
deviation of the unsigned errors from their mean.

Figure 1. Dissociation curves for (a) Mg2 and (b) Ca2 by FV-
CASPT2, FV-ftPBE, and KS-PBE using the AR basis set. Also shown
is the experimental curve (labeled “Exp.”).

Figure 2. Potential energy curve (zero at 20 Å) of Be2 near
equilibrium by (a) FV-ftPBE and (b) FV-CASPT2, using the ART,
ARQ, and AR basis sets. Also shown is the experimental curve
(abbreviated Exp.).4
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which includes excitation of all core orbitals, and frozen-core
MP2, denoted FC-MP2, which does not allow excitations of
core orbitals. The latter is important because all of the
CASPT2 calculations reported here and in the SI make the
frozen-core approximation. The comparison is in Tables S7
and S8, and it shows that sometimes core correlation improves
the results and sometimes it makes them worse. This is
perhaps not surprising because it is known that core
polarization is particularly important in group 2 of the periodic
table.94−96 One advantage of density functional methods over
wave function methods is that density functional methods
always include core correlation, at least to the extent allowed
by the basis set.
Dif fuse Basis Functions and Core Polarization Basis Functions.

Tables S9−S12 present additional tests for Be2 and Mg2,
showing that the results are not sensitive to diffuse functions or
to the core polarization functions in the basis sets.
De and re for Ra2. Because there is no accurate experiment

available for Ra2, we also made ftPBE calculations for Ra2. The
results given by FV-ftPBE and CPO-tPBE are in quite good
agreement with some previous calculations. A CCSD(T)
calculation using exact two-component97,98 (X2C) theory for
the relativistic effect gave 2.6 kcal/mol for De and 5.324 Å for
re.

52 A CASPT2 calculation using an active space with 4
electrons in 16 orbitals and the AR basis set gave 1.82 kcal/mol
for De and 5.478 Å for re.

51 The data are in a good agreement
with our FV-CASPT2 calculation. The ftPBE results are close
to the CCSD(T) result for both dissociation energy and bond
distance.
Concluding Remarks. Alkaline earth dimers embody two of

the most challenging problems in quantum chemistryweak
interactions and strongly correlated systems. The present study
shows that MC-PDFT provides improved accuracy as
compared to KS-DFT and CASPT2 for weak bonds in metal
dimers. Furthermore, MC-PDFT has the advantage of having
less dependence on basis sets than one finds for wave function
methods like MP2 or CASPT2. This reduced basis set
dependence is usually an advantage of density functional
methods over methods that must explicitly build the electron−
electron cusp into the wave function in order to accurately
approximate the dynamic correlation energy, and MC-PDFT
provides a way to take advantage of this in a setting that
includes multiconfigurational effects in the representation of
the electron density.
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