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Abstract
Contextuality is anecessary resource foruniversal quantumcomputation andnon-contextual quantum
mechanics canbe simulated efficiently by classical computers inmanycases.Orders ofPlanck’s constant,ÿ,
can alsobeused to characterize the classical-quantumdivideby expandingquantities of interest inpowersof
ÿ—all orders higher thanÿ0 canbe interpreted asquantumcorrections to theorderÿ0 term.We show that
contextualmeasurements infinite-dimensional systemshave formulationswithin theWigner–Weyl–
Moyal (WWM) formalism that requirehigher thanorderÿ0 terms tobe included inorder to violate the
classical boundson their expectationvalues.As a result,we show that contextuality as a resource is closely
related toorders ofÿ as a resourcewithin theWWMformalism.This offers an explanation forwhyqubits
canonly exhibit state-independent contextuality underPauli observables as in thePeres–Mermin square
while odd-dimensional qudits can also exhibit state-dependent contextuality. Inparticular, qubit states
exhibit contextualitywhenmeasuredbyqubitPauli observables regardless of the statebeingmeasuredand
so theWeyl symbolof these observables lack anorderÿ0 contributionaltogether.On theotherhand, odd-
dimensional qudit states exhibit contextualitywhenmeasuredbyqudit observablesdependingon the state
measured and soodd-dimensional qudit observables generally possessnon-zeroorderÿ0 terms, andhigher,
in theirWWMformulation: odd-dimensional qudit states that exhibitmeasurement contextuality have an
orderÿ1 contribution in their expectationvalueswith theobservable that allows for the violationof classical
boundswhile states that have insufficiently largeorderÿ1 contributionsdonot exhibitmeasurement
contextuality.

1. Introduction

TheWigner–Weyl–Moyal (WWM) formalism is aparticularlypowerful representationof quantummechanics based
onquasi-probability functions. Starting fromWootters’original derivationofdiscreteWigner functions [1], therehas
beenmuchworkonanalyzing states andoperators infiniteHilbert spaces by considering their quasi-probability
representationoncontinuous anddiscrete support [2–19]. TheWWMformalismgives adiscrete quasi-probability
representation in termsof a classical phase space and explicitly introduces classicalmechanics andquantum
corrections in termsofhigherorder correctionswith respect toÿ.

Contextuality is a quantumresourcewhosepresence in an experimenthas been shown tobe equivalent to
negativity in the associated discreteWigner functions andWeyl symbols of the states, operations, andmeasurements
that are involved [9, 10]. Preparation contextuality [20]has been shown tobe equivalent to thenecessity of including
higher thanorderÿ0 terms inpath integral expansions of unitary operators in theWWMformalism for proper
computationof propagation [21, 22]. As a result, stabilizer state propagationunderClifford gates canbe shown tobe
non-contextual since it does not requirehigher thanÿ0 termswithinWWM,or equivalently, theWigner functionof
stabilizer states are non-negative and theWeyl symbols ofClifford gates are positivemaps [5, 13, 23].

Herewe complete the characterizationof the relationshipbetweenorders ofÿ inWWMandcontextuality by
showing thatmeasurement contextuality [20, 24] is also related tonon-classicality as dictatedbypowers ofÿ.
Specifically, contextuality requires us to includehigher thanorderÿ0 terms in theÿ expansionof observableswithin
theWWMformalism toobtain expectation values that violate classical bounds.Moreover, this relationship explains
whyqubits exhibit state-independent contextualitywhile odd-dimensional qudits also exhibit state-dependent
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contextuality. Furthermore, this confirms the result that anyquasi-probability representation that defines a set of
complete experimental configurations, such as theWWM,must either exhibit negativity in the quasi-probability
functions for either states ormeasurements, ormakeuseof a deformedprobability calculus [14] (definedbelow).

Let us begin by defining the context of ameasurement. A projection of a quantum state onto a rank n 2
subspace of its Hilbert space can be decomposed into a sumof smaller rank projectors inmanyways. Fixing a
subset of the terms in a sumof such projectors, there aremany choices for the remaining terms Each non-
commuting decomposition of the remaining terms corresponds to a ‘context’ of themeasurement.

Instead of projectors wemay speak about observables. The rank n 2 subspace is then a degenerate
eigenspace of some observable. The different contexts correspond to different choices of complete sets of
commuting observables whose eigenstates are the projectors onto the different contexts. Again, different choices
of complete sets of commuting observables do not commutewith each other, for otherwise theywould share the
same eigenstates and so correspond to the same context.

For instance, considering two qubits, themeasurement of ˆ ˆXI corresponds to a projection onto a subspace of
rank two. It can be performed in the context of { ˆ ˆ ˆ ˆ}XI IX, or { ˆ ˆ ˆ ˆ}XI IZ, . The operators in each set commutewith
each other.However, the two operators that distinguish these contexts, ˆ ˆIX and ˆ ˆIZ anticommute, and the
product of the operators in each set anticommutewith each other [25]. Hence the outcome of ameasurement of
ˆ ˆXI is not independent of the choice of context. Each set corresponds to a projection onto the full rank four
Hilbert space and is a separate context for ˆ ˆXI .

These two sets correspond to thefirst rowand columnof thePeres–Mermin square shown in table 1 (the third
element in the rowand/or column is redundant—its outcome is determinedby thefirst twomeasurements) [25].
Every element in the table contains aPauli observable. Theoperators in the same rowor columncommute and so can
beperformed independently of eachother.However, operators in aparticular rowor columndonot commutewith
operators in other rows and columns.While every observable in the tablehas±1as possible outcomes, the rowand
columns are completely-commuting sets of operatorswhoseproduct have+1as their only possible outcomesdue to
thePauli operator relation s s s d s= +ˆ ˆ ˆ ˆij k l jkl jk l. The exception is the third column,whichhas−1 as its product’s
only possible outcomeas canbe seen fromthe same identity relation.

As a result, the different contexts of a particular observable in the Peres–Mermin square correspond to its
row and column. Assigning classical±1 outcomes to themeasurement of the operators in the table such that
their product satisfies the constraints on the outcomes of the rows and columns is impossible. Given one of the
measurements in the Peres–Mermin square, it is impossible to assign an outcomewithout specifying the context
of the full rank observables, i.e. whether themeasurement is taken column-wise or row-wise.

In this way, the Peres–Mermin square demonstrates that qubits exhibitmeasurement contextuality with
Pauli operators [25–27]. Furthermore, the Peres–Mermin square shows that qubits exhibit state-independent
contextuality; nomatter what qubit state the Peres–Merminmeasurements are performed on, their outcome
will always depend on the context orwhich othermeasurements are co-performed [28].

On the other hand, higher-dimensional qudits can also exhibitmeasurement contextuality that is state-
dependent. For oddd-dimensional qudits, it is possible to exhibit contextuality for a single qudit. In particular,
Klyachko et al[29] developed a scheme (calledKCSB after the four authors) for a single qutrit (d=3) that
exhibits state-dependent contextuality [30]. KCSB and other constructions are all different demonstrations of
theKochen–Specker theorem [26], whichwas also originally proposed for a qutrit, and exclude any hidden
variable theory (HVT) that is non-contextual from reproducing quantummechanics for d 3.

TheKCSB scheme is defined as follows.Consider a setΓoffive rank-1projectors, G = P = ¼{ ˆ }i i 1, ,5,which

commutewithneighboringpairs (P P =Å[ ˆ ˆ ], 0i i 1 , where Åi 1denotes additionperformedmodulo5).We further
impose that commutingprojectors are alsoorthogonal to eachother, i.e. they both cannot take on the value+1. Such
a realization is illustrated infigure 1,where thefiveprojectors are placed along thepoints of a pentagon such that
projectors that share an edge commute. The twocontexts for ameasurement on any vertex of thepentagon
corresponds to its twoadjoining edges; i.e. P̂1 canbemeasured in the context of P P{ ˆ ˆ },1 2 or P P{ ˆ ˆ },1 5 .

Finally, we define,

åS = PG
P ÎG

ˆ ˆ ( )
ˆ

. 1i

i

Table 1.The Peres–
Mermin square.

ˆ ˆXI ˆ ˆIX ˆ ˆXX
ˆ ˆIZ ˆ ˆZI ˆ ˆZZ
ˆ ˆXZ ˆ ˆZX ˆ ˆYY

2
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Thesefive projectors obeyP P =Åˆ ˆ 0i i 1 . ByMermin’s argument, any classical outcome {0,+1} one preassigns to
themeasurementmust obey the same relationship [28]. Adjacent vertices therefore cannot both be assigned the
outcome+1, and so themaximum expectation value forSGˆ is two:

áY S YñG∣ ˆ ∣ ( )2. 2CM

This upper bound is higher if the above expectation value is evaluated quantummechanically. Namely, of
the three eigenstates ofSGˆ , f ñ∣ 1 , f ñ∣ 2 , and f ñ∣ 3 , with eigenvalues - »( )/5 5 2 1.38, 1.38 and »5 2.24,
respectively, the last state can be shown to saturate the quantumbound [29]:

áY S Yñ »G∣ ˆ ∣ ( )5 2.236. 3QM

As a result,SGˆ can be interpreted as awitness for contextuality; any stateΨwith expectation value
áY S Yñ >G∣ ˆ ∣ 2 exhibitsmeasurement contextuality. The states f ñ∣ 1 and f ñ∣ 2 don’t exhibit contextuality within
theKCSB constructionwhile f ñ∣ 3 does.

An equivalent witness for contextuality that will bemore useful for us later is the sumof products of non-
commuting pairs of observables. Defining this set asΓ2, where

G = P P P P P P P P P P{ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( ), , , , , 42
1 3 1 4 2 4 2 5 3 5

P P P P P P P P P Pˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ } ( ), , , , , 53 1 4 1 4 2 5 2 5 3

this witness for contextuality can bewritten as

åS = P PG
P P ÎG

ˆ ˆ ˆ ( )
ˆ ˆ

. 6i j

i j

2

2

Following the conclusion from theΣΓwitness for contextuality—that amaximumof two non-adjacent
observables can be assigned outcomes of+1—it follows that themaximum classical expectation value forSGˆ 2 is
also two:

áY S YñG∣ ˆ ∣ ( )2. 7CM2

Again, the upper bound is higher in quantummechanics.While f ñ∣ 1 and f ñ∣ 2 have expectation values with

SGˆ 2 of0.26<1, f ñ∣ 3 saturates the quantumbound:

^ Y S Y - »G⟨ ∣ ∣ ⟩ ( )5 5 2.76. 8QM2

As a result,SGˆ 2 also exhibitsmeasurement contextuality with the state f ñ∣ 3 .
Just as for the Peres–Mermin square, any effort to assignmore than two classical+1 outcomes to the

measurements in theKCSBpentagon, while satisfying the constraint that the neighbors have different
outcomes, is impossible. The outcome of anymeasurement on a vertex depends onwhether it is taken in the
context of its left or right neighboring observable. However, unlike for the Peres–Mermin square, this
dependence on context only holds for certain quantum states.

The state dependenceofmeasurement contextuality for qutrits is not limited to theKCSB scheme. In general,
odd-dimensional qudits can exhibit state-dependent contextuality underPaulimeasurements,while qubits canonly
exhibit state-independent contextuality. This is a curious dichotomy. It has been found that (preparation)

Figure 1.TheKCSB contextuality construction for a qutrit. The fiveΠi projectors are outer products of the vectors above (after
normalization) and commutewith each other if they share an edge.
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contextuality is a necessary resource foruniversal quantumcomputation [19] and so is of great interest for the
development of quantumcomputers. In general, contextuality is considered to be aquantumphenomenonand so it
is usually harder to simulate classically.Does this suggest that qubits are somehowharder to simulate classically
compared to oddd>2qudits?This is certainlynot the case for the simulationof qubit stabilizer states. Preparation
and evolutionof these states is efficientusing theAaronson–Gottesmannalgorithmand these operations are also
non-contextual for qubits [22]. This is oneof thepuzzleswe examine in thepresent paper.

Another way to characterize a divide between the quantum characteristics of an observable in its different
contexts and its classical limit is to consider the observable expressed as products of other observables that define
a particular context. It is then instructive to examine these expressions’ expansions in terms of Planck’s constant
ÿ. Since the classical limit is reached as   0, the leading order ÿ0 term, which is independent of themagnitude
of ÿ, can be interpreted as the classical termwhile higher order terms act as quantum corrections [31].

Applying such an approach requires a path integral formulation of discrete quantum systems.Wewill use
theWWMformalismwhich has been developed for oddd-dimensional qudits [1, 5, 13, 23] andwas recently
extended to qubits (d=2) [22]. TheWWMformalism is particularly useful forfinite-dimensional systems
because it uses the conjugate degrees of freedomof ‘chords’ and ‘centers’ to defineHamiltonian phase space,
instead ofmomentum and position as is the traditional approach for infinite-dimensional continuousHilbert
spaces. The former are associatedwith translation and reflection operators that retain their role in awell-defined
Lie group in afinite-dimensional Hilbert space, while the latter are associatedwithmomentum and position
operators which no longer form a simple Lie algebra infinite-dimensional spaces.

TheWWMformalism allows for a semiclassical expansion of unitary operations in discrete systems in
powers of ÿ through the vanVleck propagator approach [32]. It is also possible to semiclassically expand
Hermitian operators (observables) in powers of ÿ using theGroenewold rule [33], andwewill show that this also
holds true for the discreteWWMformalism for bothd=2 and oddd. By considering observables that are also
products of observables (corresponding to different contexts), we show that theWWMformalism can be used to
formulate an equivalent statement ofmeasurement contextuality with regards to orders of ÿ.

This canbe restated in the somewhatmore general language of quasi-probability distributions and frame
representations of quantummechanics.Given ameasurable spaceΓ (aphase space) endowedwith apositivemeasure
μ and ameasurement that is representedby a set of conditional properties a Î{ ( ) }Mk that all satisfy somenatural
properties [14], the probability of obtainingoutcome k is òy m a b r a b a b= á ñyG

[ ]( ) ( ) ( ) ( ) ˆ ( ) ˆ ( )P k M E Ed , ,k ,

where Ê is any framedual to F̂ (defined in [14]). This quantity is a deformationof the classical probability function:

ò m a r a a=
G

( ) ( ) ( ) ( )P k Md k .

We shall see that theWWMformalism cannot reduce to such a simpler classical form for contextual
measurements. If it can, theWWMformalism is readily seen to be a non-contextualHVTwhere every state has
an associated ensemble of ontic states that are deterministicallymeasured independently of their context.
Observables on states that produce non-contextual outcomes can be found to reduce to indicator functions of an
associated ensemble of ontic states that do not rely on a deformed probability calculus in the sense of [14] to
violate their classical bounds, while states that produce contextual outcomes do rely on a deformed probability
calculus introduced by the higher than orderÿ0 corrections.

2. A summary of theWWMformalism

TheWWMformalismwas originally developed to try to introduce classical phase space into quantum statistical
mechanics [34–36] but has also foundmuch use in analyzing general quantummechanical phenomena. The
formalism’s relationshipwith classicalmechanics was formalizedwith the introduction of a center-chord
reformulation that allowed for classical trajectories to be variationally expandedwith respect to ÿ[2, 37–41].

Taken as whole, theWWMformalism is a faithful representation of quantummechanics, like the position
(or computational basis)matrix representation of quantumoperators and states. As such, it reproduces all of the
results of quantummechanics. Operators Ô are replaced by theirWeyl symbols, z( )WO , which are functions on
phase space. TheWeyl symbols of states Yñ∣ are often calledWigner functions and the expectation value of an

operator Ô in a state r̂ is given by:

ò z z zr = Y( ˆ ˆ ) ( ) ( ) ( )O W WTr d . 9O
n

TheWWMformalismwas originally developed for continuous infinite-dimensional systems, and has since
been extended tofinite-dimensional qudits [5, 22, 23]. This extension differs depending onwhether the qudits
are odd-dimensional or even-dimensional (d= 2). In the former case, the continuousWWMformalism can be
periodized and discretized by setting  p= d 2 , so that the phase space is generated by two coordinates—
momenta and positions, z º = ( )x p q, , which take finite scalar values. In the latter, aGrassmann algebra

4
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needs to be used such the phase space is generated by three coordinates, z x x x xº = ( ), ,p q r , which are
Grassmann elements and not scalars.

Here we present a summary of theWWMformalism for oddd qudits andd=2 qubits.

2.1.Odd-dimensional qudits
TodefineWeyl phase space,webegin in infinite-dimensional space anddefine theWeyl–Heisenberg operators [32]:


l l l l= - l l⎜ ⎟⎛

⎝
⎞
⎠ˆ ( ) · ˆ ˆ ( )T Z X, exp

i

2
. 10p q p q

p q

The elements of the set T̂ areHilbert–Schmidt orthogonal. Ẑ and X̂ generate a Lie group and correspond to the
‘boost’ operator:

 ¢ñ = ¢ñ = ¢ñd d d¢ˆ ∣ ∣ ∣ ( )ˆZ q q qe e , 11
p q p q pi i

and the ‘shift’ operator:

 d¢ñ = ¢ñ = ¢ + ñd d-ˆ ∣ ∣ ∣ ( )ˆX q q q qe , 12q p qi

which satisfy theWeyl relation:

=ˆ ˆ ˆ ˆ ( )ZX XZe . 13
i

Wedefine ˆ ( )xR as the symplectic Fourier transformof lˆ ( )T :

 ò l lp= l-

-¥

¥
ˆ ( ) ( ) ˆ ( ) ( )x xR T, 2 d e , 14x

p q
n Ti

where

 
=

-⎛
⎝⎜

⎞
⎠⎟ ( )0

0
, 15n

n

for n the n-dimensional identity. The domain of the R̂ operators, x, can be associatedwith phase space.
TheWeyl symbol of operator r̂ can be expressed as the coefficient of the operator expanded in the basis of

states ˆ ( )x xR ,p q , which are parametrized by x:

òr = r
-¥

¥
ˆ ˆ ( ) ( ) ( )†

ˆx x x x xR Wd , , . 16p q p q

If r̂ is a state, r ( )ˆ xW is the correspondingWigner function.
Restricting this tofinite oddd-dimensional systems involves setting  p= d 2 , and enforcing periodic

boundary conditions [5]. The points l l( ),p q and ( )x x,p q become elements in  ( )d n2 and form a discrete
‘web’ orWeyl ‘grid’. The generalized translation operator becomes

l l w= l l l l- +ˆ ( ) ˆ ˆ ( )· ( )T Z X, . 17p q
d 1 2p q p q

where w pº dexp 2 i and +( )d 1 2 is equivalent to 1/2 inmod odd-d arithmetic, and the reflection operator
becomes:



 

å x x=
x x

x x-

Î

pˆ ( ) ˆ ( ) ( )

( )

( ) ( )x xR d T, e , . 18x x
p q

n

d

p q
,

, ,

p q
n

d p q p q
T2 i

Again, theWeyl symbol of an operator r̂ can be expressed as a (nowdiscrete) coefficient of the densitymatrix
expanded in the basis of states ˆ ( )x xR ,p q :

 

år =
x x

r
Î

ˆ ˆ ( ) ( ) ( )

( )

†
ˆx x x xR W, , . 19

d

p q p q
,p q

n

Ifwe regard thepoints of discrete phase space as ontic states labelledby ( )p q, , aswedo in classicalmechanics,
then any classical operationmaps anontic state ( )p q, to anewontic state ¢ ¢( )p q, . Evidently, theseontic states are
not allowed states of quantummechanics.However, the set of quantumstates called stabilizer states are represented
bynon-negativeWigner functions that faithfully represent a subset of quantumstates [13] andwe can interpret these
non-negative states as representing an ensembleof ontic states. That is, in each realizationof an experiment there is
some trueontic state ( )p q, present initially, but repeatedmeasurements canonly sample these states from the
distribution impliedbyWψ. Furthermore,Clifford gates are a subset of all quantumoperations that take stabilizer
states to other stabilizer states. Thus,Clifford gates canbe interpreted to take ontic states toother ontic states.

This interpretation implies that in the preparation and evolution parts of an experiment utilizing only
stabilizer states andClifford gates there is a real ontic state present in each realization of the experiment. The

5
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preparation samples an ontic state from the distributionWψ and theClifford gates then deterministicallymap
this ontic state to another ontic state.

Just as in Bohmianmechanics or in Bell’sHVTs for a single spin one-half [42], theWWMformalism
augments thewavefunction (which determines theWigner function) by an ontic state—in this case of a particle
in a discrete phase space.Onemay therefore regard the theory as ontological—there is always a real state actually
present, with an epistemic restriction imposed by the set of allowedWigner functions. The probabilistic nature
of the theory therefore arises from this epistemic restriction, i.e. fromour enforced ignorance of what the true
ontic state actually is. This is of course the same situation as for classical probabilistic theories.

Howdowe regardmeasurement in this interpretation of theWWMformalism? Absent the epistemic
restriction imposed by thewavefunction, onewould simply like tomeasure the ontic state ( )p q, as onewould
for a classical particle. Of course, because theWWMformalism is a faithful representation of quantum
mechanics this is impossible. Let us considermeasurements of p and q separately. Given y ( )x xW ,p q there is an
impliedmarginal distribution of xp or xq:

å åy d= ¢ = ¢ ¢y y
¢ ¢ ¢

¢[ ]( ) ( ) ( ) ( )x x x x xP W W, , , 20
x x x

x xp p q p q
,

,

q p q

p p

and:

å åy d= ¢ = ¢ ¢y y
¢ ¢ ¢

¢[ ]( ) ( ) ( ) ( )x x x x xQ W W, , . 21
x x x

x xq p q p q
,

,

p p q

q q

As usual inHVTs, we can therefore interpretmeasurements in terms of indicator functions on the discrete
phase space. In this simple example, d ¢x x,p p

and d ¢x x,q q
. Howdo these indicator functions arise in theWWM

formalism given either aHermitian observable ormore generally a POVM for themeasurement?
The POVMrepresentation of themeasurement of a (Hermitian) observable is just given by the set of

orthogonal projectors onto a complete basis of distinct eigenvectors. TheWeyl symbols of these projectors are of
course just theWigner functions of the corresponding state, which are normalized characteristic functions of the
support of those states. In summary, the indicator functions for a general POVM for ameasurement
corresponds to theWeyl symbols of the associated orthogonal set of projectors.

On the other hand, the indicator functions of an observable Â inWWM is simply itsWeyl symbol ( )xWA . In
this paper, we are interested in observables that are expressed as products with other observables (e.g. ˆ ˆAB) to
indicate the contexts of themeasurement.

In the continuous case, it can be shown byGroenewold’s Rule [33] that theWeyl symbol of a product of
operators is equal to the product of theirWeyl symbols up to order ÿ0 [32]:

= +( ) ( ) ( ) ( ) ( )x x xW W W . 22AB A B

This identity remains true after discretization and periodization for an oddd-dimensional system.
Thismeans that in the classical limit (when   0 and the orderÿ0 terms are the only ones remaining non-

zero), theWeyl symbol of a product of observables is the product of theWeyl symbols of the observables. In
otherwords, the indicator functions of the observables become independent of each other—an observation that
will prove very useful whenwe studymeasurement contextuality in section 3.

2.2.Qubits
While theWWMformalism for odd-dimensional qudits can bemadewith the two generators, p̂ and q̂ , the
WWMformalism for qubits requires three generators. This is because the translation operator forms a subgroup
of SU(d) only for oddd [43], andClifford gates in any odd prime power dimension are unitary two-designs,
whilemultiqubitClifford gates are also unitary three-designs [18, 44].

Let ξp, ξq and ξr be three real generators of aGrassmann algebra 3. Hence,

x x x x x x+ º = Î{ } { } ( )j k, 0, for , 1, 2, 3 , 23j k k j j k

wherewe can identify x xºp 1, x xºq 2 and x xºr 3.
The three real generators can be treated as classical canonical variables:

å x
x x

x x x d
¶
¶

¶


¶
= =

¬⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ { } ( )i , i , 24

j
k

j j
l k l klP.B.

where ‘P.B.’ stands for the Poisson bracket and
x
¶
¶

¬

j

and
x
¶


¶ j

are right and left derivatives, respectively, as defined

in [22].
To quantize our algebra, we replace the Poisson brackets for the canonical variables by the anti-commutator

multiplied by -i [2]:
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x x x x d ={ } {ˆ ˆ } ( ), , . 25k l k l klP.B.

Renormalizing, we get the Clifford algebrawith the three generators:


x s=ˆ ˆ ( )

2
. 26k k

These ŝk are the Pauli operators.
It can be shown that the operator


år x r=

⎛
⎝⎜

⎞
⎠⎟

ˆ ( ) ˆ ( )T exp
2i

27
k

k k

corresponds to a translation operator and the dual to the translation operator T̂ is:

ò åx rx r r= - ¢ ¢ ¢
⎛
⎝⎜

⎞
⎠⎟

ˆ ( ) ˆ ( ) ( )R Texp
2i

d , 28
k

k k
3

which corresponds to a reflection (actually an inversion) operator.
As in the oddd case in section 2.1, these reflections are parametrized by phase space x x x xº ( ), ,p q r , which

here ismade up of elements of theGrassmann algebra 3 instead of  d .
These R̂ serve as a complete operator basis for anyHilbert space operator ĝ underGrassmann integration

[22]:

ò x x x=ˆ ˆ ( ) ( ) ( )g R g d . 293

Therefore, anyoperator ĝ canbe expressed as a linear combinationof R̂ operators parametrizedby x.We
identify x( )g as theWeyl symbol of ĝ , or theWigner function if ĝ is a densitymatrix (r̂). TheWeyl symbol x( )g
corresponding to theoperator ĝ canbe equivalently representedby a sumof evenor oddpowers ofGrassmann
elements.Herewe choose x( )g to containonly even terms.Equation (29)means that theWeyl symbol (orWigner
function) x( )g canbe associatedwith the coefficientsmakingup ĝ ʼs decomposition in the R̂ operator basis.

It remains to definemeasurement in this three-generator GrassmannWWMformalism. As in the oddd
qudit case, let us begin by considering takingmeasurements of xp, xq and now also xr separately. In the oddd
case we could accomplish this by tracing away the other degrees of freedom. This is not possible ford=2
because of theGrassmann elements. Unlike its two-generator analog, a three-generatorWeyl symbol cannot
generally produce scalar values after partial traces; it is amap to 3 after all, not . To produce a real value, a
three-generatorWeyl symbolmust be traced over all of its three degrees of freedom.

Fortunately, we can appeal towhat we discovered after taking partial traces in oddd: partial traces in p or q
are the same as a full trace over theWigner functions of the associated eigenstates of p̂ and q̂ . In other words,
marginals can be obtained as a special case of expectation values.

For instance, ford=2we can find that the one-qubit state

r a x x b x x g x x= YñáY = + + +ˆ ∣ ∣ ( ( ˆ ˆ ˆ ˆ ˆ ˆ )) ( )1

2
1 i i i 30r q p q p r

has the correspondingWeyl symbol

r x a x x b x x g x x¢ = + + +( ) ( ( )) ( )1

2
1 i i i . 31r q p q p r

Using theGrassmann integral equations, it is easy to see that taking the tracewith the oddWeyl symbols of the q̂
eigenstates, x x x x x= ( ) ( )q i p r q q

1

2
, produces

ò r x x x x x

a

a

Y = ¢

=
Y = + -

Y = - +



⎧
⎨
⎪⎪

⎩
⎪⎪

[ ]( ) ( ) ( )

∣ ( )∣ ( )

∣ ( )∣ ( )
( )

Q q q2i d d d

0
1

2
1 for ,

1
1

2
1 for .

32

r q p

2

2

These results together provide themarginal Y∣ ( )∣q 2.
In general, the expectation values of the projectors onto the eigenstates of an observable simply give the

marginal distribution of that observable.
As before for oddd, we can interpretmeasurements in terms of indicator functions on discrete phase space.

In the example above, the indicator function is x( )q —theWeyl symbol of the orthogonal set of projectors of Q̂.
This allows us tomeasure the ontic state x x x( ), ,p q r as onewould for a classical particle.
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Again, as before for the odddWWMformalism, we are interested in observables that are products of
observables, and theirÿ expansion.We can beginwith [2]:


òx x x x x= x x x x xx+ +⎜ ⎟⎛

⎝
⎞
⎠( ) ( ) ( ) ( )( )W e W W

2
d d , 33AB A B

3
3

1
3

2 1 2
2

1 2 2 1

and let x xS = +1 2 and s x x= -1 2 so thatwe can reexpress this equation in terms of a quadratic argument:









ò

ò

x s

s s

s

s s

S

S S

S

S S

=

´ + -

=

´ + -

x

ss xs

s s s

SS

S+ S- +

- +

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( )

( ) ( )

( ) ( ) ( )

[( )( ) ]

( )

W e

W W

e

W W

2
d d

1

2

1

2

2
d d

1

2

1

2
. 34

AB

A B

A B

3
3 3

3
3 3

1

1

Evaluating this integral by stationary phase, wefind the stationary points of the phase


xf s s sº S + S - +[( )( ) ]1 to be

x xf s
¶


¶S
= =  = ( )2 0 , 351 2

and

x x x x
s
f

¶


¶
= S + =  = = ( )2 2 0 . 361 2

The resultant twoGrassmannGaussian integrals [2, 22] produce the prefactor


⎜ ⎟

⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟

ˆ ( )Idet 2
1

, 373

2

and so the order ÿ0 term consists of the prefactormultiplied by the full equation evaluated at the stationary phase
point x x x= =1 2 :

x x x= +( ) ( ) ( ) ( ) ( )W W W . 38AB A B

Weleave amoredetaileddevelopmentof theWWMformalism to the literature [2, 5, 21–23, 32] so as not to
deviate fromour focus on contextuality. To summarize, themain results of interest tous in thefinite-dimensional
WWMformalismare theWeyl symbol of observableswhich are products of observables, z( )WAB , and serve todefine
the contexts of ameasurement. These canbe expandedwith respect toÿ toproduce the leading term:

= +( ) ( ) ( ) ( ) ( )x x xW W W , 39AB A B

for oddd, and

x x x= +( ) ( ) ( ) ( ) ( )W W W , 40AB A B

ford=2. z( )WA and z( )WB correspond to theWeyl symbols of the observables Â and B̂ separately and
z( )WAB is theWeyl symbol of the product ˆ ˆAB (where ˆ ˆAB is an observable if =[ ˆ ˆ]A B, 0). In the classical limit

(  0) theWeyl symbols of the products of observables become the product of theWeyl symbols of each
operator separately. These identities will prove to be very illuminating for studyingmeasurement contextuality
in the next section.

3.Measurement contextuality

Measurement contextualitywasdefined in the introduction as thephenomenondescribedby a rank n 2
observable that canbemeasured jointlywith either oneof twoothernon-commutingobservables—two contexts of
measurement—andwhose outcomesdependon this choice. This can alwaysbedemonstrated in termsof a
mathematical boundor relation that includes thesenon-commutingobservables and is violated if theobservable is
contextual for some state [45–47].Measurement contextuality can also be reexpressed in termsof aHVT: if the
outcomeof ameasurementon a state computedby anHVT,which canbemeasured jointlywith either oneof two
other non-commuting observables, is independent ofwhichof the twoother observables it ismeasured jointlywith,
then themeasurement is non-contextual in thatHVT.

TheWWMformalism described for odd-dimensional qudits in section 2.1 and for qubits in section 2.2 is
an example of anHVT. The ‘hidden variables’ in thisHVT are theWeyl phase space points, xp and xq in the

8

New J. Phys. 20 (2018) 073020 LKocia and P Love



odd-dimensionalWWMformalism and the stabilizers in the qubitWWMformalism. Every state can be
described by these hidden variables, namely by their support on these variables. Stabilizer states can be shown to
have non-negative support on these hidden variables and so can be described by bona fide classical probability
distributions that propagate amongst themselves underClifford gates [21, 48]. This process can be described as
one that requires only the ( )0 terms in its path integral formalism inWWM, and so is preparation non-
contextual. Herewe turn our attention tomeasurement contextuality in theWWMformalism.

Theorem1 (Measurement contextuality).A state r̂ exhibits measurement contextuality undermeasurement by

some observable Ŝ under contextsSSˆ ˆ
k and so violates a classical bound or relationmade up of these non-commuting

observables (contexts) only if the terms of order higher than ÿ0 in the expansion of the operators SSW
k
with respect to ÿ

must be included to compute their expectation values with the state r̂,

ò
å

x x x
rSS =

=r

r

-¥

¥

SS

SS

⎧
⎨⎪

⎩⎪
( ˆ ˆ ˆ )

( ) ˜ ( )

( ) ( )
( )

x x

W W d

W W d
Tr

d for 2,

for odd .
41

x

k

k

k

Proof. Let us consider the non-commuting observables,SSˆ ˆ
k, corresponding to the different contexts of

measuring Ŝ. If themeasurement is contextual then thismeans that the hidden variables predicting the
expectation values of Ŝ are not the samewhen Ŝ ismeasured in the context with Ŝk compared towhen it is
measured in the context withS ¢ˆ

k , with respect to a given classical bound or relation. Interpreted in terms of the
Weyl symbols of observables, this implies that

ò ò
å å

x x x x x x x
rSS =

¹ =

¹

r r

r r

-¥

¥

SS
-¥

¥

S S

SS S S

⎧
⎨⎪

⎩⎪
( ˆ ˆ ˆ )

( ) ˜ ( ) ( ) ( ) ˜ ( )

( ) ( ) ( ) ( ) ( )
( )

x x x x x

W W W W W d

W W W W W d
Tr

d d for 2,

for odd ,
42

x x

k
context.

context.

k k

k k

for a context k in a given classical relationorbound.By ‘ ¹
context.

’wedenotenon-equality given contextual

measurements; the left-hand side cannot equal the right-hand side given that the correspondingmeasurements are
contextual.Wenote that this relationholds even if theWeyl symbolsWΣor SW

k
arenegative-valued; the two termson

the right-hand side are independentof eachother regardless ofwhether they arenegativeornon-negative.
Equation (42) is exactly equal to theÿ0 limit of products of observables (equation (39) for odddqudits and
equation (40) for qubits).

Therefore, the terms of order higher than ÿ0 in the ÿ expansion of SSW
k
must be included to violate a classical

bound or relation if the associatedmeasurement rSS( ˆ ˆ ˆ )Tr k is contextual. +

The approach used in the proof, relies on products of observables (Hermitian operators). This permits the
relatively simple treatment presented here instead of using amore involvedmethod likely involving a
semiclassical treatment of the Lindblad equation to capture the non-unitarymeasurement process [49].

4. Examples

The two examples of state-independent contextuality for qubits and state-dependent contextuality for qutrits
examined in the introduction have becomewell known because of their particular simplicity.We reexamine
themherewith regards to their expansion in terms of ÿ and theorem1.

4.1. Peres–Mermin square
The state-independent contextuality of the qubit Pauli operators in the Peres–Mermin square imply interesting
properties on theirWeyl symbols due to theorem 1.Multiplying together any of the operators in a rowor
column corresponding to a context requiresmultiplying two Pauli operators ŝ1 and ŝ2 in each qubit tensor
factor. For instance, in the first columnwe can assign s =ˆ X̂1 and s =ˆ X̂2 for thefirst qubit from the entries in
thefirst and third rows, andwe can assign s =ˆ Ẑ1 and s =ˆ Ẑ2 for the second qubit from the entries in the second
and third rows (the identitymatrices act trivially). Examining each qubit subspace separately, we find that the
correspondingWeyl symbol of these observables is zero at order ÿ0 since the square ofGrassmann elements is
equal to zero:









x a x x b x x g x x a x x b x x g x x= + + + + +

= +
s s ( ) ( )( ) ( )

( ) ( )
ˆ ˆW i i i i i i

0 . 43

r q p q p r r q p q p r1 1 1 2 2 2a b
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Since Pauli qubit operators are contextual for all states, theorem1 implies that all states require the order ÿ1

termof themeasurement operators. This result confirms this since the other order ÿ0 term is zero.
Note that this is generally not true for oddd. The product of two odddWeyl symbols is only equal to zero if

both are equal to zero; the result for qubits is a unique property dependent on theGrassmann algebra that
underpins them. Thismeans that oddd qudit observables will always have afinite order ÿ0 term aswe shall see in
the following examination of theKCSB construction.

In addition to the Peres–Mermin square, we can also show that Pauli qubit operators are contextual from the
perspective of a classical boundmade up of Pauli non-commuting observables [45]. However, in this case we
have found that such non-commuting Pauli termswill always be 0 at order ÿ0. Therefore, the sumof these terms
will always trivially not violate any such (non-negative) classical bound and so there is notmuchmore insight to
be gained by exploring such inequalities here. This is not true for odd-dimensional qudits though, aswe shall see.

4.2. KCSB
The fact thatSGˆ 2 is a sumof products of observables allows us to directlymake use of theorem 1by examining its
Weyl expectation value:



 

å= +

º +

S
P P ÎG

P P

S S

G

G G

( ) ( ) ( ) ( )

( ) ( )

ˆ ˆ
x x x

x x

W W W

W W ,

i j

i j2
2

2

0

2

where all orderÿ0 terms are defined to be in 
SG

( )xW 2

0

and all higher order terms in 
SG

( )xW 2 .

These expectation values of SGˆ 2 and its order ÿ0 and ÿ parts are given in table 2, evaluated with all the
qutrit stabilizer states. From this table we find that the expectation values of the two states f ñ∣ 1 and f ñ∣ 2 with

SGˆ 2 are largely captured at order ÿ0 while the third eigenstate of SGˆ , f ñ∣ 3 , has an order ÿ
1 term that is

dominant. Indeed, it is even greater than the classical bound and is necessary for f ñ∣ 3 ʼs expectation value with
SGˆ 2 to surpass its classical bound. As a result, by the contrapositive of theorem 1, we conclude that the first two
states exhibitmeasurement non-contextuality. The third state exhibitsmeasurement contextuality under the
KCSB construction and so, by theorem 1, requires the order ÿ1 terms to evaluate its expectation value. This
agrees with the conclusion reached from traditional outcome assignment argument presented in the
introduction.

5.Discussion

The dichotomy in themagnitude of the order ÿ0 termbetween qubit and qudit operators exhibited in the
Peres–Mermin andKCSB examples in the prior section offers an interesting perspective onwhy qubits exhibit

Table 2. SGˆ 2 expectation values of the stabilizer states indicated by thefirst row. The full (exact) expectation value is
given in the second column, the expectation value up to order ÿ0 is given in the third column, and the difference
( å f SG

( ) ( )x xW Wx 2 ) of the two, corresponding to the contribution of order ÿ to the expectation value is given in the
fourth column. The order ÿ contribution in the third row, corresponding to the state f ñ∣ 2 , is shown in bold to
highlight that the contribution of order ÿ to its expectation value is greater than the classical bound on the
expectation value.

fñ∣ å f SG
( ) ( )x xW Wx 2

å f SG
( ) ( )x xW Wx 2

0 å f SG
( ) ( )x xW Wx 2

f ñ∣ 1 -5 2 5 -( )25 9 51

12
- »( )7 3 5 0.125

12

f ñ∣ 2 -5 2 5 -( )25 9 51

12
- »( )7 3 5 0.125

12

f ñ∣ 3 -5 5 -( )5 51

6
- »( ) 2.305 55

6

f f fñ + ñ + ñ(∣ ∣ ∣ )1

3 1 2 3 -5 5 5

3
-43

18

5 5

6
- » 0.7547

18

5 5

6

f f fñ + ñ + ñ
p p(∣ ∣ ∣ )e ei i1

3 1 2 3
2
3

4
3 -5 5 5

3
-( )47 15 51

36
- » 0.90133

36

5 5

4

f f fñ + ñ + ñ
p p(∣ ∣ ∣ )e ei i1

3 1 2 3
4
3

2
3 -5 5 5

3
-( )47 15 51

36
- » 0.90133

36

5 5

4

f f fñ + ñ + ñ
p p(∣ ∣ ∣ )e ei i1

3 1 2 3
4
3

4
3 -5 5 5

3
-( )65 21 51

36
- »( )115 39 5 0.771

36

f f fñ + ñ + ñ
p p( ∣ ∣ ∣ )e ei i1

3 1 2 3
4
3

4
3 -5 5 5

3
-( )25 9 51

18
- » 1.0065

18

7 5

6

f f fñ + ñ + ñ
p p( ∣ ∣ ∣ )e ei i1

3 1 2 3
4
3

4
3 -5 5 5

3
-( )65 21 51

36
- »( )115 39 5 0.771

36

f f fñ + ñ + ñ
p p( ∣ ∣ ∣ )e ei i1

3 1 2 3
2
3

2
3 -5 5 5

3
-( )25 9 51

18
- » 1.0065

18

7 5

6

f f fñ + ñ + ñ
p p(∣ ∣ ∣ )e ei i1

3 1 2 3
2
3

2
3 -5 5 5

3
-( )65 21 51

36
- »( )115 39 5 0.771

36

f f fñ + ñ + ñ
p p( ∣ ∣ ∣ )e ei i1

3 1 2 3
2
3

2
3 -5 5 5

3
-( )65 21 51

36
- »( )115 39 5 0.771

36

10

New J. Phys. 20 (2018) 073020 LKocia and P Love



state-independent contextuality while oddd qudits exhibit state-dependent contextuality. Colloquially, theorem
1 can be stated tomean that the terms that are higher order than ÿ0 are responsible for getting a state’s
expectation valuewith an observable to violate its classical bound. The terms of order ÿ0 cannot do so. In the
qubit case, since Pauli observables’ lowest orderÿ0 term is always zero, the higher orders in ÿ always dominate
and this can allowqubit Pauli observables to exhibit contextuality regardless of the state beingmeasured and
evaluated in equation (42), as is the case for the Peres–Mermin square.

On the other hand, in the oddd qudit case, constructions such as theKCSB construction can bemadewith
observables that ‘favor’ particular states with large contributions from their higher than order ÿ0 termswhen
they are evaluated together tofind the expectation value in equation (42), such that they violate the associated
classical inequality and so exhibit contextuality. However, as seen in table 2 for theKCSB example, even the
states whose expectation values do not violate these bounds and so are non-contextual still require the higher
than orderÿ0 terms to attain their particular expectation values in theWWMrepresentation. They still exhibit
quantum character in this respect, but since they do not distinguish themselves with respect to the associated
classical bound, they do not exhibit contextuality with the set of observables that define theKCSB construction.
It can be said that the potential for contextuality exists, but that the given set of observables is insufficient for it to
manifest. This is analogous to the existence of entangled states that nevertheless cannot violate a Bell inequality.

Returning to the example involving thePeres–Mermin square,we found that its demonstrationof state-
independentmeasurement contextuality coincidedwith the fact that its qubit Pauli observables have anorderÿ0 term
that is zero.Aswe alreadymentioned, this outcome is unique tod=2 since odd-dimensional qubit observables have
orderÿ0 terms that are non-zero. Indeed, this is because it is impossible for orderÿ0 terms tobe zero in theWWM
formalismwith the algebraused forodddqudits (for non-zerooperators); it is uniquely due to theGrassmann
algebra required for theWWMformalism tohold in evendimensions that permits the leadingorderÿ0 term tobe
zero in thequbit case. This lends further evidence that such a three-generatorGrassmannalgebra is necessary to
extend theWWMtoevendimension [22].We further speculate that the likely reason forwhy this relationship
betweenorders ofÿ andmeasurement contextualitywasnotnoticed so far, as far aswe can judge fromthe literature,
is that theWWMformalismwasonly recently fully formulated in such away forqubits [2, 22].

The significance of the order ÿ0 termbeing zero for qubit Pauli observables underWWMis clear: the
(pseudo-) classical limit of qubit Pauli observables is the null operator. In otherwords, there are no classical
analogues to qubit Paulimeasurements. This should not be too surprising—it has long been noticed that there is
no classical analogue to spin- 1

2
[2].

Finally, the fact that in theKCSBconstruction every observablehas higher thanorderÿ0 terms that are non-zero,
butnot all states violate the classical boundwhen their expectation value is evaluatedwith these observables, provides
an example of how it is possible for a quasi-probability representation—such as theWWM—to generally exhibit
negativity (ormakeuse of adeformedprobability calculus [14]),while still exhibitingmeasurementnon-
contextuality in aparticular subtheory. Though thehigher orderÿquantumcorrections introduce adeformed
algebra intoWWM’smeasurement indicator functions for theKCSBconstruction, they arenot a large enough
deformation for some families of states to exhibit expectationvalues that violate their classical bounds.

Fundamentally, these results showthatmeasurement contextuality as a resource is related toorders ofÿ as a
resource.Contextuality is a resource that is necessary foruniversal quantumcomputation just likeorders ofÿhigher
thanÿ0 arenecessary (thoughnot sufficient!) forquantumphenomena that are richer than their classical counterparts.
Asmentioned, a similar case forpreparation contextuality has alsobeenmade [19]with regard toCliffordoperations
on stabilizer states,whichhavebeen shown toonly require orderÿ0 terms in theirWWMpath integral treatment,
while extensions that allow foruniversal quantumcomputing require orderÿ1 terms andhigher [21].

To drive this point home, let us examine onemore example involving the last remainingmanifestation of
measurement contextuality: state-independent contextuality for a qutrit.

5.1. Thirteen ray qutrit state-independent construction
Consider the following 13 vectors or ‘rays’ [50]:

= - = - =

= - = - =

= - = - =

= =

=

=

-

-

-

+

+

+

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )
( )
( ) ( )

y h z

y h z

y h z

y h

y

y

0, 1, 1 1, 1, 1 1, 0, 0

1, 0, 1 1, 1, 1 0, 1, 0

1, 1, 0 1, 1, 1 0, 0, 1

0, 1, 1 1, 1, 1

1, 0, 1

1, 1, 0 . 44

1 1 1

2 2 2

3 3 3

1 0

2

3

The orthogonality of these rays is indicated infigure 2, where vertices that share an edge (i.e. are joined) indicate
that their corresponding rays are orthogonal to each other.
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We letV denote the set of these rays, such that s a= = =  =s
a{ ∣ }V y h z k, , 1, 2, 3; ; 0, 1, 2, 3

k k , andΓ
be the 13×13 symmetric adjacencymatrix with vanishing diagonals, such that G =mn 1 if the two rays
m n Î V, are neighbors and G =mn 0 otherwise.

It follows that for an arbitrary set of 13 dichotomic observables, n În{ ∣ }A V , each of which takes values (i.e.
has outcomes) = n

la 1 for an ontic stateλ,

å åá ñ - G á ñ
n

n
m n

mn m n
Î Î

( )A A A
1

4
8, 45

V V
cl

,
cl

where ò lrá ñ ºn l n
lA adcl and ò lrá ñ ºm n l m

l
n
lA A a adcl for a classical density rl.

Converting this scenario toquantummechanics,wedefine = -n nˆ ˆ ˆA I r2 from theprojectors onto the 13 rays
În

s
aˆ { ˆ ˆ ˆ }r y h z, ,

k k (which are outer products of the vectors in equation (44)).Observe that mÂ and nÂ commute
whenever their associated rays are orthogonal, i.e., G =mn 1. It follows that the quantumanalogueof equation (45) is:

å å- G =
n

n
m n

mn m n
Î Î

ˆ ˆ ˆ ˆ ( )A A A I
1

4

25

3
. 46

V V,

Observe that > 825

3
and so the expectation value of the above equationwith any state is always greater than its

classical version in equation (45). This inequality therefore demonstrates state-independent contextuality for
one qutrit under this construction.

It is alsopossible to show state-independent contextuality in this systemby considering the simpler inequality:

å á ñ
a

a
=

ˆ ( )h 1, 47
0

3

cl

where ò lrá ñ =a l a
lĥ hdcl for Îa

lh since it corresponds to a projector outcome.Unlike the previous
inequality in equation (45), this one additionally relies on the algebraic structure of compatible observables to be
preserved classically, i.e., the sumand product rules. In particular, this inequality can be shown to be satisfied
based on the following two conditions [50]:

1. The value { }0, 1 assigned to a ray is independent of which bases itfinds itself in and

2.One and only one ray is assigned a value of 1 among all the rays in a complete orthonormal basis.

This leads to the following two conclusions which together imply the inequality in equation (47):

1. if ĥ0 and ĥ1 are assigned to value 1 then ŷ
2
and ŷ

3
must be assigned to 0 so that both ẑ2 and ẑ3 must be

assigned to value 1which is impossible, and

2. if ĥ1 and ĥ2 are assigned to 1 then
ŷ

1
and ŷ

2
must be zero so that both ẑ1 and ẑ2 must be assigned to value 1,

also a contradition.

Figure 2.Orthogonality graph of the 13 ray qutrit construction.
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However, in quantummechanics,

åS = =
a

a
=

ˆ ˆ ˆ ( )h I
4

3
, 48h

0

3

and so the expectation valuewith any quantum state is always > 14

3
, which is greater than the classical bound in

equation (47), thereby demonstrating state-independent contextuality.
To use this simpler inequality with theorem1,we need to transform it into a sumof bilinear products of

observables. This is accomplished easily enough by squaring it:

åS = =
a

a
=

⎛
⎝⎜

⎞
⎠⎟

ˆ ˆ ˆ ( )h I
16

9
. 49h

0

3 2

2

This remains a state-independent contextuality witness since its classical upper bound is still 1 while the
quantum expectation valuewith any quantum state is > 116

9
.

Theorderÿ0 contribution to theWeyl expectation value of equation (49)with anyqutrit stabilizer statef reveals:

å = »fS ( ) ( ) ( )x xW W
16

27
0.59, 50

x
h2

0

which is less than or equal to 1, as expected. Since all stabilizer states have the same expectation value, and any
other state can be expressed as a linear combination of an orthogonal set of stabilizer states, it follows that every
quantum state has the same orderÿ0 contribution.

As a result, the greater than order ÿ0 contribution to this expectation value for all quantum states is
- = > 116

9

16

27

32

27
, which is a contribution that is not only greater than the order ÿ0 contribution, but is also

larger than the largest possible classical value of 1 (the classical bound).Moreover, this contributionmust be
included in order for the state’sWeyl expectation value to violate its classical bound.

This result agrees with theorem1ʼs implication that since the 13 ray construction is an illustration of state-
independentmeasurement contextuality for a qutrit system, the terms higher than order ÿ0must be included in
theWeyl symbols of the observable to calculate its expectation valuewith any state and violate the associated
classical bound.

6. Conclusion

Using theWWMformalism to develop an expansionwith respect to ÿ for products of observables, we showed
that states exhibitmeasurement contextuality only if their expectation value for themeasurement has a non-zero
termhigher than order ÿ0, whichmust be included in order for the observable to violate a classical bound.

This ledus to show that since qubits exhibit state-independentmeasurement contextuality in thePeres–Mermin
square, these observables’ associatedWeyl symbolsmust include termsof orderÿ1 or higher to violate any
constructed classical boundmadeupof expectation valueswith any state. Indeed,we found that this is trivially true
since the associatedobservables havenoorderÿ0 term.Conversely,we showed that since odd-dimensional qudit
observables can exhibit state-dependentmeasurement contextuality, theirWeyl symbols oftenhavehavenon-zero
orderÿ0 terms.Only if anodd-dimensional qudit state’s expectation valuewith anobservable requires the orderÿ1

term for it to surpass its classical bounds, does it exhibitsmeasurement contextuality.
With this last development, the formal relationship between contextuality and order of ÿ is complete; in

both the case of preparation andmeasurement contextuality, if states exhibit contextuality under an operator
(unitary orHermitian, respectively) then itmust be treated at higher than order ÿ0 order to capture the result (an
evolution and ameasurement outcome, respectively). Contextuality as a resource is closely related to orders of ÿ
as a resource. The often far-flung studies of contextuality and semiclassics (roughly the study of the importance
of higher order expansions of ÿ) are in fact concernedwith a very similar phenomenon.
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Appendix.Weyl symbols for operators in theKCSB construction

We list here in tables 3–5 theWeyl symbols of the projectors P̂i and the stabilizer states f fñá∣ ∣used in table 2.
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Table 3.Weyl symbols offirst six stabilizer states in
table 2.

f fñ = ñ∣ ∣ 1 :

f ( )W x x,p q xq=0 xq=1 xq=2

xp=0 1

3
0 0

xp=1 1

3
0 0

xp=2 1

3
0 0

f fñ = ñ∣ ∣ 2 :

xp=0 0 1

3
0

xp=1 0 1

3
0

xp=2 0 1

3
0

f fñ = ñ∣ ∣ 3 :

xp=0 0 0 1

3

xp=1 0 0 1

3

xp=2 0 0 1

3

f f f fñ = ñ + ñ + ñ∣ (∣ ∣ ∣ )1

3
1 2 3 :

xp=0 0 0 0

xp=1 0 0 0

xp=2 1

3

1

3

1

3

f f f fñ = ñ + ñ + ñ
p p∣ (∣ ∣ ∣ )1

3
e ei i

1 2 3
2
3

4
3 :

xp=0 0 0 0

xp=1 1

3

1

3

1

3

xp=2 0 0 0

f f f fñ = ñ + ñ + ñ
p p∣ (∣ ∣ ∣ )1

3
e e :i i

1 2 3
4
3

2
3

xp=0 0 0 0

xp=1 0 0 0

xp=2 1

3

1

3

1

3

14

New J. Phys. 20 (2018) 073020 LKocia and P Love



Table 4.Weyl symbols of last six stabilizer states in
table 2.

f f f fñ = ñ + ñ + ñ
p p∣ (∣ ∣ ∣ )1

3
e e :i i

1 2 3
4
3

4
3

Wf(xp, xq) xq=0 xq=1 xq=2

xp=0 1

3
0 0

xp=1 0 1

3
0

xp=2 0 0 1

3

f f f fñ = ñ + ñ + ñ
p p∣ ( ∣ ∣ ∣ )1

3
e e :i i

1 2 3
4
3

4
3

xp=0 0 0 1

3

xp=1 1

3
0 0

xp=2 0 1

3
0

f f f fñ = ñ + ñ + ñ
p p∣ ( ∣ ∣ ∣ )1

3
e e :i i

1 2 3
4
3

4
3

xp=0 0 1

3
0

xp=1 0 0 1

3

xp=2 1

3
0 0

f f f fñ = ñ + ñ + ñ
p p∣ ( ∣ ∣ ∣ )1

3
e e :i i

1 2 3
2
3

2
3

xp=0 0 0 1

3

xp=1 0 1

3
0

xp=2 1

3
0 0

f f f fñ = ñ + ñ + ñ
p p∣ (∣ ∣ ∣ )1

3
e e :i i

1 2 3
2
3

2
3

xp=0 1

3
0 0

xp=1 0 0 1

3

xp=2 0 1

3
0

f f f fñ = ñ + ñ + ñ
p p∣ ( ∣ ∣ ∣ )1

3
e e :i i

1 2 3
2
3

2
3

xp=0 0 1

3
0

xp=1 1

3
0 0

xp=2 0 0 1

3
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Table 5.Weyl symbols of P̂i projectors in table 2.

P ( )W x x,p q1 xq=0 xq=1 xq=2

xp=0 + - + »( ( ) )5 4 5 3 5 5 5 0.321

60
- - + + » -( ( ) )5 5 4 5 5 1 15 0.201

60 - » -
+( )5 5 0.031

15

2

5 5

xp=1 - - + »( ( ) )5 2 5 3 5 5 5 0.021

60
- + + + »( ( ) )5 5 2 5 5 1 15 0.201

60 »- + 0.2410 2 5 4

12 5

xp=2 - - + »( ( ) )5 2 5 3 5 5 5 0.021

60
- + + + »( ( ) )5 5 2 5 5 1 15 0.201

60 »- + 0.2410 2 5 4

12 5

P ( )W x x,p q2 xq=0 xq=1 xq=2

xp=0 - »( )5 5 0.181

15
- » 0.332

3

1

5

1

5
» 0.151

3 5

xp=1 - »( )5 5 0.181

15
- - » -0.171

3

1

5

1

5
» 0.151

3 5

xp=2 - »( )5 5 0.181

15
- - » -0.171

3

1

5

1

5
» 0.151

3 5

P ( )W x x,p q3 xq=0 xq=1 xq=2

xp=0 - - + » -( ( ) )5 4 5 3 5 5 5 0.071

60
- - + + » -( ( ) )5 5 4 5 5 1 15 0.201

60 »- + 0.3210 2 5 2

6 5

xp=1 + - + »( ( ) )5 2 5 3 5 5 5 0.221

60
- + + + »( ( ) )5 5 2 5 5 1 15 0.201

60 - »
+( )

0.061

3 5

1

3 2 5 5

xp=2 + - + »( ( ) )5 2 5 3 5 5 5 0.221

60
- + + + »( ( ) )5 5 2 5 5 1 15 0.201

60 - »
+( )

0.061

3 5

1

3 2 5 5

P ( )W x x,p q4 xq=0 xq=1 xq=2

xp=0 - + »( )2 5 2 2 5 5 0.331

30
3 4 - + »( ( ) )2 10 5 2 5 0.271

30 - + »( )1 0.261

3

2

5

1

5

xp=1 - - + » -( )5 2 2 5 5 0.141

30
3 4 - - »( ( ) )5 10 5 2 0.121

30 - »- - 0.095 2 5 2

6 5

xp=2 - - + » -( )5 2 2 5 5 0.141

30
3 4 - - »( ( ) )5 10 5 2 0.121

30 - »- - 0.095 2 5 2

6 5

P ( )W x x,p q5 xq=0 xq=1 xq=2

xp=0 - - + » -( )25 2 2 5 5 0.301

30
3 4 - + »( ( ) )2 10 5 2 5 0.271

30 - »- - 0.045 2 5 1

3 5

xp=1 - + »( )5 2 2 5 5 0.181

30
3 4 - - »( ( ) )5 10 5 2 0.121

30 »- + 0.205 2 5 2

6 5

xp=2 - + »( )5 2 2 5 5 0.181

30
3 4 - - »( ( ) )5 10 5 2 0.121

30 »- + 0.205 2 5 2

6 5
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