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(Dated:January 2019)

In the hadrocharmonium picture a ¯cc state and a light hadron form a bound state.The effective
interaction is described in terms ofthe chromoelectric polarizability ofthe c̄c state and energy-
momentum-tensor densities of the light hadron.This picture is justified in the heavy quark limit,
and may successfully account for a hidden-charm pentaquark state recently observed by LHCb.
In this work we extend the formalism to the description ofhidden-charm tetraquarks,and ad-
dress the question ofwhether the resonant states observed by LHCb in the J/ψ-φ spectrum can
be described as hadrocharmonia.This is a non-trivialquestion because nothing is known about
the φ meson energy-momentum-tensor densities.With rather generalassumptions about energy-
momentum-tensor densities in the φ-meson we show that a ψ(2S)-φ bound state can exist,and
obtain a characteristic relation between its mass and width.We show that the tetraquark X(4274)
observed by LHCb in J/ψ-φ spectrum is a good candidate for a hadrocharmonium.We make predic-
tions which will allow testing this picture.Our method can be generalized to identify other potential
hadrocharmonia.

I. INTRODUCTION

Many evidencesfor tetraquark stateswith hidden
charm were recently found,see Refs.[1–3]for reviews.
In particular, states with hidden strangeness and charm
were discovered.The most comprehensive analysis of the
J/ψ-φ system was performed by the LHCb collabora-
tion [4].Four tetraquark states with quantum numbers
J PC = 0++ , 1++ were observed.

Various theoretical approaches have been suggested to
interpret such tetraquark states, for instance in terms of
hadronic molecules formed of D-mesons or their excited
states [5–7] or in the diquark picture [8–11].It was also
suggested that the observed structure at m = 4140 MeV
is a manifestation of rescattering [12, 13].The fit of the
LHCb data on X(4140) in terms ofrescattering effects
in the model of Ref. [12] gives a slight preference to this
model over a Breit-Wigner resonance.The state X(4274)
with J PC = 1++ cannot be described as a molecular
state or rescattering effect.In [14] it was proposed that
X(4274) may be a conventionalχc1(3P ) state.But the
couplings ofχ charmonia to J/ψ-φ and J/ψ-ω systems
can be naturally expected to be similar,and the mass
spectrum of J/ψ-ω in the decays of B → J/ψ ω K shows
no structures analog to those in the J/ψ-φ spectrum.
This is a strong argument against an interpretation for
any of the states X(4140),X(4274),X(4500),X(4700)
as conventionalcharmonia.For detailed discussions see
the reviews [1–3].

Here we investigate the possibility of whether some of
these tetraquarks can be interpreted as bound states of
a φ-meson and ψ(2S) in the formalism of Refs. [15–17].

This formalism provides a successful description of the
pentaquark state Pc(4450) observed at LHCb [18–20] as a
bound state of the nucleon and ψ(2S) [21, 22] if the chro-
moelectric polarizability of ψ(2S) is α(2S) ≈ 17 GeV−3.

Lattice data on the J/ψ-nucleon potential[23]support
this interpretation [24].The formalism makes also pre-
dictions for bound states of ψ(2S) with ∆ and hyperons
[22, 25] which will allow testing this appealing approach
in experiment.For studies ofthe J/ψ interaction with
nuclear matter we refer to [26, 27].

In this work we investigate whether the hadrocharmo-
nium picture can also describe some of the hidden-charm
tetraquarks.We will show that the tetraquark X(4274)
is a good candidate for a bound state ofψ(2S) with a
φ-meson.We will also make predictions which will allow
to test this picture.

II. THE EFFECTIVE QUARKONIUM-HADRON
INTERACTION

In the heavy quark limit, when the quarkonium size is
much smaller than the size of the considered hadron, here
φ, the effective interaction Veff of an s-wave quarkonium
with the φ-meson is described in terms ofthe quarko-
nium polarizability α and the energy-momentum tensor
(EMT) densities of the φ-meson,

Veff(r) = − α
4π2

b
g2

c

g2
s

ν T00(r)−3 p(r) , ν = 1+ξs
b g2s
8π2 .

(1)

Here T00(r) and p(r) are the energy density and pressure
[28]inside the φ-meson,which satisfy respectively (see
[29]for a review on EMT form factors ofhadrons and
their densities)

Z
d3r T00(r) = mφ ,

Z
d3r p(r) = 0 , (2)
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and b = (11
3 Nc − 2

3 Nf ) is the leading coefficient ofthe
Gell-Mann-Low function,gc (gs) is the strong coupling
constantrenormalized atthe scale µc (µs) associated
with the heavy quarkonium (φ-meson).The parameter
ξs denotes the fraction of the hadron energy carried by
gluons at the scale µs [30].It is approximately gc ≈ gs
and ν ≈ 1.5 [21]. The derivation ofEq. (1) is justi-
fied in the limit that the ratio ofthe quarkonium size
is small compared to the effective gluon wavelength [16],
and a numerically small term proportional to the current
masses of the light quarks is neglected.

With the value ofα(2S) obtained in [21,22]and a
model for EMT densities, energy density T00(r) and pres-
sure p(r), in the φ-meson one in principle is in the posi-
tion to apply the formalism to the description of bound
states of φ-mesons with ψ(2S).

It should be remarked that in our situation mixing
effects between ¯ss and c̄c components are negligible, be-
cause the binding energy of a hadrocharmonium is small.
In fact, in the heavy quark limit mQ → ∞ the mass of
system is of O(mQ ) but its binding energy is of O(m0

Q )
and hence much smaller.Thus, in the heavy quark limit,
which justifies the validity of Eq. (1),mixing effects be-
tween the light- and heavy-quarkonium components can
be consistently neglected.

III. EMT DENSITIES IN THE φ-MESON

Very little is known about the EMT densities in the
φ-meson [31].These densities are defined in terms of
Fourier transforms ofthe EMT form factors A(t) and
D(t) [28]. The energy density T00(r) and the pressure
p(r) entering the effective potential(1) are expressed in
terms of form-factors A(t) and D(t) as follows:

T00(r) = m φ

Z
d3p

(2π)3
eipr A(−p2),

p(r) =
1

6 mφ

1
r2

d
dr

r2 d
dr

Z
d3p

(2π)3
eipr D(−p2). (3)

Obviously the normalisation conditions (2) are satisfied
automatically.We recallthat the form factor A(t) sat-
isfies the constraint A(0)= 1, while the value ofthe
D-term D = D(0) is not fixed [29].Almost nothing is
known about the D-terms of any meson [29],except for
the recent first phenomenological information on π0 EMT
form factors [32].But π0 is a Goldstone boson,and its
D-term (see [34] and references therein) does not need to
be good guideline for a vector meson like φ.

In a very simple description one may assume simple
generic forms,e.g.dipole and quadrupole1 Ansätze. In
this case we describe the EMT densities in the φ-meson

1 We chose the quadrupole Ansatz for D(t) in order to avoid a
divergent pressure at the origin.However,we checked that our
results are only moderately affected if one uses a singular at the
origin pressure p(r).

in terms of 3 parameters:

A(t) =
1

(1 − t/M2
1 )2 , D(t) =

D
(1 − t/M2

2 )3 , (4)

where M1 is the dipole mass ofA(t), D is the value of
the D-term, and M2 is the quadrupole mass of D(t).The
mass parameter M1 can be related to the mean square ra-
dius of the energy density in the φ-meson as r2

E = 12/M2
1 ,

whereas the mass parameter M2 is related to the mechan-
ical mean square radius of the φ-meson (for the definition
and discussion of the mechanical radius see Ref. [29]) as
r2

mech = 12/M2
2 .

The radiiand D-term of the φ-meson are not known
(see e.g. [31]). Therefore here we shallassume wide
ranges of values for these parameters (with i = E,mech):

0.05 fm2 < r2
i < 1 fm2, −15 < D < 0. (5)

The D-term is expected to be negative,see e.g. the dis-
cussion in [29].The intervalof D in (5) includes the
value ofD = −1 which corresponds to the D-term for
a non-interacting point-like vector particle [33].In the
parameter space (5) we include on purpose realistic as
well as rather exotic values.

With the parameters in above mentioned intervals we
obtain a set of effective potentials whose form varies con-
siderably.For illustrative purposes we plot in Fig. 1 ex-
amples ofthe resulting effective potentials.Due to the
normalisation conditions (2) all effective potentials in the
set are normalised by the condition:

Z
d3r Veff(r) = − α

4π2

b
g2

c

g2
s

ν mφ. (6)

In the next sections we study the possible ψ(2S)-φ bound
states and their partial decay width to φ and J/ψ.
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FIG. 1: Examples of the effective potentials obtained from
different values of the parameters in the intervals (5) in our
Ansätze for φ-meson EMT densities.

IV. MASS AND PARTIAL DECAY WIDTH OF
THE ψ(2S)-φ HADROCHARMONIUM

Let mψ , mJ , mφ denote the masses ofψ(2S), J/ψ,
φ-meson.The mass of the tetraquark state is defined as
M = m ψ + mφ + Ebind. The binding energy Ebind < 0
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is obtained from solving the non-relativistic Schr¨odinger
equation with the effective potentialdefined in terms of
the ψ(2S) chromoelectric polarizability α(2S) [21]

−
∇ 2

2µ2
+ Veff(r) − Ebind Ψ(r) = 0, (7)

where µ2 is the reduced mass µ−1
2 = m−1

ψ + m−1
φ of the

bound particles.
The decay of the tetraquark into φ and J/ψ requires

that M > mJ +mφ and is governed by the same effective
potential but rescaled, since now the α(2S → 1S) polar-
izability is relevant.The formula for the decay width is
given by [21, 25]

Γ =
µ1|q|

π
α(2S → 1S)

α(2S)

2 Z
d3r Ψ(r) Veff(r) eiqr

2

(8)
where µ1 is the reduced mass µ−1

1 = m−1
J + m−1

φ of the

decay products,and |q|=
p

2µ1(M − mJ − mφ) corre-
sponds to the center-of-mass frame momentum of the de-
cay products.The bound-state wave function Ψ(r) cor-
responding to the binding energy Ebind = M − mψ − mφ
is normalised to unity,

R
d3r |Ψ(r)|2 = 1.

To evaluate the binding energy and width in Eqs. (7, 8)
we use the value α(2S) ≈ 17 GeV−3 which was shown
to yield a robust description ofthe pentaquark state
Pc(4450) interpreted as a N -ψ(2S) bound state under
varying assumptions ofdifferentchiral models for nu-
cleon EMT densities [21,22]. In a recent study [38]a
wide range of values was estimated 18 GeV−3 . α(2S) .
270 GeV−3 by inferring α(1S) from available results for
nucleon-J/ψ scattering lengths and exploring the rela-
tion α(2S)/α(1S) = 502/7 derived in the heavy-quark
and large-Nc limit by treating quarkonia as Coulomb sys-
tems [39].Interestingly,the lowest value ofthis range
is compatible with α(2S)≈ 17 GeV−3 from [21,22].
For the transitional chromoelectric polarizability we use
|α(2S → 1S)| ≈ 2GeV−3 from Ref. [16].The φ-meson
EMT densities are modeled as described in Sec. III with
parameters varied in the wide intervals of Eq. (5).

Not surprisingly, we obtain a wide range of masses M
for the corresponding tetraquarks:practically every M
in the allowed range mJ +mφ < M < mψ +mφ is realized
for some choices of parameters M1, M2, D in the range
(5). Also the results for Γ vary considerably.

The mass and width are functions Γ(M1, M2, D) and
M(M 1, M2, D) of parametersM1, M2, D which are
varied randomly in theranges(5). At first glance
one would expect a scatter plot of Γ(M1, M2, D) versus
M(M 1, M2, D) to yield a random Γ-M -distribution fill-
ing out the whole M –Γ plane.But surprisingly we find
that the points lie more or less on one curve, see Fig. 2.
This is remarkable:even though we know nothing about
the structure ofthe φ-meson,we can predict that M
and Γ of candidate ψ(2S)-φ tetraquarks are systemat-
ically correlated.This is not a feature ofa particular
parametrization (dipole and quadrupole).We checked
that it is also the case for other form factor parametriza-

tions, e.g.higher multipoles.Very similar results are
obtained also with EMT densities ofa “smeared out”
point-like boson [34]or with a simple square wellpo-
tential. Notice that the same values for (Γ,M) can be
obtained from different combinations of the parameters
in the intervals (5).

In the remainder of this section we will clarify the ques-
tion why M and Γ are correlated in this characteristic
way. In the next section we will address the implications
of this finding.

The bound state problem and the width can be conve-
niently solved and evaluated in position space.To under-
stand the Γ-M -relation it is convenient to work in mo-
mentum space.Assuming that the bound state problem
is solved (in position space) and the wave function Ψ(r)
is known, we define the momentum-space wave function
as

eΨ(p) =
Z

d3r e−ipr Ψ(r) , (9)

and introduce the form factor Feff(p) ≡ Feff(−p2) as the

0

50

100

150

4.1 4.2 4.3 4.4 4.5 4.6  

Γ/MeV

M/GeV

X(4140) 1+

X(4274) 1+

X(4500) 0+

X(4700) 0+

FIG. 2: The scatter plot of the decay width Γ(M1, M2, D) vs
mass M(M1, M2, D) of tetraquarks obtained from varying the
parameters M1, M2, D, which describe the unknown φ-meson
EMT form factors (4), within a wide range of the values (5).
In this plot 310 different points are shown!Remarkably, even
though we randomly scan a large parameter space, the Γ-M -
values lie approximately on a characteristic curve,see text.
The crosses on the M -axis indicate the bounds mJ + mφ <
M < mψ +mφ . For comparison we show the four tetraquarks
in the J/ψ-φ resonance region with their statistical (thin lines)
and systematic (shaded areas) uncertainties and spin parity
assignments [4].The state X(4274) emerges as a candidate
for the description as a hadrocharmonium.This method can
be used to identify other possible hadroquarkonia.
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Fourier transform of the effective potential as

Veff(r) =
Z

d3p
(2π)3

Feff(p) eipr . (10)

If we take the Schr¨odinger equation in momentum space

p2

2µ2
− Ebind eΨ(p) = −

Z
d3p0

(2π)3
Feff(p − p0)eΨ(p0)

(11)
and multiply it by its complex conjugate, we obtain

p2

2µ2
− Ebind

2

|eΨ(p)|2 =
Z

d3p0

(2π)3
Feff(p−p0)eΨ(p0)

2

.

(12)
At the same time,the formula for the decay width can
be expressed as

Γ =
α(2S →1S)

α(2S)

2 µ1|q|
π

Z
d3p0

(2π)3
Feff(q − p0)eΨ(p0)

2

.

(13)
Thus we see thatthe binding energy and the partial
width of the hadrocharmonium are related as

Γ =
α(2S →1S)

α(2S)

2 µ1|q|
π

q2

2µ2
− Ebind

2

|eΨ(q)|2,

(14)
with |q| =

p
2µ1(Ebind + mψ − mJ ). Notice that the

center-of-mass momentum of the decay products is bound
as 0 < q2 < 2µ1(mψ − mJ ).

Consider a class of potentials obtained from
continuously-differentiable(adiabatic) variations of
certain parameters.Then eΨ(p), and hence also |eΨ(q)|2,
will vary in a continuously differentiablemanneras
the parameter space is scanned.If we varied a single
parameterin a potential, we would obtain a unique
Γ-M -curve. In our case we vary multiple parameters
in the potential,and obtain familiesof Γ-M -curves.
Notice,however,that only those deformations of Veff(r)
are possible which preserve the normalization condition
(6). This explains why the results for (Γ, M ) all occupy
a relatively narrow region in the Γ-M plane.

The specific shape ofthe Γ-M -curves can be under-
stood as follows.For M → m J + mφ we have |q|→ 0,
i.e. the phase space of the decay naturally suppresses the
decay width as Γ = c1 |q| for small|q|. The dimension-
less coefficient c1 is of order unity and weakly dependent
on the details of the wave functions,see App.A. In the
opposite limit M → mψ +mφ we deal with a bound state
problem in the threshold limit Ebind → 0. In a weakly
bound case many properties ofa quantum system are
largely insensitive to the details of the specific potential,
see e.g. the pioneering work of Wigner on deuteron [35].
This implies a suppression of the momentum-space wave
function in the limit of Ebind → 0, such that Γ approaches
zero, see Appendix A.

In summary, in the hadrocharmonium picture the mass
and partialwidth Γ of a tetraquark decaying into J/ψ
and φ are correlated in a characteristic way.

V. DISCUSSION OF RESULTS AND
CONCLUSIONS

The EMT densities in the φ-meson are notknown.
This prevents us from making explicit predictions for the
mass ofthe ψ(2S)-φ bound state in the hadrocharmo-
nium picture.With physically very broad assumptions
about the EMT densities in the φ-meson and taking the
value ofthe chromoelectric polarizability ofψ(2S) to
be α(2S) ≈ 17 GeV−3 as needed to describe Pc(4450)
pentaquark as a bound state ofthe nucleon and ψ(2S)
[21,22],we obtained that a ψ(2S)-φ bound state can
form. Although we cannot make precise predictions for
the mass of such state,we obtained a characteristic re-
lation between mass ofthe state and its partialdecay
width to J/ψ and φ.

In our approach the s-wave bound state ofthe two
vector mesons ψ(2S) and φ with JPC = 1−− has posi-
tive parity and positive C-parity,and corresponds to a
mass-degenerate multiplet JPC = 0++ , 1++ , 2++ . The
degeneracy is lifted by the hyperfine interaction which is
suppressed by the inverse of the heavy quark mass and
expected to be small.Recent lattice studies of the J/ψ-N
effective potentials [23] showed that the hyperfine inter-
action is very small.

Interestingly, the state X(4274) observed in the J/ψ φ
channelhas a width of Γ = 56 ± 11+8

−11 MeV [4]exactly
in the range predicted by our scatter plot,see Fig.2.
The LHCb collaboration obtained for this state the quan-
tum numbers JPC = 1++ . If one interprets this state as
a ψ(2S)-φ bound state,one should expect two further
nearly mass-degenerate resonances with spin 0 and 2 in
this energy region.It would be interesting to check this
hypothesis in partial wave analysis.

It is important to stress that adopting this interpre-
tation for X(4274) implies that the X(4140),X(4500),
X(4700) cannot be s-wave ψ(2S)-φ bound states.These
states could be other hadrocharmonium states,possibly
with l ≥ 1 which might be possible in specific regions of
the parameter space.Or their explanation may require
different binding mechanisms.Addressing this question
goes beyond the scope of this work.

Assuming that the state X(4274) is a hadrocharmo-
nium allows us to gain some (very vague) information
on the EMT densities of the φ-meson. The ψ(2S)-φ
bound state with the mass around X(4274) appears for
the following range ofparameters r2E ∈ [0.1, 0.55]fm2,
r2

mech ∈ [0.08, 0.5] fm2 and D ∈ [−5, 0], the smaller radii
correspond the larger values of |D|.This is a very rea-
sonable range ofparameters for EMT densities in the
φ-meson:for example, in the AdS/QCD model one finds
r2

E = 0.21 fm2 for the ρ-meson [31].This approach would
yield similar results for other vector mesons such as φ.

We also note that if we consider the chromoelectric po-
larizability α(2S) as a free parameter, the ψ(2S)-φ bound
state appears for α(2S)& α crit(2S) ∈ [2, 4]GeV−3 if
we vary the parameters of EMT densities in above men-
tioned range.Note that this range of criticalvalues for
the chromoelectric polarizability is just slightly above the
polarizability α(1S) = 1.5 ± 0.6 GeV−3 of J/ψ deter-
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mined in Ref. [24] from the lattice data of Ref. [23].We
remark that αcrit (1S) is larger (for the same potential)
than αcrit (2S) due to µ1 < µ2. Thus, bound states of J/ψ
and φ most probably are not possible in the hadrochar-
monium picture.This is in line with lattice QCD studies
where the J/ψ-φ potentialwas found too weak to form
bound states [36].

Using the example ofthe ψ(2S)-φ hadrocharmonium
we demonstrated that the partialJ/ψ-φ decay width is
correlated in a characteristic way with the mass ofthe
state.This interesting “approximate universality” of the
Γ-M dependence is a generic feature of the approach and
can be expected to hold also for other hadroquarkonia.
The implications of this observation will be studied else-
where.

Other interesting questions concern whether also other
J/ψ-φ resonances can be described as bound or resonant
statesin the hadrocharmonium picture,and whether
hadroquarkonia with the heavierb̄b states can exist.The
chromoelectric polarizabilities of bottomonia are smaller
than for charmonia [37],and the corresponding Veff is
in generalweaker. The formation ofhidden-bottom
tetraquarks in the hadrocharmonium picture may there-
fore be more difficult.But these interesting topics de-
serve dedicated studies and will be addressed elsewhere.
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Appendix A: The partial decay width Γ in extreme
limits

In the limit |q| → 0, where Ebind → m J − mψ ap-
proaches its maximal value, we obtain from (14)

Γ = c 1 |q| + O(|q|3) ,

c1 =
α(2S → 1S)

α(2S)

2

4µ1(mψ − mJ )2 hr3/2 i2 .(A1)

In Eq. (A1) we defined hr3/2 i =
R∞

0 dr r u(r). Here u(r)
is the radial part u(r) of the (s-wave) ground-state wave
function Ψ(r) = u(r)/r Y00. We define u(r) to be real,
positive,and normalized as

R∞
0 dr u(r)2 = 1. Notice

that u(r) has dimension (length)−1/2 . One has naturally
hr3/2 i2 = a0 R3

h. Here Rh is the characteristic hadronic
radius of the problem associated with the range of the po-
tential Veff(r) and set by the radius of the φ-meson, and
a0 is a numericalfactor oforder unity. Quark models
indicate that the φ-meson is about the size of the proton
or somewhat smaller.If we use this as a guideline and
assume for the characteristic radius Rh ∼ 0.8 fm, we find
for the slope c1 ∼ 1.

In the opposite limit when Ebind → 0 the size of the
bound-state wave function in coordinate space grows as ∼
1/

p
2µ2|Ebind|. This implies that the momentum-space

wave functioneΨ(p) becomes more and more narrow and
hence |eΨ(q)|2 in Eq. (14) goes to zero for fixed q.One can
show on generalgrounds (see e.g.Ref. [40]) that in the
limit Ebind → 0 and q fixed, the wave function (squared)
in the momentum space |eΨ(q)|2 ∝

√
−Ebind and hence

Γ ∝
√

−Ebind.
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Phys. Rev. D 93, 054002 (2016).
[38]J. Ferretti, E. Santopinto,M. N. Anwar and M.A. Be-

dolla, Phys. Lett. B 789 (2019) 562.
[39]M. E. Peskin, Nucl. Phys. B 156, 365 (1979). G. Bhanot

and M. E. Peskin, Nucl. Phys. B 156, 391 (1979).
[40]A. I. Baz, A. M. Perelomov and Ya. B. Zeldovich, “Scat-

tering,Reactions and Decays in Non-relativistic Quan-
tum Mechanics,” (Nauka, Moscow, 1971, in Russian).
A. M. Perelomov and Y. B. Zeldovich,“Quantum me-
chanics – Selected Topics” (Word Scientific Publishing,
Singapore, 1998), Chapter 1, Section 2.


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6

