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CARATH EODORY’S METRICS ON TEICHM ULLER SPACES
AND [L-SHAPED PILLOWCASES

VLADIMIR MARKOVIC

Abstract. One of the most important results in Teichm™ uller theory is the
theorem of Royden which says that the Teichm”™ uller and Kobayashi metrics
agree on the Teichm“uller space of a given closed Riemann surface. The prob-
lem that remained open is whether the Carath’eodory metric agrees with the
Teichmiller metric as well. In this paper we prove that these two metrics
disagree on each Ty, the Teichm“uller space of a closed surface of genus g = 2.
The main step is to establish a criterion to decide when the Teichm™ uller and
Carath’eodory metrics agree on the Teichm™ uller disc corresponding to a ratio-
nal Jenkins-Strebel differential ¢.  First we construct a holomorphic embedding
E: HF - Tgn corresponding to ¢.  The criterion says that the two metrics
agree on this disc if and only if a certain function ® : E(Hk) - Hcan be
extended to a holomorphic function ® : T gn - H. We then show by explicit
computation that this is not the case for quadratic differentials arising from
L-shaped pillowcases.

1. Introduction

1.1. Carath’eodory vs. Kobayashi.A Schwarz-Pick system is a functor as-
signing to each complex manifold X a pseudometric d X satisfying the following
conditions:

(1) The metric assigned to the upper half-plane H = {z : Im(z) > 0} is the
metric of constant curvature equal to —4.

(2) Any holomorphic map f: X - Y between complex manifolds is non-
expanding:

d” f(p), f(q) <d*(p, q)
forallp, g € X.

Remark. We choose the metric on H to have constant curvature -4 (as opposed
to —1) because this is more convenient in the context of Teichm™ uller theory as it
is well known. Also, when the complex manifold X is understood we simplify the
notation by letting d = d X,

The largest Schwarz-Pick pseudo-metric on X is called the Kobayashi pseudo-
metric dk . On the other hand, one defines the Carath’eodory pseudo-metric &
as

1 de (p, q) = sup{du(f (p), f(q)) : f: X -~ H, fis holomorphic}.

When either dk or dc happens to be a metric we refer to them as the Kobayashi
and Carath’eodory metrics respectively (see for example [7]).
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The Schwarz lemma implies d c(p, ) <d « (p, g) forp, g € X.  The question
on which complex manifolds X these two metrics agree received a good deal  of
attention. On the unit disc, and moreover on every poly-discin C ", these two
metrics agree. But examples of complex manifolds where these metrics agree are
seldom.

In [16] Lempert showed that the Kobayashi and Carath’eodory distances agree
on convex domains. For quite a while these were the only known examples of
domains where these metrics agree. In[1] and [3] it was established by Agler-
Young and Costara, that the symmetrized bi-disc has this property while it is not
bi-holomorphic to any convex domain.

In this paper we prove that these two metrics disagree on Teichmiiller spaces of
closed surfaces.

1.2. Carathoedory vs. Teichmiller. By Tgn we denote the Teichmiiller space
of a genus g surface with n marked points and by d r its Teichmuller metric. The
space Tg,n is a contractible complex manifold of dimension 3g — 3 + n which is
bi-holomorphic to a domain in C 3973*"  As we already mentioned, Royden [19]
showed that the Teichmuller metric agrees with the Kobayashi metric on Tg4. This
result was extended to every §n by Earle and Kra [6], and to all other Teichmuller
spaces by Gardiner [9]. Therefore by the Schwarz lemma the inequality

() dc =dr,
holds on every Tgn .

The Carath’eodory metric dc has been studied on Teichm'uller spaces. Earle
showed [5]that d ¢ is a complete metric on Tgn and proportional withdx =dr.
As for the equality dc = d 7, it was established by Kra [15] (and later rediscovered
by McMullen [18]) that these two metrics agree on Abelian Teichm™ uller discs in
Ty, and more generally on Teichmiller discs in Tgn that are generated by holomor-
phic quadratic differentials whose zeroes are of even orderThis beautiful theorem
(proved using the period matrix map from Ty into the Siegel upper-half space) sug-
gests that there is hope for establishing the equality on all Teichmiller discs and
therefore on the entire Teichmiller space. However this is not the case.

Theorem 1.1.0dc €dr on Ty;.
As a corollary of this theorem we prove the following.
Theorem 1.2.dc Edr on Ty forevery g = 2.

Proof. The following argument is a variation of the argument used by Kra in Section
4 in [15]. The next claim is a known fact but we were not able to locate the exact
reference so we provide a proof in the first appendix below.

Proposition 1.1.For each g = 2 there is a holomorphic and isometric embedding
from T, 5 into T ;4 (isometric with respect to the Teichmuller metric).

Denote by I: T o5 — g the corresponding embedding, that is I is a holomor-
phic and an isometry onto its image. Foreveryp, ge T o5 we have dr (p, q) =
dr (I(p), 1(q))-

On the other hand, it follows from (1) that d c (I(p), I(q)) <d c(p, q) (here we
use the fact that / is holomorphic). By Theorem 1.1 there exists p, q € T (0, 5) such



CARATH EODORY 6= TEICHM  ULLER 3

that d c(p, q) 6 d 7 (p, g) and using (2) we derive the strict inequality d c(p, q) <
dr(p, q). Thusdc(i(p), (@) <d c(p, g) <d 7 (p, q) =d 7 (I(p), /(q)) and we see
that d c (I(p), I(g)) <d 7 (I(p), 1(q)) which completes the proof.

1.3. The outline: Part 1. The rest of the paper is aimed at proving Theorem
1.1. There are two parts to it. We briefly describe each of them.

Let S denote marked Riemann surface and ¢ a holomorphic quadratic differential
onS. Byr ?H - Tgn we denote the Teichmiiller disc corresponding to ¢. The
Teichmiller and Carath’eodory metrics agree on the disc T ? if and only if there
exists a holomorphic map

(3) D Tgn — H,
suchthat @ -1? (A)=AforA e H.

We assume that ¢ is a rational Jenkins-Strebel differential which means that
the moduli of the annuli I j (swept out by closed horizontal trajectories of ¢) have
rational ratios. Then for a certain t > 0 the translation A+ € Aut(H %lven by
At\)=A+t, belongs to the stabilizer of the disc T ?. Moreover, T =T .« (Ar) e
Modg,n is a certain Dehn twist about curves homotopic to the annuli I ;. Our first
result, proved in Section 3, states that after averaging we may assume that the
holomorphic function (3) is equivariant with respectto Tand A , thatis

DP-T=A:- D

We then show that such an invariant function @ has uniquely determined values
on a certain subset of §,n. Namely, in Section 4 we define a mapping E : H- Tgn
where H' is the poly-plane and k the number of I ’s (to properly define E we must
assume that the annuli Ij are non-degenerate).The new marked Riemann surface
E(A)=SA),AeH ¥ is obtained from S by varying the heights and twists of the
annuli IMj while the circumferences of [} remain fixed. The map E is holomorphic
but it only parametrizes a small part of Tgn (however, if k = 3g — 3 + n then E(Hk)
has a non-empty interior in Tgn).

In Section 5.2 we show that the restriction of ® to E(H ") is given by
(4) DE N A)=a A+ + A

for some constants o > 0. We only prove this when 3g — 3 + n = 2 for reasons
of clarity and since in this paper we only require this case. But we expect this to
hold in general.

Remark. |f one wants to compute the Carath eodory distance on any complex man-
ifold X then at some point one has to prove a statement about all holomorphic
functions X — H. The claim (4) is the corresponding statement in our case.

We can reformulate this result as the criterion for when the Carath’eodory and
Teichmlller metrics agree on °. The criterion says that the two metrics agree on
this disc if and only if the function ® : E(H k) - H given by the formula (4) can be
extended to a holomorphic function ® : Tgn - H (again, we prove this only when
3g -3+n=2). The proof of this criterion relies on the following rigidity result
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for equivariant holomorphic functions. Letf: H 2 - H be a holomorphic function
whose values on the diagonal in H are given by

f(n,n)=n, foreveryneH,
and which is translation invariant
f(z+c,w+c)=f(z,w)+c, forevery(z, w)eH?2

and for some ¢ > 0. Then
f(z, w)=a 1z + aW.

This theorem is at the heart of our argument.  Its proof is based on the Schwarz
lemma and it can be found in Section 6. This completes the first part of the paper.

While the above criterion is a substantial  claim about extremal holomorphic
functions on Tg,n, it is by no means obvious that it implies that the Carath’eodory
and Teichmuller metrics disagree on Teichm'uller spaces. For example, there are
Jenkins-Strebel differentials that are Abelian (or with even order zeroes) and in
this case we know that the Carath’eodory and Teichmoiler metrics agree on the disc
™. The corresponding holomorphic function ® : Tgn — H, that was constructed
using the period matrix, is equivariant in the sense of (3). Moreover, one can check
that the restriction of @ to E(H ¥) is given by the formula (4).

1.4. The Outline: Part 2. In the second part of the paper, we apply the criterion
to Teichmuller discs in T o5 arising from L-shaped pillowcases. For a, b >0 and
0<g<1weletL(a b, q) denote the L-shaped polygon as in Figure 1. The L-
shaped pillowcase S(a, b, q) is the double of the polygon L(a, b, q) and is formally
defined as a half-translation surface. The (2, 0) form dz 2 on L(a, b, q) gives rise
to the Jenkins-Strebel quadratic differential (a, b, ) on S(a, b, q). (The surface
S(a, 0, q) € Ty 5 is also well defined and it is the usual pillowcase surface with an
extra marked point on one of its edges).

Assuming that the Carath’eodory and Teichmller metrics agree on 7§ 5, for each
% € (0, 1) we construct a holomorphic function W : Tos — H, whose restriction to
the locus S(a, b, g) (we vary a and b but gy remains fixed) is given by

W S(a, b, @) =(a+bqp)i.

We show that such a map W can not be holomorphic at points S(a, 0, g o) € To5-
This is shown by considering the smooth path S(f) =S(a, 0, g o -8)inT ¢5. We
compute the first and second derivatives of W S(t) and verify that W is not twice
differentiable at S(0).

Most of the work in this part of the paper is to compute the values W S(t)
In order to compute W S(a, 0, go —t) we need to find a(t) and b(t) such that the
marked surfaces S(a, 0, t) and S(a(t), b(t), go) represent the same pointin Ty s.
We do this using the formula for Schwarz-Christoffel maps from H to L-shaped
polygons L(a, b, c).

This last few pages of the paper are little more technical  although we only
perform advanced high school mathematics. It would be important to find a way
of generalizing this computation and applying the above criterion to Teichm™ uller
discs corresponding to Jenkins-Strebel differentials in arbitrary Tgn .
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Figure 1. L-shaped polygon L(a, b, q)

1.5. Acknowledgment\Ve make several remarks comparing different aspects of
our work with the papers by McMullen [18] and Knese [14]. Although we actually
do not use any of the results from [18] and [14], these papers have influenced the
writing of this one.

We thank the referees for very useful suggestions that have improved the pa-
per. Also, we thank F. Gradiner for sending us comments and the paper [10]. S.
Antonakoudis has also reported making significant progress towards understanding
Carath’eodory’s metric on Teichmiller spaces.

2. Teichm uller discs

2.1. Teichmiller discs.Let > gn denote an oriented smooth surface of genus
g = 2 with n marked points (once and for all we assume 3g — 3 + n >0). Recall

that T gn is the space of marked Riemann surfaces S of type (g, n), each equipped
with an orientation-preserving homeomorphism Zgn - S up to isotopy.

By Mod ¢g» we denote the corresponding Modular Group (also known as the
Mapping Class Group) and by M gn =T gn/Modgn the corresponding Moduli
space.Let rrgn : Tgn — Modgn denote the projection.

We let QD(S) and BD(S) respectively denote the spaces of holomorphic qua-
dratic differentials and Beltrami differentials on S. Also, let BD 1(S) denote the unit
ball (inthe L ® norm)in BD(S). Each u e BD 1(S) defines the point [u] € Tgn
and the corresponding map BD¢(S) — T (S) is holomorphic.

A holomorphic quadratic differential ¢ € QD(S) induces a holomorphic map

from the upper half plane Hto BD +(S) givenby A - % '% In turn this
defines the holomorphic embedding ?:H - Tgn by letting
i-A |9l
5 () = loeTy,.
(5) W= iy o e

Note that 7 * (I)=S. Werefertothemaprt ? as the Teichmiiller disc.
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LetS(A) =1 4 (A). The induced quasiconformal map S - S(A), with the dilata-

tion % % is affine in local coordinates corresponding to ¢ and the correspond-
ing terminal quadratic differential ¢(A) € QD S(A) . Ifzis the local parameter

on S such that ¢ = dz 2 then the quasiconformal map is of the form
(6) Z - X+,
where z = x + yi.
2.2. Stabilizing Teichmiller discs.\We let

Stab(r?)={Ac Aut(H): Tgn °T? cA=rrgn °T?%},
denote the stabilizer of T . There are the induced monomorphism

134 : Stab(r) — Modg,n -

and the induced quotient map H/ Stab(t ¢) - M gn. When H/ Stab(t ¢) has finite
hyperbolic area we refer to % as a Teichniller curve.

Suppose ¢ € QD(S) is a J-S differential  (J-S stand for Jenkins-Strebel), that
is ¢ induces a decomposition of S into a finite number of annuli I, j=1, ..., k,
foliated by closed horizontal trajectories of ¢. Let y 1, ---Yk be a collection of disjoint
simple closed curves on S homotopic to I} ’s.

By Ty, € Modgn we denote the Dehn twist about y; . The following proposition
is well known and elementary (see the analogous Lemma 9.7 in [18], but note that
this lemma concerns the annuli swept out by closed vertical trajectories). Let m;
denote the conformal modulus of [jl. If m;’s have rational ratios we call ¢ a rational
J-S differential.

Proposition 2.1.Let ¢ be a rational J-S differential and let
(7) t=lemfm 7', ..., M},
where Icm stands for the lowest common multiple. S€tAc(A\) = A+t A e H. Then

At e Stab(r ¢) andt? (At) =T e Mod gn Is the product of the (commuting) Dehn
twists T=T - Tk, wheren; =mt.

3. Carath eodory metric on Teichm uller discs

3.1. Extremal discs for holomorphic functions on Teidlen'spacesktix
¢ QD(S)and let ® : Tgn - H be a holomorphic map. We say that the
Teichmiiller disc 7% is an extremal disc for ® if ® - 1? e Aut(H)

By Royden’s theorem each Teichmiler disc is an isometric embedding of H (with
respect to its hyperbolic metric) into T gn (with respect to its Teichm'uller metric).
Thus, the Teichmuller and Carath®eodory metrics agree on a Teichmaller disc ¢ if
anonlyift ? is an extremal disc for some holomorphic map @ : §n — H.

We record the following elementary proposition.

Proposition 3.1.Fix § e QD(S) and let ® : T gn — H be any holomorphic map
suchthat @ -1? (A\) =, forevery A e H. The derivative of ® at SA) =1 ?(A)
is given by

=2i Im(A)

®) 9PM = T
S

vo(A),
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where v € BD S(A) represents a tangent vectorto T, at the point S(A) and
[|p(A)|| 1 Stands for the L1-norm of ¢(A) € QD S(A)

Proof. LetA :H - D be the M obius map given by

AR=

Note A(A) =0. SetW=A-®.Then W: Tgn — D is holomorphic and there exists
a holomorphic quadratic differential ¢y on S(A) such that
z
aw(v) = vy,
S()
for every v e BD S(A) . Moreover, since W §n c D and W S(A) =0, it follows

from the Schwarz lemma and the Royden’s theorem that |[d¥(v)] <IIVI| « . This
yields

9) Wil <1.

On the other hand, letf: D — Tgn begivenbyf=1 ?°A-'_ Fromthe
definition of the Teichmuller disc % and the choice of the M~obius map A, it follows
that fis the Teichm™ uller disc given by

-]
f(n)= OW €Tgn-

Moreover, W f (n)=nforeveryneD. Thus

df
(10) aw an 1.
Sinceg% = ";((j\\))l , after combining (10) with (9) we get ¢ = W that is
1 z
11 d¥(v) = vo(A),
) W g,V
S

foreveryve BD S(A) . From W =A - ® we get

Replacing
AO/\ =
@ —2i Im

in the previous identity yields the proof.
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3.2. Equivariant holomorphic functiondssume ¢ to be a rational J-S differ-
ential and @ : Tgn — H to be a holomorphic function such that the Teichm™ uller
disc 7% is extremal for ®. We want to average ® (in a suitable sense) over the
cyclic group generated by the twist T e Mod  gn from Proposition 2.1 and show

that one can replace ® with an equivariant holomorphic function @ that also has

the property that t ? is an extremal disc for ®.

Lemma 3.1.Suppose ¢ is a rational J-S differential on a marked Riemann surface
S. Ift ¢ is extremal for a holomorphic function & : Ty, - H then there exists a
holomorphic function ® : Tgn — H with the following properties

(1) @®-1° (A)=A, forevery A eH,

(2) ®P-T (1)=W®(r)+t foreveryteT gn,wWhere T=T1 f(At) is the Dehn
twist from Proposition 2.1.

Proof. After post-composing ® by an automorphism of Hif necessary,we may
assume @ - ¢ (A)=AforeveryAe H. Let

1
& (r)= %
k=0

& 7(r) —kt , forevery TeTgy,.

Clearly ®, : Tyn _H SinceT=t1 f(At) and A + € Stab(t ¢)we conclude
@, 1’ (A) = A, for every A € H.

The sequencebm : Tgyn - His anormal family (since H is conformally the
same as the unit disc). Thus the sequence ®, has an accumulation point. The
restriction of @m to the Teichmiller disc ¢ (H) does not change with m, so every
accumulation point @ : Tgn — H of this sequence is a non constant holomorphic
map.

We want to show that every such accumulation point @ is an equivariant func-
tion. We compute

(12) bm T(T) - bm('[) = b(TI;:(T)) - blfqr)
Clearly G(Tr) - Owhenm - o and for a fixed 7. Next we show
o)
m

This can be seen from the Schwarz lemma as follows.
Letto =1 ?(i). Since T" is an isometry of Ty it follows that
dr (T™ (to), T" (1)) =d 7 (10, T) = C(T),
for some constant C(t) that only depends on 1. From the Schwarz lemma we
conclude

dy @(T" (10)), ®(T" (1)) <C(1).

But @(T" (o)) = i + mt. Combining this with the previous inequality yields the
estimate
&7 (1) - (i+mp) =Ca(r),
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where Cy(1) is some other constant depending only on 7. Dividing both sides by

m, yields ®7T" @) _ ¢ as promised.

Replacing this into (12) yields the equality
&, T(r) ~ ®(r)=t+0(1),
where 0(1) - O when m - . This proves that any accumulation point @ of the
sequencelm satisfies the equivariance condition
D-T=At-®,

and the proof is complete.

4. Mapping the poly-plane H KtoT gn

4.1. Definitions.Fix a marked Riemann surface S € T gn. Select a rational J-S
quadratic differential ¢ € QD(S) and let h 4, ---, lk denote the heights (with respect
to the |¢| singular metric) of the corresponding annuli 1 ;. To define the poly-pane
mapping below we must assume that each h >0 (thatis 1 j is non-degenerate).

WeletH¥ =H x - - - x H denote the k-fold product of the upper half plane H,
and letA = (A 4, - A&) denote the coordinates on H. Define F: H* — BD(S) by
letting
i-A 19l
F(A) = —_

?) i+Aj ¢
on each I . This yields the map E : H ko Tgn by letting E(A) = [F (A)]. We say
that E is the poly-plane mapping corresponding to ¢.

The map F is clearly holomorphic and thus E is holomorphic as well. Observe
that the restriction of E on the diagonal in H K is the Teichmuller disc 7°.

The new marked Riemann surface E(A) = S(A) comes equipped with the qua-
dratic differential @(A) which is the unique J-S differential in @D S(A)  which
induces a decomposition of S(A) into annuli  T1; (A) (swept out by closed horizon-
tal trajectories homotopic to y ;) such that the height h j (A) of [1;(A) is given by
h; (A) =Im(A j)hj. (By the Hubbard-Masur theorem [12] such ¢(A) exists and is
unique.)

The quasiconformal map with the Beltrami dilatation F (A) is affine (with respect
to the coordinates corresponding to ¢ and ¢(A) respectively) on each annulus.
Moreover, for every A, R e HX the affine map between the annuli 1} (A) and 1 ; (J?)
is of the form (compare with (6))

B -Re(;)
(13) zZ - x+ “me) Y

where z = x + iy is the local coordinate on the surface S(A) in which the differential
if of the form ¢(A) = dz 2.

Let m; denote the conformal modulus of the annulus I} . It is evident from (13)

that the map E conjugates the translation A - A+ (0, .., m ,-‘1 , .., 0) to the twist
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Tyj € Mod ag.n, that is
EA+(O,..,m;", ..,0) =T, °E (1),
for every A € H¥. This yields the equality

(14) EA+(t...0) =(T-E)(),

where tis given by (7) and T € Mod  ¢n is the corresponding Dehn twist from
Proposition 2.1 above.

Remark. We make a few observations and claims which we neither need nor prove.

*In[17] Liu constructs Fenchel-Nielsen type coordinates for Tgn. On each
marked Riemann surface he finds the unique J-S quadratic differential with
the corresponding annuli about y;’s having the prescribed heights (this of
course follows from the Hubbar-Masur theorem [12]). The coordinates are
the circumferences of the annuli and the twist parameters (that determine
how adjacent annuli are glued to each other).These coordinates should not
be confused with our map E. In our case the circumferences stay fixed and
heights are the ones that vary.

* The map E is an embedding. This follows from the theorem of Jenkins [13]
which states that there exists at most one Jenkins-Strebel differential such
that the corresponding annuli have prescribed circumferences.

* Our "coordinates” are holomorphic but at the expense that they parame-
trize only a small part of T gn .

* The map E is far from being proper.

5. Criterion for Carath eodory=Teichm uller

In this section we assume that ¢ is a J-S differential andthat ®: Tgn - His
a holomorphic function satisfying the conditions (1) and (2) from Lemma 3.1. We
establish the criterion for deciding when the two metrics agree on this Teichmuller
disc.

5.1. Computing the derivatives of®: T3, - H. Lety, stand for simple
closed curves on S homotopic to the corresponding annuli [j1 (which are swept out
by closed horizontal trajectories of ¢). Letf=@® - E, where E is the poly-plane
map corresponding to ¢. Then f: HX _ H. Moreover, the values of fon the
diagonal in H¥ are given by

(15) f(n,n, ...n=n,
for every n e H.

Let us compute the derivatives of falong the diagonal. LetA=(n, n, ..., n).
Fixnandleth e C. The marked surface S(n, ..., (n + h), ..., n) is a quasiconformal
deformation of S(n, ..., n). Moreover, from (13) we compute S(n, ..., (n+ h), ..., n) =
[huj + o(h)], where uj € BD(S(A)) is equal to zero outside the annulus I j (A) and
on I1;j (A) is given by

U )]
21m(n) ¢(A)
Also, o(h) € BD(I1 j (A)) is such that o(h)/h - 0 when h - 0.




CARATH EODORY 6= TEICHM  ULLER 11

According to the formula (8) from Proposition 3.1 the (complex) derivative of
® at the point S(A) = E(A) is

=2i Im(n)

TPV = BRI "

vp(A),
where v e BD S(A) represents a tangent vector to Tg,n at the point S(A).
After replacingv =pu ; we geé
of -2i Im(n) i 1
——(A) = ANMN= ——
D= e zim " T

i)

z

o).
i ()
We have just established the following proposition.

Proposition 5.1.For A = (n, ..., n) we have

of
W(/\) =aj
where 7 7
1 1
a= 1 )| = 191,
T AN (1] P
M;j (A) Mnj

andMj, j=1,..k, are the corresponding annuli sweptout by closed horizontal
trajectories (note a ; + . . . + gk = 1).

5.2. The Criterion. From (14) and from (2) in Lemma 3.1 it follows
(16) fFA+(L ..., 0))=F(A) +1¢ foreveryAeH K.
Proposition 5.1 yields

of
(7) W =aj. for A=, ... n),
where ] Z
a; = [
P
n; ()
Below in Theorem 6.1 we prove that any holomorphic function f: H2 - H

satisfying (15), (16), and (17), must be equal to
fAA) =a Ay +axAy  forevery (Mg Ay) e HZ

Remark. Analogous result holds true for functions on the poly-plane # of arbitrary
dimension. Here we prove it only in the case k = 2 for the reasons of clarity and
since we only apply this theorem in that case.

Now we prove the following corollary of Theorem 6.1.

Theorem 5.1.Suppose 3g - 3+n=2. Let¢ be arational J-S differential that
induces S to decompose into exactly two (non-degenerate) annuli swept out by closed
horizontal trajectories of §. Then any holomorphic function ® : §n — H satisfying

the conditions (1) and (2) from Lemma 3.1 has the property that its restriction on

the set E(H?) is given by the formula



12 VLAD MARKOVIC

D-EApA)=ari+ahy
for every (A1, A;) e H2.

Proof. The function f satisfies the assumptions of Theorem 6.1 and we verify the
formula in the statement of this theorem.

We have now established the following criterion to decide when the Carath’erode
and Teichuller metrics agree on the Teichmilelr disc f.

Theorem 5.2.Suppose 3g -3 +n=2. Let¢ be arational J-S differential that
induces S to decompose into exactly two (non-degenerate) annuli swept out by closed
horizontal trajectories of ¢. Then the Carath’eodory and Teichraller metrics agree

on the Teichmuller disc T ? f and only if the function @ : E(H 2) - H given by
®(1)=a A +a)y
where 1= E(A 1, A;), can be extended to a holomorphic function ® : n — H.

Remark. |n fact, if such a function @ exists it has to be unique since E(H 2) has
non-empty interior. We do not make a use of this fact and we omit its proof.

6. Translation Equivariant holomorphic functions H 2 _,H

The main result of this section is the backbone of this paper. However, it is
entirely self contained and except the application of its main result it is otherwise
not connected to the rest of the paper. The reader may choose to skip it at first
reading.

6.1. Rigidity of equivariantholomorphic functionsWe are interested in
holomorphic functions f: H 2 . H, satisfying the conditions

(18) FALA)=A
of

(19) FAN=a
of

(20) AN =1-0a

for every A € H and some constant 0 <a < 1.
Examples of such maps are
fo(z, w)=0z+(1-a)w,
where (z, w) denote the coordinates on H 2. But there are other such maps. For
simplicity we adopt the notation f 1 = f.

Example. |et
1 1(z-w)?

h(z, w) = 2(z+W) 2z W )
The function h maps H ? to H (this is rather easy to check) and obviously satisfies
the three conditions (18), (19),(20), fora=1/2.  Thus, we have found further
examples (beside f) satisfying these 3 conditions.But h is interesting for another
reason.Amap A : H - H?2is called a balanced disc if it is of the form A = (4 A),
for some automorphisms A, A, e Aut(H). An extremal disc for a holomorphic map
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g : H? . His any balanced disc such that g - A € Aut(H). The set of points in
H2 which are contained in some extremal disc is denoted by X(g). In[14] Knese
described all functions g : H - H, such that X(g) =H 2 (our functions fz are such
examples). Furthermore, he constructed examples of functions having two extremal
discs but that are not everywhere extremal. One can verify that X(h) contains a
two (real) dimensional family of extremal discs (the set X(h) has real dimension
three), but h is not everywhere extremal.

However, if we impose an additional translation invariance assumption then func-
tions fo are the only examples. The following is the main result of this section and
it confirms Theorem 5.1 above.

Theorem 6.1.Suppose f: H? _. H satisfies the conditions (18), (19), (20) and
(21) f(z+c,w+c)=f(z,w) +c,

for (z, w) e H? and some ¢ >0. Thenf=f -

Remark. |n fact, a stronger result holds true. Letf: H 2 — H be any function that
satisfies the conditions (18), (19), (20), but not necessarily the invariance condition
(21). Consider the "translation” flow f s(z, w)=f(z+s, w+5s) - s. It can be
proved that for a random choice of the variable s the function f s is very close to
being equal to £:. More precisely, if s € [-n, n]and >0, then ||f s- fa|| £ with
the probability 1 — O( 7-) (where ||fs - f|| is the "weak” distance generated by the
topology of convergence on compact sets)This stronger result yields Theorem 6.1.

In the remainder of this section we prove Theorem 6.1.

6.2. Consequences of the Schwarz lemniae classical Schwarz lemma says

that a holomorphic map between complex manifolds does not increase the Carath’eodory
distance. We are interested in maps H - H, so first we describe the Carath’eodory
distances on these two domains.

The Carath’eodory distance on H is equal to the hyperbolic distance d¢;. We let
Oho (210 W), (Z20 Wo) = max{d u(z1: %), chi(wi, Wa)}.
This is the Caratheodory distance on H.

Let

f(tz, tw)
t J

Recall f (z, w) = % z+w . The following lemma plays a key role in the proof of

Theorem 6.1.

(22) fe(z, w) = t>0.

Lemma 6.1.Suppose f: H> — H, is such that
fim fe(z, w) = £(z, w),
for every (z, w) e H2. Then
f@A (21 -2) =1,

for every complex number |A — 1| < 1.



14 VLAD MARKOVIC

ti

Figure 2. The points z, w, z, W for t =4

Proof. Suppose [A-il<1andA=u+vi. Fort>1we let(see Figure 2)
z=u+vi Zt=u+tvi,
and
w=-u+(2-v) W = —u+ (2 - V)i
One reason behind the definition of z: and w: is the equality
dyz (2, w), (26 W) = d u(i, ti).
The Schwarz lemma tells us
Oy f(z, w), f(ze: W) <d (2, w), (2, W) -

Together, the previous two equations yield the inequality

(23) dy f(z, w), f(ze, W) <dy(i, ti).

Next, we prove the claim
(24) dy f(ze: W), i - 0, t— oo
Indeed, since elements of Aut(H) are isometries of d;, we have
dy f(ze W), ti =dy 7 F(zeo W), T -
Substituting z: = t(t =1 Z:) and we = t(t ~' W) we get
Ay f(ze W), d =dn fe (t72), (t'We) i -

By the assumption of the lemma we have f:+ - f (uniformly on compact sets).
Since

(t 2z, T W) L (vi, (2 - W),



CARATH EODORY 6= TEICHM  ULLER 15

we conclude
dy f(ze: W), ti — dy F(vi, (2 -W)i), |-
But f (vi, (2 - v)i)=i,sody f(vi, (2-V)i), i =0and (24) is proved.
We apply the triangle inequality and get

dy f(z,w), ti <dy f(z, w), f(ze: W) +dy f(ze W), ti -
Combining (23) and (24) we obtain
(25) dy f(z, w), ti Sdy(, ti) + o(1),
where 0o(1) - 0, whent — oo,

When t - o, the family of metric balls of radius ~ dy(i, ti) + o(1) , and centered
at ti, converges to the closed horoball

H={leH: Im(Q =1}
Since the point f (z, w) lives in all these balls, it follows that f (z, w) belongs to H.
In terms of the parameter A (recall z = A and w = 2i — A) this means that the
point f (A, 2i — A) € H, for every |A —i| < 1.
Next, let h denote the function h(A) = (A, 2i — A), defined on the disc |A - i| < 1.
Consider the composition f- h.  One one hand, we have h(i) = (i, i) and thus
(fe h)(i) =i. Onthe other hand, we have shown that f (A, 2i —A) e H. But the

point i is on the boundary of H and from the open mapping theorem we conclude
that h is the constant map (f- h) =i. We have proved the lemma.

6.3. The proof of Theorem 6.1.First we show that we may assume a = 1/2.
Consider the map

Rz w)= 3 flzw)+fia -

Then Ib(z, w) satisfies (18), (21). It also satisfies the identities (19), (20) for a =

If we prove f=f then (by the linearity of f «’s in terms of q) it follows f= f
Thus in the remainder of the proof we assume a = 1/2 and it remains to prove
f=f.

Next, we show that the assumption in Lemma 6.1 is satisfied when f is translation
invariant.

Proposition 6.1.Suppose f: H? _ H satisfies the conditions (18), (19). (20)
and (21) (assuming that in (19), (20), the parameter a = ). Then

1
-
a.

Jim fi(z, w)=f(z,w), (zw)eH?
Proof. Note that f : also satisfies (18), (19) and (20). Moreover

c c c
(26) fe Z+ g wtg :ft(Z,W)+f-

Let h: H? - H be any accumulation point of the sequence f:. Then h satisfies
(18), (19) and (20). Moreover, it follows from (26) that

h(z+s,w+s)=h(z, w)+s, forevery seR

This last translation invariance condition together with the assumption that the
range of the map h is the upper half plane H implies that h is an affine holomorphic
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map of the form h(z, w) = az+bw, for some a, b € C. We prove this claim in Lemma
11.1 in the second appendix below.

From (19) and (20) we find thata=b =1/2andthus h=f. We are done.

We can now complete the proof of Theorem 6.10bserve that for every r € R the
map f(z —r, w — r) + r satisfies the conditions (18), (19), (20) and (21). Applying
first Proposition 6.1 and then Lemma 6.1 to the map f (z —r, w — r) + r, we derive
the identity

(27) f(r+Ar+@Qi-A)=r+i,

foreveryre Rand |A —i| <1. From here we prove Theorem 6.1, that is we prove
fa =f.

The proof of Theorem 6.1 now follows by polarizing the map f. More precisely,
below we apply the following cornerstone principle from complex analysis (see page
10 in [4] or [14]).

Polarization Principle.Let Q be a neighborhood of the origin (0, 0) e C 2 and
F: Q - C aholomorphic map which satisfies the identity F (z, zy=0, forevery
(z,2) € Q. Then F is the constant map F = 0.

Welet h(z, w)=f(z+1i,w+i)—1i. The his defined on the set {(z, w): -1<
Im(z), Im(w)}. Choosing A = (1 +s)i, forsomes € (-1, 1), we deduce from (27)
the identity h(r + is, r —is) =r, foreveryre Rand s € (-1, 1). We can write this
ash((, Q)=rforleQ={(z,w): -1<Im(2), Im(w)<-1}.

SetF=h-f. We have just shown h(¢, {) =rfor (e Q. The same holds
true for f and thus the identity F (¢, {) = 0 holds for every { € Q.  From the above
principle we conclude F =0, thatish=f. Thisimpliesf=f and the proofis
complete.

7. L-shaped pillowcases

7.1. Definitions.\We make the standing assumption thata>0and 0 <qg < 1.
Unless otherwise stated we assume b > 0.Let L = L(a, b, q) denote the L-shaped
polygon as in Figure 3. By Pk, k=1, ..., 5, we denote the vertices at which the
interior angle is 11/2 and by Q the remaining vertex at which the interior angle is
3mn/2.

Let S = S(a, b, q) denote the double of the polygon L. Formally S is defined
as a half-translation surface. As a Riemann surface S is a five times punctured
Riemann sphere (P’s are the marked points). We call S an L-shaped pillowcase.
(If we allow b =0then Sis still a well defined Riemann surface. In this case S
is a pillowcase surface with the additional marked point P 3 that lives on the edge
PyPy).

The (2, 0) form dz 2 lives on the polygon L. After doubling, the two copies of
the form dz2 (one on each copy of L) glue together along the edges of the L-shaped
pillowcase S to form the holomorphic quadratic differential ¢ = @(a, b, g) on SThe
differential ¢ has the first order poles at the points P « and the first order zero at
Q € S. Moreover, Y is a J-S differential and S decomposes into two non-degenerate
annuli M4y and My swept out by closed horizontal trajectories of . (If b =0 then
@ has first order poles at the points P 4, P, P, Ps and no zeroes).
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P4 q p3
Q Py
My a
P5 Py

Figure 3. L-shaped polygon L(a, b, q)

Remark. The differential ( is not a square of an Abelian differential.  The corre-
sponding degree two branched cover, where the lift of ¢y (which we denote h@ﬂ is a
aqgare of an Abelian differential, is a genus two surface and the Abelian differential

LP is a Weierstrass form (see [18]).

We consider surfaces S(a, b, q) as marked surfacesthat is as elements of Ty5.
Once and for all, we fix a marking such that the surfaces S(a, b, q) are simultaneously
marked, that is the corresponding family of marked surfaces S(a, b, q) varies con-
tinuously in T o5 when a, b, g vary continuously.

The family of pairs S(a, b, q), Y(a, b, q)is areal 3-dimensional locus of the
cotangent bundle over Ty 5 while the family S(a, b, q) is a real 2-dimensional locus
in Tos. But, deciding when two L-shaped pillowcases are the same as marked
surfaces is not so easyf the marked surfaces S(g 8, &) and S(ax B, &) represent
the same pointin T o5 then the corresponding triples are related by certain non-
elementary functions arising from the Schwarz-Christoffel formula for conformal
maps from the unit disc onto L-shaped polygons.

7.2. The stabilizer of the Teichuiler disc #@%9 , By y; and y, we denote
simple closed curves homotopic to Iy and I, respectively. . The modulus of the
annulus My is my = b/2q and of 1 5 is my = a/2 (the moduli of the corresponding
rectangle I is 2mj).

Assuming m;/m , is rational it follows that @ (a, b, q) is a rational J-S differential.
We let
2q 2
b’ a
By Proposition 2.1 we know that A € Stab(t Y) where A:(A)=A+t, AecH.
Moreover, Ti”(A) =TeMod g5 isthe product of the (commuting) Dehn twists
T=Ty'T)2 wherenj =mjt.

1

t=lcm m, m—z =lcm

7.3. The Carath’eodory metric of¢?% . Fix a triple (a o» B @) and let o =
Y(ag B @). Welet Eg : H?2 — Ty5 be the poly-plane mapping corresponding to
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Y,. Also, set

Z
a, = 1 o] = ﬂ
! [Woll4 0 8y + b
M4
and
ay= ‘ o] = %
2 [Woll4 0 8y + bo
M,

If ag: B, @ € Q and ¥%° is an extremal disc for some holomorphic function 5 - H
then by Theorem 5.1 there exists a holomorphic function ® : To5 —» H such that

D Eo(/\1: )‘2) =a 1A1 + a2A2’
where (A1, A2) € H2. We find that for any a and b the equalty
b a
Ey i, —i =S(a b, g),
BYa (a b, @)
holds. The last two formulas yield the following equality

a+bg

(28) ®S@ba) = g pq

Thus, we have found a holomorphic function @ whose restriction to the locus of
surfaces S(a, b, g) is given by (28). Asitturns out, up to multiplication by a
constant the restriction of @ to the locus S(a, b, @) depends only on .

Lemma 7.1.Fix g, € (0, 1) and suppose that the Carath eodory and Teichriller
metrics agree on T ¥(@o:b0:%) for some choice of a,, t >0. Then there exists a

holomorphic function W : Tos — H such that
W S(a b, @) =(a+bqo)i,
foreverya>0andb=0.

Proof. \We let

_®
a, + goby

Then W : Ty 5 is holomorphic and from (28) we see that W satisfies the stated
equality. To derive this formula we assumed b > 0.But since S(a, b, q) -~ S(a, 0, q)
in Tos when b - 0, the formula also holds for b = 0. (The formula does not hold
for a = 0 since the surface S(0, b, q) is not well defined, thatis S(a, b, q) tends to
0inT o5 whena - o).

Remark. Itis well known that the Carath’eodory and Teichm™uller metrics agree
on the disc T ¥@040)  |nfact T ¥@090) is an extremal disc for the forgetful map
m: Tos = Tos = H(see[2] and [6]). Buteach disc t ¥@P90) whenb>0, is
extremal for W and by continuity so is the disc T %¥@%9 _ |t is easy to see that 1

and W (if it exists) are different holomorphic functions (for example, none of the
discs Y(a, b, ¢, when b > 0, is extremal for ).
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Figure 4. The annuli B;

8. The proof of Theorem 1.1

Fix a pillowcase S = S(a, 0, q) forsome a, q. For small t >0 we let S(t) =
S(a, 0, g —t). Next we show that S(f)isa C * pathin T g5. Our aim is to prove
that W (corresponding to q) from Lemma 7.1 is not smooth along the path S(t) at
t=0. This implies that the Carath’eodory and Teichmuller metrics do not agree.

Lemma 8.1.The path S(t) is infinitely differentiable.

Proof. The path S(t) can be defined as S(t) = [u(t)] where u(t) e BD 1(S) is equal
to uj (t) on the annulus B, (see Figure 4)
-t t
t) = , = ———.
Ha() 2q -t Ha () 2(1-q) +1
The Beltrami dilatation u(t) is pointwise smooth function of t and thus S(t) is a
smooth path in Tgs.

Assume now that the Carath’eodory and Teichmiller metrics agree on the disc
T¥@ba)  for some choice of b >0. Let W : Tos — H be the function from Lemma
7.1 corresponding to g.

The function Wis holomorphic and the path S(f)  smooth, so the function
W S(t) is a complex valued smooth function of t. Thus
(29) W S(f) =WS0) +it+3,t2+0(t3),
for some constants §: & e C.

Using the explicit formula for W from Lemma 7.1, in the next section we prove
the following lemma.

Lemma 8.2. Let a, g,sg5uch that q > g, and denote by W the holomorphic function
from Lemma 7.1 corresponding to q. Then there are constants 3, and 3, 6= 0 such

that
t2 t2

t
W S(@,0,g) =W S@0,0) 4B 1+0(1) [t 140(1) [0 o

where t=q - q4 and o(1) - Owhent - O.
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Applying this lemma to our situation (and letting g 1 = g - t) gives the equality
t2 t2

WSO =WSO) +B1 1Ho) ot Br THoN) o0 o

log 1

This equality and the equality (29) offer two competing expressions for W S(t)
WY S(0) . Equating them gives

t2 t2
+0
log log

(30) 61t + B2+ O(t%) = B4 1+ 0(1) +B 2 1+0(1)

log t
Using (30), we first check that 6 1 = 0 since otherwise the left hand side would
be larger than the right hand side for t small enough. Second we see that3 =0
since otherwise the right hand side would be larger than the left hand side for ¢
small enough. The equality (30) becomes
t2 t2
&2+ 0(t%) =B2 1+0(1)

+0
log log t
Similarly we see that & = 0 since otherwise the left hand side would be larger than
the right hand side for t small enough. We are down to
t2 t2

3y = + +
O)=p2 1+o(1) log t* © log t*

Divide the both sides of the equality by ,Ogt% and get

O(tlogt')y=B, 1+0(1) +o(1).
Since % € 0 we derive a contradiction and Theorem 1.1 is proved.

9. Endgame: The proof of Lemma 8.2

9.1. The Schwarz-Christoffel mapset w, W, W3, Wy, W5, ) denote points on
the extended real line suchthat wqy =, w , =-1,w 3=, w4 =A, ws =1, where
-1<n<{<A<1. ConsiderthemapF (A {,n)=F:H - Cgiven by
z Vo
F(z)=J -1 i V V N
@ w+1l W=¢ wW-A w-1

dw,

0
for z e H and some constant J > 0.

In general F does not have to be injective but in this case it always is. Observe
that F maps R onto a closed hexagonal chain of lines that has 5 interior angles
equal to g (at the points F (w«)) and one interior angle equal 37" (at F (n)). Every
such hexagonalchain (with this choice of angles) must be embedded in the plane
and we conclude that F is injective. The image F (H) is an L-shaped polygon. As
usual, we refer to F as the Schwarz-Christoffel map.

From the standard theorem in complex analysis we know that for any triple
(a, b, q) we can find the unique -1 <n < <A <1 and J > 0 such that the
corresponding Schwarz-Christoffel map F maps H onto L(a, b, q), thatis F: H —
L(a,b,g)and F(w)=Pj and F(n) = Q. Wenotethatb=0ifand only ifn ={.
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By definition, the bottom horizontal side PsP; of the polygon L(a, b, g) is of
length one. This enables us to express the constant J as
Z v
J= \/ \/ X\/TTT \ dx.
x+1 X=¢ X=A x-1

1

The pillowcase S = S(a, b, q) is the double of L =L(a, b, q). Note the anti-
conformal involution of S that exchanges the two copies of L and point-wise fixes
the (common) boundary of the two copies of L. Now we extend the map F to the
lower half plane so that it maps the lower half plane onto the second copy of [This
extended map (we use F to denoted the extension) F: C |\ {-1, {, A, 1} - S(a, b, q)
is conformal and F () = Q. Moreover, F conjugates the anti-conformal involution
z - Z of C to the anti-conformal involution on S.

9.2. Computing the Schwarz-Christoffahaps.Fix -1 <n={<A<1.
Forsmall r>0weletF (A, {, {-1) = F denote the corresponding Schwarz-
Christoffel map. Varying r yields the family of conformal mappings F : X(A, {) -
Sa(r), b(r), g(r) for suitable a(r), b(r), q(r). Thus, we get an 1-dimensional family
of L-pillowcases S(r) = S a(r), b(r), q(r)  that are equal to each otherin 5. Note
that b(0) = 0 and that q(r) is an increasing function.

Our goal is to compute a(r), b(r) and q(r). We want to establish the following
equality
a(ry+b(ng(ry=1+Dr+Cr 2logr' +or?logr’'
where D and C are constants such that C 6 0. This is the content of Proposition
9.4 below. From there we easily derive Lemma 8.2 which is the goal of this section.

We compute a(r), b(r) and q(r) from the formula for the Schwarz-Christoffel
map. We find

_ Al _ B _ Q)
a(r) 3 (r)' b(r) 3 (r)’ q(r) 3 (r)'
where
Z1 \/T
-— +r
A(F) = —i vy X V dx
" I_ x+1 X=¢ X=-A x-1
Z VT
- N v XZgrr y dx
B(r) =+ ; x+1 X=¢ X-A x-1
-r
z \/T
in= v X N dx,
") 1 x+1 X=¢ X=-A x-1
2 \/T
-~ v XTgrr g dx
r= g
e . x+1 X=¢ X-A x-1
Observe A(r), J(r), Q(r) > 0 for every r and B(r) > 0 for r > 0. We first ana-

lyze these functions. Then in the next subsection we draw the conclusions about
a(r), b(r) and q(r).
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Functions A(r) and J (r) are in factreal  analytic for r sufficiently small  since
the corresponding integrand functions depend analytically on r and are uniformly
integrable. As for the function B(r) we have the following proposition.

Proposition 9.1./We have

B(r) =

Tr

v \
=T T-¢

+0(r ?).

\
2 (+1
Proof. The equality
v Ty VIR Vi S UN ,
x+1 X=-A x-1 J+1 A=¢ 1-¢
holds for every x € [{ - r, {], so we conclude

Y = <13
i+ O(r —-(+r
B(rN= V Nal V ¥ dx
0= Y757 1< (8 x=C
-r
On the other hand, one computes (recall that r is non-negative)
ZzZN_ ZvN_
i y-l+r dx = R S
X=C (=X
{-r {-r
Substituting { — x = y yields
z v T z v
¥ = U
7= & Aly— ly
¢-r 0 J
v v y "o
- r-y vy p = y
Y y+rarctan = . 5
and we obtain the desired equality.
It remains to analyze Q(t).
Proposition 9.2.The following equality holds
-1
- = \/ r\IPg r \/ -1 .
QN -Q0= 3 T A= 1_Z+orlogr
Proof. Let = (r) > 0 be any function that tends to 0 when r — 0. We write
oy, B Vgmeer '
+0 —7+r
—Q0)= YN ¥ ~1 dx+0 - ,
Q(r) Q() Z+1 A—( 1_{ ﬁ X

4
where 0(1) - 0 whenr - 0. We used two things here. First
v vy v N*O0y
x+1 X=A x-1 +1 A=¢ 1-¢
when{<x<{+. Wethenseto(1)=0(). Second
2V

¥=CHr 4oy v ' v =0 °,
x={ x+1 X=A4 x-1 X

’

{+
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since N
w_’| =0 C
X—? ]
whenx={+.
Substituting x — { = y yields
rzV___ z v
X~ v v v v
Xﬁﬁr dx = J—;rdy= Y r+y+rlog y+ r+y .
4 0 J J
v 4+, r+
=  r+ +rlog %%
We get
z v ; v_ oV
_yoerr -0 - gyt
X=C 1 dx=0 +rlog
4
Let
1
r)y =
) log r
Then
z \/ﬁ I4 p— 1
—_ +r _ _ = 1 -1
=7 1 dx=0 I logr + 2+o(1) rlogr

1 -1 -1
2rIogr +orlogr™

p

where o(1) - Owhenr - 0. Herewe usedtheequaltyO [ logr' =

orlogr™ . We replace this in the formula above and obtain

1+0(1) 3 logr orlogr~
+1 A=¢ 1-¢

and the desired equality follows.

p
+0 I logr

Q(r) - Q(0) =

9.3. Differentiating a(r), b(r) and g(r).We derive corollaries (concerning a(r), b(r)
and q(r)) of the formulae we computed in the previous subsection). Since A(r) and
J (r) are smooth and J (0) > 0 it follows that a(r) is smooth near 0 and thus

(31) a(r)=a(0) +D 4r+0O(r ?)
for some constant D;.
Proposition 9.3.There exists C, > 0 such that

q(r) —q(0)=C 4rlogr™ +orlogr™" .
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Proof. Since J(r) is smooth near 0 and J(0) > 0 from Proposition 9.2 we find

_ Q) _ Q) _ g rlogr'

9N -a0)= 0 T J0) " 200 75T A=C T=¢ -

+orlogr”

Letting

’

C, = v 4 v
27(0) T+1 A-¢ 1-¢

yields the stated formula.

Proposition 9.4.There are constants D and C > 0 such that

a(r) + b(r)q(r) =a(0) +Dr+Cr 2logr' +or?logr’
Proof. Again, since J(r) is smooth and J(0) > 0 from Proposition 9.1 we find

b(r) = ? ((rr))

- v F ,
2J(0) ¢+1 A=¢ 1-¢
Together with the previous Proposition 9.3 this gives
b(g(r)=D 2r+0O(r?) q(0)+Cyrlogr' +orlogr™
=q(0)D or + D ,C%logr™* +or?logr™

=D or + O(r ?),

for

D,

1

Combining this with (31) and letting

D=D {1+qg(0)D ;. C=C1D21
proves the proposition (note that both C { >0 and D , > 0 were computed explic-
itly).

9.4. The proof of Lemma 8.2.\We are ready to prove Lemma 8.2. Recall that
we need to prove that for some £, & 0 the equality

t t2 t2

WS 0,g) =WS(a0q) +84 1+o(1) W"'Bz 1+o(1) log 1 +o log £

holds where t = g — g1 and W = W(q) is the function from Lemma 7.1.

Given a and g1 we first find -1 < { < A < 1 such that the Schwarz-Christoffel
map F = F (A, ¢, {) maps H onto S(a, 0, g4). We start the r flow S(a(r), b(r), q(r)),
that is S(a(r), b(r), q(r)) is the image of H under the Schwarz-Christoffel map F =
F (A, ¢, { —r). Observe that q(r) is increasing with r.

We locate the time r > 0 such that g = q(r). From Proposition 9.3 it follows

that g = q(r) for some r which satisfies the equality

-9, =t=C qrlogr' +orlogr™ ,

forC4 >0. Thus
_ (T+o(M)t -1 1
(32) r= Cilog ' and logr' =(1+o(1)logt ",

where 0o(1) - Owhent - 0.



CARATH EODORY 6= TEICHM  ULLER 25

Since by construction S(a, 0, g) = S(a(r), b(r), g(r)) in T o5, and g = q(r), from
Lemma 7.1 we find

WS(a 0, q) =WS(a(r) br), q(n) =1 alr)+b(naq(r

On the other hand, we have a = a(0) and so W S(a, 0, gF W S(a(0), 0, q) = a(0)
(again using Lemma 7.1). Together the last two identities imply

WS 0,g) -WS(a0,q) =ia(r) +brq(r) - a(0)).
From Proposition 9.4 we get
WS@0,q) -WS(@0,q9) =Di r+Ci r?logr' +or?logr’

Replacing r with t as in (32) shows that the right hand side in the previous equality
is equal to

S (Tro(t . (1+o(n)t ? » 2
—_— _— 1+0(1))I +
Di Clogrt *S Criogr (1+o(1))log " +o log
Letting

_ Di _ Ci
B1_C71 B2—C

and observing % & 0 yields Lemma 8.2.

1

=N

10. Appendix 1: The proof of Proposition 1.1

We need to show that T 5 isometrically and holomorphically embeds into each
T >2
g, 922

10.1. Signature of a Fuchsian grougiecall that the Euler characteristic of a
Fuchsian group I of signature (g; k- ---» k) is given by

X 1
(33) x(r)=2-29- -k

t=1
Here k: is the order of the corresponding generator of I'. If K; <  then this
generator is elliptic and if ki = o then it is parabolic. By T(g; k1, - K) we
denote the Teichmiiller space of I'.

We recall the following well known fact: For any choice of K:’s we have that

T (g; , ..., ») is biholomorphic to T (g; k 1, ---» k), where « is repeated n times

(see [15]). Since T (g; o, ..., ) is biholomorphic to T g,n, we find that
(34) T(g,n) "T(g; k 10+ K’),

holds for any choice if ki’s, where ' denotes the relation of being biholomorphic.

Let I 1 be a finite index torsion free subgroup of a Fuchsian group I of signature
(g; ky» -+ k). Suppose that each k <. ThenT (and thus I" 1) has no parabolic
elements. This yields that " 4 is the fundamental group of a genus g surface for
some g=2. The Teichmiller space T (g; k1, - k) = T (I') isometrically and
holomorphically embeds into T (I 1) 'T 4. By the Riemann-Hurwitz formula we
have

X(M)y=xOIr:T 4],

which implies

(39) 2g-2=x(OM:T 4]
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This formula computes the genus of [; in terms of the Euler characteristic of I' and
the index of 4 inT.

10.2. The proof of Proposition 1.1lt was proved in Theorem 1.2 in [8] that a
Fuchsian group I of signature (g; ki, - k1) contains a torsion free subgroup Iy of
index D if and only if D is divisible by 2 A, where A is the lowest common multiple
of ki’s and is equal to zero or 1 depending on whether the group I is of even or
odd type (group I of odd type if A is even, but /\r[ is odd for exactly odd number
of i's; otherwise I is of even type).

Let I be a Fuchsian group of signature (0; 2, 2, 2, 2, Zyhen I is of odd type and
by the previous result we see that for every integer m =1, the group I' contains
a torsion free subgroup I'm of index 4m. Since x(I') = - % by (35) it follows that
X(Tm)=-2m, andthusl m isthe fundamental group of the closed surface of
genus m+ 1. Therefore T (I') naturally (and in particular holomorphically and
isometrically) embeds into T (F'm) ' T ;41 , for every m=1.

It follows from (34) that T (5 is biholomorphic to T (I'). By Royden’s theorem,
biholomorphic maps between Teichnuiller spaces are necessarily isometries so there
is a biholomorphic isometry between T o5 and T (). Combining this with the
previous conclusion we find that Tp 5 holomophically and isometrically embeds into
each Ty, g = 2. This completes the proof of the theorem.

11. Appendix 2:  Rigidity of translation invariant functions into H

The goal of this appendix is to prove the following lemma that was used in
Proposition 6.1. This result is a special case of Proposition 6.2 from the paper by
Gekhtman [11]. The proof below closely follows Gekhtman’s proof.

Lemma 11.1.Let f: H 2 _ H be a holomorphic function satisfying

(36) f(A A) =24,
forall peH. If
(37) f(z1+t za+t)=f(z 1 Z3) +1t,

forall (z,,2)eH?andall teR, then
f(z1: %) =a1Z1 + 0270
forsome a,, a, > 0

We start with the following proposition.

Proposition 11.1.Let ¢ : C - R be a harmonic function with

0 0
90)= 5 ()= 5 ©)=0

Suppose there is a C > 0 so that ¢(z) = -C|z| for all z e C. Then @ is identically
zero.

Proof. We use the Poisson integral formula to show that ¢ has sublinear growth.

Write @ = @ + — @-, where @: (2) = max{0, @(2)}, and ¢ - (z) = max{0, -@(z2)}.
Fix r >0, and set
z 1 z 1
A= @, (re?™) dp, B = @ (re?™) d.
0 0
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By the mean value property, A - B = @(0) =0. We compute
Z 4
lp(re®™)| d6 = A + B
0

= 2B
Z
=2  @-(re?™) dp

where in the last inequality, we've used @(z) = —CJz|. Now, for any z € D, (0), the
Poisson integral formula for the disc Dr (0) yields

21 - 2 ’ 27 3r Z 2nig
= i TTi < i 7T ]
|(p(Z)| 0 r |Z — re 2mi6 |(p( ) de = Selej[g,Zr[] 4 |Z _ rez,-ne | 0 |(p(re )l de

Considering only z's such that |z| = 7, we have
wp <3
oco2m 4 |z —re?me | 2
and so derive the inequality
|o(2)] < 3Cr = 6C|z]|,
for every z € C such that |z| = % By varying r > 0 we derive the upper bound for
every z € C.

Since ¢ is harmonic and has sublinear growth, ¢ is affine, thatis, @(x +iy) =
ax + by + c forsome a, b, ¢ € C. (Indeed, the higher derivatives of ¢ at 0 vanish,
as we can see by differentiating Poisson’s formula on B(0) under the integral and
letting r tend to infinity.) By assumption, ¢ and its first derivatives vanish at the
origin, so @ is identically 0.

11.1. Proof of Lemma 11.1.The idea is to first show that f is of form

X2
f(z1. %)= 0jZj +H(z 2 ~ Z4),
=1
for some entire function H: C - C. Then we use Proposition 11.1 to show that
H=0.

We begin with the proposition.

Proposition 11.2.There are a,, a, > 0 such that a 1 + a, = 1 and
of
af = a (/\! A) ’

forj=1,2and every A € H.

Proof. Let i(A) = (A, A) be the diagonal embedding1: H -~ H 2. From f(A, A) = A
we find f o1 is the identity map on H. Applying the chain rule we derive the identity

(38) il (A A) il (A A)=1
- + =
0z, " 0z, " ’

for every A € H.
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On the other hand, we have the Schwarz lemma for the maps h : H2 —. H (see
Lemma 7.5.6 in [20] for the proof in the case of the polydisc)

oh oh
Im(z1) a(21122) +1m(z 2) @(21,22) <lmh(z 1 3%) -

Replacing (z1: %) = (A, A) and h = f (and again using f (A, A) = A) we get
of of
E(ZP %) + @(21’ ) <1
Combining this with (38) shows that the holomorphic functions A 7 - % (A, A) are
non-negative, and so by the maximum principle they must be constant. Set

of
a; = @(/\: A).

The identity a 1 + a2 = 1 now follows from (38).

Let
x2
9z %) =f(z 1 %) - a;z,

=1
Then g satisfies the conditions

(39) g(A, A) =0,
og
(40) H(A, A) =0,
for every A € H, and
(41) g(z1+t zo+)=9(z v %), forallte R.
Condition (41) implies that
(42) 9(z1+c,22+¢)=9(z 1 %),

for every ¢ € C such that Im(c) 20. Indeed, fixing z1: % € H, the function
€7, g(z1+c, z2 +¢) -9g(z 1» %) is holomorphic in a neighborhood of H and it
vanishes on the real axis, thus, it vanishes on the whole domain.

Proposition 11.3.There exists an entire function H : C - C such that H(0) =
H%0) = 0 and

9(z1- %) =H(z 2~ 24),
for every (21, ) € H?.

Proof. Write
9(z1: %) = h({, w),

where

(= 0;jZi and w=2z,"2y4,
j=1
and h is holomorphic on the image Q of H under this (linear) coordinate change.
For e H, let Q({) be
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QA ={weC: ({w)eQ}l
Then [
Q= Zl Q(o .

leH

Define h° : Q({) - C, the restriction of g on the slice Q(7), by
h¢(w) = h(Z, w).

From (42) (and the facta { +a, =1)wefindthath ¢ (w)=nh Z(W), for every
{eH, ceCwithim(c)=0, andweQ ¢ n ¢F*c . Therefore, it follows that for
every {» & € H we have

(43) h%w)=h 2(w), forevery we Q% n (2

Foreach { e H, Q({) is a convex open set containing the origin. Moreover,
Q(t0) = tQ(Q) for every t > 0. It follows that Q(it 1) c Q(it ) forO <t 1 <l ,, and
that

Q(it) = C.
t>0
Together with (43) this means that there is an entire function H: C - C so that

h(Z, w) = h ‘(w) = Hw), we Q).
In particular, the function h(¢, w) does not depend on .

We have shown that h({, w) = H(w) for every ({, w) € Q and the identity
9(z1: %) =H(z 2 —Z4) follows. The identity H(0) = H 0(0) = 0 follows from the
conditions (39), (40) and the chain rule.

The previous proposition together with the definition of 9(z1, %) implies the
idenity

X
(44) f(zv )= 92 +H(z 2~ 24),
j=1

when (24, %) € H. (Itis now clear that f extends holomorphically to a function on
C? but we make no use of this fact). To complete the proof of the lemma, it thus
suffices to show that H is identically 0.

Recall that f (z 1, 2) € H when (z 1, %) € H?2. Together with (44) this yields the
inequality

(45) ImH(z 2_21) >-lma 1Z4+ayZ, -
Letwe Cand >0. If Im(w)>0weletz , =w+iandz ¢ =i, andif

Imw)<Oweletz ,=jandz {=-w+i Either way we have (z1, 2) € H? and
w =2z, ~Z4. From Proposition 11.2 we can conclude

Ima 121+ a2Z, <max{|z 1l ||} < |w| + 2.
Together with (45) we verify that the inequality
ImH(w) =—(lw] +2),



30 VLAD MARKOVIC

holds for every w € C and every >0. Letting - 0 grants us the inequality
Im Hw) = -|w|.

Since by Proposition 11.3 we have H(0) =H 9%0) =0, after applying Proposition
11.1 to the harmonic function Im(H) we conclude H=0. The proof of the lemma
is complete.
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