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ABSTRACT. In our previous work [3], we initiated a mathematical investigation
of the onset of synchronization in the Kuramoto model (KM) of coupled phase
oscillators on convergent graph sequences. There, we derived and rigorously
justified the mean field limit for the KM on graphs. Using linear stability
analysis, we identified the critical values of the coupling strength, at which the
incoherent state looses stability, thus, determining the onset of synchronization
in this model.

In the present paper, we study the corresponding bifurcations. Specifically,
we show that similar to the original KM with all-to-all coupling, the onset of
synchronization in the KM on graphs is realized via a pitchfork bifurcation. The
formula for the stable branch of the bifurcating equilibria involves the principal
eigenvalue and the corresponding eigenfunctions of the kernel operator defined
by the limit of the graph sequence used in the model. This establishes an
explicit link between the network structure and the onset of synchronization in
the KM on graphs. The results of this work are illustrated with the bifurcation
analysis of the KM on Erdds-Rényi, small-world, as well as certain weighted
graphs on a circle.

1. Introduction. In 1970s, a prominent Japanese physicist Yoshiki Kuramoto de-
scribed a remarkable effect in collective dynamics of large systems of coupled oscilla-
tors [13]. He studied all-to-all coupled phase oscillators with randomly distributed
intrinsic frequencies, the model which now bears his name. When the strength
of coupling is small, the phases are distributed approximately uniformly around a
unit circle, forming an incoherent state. Kuramoto identified a critical value of the
coupling strength, at which the the incoherent state looses stability giving rise to
a stable partially synchronized state. To describe the bifurcation corresponding to
the onset of synchronization, Kuramoto introduced the order parameter - a scalar
function, which measures the degree of coherence in the system. He further showed
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that the order parameter undergoes a pitchfork bifurcation. Thus, the qualitative
changes in the statistical behavior of a large system of coupled phase oscillators
near the onset to synchronization can be described in the language of the bifurca-
tion theory.

Kuramoto’s discovery created a new area of research in nonlinear science [22,
23, 21]. The rigorous mathematical treatment of the pitchfork bifurcation in the
KM was outlined in [5] and was presented with all details in [1]. The analysis in
these papers is based on the generalized spectral theory for linear operators [2] and
applies to the KM with intrinsic frequencies drawn from a distribution with analytic
or rational probability density function. Under more general assumptions on the
density, the onset of synchronization in the KM was analyzed in [7, 9, 6]. These
papers use analytical methods for partial differential equations and build upon a
recent breakthrough in the analysis of Landau damping [20].

In our previous work [3], we initiated a mathematical study of the onset of
synchronization in the KM on graphs. Following [16, 17], we considered the KM on
convergent families of deterministic and random graphs, including Erdés-Rényi and
small-world graphs among many other graphs that come up in applications. For
this model, we derived and rigorously justified the mean field limit. The latter is a
partial differential equation approximating the dynamics of the coupled oscillator
model in the continuum limit as the number of oscillators grows to infinity. In [3],
we performed a linear stability analysis of the incoherent state and identified the
boundaries of stability. Importantly, we related the stability region of the incoherent
state to the structural properties of the network through the spectral properties of
the kernel operator defined by the limit of the underlying graph sequence [14]. In
the present paper, we continue the study initiated in [3]. Here, we analyze the
bifurcations at the critical values of the coupling strength K, < 0 < K, where
the incoherent state looses stability. As in the analysis of the original KM in [1],
we have to deal with the fact that for K € [K_, K[| the linearized operator has
continuous spectrum on the imaginary axis and no eigenvalues. Thus, neither the
asymptotic stability of the incoherent state, nor the center manifold reduction for
K = KZF can be performed using standard methods of the bifurcation theory. To
overcome this problem, following [1], we develop the generalized spectral theory,
which allows effective analysis of the bifurcations at KF. This involves generalizing
the resolvent operator and using it to define generalized eigenvalues. The generalized
spectral theory is used i) to prove asymptotic stability of the incoherent state as
a steady state solution of the linearized equation for K € [K_, K]; ii) to obtain
finite-dimensional center manifolds at the critical values of the coupling strength
K = KZ; iii) to identify the bifurcations at K = KF. We do not develop nonlinear
estimates in this paper. We also do not prove the existence of the center manifold
rigorously. Both problems can be dealt with following the lines of the analysis in
[1]. These very technical questions are left out to keep the length of this paper
reasonable. Instead, we focus on the analysis of the bifurcations at KF. To this
end, we develop all necessary tools for setting up the bifurcation problems, which
are analyzed formally assuming the existence of the center manifold. The center
manifold reduction yields stable spatial patterns arising from the bifurcations at
the critical values of the coupling strength. We apply these results to the KM on
several representative graphs, including small-world and Erd&s-Rényi graphs. Our
results for the KM on these and many other graphs are verified numerically in the
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follow-up paper [4]. In the remainder of this section, we review the model and the
main outcomes of [3] and explain the main results of this work.

We begin with a brief explanation of the graph model that was used in [3] and will
be used in this paper. In [3], we adapted the construction of W-random graphs [15]
to define a convergent sequence of graphs. The flexible framework of W-random
graphs allows us to deal with a broad class of networks that are of interest in
applications. Let W be a symmetric measurable function on the unit square I? :=
[0,1]% with values in [~1,1] and let X,, = {1,602, - - -, Enn } form a triangular array
of points &, i € [n] :={1,2,...n}, n € N, subject to the following condition

: -1
Jm o™t fle) = [ st v € ), (L)
I, = (V(['y), E(Ty), (Whai;)) is a weighted graph on n nodes labeled by the integers
from [n], whose edge set is

ET,) ={{i,j}: W(&ni,&ns) #0, 0,5 € [n]}.
Each edge {i,j} € E(T)) is supplied with the weight W,;; = W(&n, &nj)- In
the theory of graph limits, W is called a graphon [14]. It defines the asymptotic

properties of {I',,} for large n.
Consider the initial value problem (IVP) for the KM on I,

Opi = wi+Kn ™" Wyijsin(0n; — i), i € [n], (1.2)
j=1
0:(0) = 6y, (1.3)

The intrinsic frequencies w;, ¢ € [n], are independent identically distributed random
variables. The distribution of w; has density g(w). For the spectral analysis in
Section 3, we need to impose the following assumptions on g: a) g : R — Rt U {0}
is an even unimodal function, and b) g is real analytic function with finite moments
of all orders: [, |#|™g(x)dx < co, m € N. For instance, the density of the Gaussian
distribution satisfies these conditions. The KM on weighted graphs {T",,} (1.2), (1.3)
can be used to approximate the KM on a variety of random graphs (cf. § 4.2 [3]).

Along with the discrete model (1.2) we consider the IVP for the following partial
differential equation

0 0
&p(t, 0,w,x) + 5 {pt,0,w,2)V(t0,w,z)} = 0, (1.4)
p(0,0,w,2) = p’(0,w,r) €SxRxI, (1.5)
where

V(t0,w.2) =w+ K / / /S W (e, y) sin(6 — O)p(t, 6,0, y)g(w)dpdedy.  (16)

Here, p(t,0,w, x) is the conditional density of the random vector (8, w) given w, and
parametrized by (¢,z) € RT x I, and S = R/27Z is a circle. In particular,

/p(t,@,w,x)d@ =1 V(t,w,z) e RT xRx I. (1.7)
s
It is shown in [3, Theorem 2.2] that

n

e (A) =n! Z 5(071'i(t)7wiyfni)(A) (18)

=1
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interpreted as a probability measure on Borel sets A € B(G), G = S xR x I,
converges in the bounded Lipschitz distance [8] uniformly on bounded time intervals
to the absolutely continuous measure

ue(A) = /Ap(t,ﬁ,w,x)g(w)dewdx, A€ B(G), (1.9)

provided pf and po are sufficiently close in the same distance. The latter can be
achieved with the appropriate initial condition (1.3) and sufficiently large n (see |3,
Corollary 2.3]). Therefore, the IVP (1.4),(1.5) approximates the IVP (1.2),(1.3) on
finite time intervals for sufficiently large n.

An inspection of (1.4) shows that p, = 1/(27), the density of the uniform dis-
tribution on S, is a steady state solution of (1.4). It corresponds to the incoherent
(mixing) state of the KM. Numerics suggests that the incoherent state is stable for
small K > 0. The loss of stability of the incoherent state is interpreted as the onset
of synchronization in the KM. This is the main focus of [3] and of the present paper.
In [3], we identified the boundaries of the region of stability of the incoherent state
in (1.4). Specifically, we showed that there exist K, < 0 < K[ such that p, is
linearly stable for K € [K,, K], and is unstable otherwise.

The critical values K and K depend on the network topology through the
eigenvalues of the compact symmetric operator W : L2(I) — L*(I)

Wf](2) = / W (e 9)  (v)dy. (1.10)

The eigenvalues of W are real with the only accumulation point at 0. Denote
the largest positive and smallest negative eigenvalues of W by e, and pimin
respectively. If all eigenvalues are nonnegative (nonpositive), we set pmin = —00
(lmaz = 00). The main stability result of [3] yields explicit expressions for the
transition points

2
K =—— and K=

¢ 7T9(()),unu'n (1.11)

7Tg(o)limaac .

Thus, the region of linear stability of p,, depends explicitly on the spectral properties
of the limiting graphon W. Recall that W represents the graph limit of {I',,}. Thus,
(1.11) links network topology to synchronization in (1.2). For the classical KM (all-
to-all coupling), W (z,y) = 1 and fimin = —00, fimas = 1, which recovers the known
Kuramoto’s formula.

In the present paper, we study the onset of synchronization in (1.2) in more
detail. After some preliminaries and preparatory work in Sections 2 and 3, we
revisit linear stability of the incoherent solution. This time, we show that despite
the lack of eigenvalues with negative real part and the presence of the continuous
spectrum on the imaginary axis, the incoherent state is an asymptotically stable
solution of the linearized problem (cf. Theorem 4.1). This is a manifestation of the
Landau damping in the KM.

In Section 5, we study the bifurcation at K with a one-dimensional center
manifold. To this end, we recall the order parameter

= X ew w w 1) .
Wt,x) = / / / W (e, 9)e*p(t, 6, w, y) g (w) dBelwdy, (1.12)



THE MEAN FIELD ANALYSIS OF THE KURAMOTO MODEL ON GRAPHS II 3901

which was introduced in [3] as a measure of coherence in the KM on graphs. This
is a continuous analog of the local order parameter

LS Wit
n 4 J
J=1

for the discrete model (1.2). The order parameter generalizes the original order
parameter used by Kuramoto for the all-to-all coupled model. Note that (1.12) de-
pends on x and contains information about the structure of the network through W.
As will be clear below, the order parameter plays an important role in the analysis
of the mean field equation. In particular, it can be used to locate nontrivial steady
state solutions. To this end note that the velocity field (1.6) can be conveniently
rewritten in terms of the order parameter

K ) o
V(t,0,w,2) =w+ 3 (e’leh(t, z) + Rt m)) . (1.13)

In particular, for a given steady state of the order parameter written in the polar
form

hoo(z) = R(z)e! ™), (1.14)
the velocity field takes the following form
V(t,0,w,x) =w— KR(x)sin(d — ®(z)).
Setting dp (Vp) = 0, we find the corresponding steady state solution of (1.4)

§(0 — ®(z) — arcsin(w/KR(z))), |w| < KR(),
plO,w,z)=¢ 1 w? — K2R(x)?
27 |w — KR(z) sin(6 — ®(x))|’

where 0 stands for the Dirac delta function. The stationary solution (1.15) has
the following interpretation: the first line describes phase-locked oscillators, while
the second line yields the distribution of the drifting oscillators. Thus, solutions of
this form may combine phase-locked oscillators and those moving irregularly. Such
solutions are called partially phase-locked or partially synchronized. The phase of
a phase-locked oscillator at « with a natural frequency w, is given by

0 = ®(x) + arcsin (K;(x)) : (1.16)

provided |w| < KR(z). In Sections 5 and 6, we will identify branches of stable
equilibria bifurcating from KZF in terms of the corresponding values of the order
parameter. Then Equation (1.16) will be used to describe the corresponding stable
phase-locked solutions.

In Section 5, assuming that e, is a simple eigenvalue of W, we show that
the coupled system (1.2) undergoes a supercritical pitchfork bifurcation at K.
Specifically, we derive an ordinary differential equation for the order parameter
h and show that the trivial solution of this equation looses stability at K and
gives rise to a stable branch of (nontrivial) equilibria, corresponding to partially
synchronized state (cf. (5.1)). In Section 6, we consider the onset of synchronization
in networks with certain symmetries (cf. (6.1)). This leads to the bifurcation with
a two-dimensional center manifold. The bifurcation analysis in Sections 5 and 6 is
illustrated with the analysis of the KM on Erdds-Rényi, small-world graphs, and to
a class of weighted graphs on a circle.

(1.15)

w| > KR(x),
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2. Preliminaries. In the remainder of this paper, we will assume that K > 0.
The case of negative K is reduced to that above by switching to K := —K and
W := —W. Furthermore, without loss of generality we assume that 4. > 0.

2.1. Fourier transform. We rewrite (1.4) in terms of the complex Fourier coeffi-
cients

zj:/eiﬁp(t,e,w,x)de, jel. (2.1)
S

Applying the Fourier transform to (1.4) and using integration by parts, we obtain

0z; _ ijeg
5 /Se 50 {V(t,0,w,z)p(t,0,w,x)}do

:ij/eijaV(t,O,az,m)p(t,ﬂ,w,x)dﬁ (2.2)
s
K ) . o
= ijwz; + ]7 /6”0 (eﬂeh(t,x) — ewh(t,x)) p(t,0,w,x)do,
s

where

h(t,w)=/I/R/SW(w,y)e“’p(t,97w,y)g(w)d9dwdy

(2.3)
= // W (z,y)z1(t, w, y)g(w)dwdy.
1JR
From (2.2), we further obtain
0z; K —
% = ijLUZj + ‘77 (th_l — th+1) , jEZ. (24)
By (1.7), zo = 1. Further, z_; = Z;, because p is real. Thus, in (2.4) we can restrict
tojeN.
Let
Pfw.) = | Wifl(w.a)g(w)de
B (2.5)
— [ [ W s pg)dody.
1JR
Combining these observations, we rewrite (2.4):
0 K N
§21 twzy + ) (P21 — lezg) , (2.6)
0 i K —
&Zj = ijwz; + % (lezj,l — P212j+1) , J=2,3,.... (27)
Note that the trivial solution Z := (z1,22,...) = 0 is a steady state solution

of (2.6), (2.7). It corresponds to the uniform distribution p, = 1/(27), a constant
steady state solution of (1.4). Linearizing around Z = 0, we arrive at

0
&Zl = TZl, (28)
0
azj ijwz;, J§=2,3,..., (2.9)

where T is a linear operator on H := L*(R x I, g(w)dwdx)

Tf =iwf+ %Pf. (2.10)
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2.2. The eigenvalue problem. The multiplication operator M;,, : H — H de-
fined by

M,,f=iwf, welR (2.11)
is a closed operator. The continuous spectrum of M, fills the imaginary axis
.(M,;,,) = isupp(g) = iR. (2.12)
Since P is compact (as a Hilbert-Schmidt operator), T : H — H is closed and
o.(T) =iR.
Next we turn to the eigenvalue problem
Tf =\, (2.13)

where T and P are operators on H (cf. (2.10) and (2.5)).

We will locate the eigenvalues of T through the eigenvalues of W (cf. (1.10)).
Since W is a compact symmetric operator on L?(I), it has a countable set of real
eigenvalues with the only accumulation point at zero. All nonzero eigenvalues have
finite multiplicity.

Suppose A is an eigenvalue of T and v € H is the corresponding eigenfunction.
Then a simple calculation yields (cf. [3])

K

w = 5D()\)Ww, (2.14)
where
g(w)dw
D(\) = 2.15
W =[5 (215)
wo= /v(w, Yg(w)dw € L*(I). (2.16)
R
Equation (2.14) yields the equation for eigenvalues of T
2
DA = — 2.17
)= (217)

where p is a nonzero eigenvalue of W.

Using (2.17), we establish a one-to-one correspondence between the eigenvalues
of W and those of T. Specifically, for every positive eigenvalue of W, pu, there is a
branch of eigenvalues of T,

2
A=\wK), K>K(u):= , 2.18
(1, K) )= 0 (218)
such that
li AMup, K) = lim A(p, K) = co. 2.1
Ko (1, K) = 0+, lim Ay, K) = o0 (2.19)

Recall that . stands for the largest positive eigenvalue of W. Then for K €
[0, K (t4maz)) there are no eigenvalues with positive real part. Furthermore, for small
e>0and K € (K(tmaz)s K (ttmaz) + €) there is a unique positive eigenvalue of T,
MK, fimaz ), which vanishes as K — K (fimaqz) + 0 (see [3] for more details).

3. The generalized spectral theory. The major obstacle in studying stability
and bifurcations of the incoherent state is the continuous spectrum of the linearized
problem on the imaginary axis (cf. (2.12)). To deal with this difficulty, we develop
the generalized spectral theory following the treatment of the classical KM in [1].
Below, we outline the key steps in the analysis of the generalized eigenvalue problem
referring the interested reader to [1], [2] for missing proofs and further details.
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3.1. The rigged Hilbert space. In this subsection, we define a rigged Hilbert
space (a.k.a. Gelfand triple) [11]

XCcCHcX,

where H is a Hilbert space, and X is a dense subspace of H, whose topology is
stronger than that of H. Throughout this paper, we assume that X is a locally
convex Hausdorff topological vector space over C and X’ its dual space, the space
of continuous antilinear functionals on X. Let (-,-) denote the pairing between X’
and X, ie., for I € X' and f € X, (I, f) := I(f) stands for the corresponding
antilinear functional. To use the generalized spectral theory (cf. [2]) we also need
X to be a quasi-complete barreled space.

We take L?(R x I, g(w)dwdz) as the Hilbert space H and contruct X as fol-
lows. Let Exp(8,n) be the set of holomorphic functions on the region C,, := {z €
C|Im(z) > —1/n} such that the norm

16l = sup e PFl[g(z))| (3.1)
Im(z)>—-1/n
is finite. With this norm, Exp(,n) is a Banach space. The family of spaces
{Exp(8,n)}>2, is an increasing sequence in n. By Montel’s theorem, the inclusion
Exp(8,n) — Exp(8,n + 1) is a compact operator for any n > 1. By Komatsu’s
theorem [12], the inductive limit

Exp(f) = lim Exp(8,n) | = () Exp(8,n)

n>1 n>1

is a complete Montel space. In particular, it is a complete barreled (DF) space.

Similarly, the inductive limit Exp := lim Exp(f) is a complete barreled (DF) space.
B>0

The properties of Exp are described in detail in [1].

Let Exp(3,n) ® L%(I) be a projective tensor product. Since the identity map
L2(I) — L?(I) is weakly compact, the inclusions Exp(83,n) @ L*(I) — Exp(3,n +
1)® L3(I) and Exp(B) @ L3(I) — Exp(8+1)® L?(I) are weakly compact operators.
By Komatsu’s theorem [12], the inductive limit X := Exp ® L?(I) is a complete
barreled (DF) space and X’ is a Fréchet space. For every f € X we have f(w,-) €
L*(I) for each w € R. In addition, f(w,z) is holomorphic in w on the upper half
plane, where it can grow at most exponentially. Then the operator T and the rigged
Hilbert space X C H C X' satisfy all assumptions of the generalized spectral theory
in [2].

Note that if [ € H then

(I, f) = (lvf*)Lz(RxI) = /I/RI(W,x)f(ww)g(UJ)dwdx,

for f € X, where f*(w,z) := f(@,z). Thus, [ € H can be viewed as an element of
X'.

3.2. The generalized eigenvalue problem. In this subsection we calculate the
resolvent of T and spectral projections. With the rigged Hilbert space defined
above, we will view the resolvent as an operator from X to X'.

Below, we will need to construct analytic continuation for certain functions in-
volving integrals of Cauchy type. For this, we are going to use an implication of
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the Sokhotski-Plemelj formulas, which we formulate as a separate statement for
convenience.

Lemma 3.1. (Sokhotski-Plemelj, cf. [10]) Let f be a complex valued function on
R. Suppose f has at most a finite number of integrable discontinuities. Then

d
Pz = [ LW (3.2)
R Z—iw
is an analytic function in the right and left open half-planes of C. Furthermore, for
z =z + 1y, the following formulas determine the limits of F(z) as © — 0%:

f(=ig)ds
RO — 1Y (3.3)
= dnf(y) —irH[f](y),

where PV stands for the principal value in the sense of Cauchy and H[f] denotes
the Hilbert transform of f.

lim F(z)=+nf(y) +iPV
z—0+

Corollary 3.2. Suppose f is holomorphic on the real axis and admits the analytic
continuation to the upper half-plane. Then

3 F(z), x>0,
F(z) =< limgyo4 F(2), x =0, (3.4)
F(z)+2nf(—iz), =<0,

is an entire function.

3.3. The generalized resolvent. Our next goal is to compute the resolvent of T

RN =OA-T)"" (3.5)
To this end, we first compute R(A) for Re(A\) > 0 and extend it analytically to the
left half-plane as an operator from X to X'.
In the right half-plane Re(A) > 0, R()A) can be rewritten as follows

R(\) = A()) (1 - I;PA(/\)> o (1 - fA(A)P) ) A(N), (3.6)
where
AN = (A —iw) ™", (3.7)

and I stands for the identity operator. Note that A()\) ceases to exist as the mul-
tiplication operator on H as Re(A) — 0 (recall that the imaginary axis is the
continuous spectrum of M;,,). However, it can be extended to the left half-plane
as as an operator A : X — X’ defined as follows

(AN u,v") g, Re(\) > 0,
(AN u, v) = § limren) ot (AN, v7) g, Re() =0,
(AN)u, v*) gy + 2mg(—iX) [; u(—iX, z)v(—iX, z)dz, Re(X) <0.

(3.8)

By Corollary 3.2, (A(A)u,v) is an entire function in A for all u,v € X. This suggests
an appropriate generalization of R(X), R(A) : X — X’ defined by

R(A) = A(N) (I - I;PXA(A)> ol <I - I;A()\)PX> 71.A()\), (3.9)

where P* : X’ — X' is the dual operator of P.
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Since T has the continuous spectrum on the imaginary axis, R(\) can not be
continued to the left-half plane as an operator on H. We define the generalized
eigenvalues of T as the singularities of the generalized resolvent R(\).

Definition 3.3. A\ € C is called a generalized eigenvalue of T if there is a nonzero
v € X’ such that

K
(I — 2A(/\)PX> v =0, (3.10)
In this case, v is called a generalized eigenfunction.

Remark 3.4. Since the range of the operator P* : X’ — X’ is in X, A(A\)P*v is
well-defined for v € X'.

Remark 3.5. The generalized eigenvalues and the corresponding eigenfunctions of
T are, in fact, the eigenvalues and eigenfunctions of the dual of T, T* (cf. [2]).

Theorem 3.6. (cf. [2]) Let A € C be a generalized eigenvalue of T and v € X' is
the corresponding eigenfunction. Then T*v = Av.

Remark 3.7. Using (3.8) and (3.10), one can see that the generalized eigenvalues
A=A, K) of T are the roots of the following equation

2

— =D 11
where p is a nonzero eigenvalue of W and
D)), Re(A) > 0,
—_— 1. D =
D) =4 godm PO, Re(}) =0, (3.12)

D(\) + 2mg(—i)), Re(M\) <O0.

The right hand side of (3.12) is an entire function (cf. Corollary 3.2). For Re(\) > 0,
(3.11) is reduced to the equation for the eigenvalues of T (cf. (2.17)). In this case, the
corresponding generalized eigenfunction v is included in L?(R x I, gdwdz), i.e., \ is
an eigenvalue of T. On the other hand, for Re(\) < 0, the generalized eigenfunction
v is not in H but is an element of the dual space X'.

Since the generalized eigenvalue of T, A, is a root of (3.11), R(A)u is an X'-
valued meromorphic function for each u € X. For Re A > 0, it coincides with the
restriction of R(A) to X. Thus, R()) is a meromorphic continuation of R(\) from
the right half-plane to the left-half plane as an X’-valued operator.

3.4. The generalized Riesz projection. Let i be a positive eigenvalue of W and
w € L%(I) be the corresponding eigenfunction. The largest positive eigenvalue of W
and the corresponding eigenfunction are denoted by fiyma, and Wy, respectively.
For every K > K = 2/(7g(0)ptmaz) there is a real positive eigenvalue of T,
A = A(u, K). The corresponding eigenfunction is given by
K w(z)
2\ —iw

As K approaches the critical value K from above, the eigenvalue A(fimaz, K)
converges to 0+ along the real axis and at K = K it hits the continuous spectrum

on the imaginary axis. The corresponding eigenfunction approaches the critical
vector

v(w,x) = (3.13)

K+ )
X' 5ol = =< lim* 24 3.14
SR o Vi W (3.14)
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where lim* stands for the limit in X’ with respect to the weak dual topology ' ,

i.e., the action of vj € X’ on u € X is given by
oy < Ky [ Omer@ol)
2 Jrgxr A—iw
— [(;rl/ (w’n’Laxv u* (wa .))LQ(I) g(w)dw
== ] .

u(w, x)dwdx
(3.15)

A—iw
Let A € C be a generalized eigenvalue of T. Then the generalized Riesz projection
II, : X — X' is defined by

1
II, =

=— [ R(2)dz, (3.16)
20 Sy

where y()) is a simple closed curve around A oriented counterclockwise that does
not encircle or intersect the rest of the spectrum. Below, we shall refer to such
curves as contours. The image of IIy gives the generalized eigenspace of A [1].

Theorem 3.8. Suppose the algebraic and geometric multiplicities of pmaes coincide.
Then the generalized Riesz projection of A = 0, the generalized eigenvalue of T for
K = K, has the following form

M, = - it (D) AN),.... DY) (3.17)

— o1 lim* ]
= g1 Jim* (AL, DOY).

where g1 = —limy_0+ D'(X\)7! is a positive constant, A(\) was defined in (3.7),

and IZIM stands for the Riesz projection onto the eigenspace of W corresponding to
the eigenvalue p. The operator D(A) on H is defined by

D(\)v = /R v )g@)dw 2R T gdwds). (3.18)

A —iw
The proof of Theorem 3.8 relies on three technical lemmas. Below we state and
prove these lemmas first and then prove the theorem.

Lemma 3.9. Let Re(\) > 0 then

R(\)v = A(Mv + %A()\)W (I - I;D()\)W> - D(\v, ve H. (3.19)

Proof. By definition of R()) (3.5), for any v € H, we have
K
()\ —jw — 2P> R(N)v =,
and, thus,
K
R(MNv=AX\)v + EA(A)PR()\)v. (3.20)
Using Fubini theorem, from (2.5) we have

PR(\)o = W [ [ ROV ->g<w>dw]
=: WQu.

(3.21)

1 {l,,} C X' converges to I € X' if (I, f) € C tends to (I, f) for every f € X.
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On the other hand, integrating both sides of (3.20) against g(w)dw, we obtain
Q= [ (RO, Jgle)d
R
K
=DMNv+ 5 D) W (-, y) (R(A) (w,y)g(w)dwdy (3.22)
Rx1T

=D\ + 5 DOYWQu.

and
K -1
Q= (I - 2D(A)W) D()). (3.23)
Plugging (3.23) into (3.21), we have
K -1
PR(\)v =W (I - 2D(/\)W> D(\)v. (3.24)
The combination of (3.20) and (3.24) yields (3.19). O

Lemma 3.10. Let A = A, K) > 0 be an eigenvalue of T corresponding to the
positive eigenvalue of W, pu, and K > KT, and suppose that the geometric and
algebraic multiplicities of p coincide.

Then

I, = —D'(\) P AL, D()), (3.25)

provided D'(\) # 0, where 1:[/‘ is the Riesz projection onto the eigenspace of W
corresponding to p.

Proof. As before, let v(\) denote a contour around A. From (3.19), we have

K K -
/ R(:)dz= 2 [ AW (I—D(z)W) D(2)d-. (3.26)
1) 1) 2
We change variable in the integral on the right-hand side to ¢ = 2(KD(z))".
By deforming the contour () if necessary, we can always achieve D'(z) # 0 for
z € (X)), so that this change of variable {( = ((z) is well defined. Under this
transformation, () is mapped to §(u), a contour around p. Thus, we have

1 d¢
[ REME== | AGW W) DEO)
Since the algebraic and geometric multiplicities of p are equal, the singularity of
(¢ - W)f1 at ¢ = p is a simple pole, and the other factor in the integrand of the
above is regular at ¢ = p. Therefore, the right—hand side of (3.27) simplifies to

(3.27)

1 -1
R(z)dz = ———— AW / (C—W) "D(z(¢)d¢ | (3.28)
/vm pD'(A) 5()
By multiplying both sides of (3.28) by (27i)~!, we have
1 -
I, = —A)WIIL, D()).
A ,LLD,(A) ( ) 13 ( )
Finally, since ﬁu is the projection on the eigensubspace of W,

WII, D()\) = uIl, D()).
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Thus,
I, = —(D'(\)"LAMII, D). (3.29)
O
Lemma 3.11.
gﬁﬁﬂﬁmzﬁ@%wwwm) (3.30)

Proof. Using integration by parts n times, we obtain

/ g(w)dw i/ g™ (w)dw
g (z—iw)"t  nl i oz —dw

The application of Lemma 3.1 to the integral on the right-hand side yields (3.30).

O
Below will need the following implications of Lemma 3.11.
Corollary 3.12.
. / _ /
Zl_1>r(1)1+D (2) = —wH[g'](0) <0, (3.31)
. 9(w)dw T n
1 —_— = — . .32
50 r (2 —iw)3 9 7 ©) (3:32)

Proof. Differentiating D(z) and using (3.30), for z off the imaginary axis we have
di "(w)d
D/(z) — _/ M — —i/ M (3.33)
r (2 —iw)? R Z—iw
The integral on the right—hand side is of Cauchy type and Lemma 3.1 applies. By
(3.3),

Zlir& D'(z) = —irg'(0) — mH|[g'](0). (3.34)

Since g is even, ¢’(0) = 0 and ¢’ is odd. Because g is also nonnegative and unimodal
g'(z) <0, > 0. Thus,

_1 oo / d
iy )0) = —rpv [ LT
g e 8 (3.35)
_9 oo/ :
T N AC L
T e—=0+ /. S
The combination of (3.3) and (3.35) yields (3.31).
Likewise, (3.32) follows from Lemma 3.11 for n = 2 and Lemma 3.1. O
Proof of Theorem 3.8. Theorem 3.8 follows from (3.29) and (3.31). O

4. Asymptotic stability of the incoherent state. We now return to the prob-
lem of stability of the incoherent state. Recall that in the Fourier space the incoher-
ent state corresponds to the trivial solution Z = (z, 22, ---) = 0. The linearization
about Z = 0 shows that it is a neutrally stable equilibrium of (2.8), (2.9) for
0 < K < K. There are no eigenvalues of T for these values of K and the continu-
ous spectrum fills out the imaginary axis. Nonetheless, we show that the incoherent
state is asymptotically stable with respect to the weak dual topology.

Theorem 4.1. For K € [0, K1) the trivial solution of (2.8), (2.9) is an asymptot-
ically stable equilibrium for initial data from X C X' with respect to the weak dual
topology on X'.
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A AR

v
v

R
o) (b

F1GURE 1. Deformation of the integral path for the Laplace inver-
sion formula.

Remark 4.2. The stability with respect to the weak dual topology is weaker than
that with respect to the topology of the Hilbert space H. Still it is a natural
topology for the problem at hand. In particular, Theorem 4.1 implies that the
order parameter evaluated on the trajectories of the linearized problem tends to 0
as t — o0.

Proof. Integrating (2.9) subject to z;(0,-) € X, we have
Zj(ta ) = eithZj(Ov ')7 j > 2.

By the Riemann-Lebesgue lemma,

(zi(t,),v()) = // eij“tzj(o,w,x)w(w,x)dwdx — 0, ast — 00, Vo€ X.
1JR

(4.1)
We now turn to (2.8). By the Hille-Yosida theory, operator T generates a C°-
semigroup eT?, which can be computed using inverse Laplace transform (cf. [1]):

a-+1ib
e!T = lim i M =T)7 M, t>0, (4.2)
b—oo 270 J s
where a > 0 is arbitrary. Thus, the (continuous) spectrum of T lies to the left of
the integration path along = = a (see Fig. la).
For arbitrary ¢, € H, we have
a+1ib

(e"T¢,1p),, = lim

b—oo 271 a—ib

M ((A=T) ", ), dA. (4.3)

For ¢,¢ € X, ((/\ — T)_lcé,w)H is an analytic function in the right half-plane,
which can be extended to the entire complex plane as a meromorphic function

(iR()\)gb,w). ['hus,
‘T =1 —1 o AUR(A d\ ¥ X
(e (b,w) blm 5 Z/a N e ( ( )¢,¢> o, € X. (4.4)

Let K € [0, K") be fixed. Next we claim that one can choose £ = £(K) > 0 such
that there are no generalized eigenvalues of T on or inside the contour

C.r: a—iR—a+iR— —¢+iR— ——iR—a—iR (Fig. 1lb)
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for every R > 0. To construct C. r with the desired property, we first fix 6 > 0.
Then we recall that generalized eigenvalues of T satisfy (3.11). From (3.12), under
our assumptions on g, there exists Ry = Ro(d) such that there are no roots of (3.11)
in the region

D;O’éz{zGC: |z| > Ro & — 6 < Re(z) < a},
because (3.11) can be reduced to 2/(Kp) = O(1/[}]) in Dg’é for R > 1. On the

other hand, D(A) is holomorphic. Thus, the set of roots of (3.11) (i.e., the set of
generalized eigenvalues) does not have accumulation points in

D5 =12 €C: 2| < Ry & — § <Re(2) < a}.

Thus, we can choose € > 0 such that there are no generalized eigenvalues in DEO U

Dy, e This completes the construction of C¢ p with the desired property for any
R >0.
By the Cauchy Integral theorem,

§ M@ =0 Ve X, (4.5)
C:r

for any R > 0, and

a+iR —etiR —ctiR a—iR
At _ _ _ v
| e - ( /- N / H_R)e (RO, ) dA.

(4.6)
The integral on the left—hand side of (4.6) exists, by the Hille-Yosida theory. There-
fore, the integrals on the right-hand exist too. Below, we show that the last two
integrals on the right—hand side of (4.6) tend to 0 as R — co. Sending R — oo in
(4.6) and using (4.4), we arrive at

YU U A Y
(€Tp, ) = lim -— RN, ¥)dA

e—ct . R . i . (47)
=5 ngnoo 7316 (REX — €)p, P)dA

=o(e™™), Vo, eX

as t — oo because the integral

R
lim ieM(R(IN — )b, ) dA
R—oo J_p
exists and also tends to zero as t — oo due to the Riemann-Lebesgue lemma. O

It remains to prove the following lemma.

Lemma 4.3. For K € [0,K),

—etiR a—iR
lim (RN b, p)dX\ = lim ARG, P)dN =0 Vo, € X.
R=oo Jatir R—=oo ) _c—iR

(4.8)

Proof. We show that the integral fa_sﬂRe)‘t(R()\w,z/J}d)\ tends to zero as R —

) +iR
co. The second integral ff:?R eM(R(N)g,¥)d\ can be treated in the same way.



3912 HAYATO CHIBA AND GEORGI S. MEDVEDEV

Further, we decompose the integral into two integrals as
—e+iR

—e+iR iR
/ RN, ) dN = / RN, ) dN + / (RN g, 1)dA. (4.9)

+iR a+iR iR
We show that the first integral on the right hand side tends to zero as R — oo. For
Re(A) > 0, we have

(R0, 4) = (AX6.0) + 5 ANW (1-ZDOW ) Do),

see (3.19). For the first term, we have

1R
/ AN S, ) dA

+iR

0
eiRt/a GM/I/Rmqs(wyl')w(wvx)g(w)do‘)ddi'

Since the integral above is finite, for any €y > 0, there exists L > 0 such that

0
1
At
e —————¢(w, )Y (w, x)g(w)dwdrd| < €
/a /I/|w|>L /\-FZ(R-W) ’
On the other hand, the integrand

1
At
S =0
s D a)ale) O
as R — oo uniformly in z € I, w € (—L,L) and X € (0,a). This implies that the
integral

iR
/ (AN, V)dN — 0, as R — oo.
a+iR

Consider

or=W (I —[;D(/\)W> - D(\)é.

The singularity of ¢y is a generalized eigenvalue of T (cf. (2.14)). For 0 < K < K},
there are no generalized eigenvalues of T in the right half-plane and on the imaginary
axis. Further, D(A) — 0 as |A] — oo and, thus, D(A) — 0 too. This shows that
q} is bounded uniformly in A on the region Re(\) > 0. By replacing ¢ with %\ in
the first estimate of the integral of (A(\)¢, ), we find that f;fme’\t<A()\)qZ>\, P)dA
tends to zero. This shows that f;fme)‘th()\)qﬁ, Y)dA decays to zero as R — oo.
The second integral in (4.9) is analyzed in similarly. This completes the proof of
Lemma 4.3. O

5. Bifurcation with a one-dimensional null space. In the previous section, we
proved asymptotic stability of the equilibrium at the origin of the linearized system
(2.8), (2.9) for K € [0,K). On the other hand, for K > K] there is a positive
eigenvalue in spectrum of the linearized problem (cf. [3]). This signals a bifurcation
at K. This bifurcation is analyzed in this present section. As in the classical KM,
the loss of stability of the incoherent state at K and the development of partial
synchronization for K > K] is best seen in terms of the order parameter.
Throughout this section, we assume that the largest positive eigenvalue iz
of W with the eigenfunction w,., is simple. Furthermore, we assume that at
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K there is a (one-dimensional) smooth center manifold of the equilibrium at the
origin of (2.6), (2.7)?. Under these assumptions, below we show that the order
parameter undergoes a supercritical pitchfork bifurcation at K. The stable branch
of equilibria bifurcating from 0 is given by

_ 9022 e | L e eE +
hoo(K) - \/T(O)N’maz C(l‘) \/K KC + (\/K KC )7 K > Kc 9 (51)

where

ﬁumam (‘wma:c |2wmax)

C(zx) = (5.2)

|wma:v | 2wma:r
Formula (5.1) generalizes the classical Kuramoto’s formula describing the pitchfork
bifurcation in the all-to-all coupled model to the KM on graphs. The network
structure enters into the description of the pitchfork bifurcation through the largest
eigenvalue 4, and the corresponding eigenspace.

5.1. Preparation. Throughout this section, we assume that pi,,q, is a simple ei-
genvalue of W. Let K = K + ¢ with 0 < € < 1 and rewrite (2.6),(2.7) as follows

0 € K_

&zl = T()Zl —+ §P21 - EPZLZQ, (53)
0 . | K - .

azj tjwz; + % (lezj,l — lesz) , j=2,3,..., (5.4)

where Ty is T evaluated at K = K, and T = Ty + P /2.

For small € > 0, the equilibrium of (5.3), (5.4) at the origin has a 1D unstable
manifold. We reduce the dynamics on the 1D unstable manifold, which we approx-
imate by the center manifold of the origin for K = K[, i.e., for ¢ = 0. For the
latter, we assume z, = hi(z1),k = 2,3,..., on the center manifold, where hy are
smooth functions such that hy(0) = h}(0) = 0.

Let ITj be the projection to the eigenspace of A = 0 spanned by v} (cf. Section
3.4). To track the evolution on the slow manifold we adopt the following Ansatz:

21 = Tz + (I-Tp)z = ac(t)v) + O0(a?), (5.5)
2 = hp(z1)=0(?%), k=2,3,..., (5.6)
e = o’ (5.7)

where o > 0 is a small parameter, ¢(t) is the coordinate along the center manifold,
and v} is the generalized eigenfunction of Ty corresponding to the zero eigenvalue
(cf. (3.14)). The Ansatz (5.5)-(5.7) follows right away once existence of the center
manifold is shown.

We will start by deriving several auxiliary facts that follow from the Ansatz
(5.5)-(5.7). First, using (5.5)-(5.7) and Theorem 3.6, from (5.3), we have

2 = Toz1 + O(a?) = T (ac(t)v)) + O(a?) = O(a?). (5.8)
Next, we estimate the order parameter.
Lemma 5.1.

h(t,z) = ac(t)wmaes () + O(c?). (5.9)

2The proof of existence of the center manifold is a technical problem and is beyond the scope
of this paper (see [1] for the proof of existence of the center manifold in the original KM).
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Proof.
h =Pz =P (ac(t)v] + 0(c?))
o w 5.10
—aett) L1 [ [ WA e 00 3, oy P

Applying the Fubini theorem, (3.11) and (2.15), we have
+

h = ac(t) 2 (Wvynar)D(04) + O(a?)

2
K+ max

= ac(t)%D(O—&—)wmm + 0(a?)

= ac(t)Wmaz + O(a?). O
Lemma 5.2.

ac(t)KF\° . w? 3
— (2B ) g5k Ymaz _ 11
2 < 2 ) A0+ (A —iw)? +0(?) (5:11)

Proof. Using (5.5)-(5.7) and (5.8), we obtain

2’2 = hIQ(Zl)Zl = O(OZ3)7

_ 5.12
(Pz1)23 = O(a?). (5:12)

By plugging (5.12) into (5.4) for j = 2, we obtain
0 = 2iwze + K(Pz)2z + O(a?). (5.13)

Next we plug in the expressions for z;, Pz, and z3 (see (5.5), (5.9), (5.11)) into
(5.13) to verify that they satisfy this equation up to O(a?) terms. Specifically, we
have

2iwza + K(Pz1)z1

o (aOEENT L ek,

=2 (2) A O iw)?

+ K (ac(t)Wmas + O(0?)) (ac(t)v} + O0(a?)) + O(a?)
A—idw) — A 4

max

2 2 (K2 (

= — 1 *
o’e(t) 2 Do+ (A —iw)?

Kr w

+ .2 2 C ik mazx 3

+ K aTe(t) Wmag 2 glg(lwr A —iw +0(?)
+\2 2 +\2

_ 2 2( c) sk Winaz 2 2(Kc) li * max 3

= —ae(t) 2 }%Jr)\_inrac(t) 2 A%Jr)\—inrO(a)

= 0(a?). O

5.2. The slow manifold reduction. Projecting both sides of (5.3) onto the center
subspace, we have

K
Ilp 21 =11 Toz1 + gnoh— Eno(h@)- (5.14)

Using (5.5), we have

HO 21 = Olé(t)’l)+

c

5.15
].__[0 T()Zl = T(>)< HO 21 = OéC(lf)r:[‘g’U:r =0. ( )
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Further,
_ im* (X — ) 1T
IIoh =g }1_{%4_()\ iw) I, .. D(A)h. (5.16)
To evaluate (5.16), we take the following steps
- v [ act)Wmar 2
}%JrD(/\)h N }%Jr/R A —iw g(w)dw +0()
= ac(t)WmaeD(0+) + O(a?)
2ac(t)Winax 9
and Sac(t)
- ac(t)Wmax 9
Finally,
 2ac(t) . % Wmaz 9
Mo h = o~ fimt 175, +0(00)
0 , N2 (5.17)
ac i 9
= O .
2, (o) u + Ot
Similarly, to evaluate
Iy (hzo) = g1 im* (A — iw) " 'IL,, . D(A)(hza), (5.18)
A—=0+4+

we first compute

% T 2 K ’ 2 (w)dw 4
Jin® DOVsz) = @O e(t) (55 ) s Pmast [ S 1 0(at)

K\’
= —a’le(t)|*e(t)g2 <2C> |Wnaz | Wmas + O(a?),
(5.19)
where 1
gp="90 (5.20)

2
By plugging (5.19) into (5.18), we obtain

IL,.... ( ‘wmaz | Wiz )

_ K+
Io(hzy) = —a®|e(t)Pe(t)grge—= v} 4 O0(at). (5.21)

2 wma.’f
By plugging (5.15), (5.17), and (5.21) into (5.14), dividing both sides by « and
vl and keeping terms up to O(a?) we have

. 2916 (Kj)4/fcmaw92 2 Qﬁumaz(|wmaw|2wmaw)
= —r + a”c|
(K )2 tmaa 8 Wmaz

It is instructive to recast (5.22) in terms of the order parameter h (cf. (2.3)). By
Lemma 5.1,

>+O(a3). (5.22)

h(t,z) = ac(t)wmaes + O(c?).
Thus, by multiplying both sides of (5.22) by aw., and neglecting higher order
terms, we obtain

i — 291 h (6 n (KSL)4Umaxg2 ﬂumaz(|wmax|2wmax) |h|2>

(Kg")Q,um,w 8 |wmaa:‘2wmax
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291 (0 ,
_ Wﬁh <e + Mcwm ) . (5.23)

Equation (5.23) shows that the trivial solution (the incoherent state) looses stability
at € = 0 and for small € > 0 there is a nonzero stable equilibrium

-8 man mazx
el = \/(K+) e VE - K& +o(VE - K

MmazQQ Humam ‘wmam| wmaw

232
:9 / i{gﬂl \/K K& +o(VK - K}), K>K/.

5.3. Examples. In [3], we derived the transition formulas for the onset of synchro-
nization in the KM on several networks. We now return to these examples and
describe the transition to synchronization in more detail using the results of this
section.

We start with the KM on the Erdés-Rényi graphs. To thisend, let W = p € (0, 1).
In [3], we showed that the largest positive eigenvalue of W in this case i fimaz = p.
The corresponding eigenfunction wy,q, is constant. This yields the critical value
K} =2(rg(0)p)~!. By plugging in these values into (5.1), we obtain

g(0)27r3/2
_g// (O)
We next turn to the KM on small-world graphs. This family of graphs is defined

via the following graphon:

[ 1—=p, min{lz—y|,1-|z—y|} <
Wp,r(%y) = { P, otherwise,

(5.24)

hoo (K) = PPPVEK — Kf +o(VK — KI). (5.25)

(5.26)

where p,r € (0,1/2) are two parameters. The former stands for the probability of
long range random connections and the latter is the range of regular local connec-
tions (cf. [18]).

The largest eigenvalue of W, ,. is equal to 2r + 2p — 4pr and the corresponding
eigenfunction wy,q, is constant (cf. [3]). This implies that the critical value is

2
K+ = .
¢ wg(0)(2r 4 p — 4pr)

Using (5.1), we further have
9(0)27‘.3/2

"= )

(2r +2p — 4pr)® 2V K — K + o(V K — K7). (5.27)

6. Bifurcation with a two-dimensional null space.

6.1. The slow manifold reduction. Many networks in applications can be de-
scribed with the limiting graphon of the following form
W(z,y) = Gz —y) (6.1)

for some G € L*(S) such that G(z) = G(—x). The graphons of this form are used
in the description of the small-world and many other networks (cf. §5.3 [3]).
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A graphon satisfying (6.1) admits Fourier series expansion

W(x,y) = chezﬂk(z_y), c_p=c; €ER. (6.2)
keZ
By Parseval’s identity,
2 1112
S = (@2m) G2y < oo (6.3)
kEZ
It follows from (6.2) that the eigenvalues of the kernel operator W coincide with
the Fourier coefficients ¢, k € Z. The Fourier modes e*™**® kL € Z, yield the
corresponding eigenfunctions.
We continue to assume that the largest eigenvalue of W is positive, i.e., there is
at least one positive coefficient ¢j. In view of (6.3), there is a finite set

M={meZ: ¢, =sup{cy: ke€Z}}. (6.4)

If M = {0} the null space of W is one-dimensional. This case was analyzed in the
previous section. Here, we assume | M| = 2, i.e., there exists a unique m € N such
that
tmaz = sup{ck 1 k € Z} = ¢y = c_p.
The corresponding eigenspace is spanned by w; = e?™™* and w_ =e
From now on, the slow manifold reduction proceeds along the lines of the analysis
in Section 5. The generalized center subspace of Ty is spanned by

—2mimax

"
=y 20 )

On the center manifold, we adopt the following Ansatz
21 = alc (v +cp(t)vy) +0(a?), (6.6)
2 = hp(z1) =0(?), k=2,3,..., (6.7)
e = o’ (6.8)

where (c_,cy) is the coordinate along the center manifold. Following the lines of
Lemma 5.1 and 5.2, we obtain

h(t,z) = a(c_(Hw_(z) + cy (Hwy (z)) + O(a?) (6.9)
and
20 = |25 (o tyw (@) + o (D0 (3:))} Cmt Y oY, (6.10)
2 2 T T A0+ (A — jw)? ' ’

In analogy to (5.14) and (5.15), projection of (5.3) onto the center subspace
yields

K _
alé_v_ + ¢vg) = %Hoh— 5H0(h22). (6.11)
Asin (5.17) and (5.21), we further obtain
9 \2
Iyh = :f; (Kj) (c_v_ +cyvy) +0(a?). (6.12)
and
Ho (EZQ) (613)

KH\* 1 - -
— _ 3 e L Tk 2 4
=—0"g192 ( 2 ) gm(l)_'_ . in“m‘”((c_w_ + cywy) (ccw= F cywy)) + O(a”).
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Taking into account that w4 = e*2™™* we compute

... ((ccw- + cpwy)?(cCw- + cywy))
= (c_fe—* +2¢c_|eq ) we + (cqles | + 2e4 |e—|?) we. (6.14)
Plugging (6.14) into (6.13), we obtain

g K

Ho (EZQ) = B

((c=le= +2c-le4|?) v- + (coles * + 2c4 e *) v1) + O(a).
(6.15)

Combining (6.11), (6.12), and (6.15), and by comparing the coefficients of vy on
both sides of the resultant equation, we arrive at the following system of equations

i =pic— (e—a®pa (Je—|? +2[cq?)) + O(a?), (6.16)
¢y = picy (e — ops (|C+|2 + 2|c,|2)) + 0(a?),
where
2g1 K+ 4
= =_2 c maz 6.17
p1 (K5)21imas D2 92 ( 9 H ( )
are positive constants (see Theorem 3.8).
Using the polar form for ¢y = re’®*, we rewrite (6.16) as follows
- =pir— (e —a’py Erg +2r2)) + O(a?),
e =piry (e —a?py (r? + 21"3)) +0(a?), (6.18)
6 =0, '

¢+ =0.
Neglecting the higher order terms, we locate the fixed points

(T—v T+) = (07 0)7 (0) \/6/p2a2), (\/e/p2a2, 0)> (\/6/3])2042, \/e/3p2a2).

The linearization of (6.18) about these fixed points yields

10 -1 0 2 0\ 2 (-1 -2
€P1 0o 1/’ €P1 0 —9/> €P1 0 1) 36p1 —92 1)

respectively. Thus, the second and the third fixed points are stable for 0 < K —
K <« 1. This proves that the order parameter (6.9) tends to

hi(x) =y /K;fjewm(x) +o(VK — KI) (6.19)
ho(x) = | /K;fje%_ (2) + o(VE — KI) (6.20)

as t — 0o, where ¢ is a constant which depends on an initial condition.

or

6.2. Example. To illustrate the bifurcation with two-dimensional null space, let
1 . 1 o
W (z,y)) = cos (2n(z —y)) = ie*m(w*y) + 562’”(%@). (6.21)
The only eigenvalue of W is u = 0.5 and the corresponding eigenfunctions are

wy ($) _ eiQﬂ'ia:_
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FIGURE 2. Formation of partially phase-locked solutions near a bi-
furcation with two-dimensional null space. The KM with intrinsic
frequencies from the standard normal distribution, graphon (6.21),
and random initial condition was for suffiently large time to reach
a stationary regime. The values of K are a) 3.5, b) 4, and ¢) 5.
The asymptotic state in (a) combines oscillators grouped around a
1-twisted state with those distributed randomly around S. For in-
creasing values of K, the noisy twisted states become more distinct

(b, c).

The analysis of this section then yields two stable branches of solutions bifurcat-
ing from h =0 at K = 4(mg(0))~* ~ 3.2 (cf. (6.19), (6.20)):

_ K i(X2rx+¢ o + - 89//(0)
hoo(l')* /];e( )—|-0(\/E), O</€—K—KC < 1, p2f—w,

where the phase shift ¢ is determined from the initial condition. For small x > 0,
the system has a family of stable partially phase-locked solutions (1.15), which can
be described as follows. The oscillators split into two groups depending on their

intrinsic frequencies. If |w;| < K, /p%, the oscillator i approaches one of the two
phase-locked solutions:

 £2m

0; + ¢+ Y (w;) + o(Vk), (6.22)

where Y (w;) = arcsin (% ,/2) € (—7/2,7/2) is a function of the random intrinsic

frequency w;. The oscillators in this group form a noisy 1-twisted state [19]. The



3920 HAYATO CHIBA AND GEORGI S. MEDVEDEV

oscillators with intrinsic frequencies |w| > K piz are randomly distributed around

S. The density of this distribution is given in the second line of (1.15).

Figure 2 presents results of numerical integration of the KM with graphon (6.21)
and randomly distributed intrinsic frequencies. The plots in Figure 2 a-c show
asymptotic states of the KM for three increasing values of K, starting with K = 3.5
just near the critical value K &~ 3.2. In Figure 2a there are many oscillators spread
around S. However, the group of oscillators concentrating about a 1-twisted state is
already visible. For larger values of k, the twisted state becomes more pronounced
(see Figure 2b,c). Twisted states bifurcating from the incoherent state are also
present in the KM on small-world graphs (see [4] for the analysis of the small-world
network and other examples).
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