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ABSTRACT

Modulating the closed-loop transmission of energy in a wide
frequency band without sacrificing overall system performance is
a fundamental issue in a wide range of applications from preci-
sion control, active noise cancellation, to energy guiding. This
paper introduces a loop-shaping approach to create such wide-
band closed-loop behaviors, with a particular focus on systems
with nonminimum-phase zeros. Pioneering an integration of the
interpolation theory with a model-based parameterization of the
closed loop, the work proposes a filter design that matches the
inverse plant dynamics locally and creates a framework to shape
energy transmission with user defined performance metrics in the
frequency domain. Application to laser-based powder bed fusion
additive manufacturing validates the feasibility to compensate
wide-band vibrations and to flexibly control system performance
at other frequencies.

1 INTRODUCTION

Active and flexible shaping of dynamic system responses is
key for modulating input-to-output energy flows. For example,
adaptive disturbance attenuation minimizes the energy of posi-
tion error and achieves precision motion control in nm-scale in
a modern hard disk drive (HDD) [1, 2]; in modern headphones,
active acoustic noise cancellation reduces acoustic energy trans-
mission from the environment to human ears [3]; wave guiding
applications, on the other hand, minimizes loss of energy by re-
stricting wave expansion to one dimension or two [4].

As a fundamental element of modulating energy transmis-
sion, feedback loop shaping in the frequency domain has at-
tracted extensive research attention. Based on the target energy
distribution, relevant control algorithms can be generally classi-
fied into two categories: narrow- and wide-band loop shaping.
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In the first category, the input energy concentrates at one or sev-
eral frequencies. Based on such characteristics, peak filter [5, 6],
repetitive control [7, 8], adaptive notch filter [9, 10], and narrow-
band disturbance observer (DOB) [1, 11, 12] generate deep but
narrow notches in the closed-loop error-rejection functions at fre-
quencies where the input energy (disturbance) dominates. For
wide-band loop shaping, the input energy spans over wide peaks
in the spectrum map. A narrow notch cannot provide sufficient
attenuation to such inputs; yet a wide notch tends to cause un-
desired amplification at other frequencies (the fundamental wa-
terbed effect in feedback controls [13]). In view of such chal-
lenges, [14] proposed to detune the notch depth and place fixed
zeros according to the performance criterion; [2] utilized an on-
line adaptation algorithm to estimate both frequency and notch
width for optimal loop shaping design.

In this paper, we propose a new control scheme for wide-
band loop shaping for stable but nonminimum-phase systems.
Compared with previous algorithms such as the DOB, this wide-
band forward model selective disturbance observer (FMSDOB)
avoids direct inversion of the plant model, thereby offering free-
dom and flexibility of loop shaping for nonminimum-phase sys-
tems. Compared to other loop-shaping designs, the proposed al-
gorithm inherits benefits of DOB design regarding design intu-
ition and strong performance [12,14]. By designing an FIR (finite
impulse response) filter that matches both the plant frequency
response and high-order dynamics locally, this scheme creates
wide notches in the closed-loop sensitivity function. By integrat-
ing a cascaded filtering design into the Youla-Kucera (YK) pa-
rameterization, the algorithm directly controls energy amplifica-
tion at other frequencies. Verification is performed by simulation
on a two-axis galvo scanner in selective laser sintering additive
manufacturing.

The remainder of this paper is organized as follows. Section
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2 reviews the algorithmic foundation of the proposed method and
its connection to our previous work on narrow-band loop shap-
ing; Section 3 provides the main results of wide-band loop shap-
ing design, following which Section 4 presents the supporting
simulation results, and finally, Section 5 concludes this paper.
Notations: Throughout the paper, the calligraphic . and
Z denote, respectively, the set of stable proper rational trans-
fer functions, and the set of proper rational transfer functions.
When a linear time invariant (LTI) plant P is stabilized by an LTI
controller C (in a negative feedback loop), S(= 1/(1+ PC)) and
£ PC/(1+ PC)) denote, respectively, the sensitivity function
and the complementary sensitivity function. The calligraphic R
and S denote, respectively, the real and imaginary part of a com-
plex number.

2 REVIEW OF RELEVANT LITERATURE

2.1 Review of Youla-Kucera parameterization
Theorem 1. (YK Parameterization [15, 16]). If an SISO plant
P = N/D can be stabilized by a negative-feedback controller
C=X/Y, with (N,D) and (X,Y) being coprime factorizations
over ., then any stabilizing feedback controller of P can be pa-
rameterized as

X+DQ

C =
all Y—NQ

L Q€S Y ()~ N(=)Q(e2) 0.

Here, (N, D) is called a coprime factorization of P € Z over
Zif: (i) P=ND™!, (ii) N(€ .¥) and D(€ .#) are coprime trans-
fer functions, and (iii) D™' € Z.

A main advantage of YK Parameterization is that it renders
the sensitivity function of the closed loop (i.e., the error rejection
function of the feedback system) to:

- 1 1 N
S= = 1—— 1
1+ PCyy 1+PC{ YQ]’ M

which is decoupled into the product of the baseline sensitivity
1/(1+ PC) and the add-on affine module 1 — NQ/Y. Because
stability is assured under the controller parameterization, design-
ers can now focus on the add-on module (which depends affinly
on Q) to achieve desired performance features.

2.2 Forward Model Selective Disturbance Observer

When P and C are stable, one can factorize them in Theo-
rem 1 as N(z) = P(z), D(z) = 1, X(z) =C(2), Y(z) = 1. (These
are special plant-controller pairs that often arise in mechatronic
systems.) Then

!"The transfer function from the output disturbance to the plant output.

parameterizes all stabilizing controllers for P(z), and the new
sensitivity function is

1

S= e (1 - PEeE) 2

1+P(Z)C(Z) SO(Z>(1 _P(Z)Q(Z))' 2

The factorization above renders the add-on module in (1) to
1—P(z)Q(z) . This parameterization has made the added module
simple and do not depend on baseline controller C(z). Certainly,
from the viewpoint of implementation, a perfect plant model is
unrealistic in practice. In this sense, instead of P(z), a nominal
model of the plant P(z) is used to formulate the YK parameteri-

zation, which gives the new stabilizing controller and sensitivity
function

1+ P(2)C(z) + (P(z) — P(2))0(2)

At frequencies where P(e/?) = P(e/®), i.e. where the nominal

model is accurate, (3) gives

& 1 jo 0
S:W(I—P(d )0(e’?)),

i.e. the decoupling of sensitivity in (2) remains valid in the fre-
quency domain. Loop shaping and energy transmission modu-
lation then translate to designing 1 — P(e/®)Q(e/®) = 0, which
gives §(e/?) = 0. One intuitive design is thus to make Q(z) =
P~!(z), namely, direct inversion of the plant model. However,
when the plant contains unstable zero(s) or is strictly proper, a di-
rect inversion will introduce instability or non-properness to the
closed loop. In our previous work [17, 18], we proposed a point-
wise inverse design to overcome these fundamental challenges.
The main result is provided in the following proposition.

Proposition 2. Let Q(z) = bo+ Y biz~!, with

[ RP(e/¥1) ]
_ _ | P
1 cos® ... cosmm IP(e/?1)
0 sinw; ... sinmm, |P(eion)|?
bo .
= I @
by, : : D
1 cos@, ... cosma, 9‘1’(8’“’”)2
0 sin®, ... sinmm, |P(edon)|
- < | 3P(eion)
L|P(eron)” ]

where m = 2n — 1. Then
Q(e/®)P(/®) =1,Yi=1,2,....n
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Proof. See [18]. 1@7‘5

By focusing on the local inversion of P(e/®), Proposiflén
2 relaxes the requirement of a stable plant inversion. Proof! 8f
the closed-loop stability and robustness of the proposed scheafle
is provided in [18]. Briefly speaking, since the forward m b1
based controller is branched out of the YK parameterizat
nominal stability follows directly. On the other hand, at freq
cies where there are large model uncertainties and mismatc
high-performance control intrinsically has to be sacrificed forgg-
bustness based on robust control theory. It is not difficult to mgle
0(e/®) small at these frequencies to keep the influence of e
mismatch element (P(z) — P(z))Q(z) small in (3). 29

Fig. 1 shows a realization of the scheme discussed ab@@.
We have the following relevant signals and transfer functions31

P(z) and P(z): the plant and its identified model; gg
C(z): a baseline controller designed to provide a robugdy
stable closed loop; 35
d(k) and d(k): the actual (not measurable) disturbance 36d
its online estimate; 37
ii(k) and u(k): the control command with and without38e
compensation signal; 39
y(k): measured residual error; 40

c(k): the compensation signal that asymptotically rqects‘*ﬂe

disturbance d (k). 43

Remark 3. We assume that the magnitude of P(e/?) is not ztfo
at the target frequencies (otherwise, disturbances are directly4®-
jected by the plant). 46
Remark 4. By block diagram analysis, if P(e/®) = P(e/®), gge
can show that when r(k) = 0 and P(e/®)Q(e/®) = 1, P(2)i{§)
approximates —d (k) at @; (hence canceling the disturbance).5(

We will use this intuition of disturbance estimation for ¢oh-

troller tuning. 52
53
54

3 PROPOSED WIDE-BAND LOOP SHAPING Fg)g:l
NONMINIMUM-PHASE SYSTEMS 57

Compared with single-frequency excitation, wide-band gg-
nals (see, e.g., Fig. 2) induce widely spanned spectral pe&g.
For such cases, pointwise inversion of the plant frequency8@-
sponse alone will not generate satisfying loop-shaping result.
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withm=4n—1 and

[ RP(e/21)
- o] [P
1 cosm; cos2w; ... cosmm; 3P(e1)
0 sinw; sin2 sinmm; |P(e-/'w1)|2
bo 1 cos®, cos2m, ... cOSmwm, CJ(1’(8-"“’”)2
_ |0 sinw, sin2®, ... sinmo, |P(e-"“jf’('o)|
0 cos W 2cos2®) ... McosSm®, SP(J; n)2 ’
bm 0 sinw; 28in2®; ... msinm®, [Ple )|w
—%H(el 1)
: SH(e/®)
0 cos®, 2cos2®, ... mcosmay, .
|0 sinw, 2sin2@, ... msinma, | —%H.(gj‘”")
| SH(e/*) |
(6)
where
H(el®) (qel1® —I—Z‘V];ll vaye"®)N(e/®) — (XP_, uc,e®)D(e’?)
el?) = -
N2(e/®) ’
then
1 —P(e/®)Q(e/®) =0 N
36 (1=P(e/®)Q(e/®)) |o=0; =0

Proof. We first derive the conditions for the first equation in (7).
When P(e/®) = 0, this can be rewritten as

1 P(eJ®)
P(el®)  |p(eion)*’

Q(e/) =

i.e.

3Q(e@) = — 3P

\P(e/w;)|2

%Q(ejw’) — SKP(ejwi)

|P(eion)|”

Li=1,2,....n. (8)

Given Q(z) = by + X", b1z, (8) becomes

m RP Jjo;
bo—i—Zblcosla),- = (7,8)2
i=1 |P(e/)]|
m P j(Ol.
Y. bysinlay = 0€)
i=1 |P(e/®)]

In matrix form, these conditions are shown in the upper section
of the right hand side of (6).

Now we prove the conditions of the second equation in (7),
which is equivalent to

dP(e/®)
dw

dQ(e/®)

do

( Q(ejw)+ P(ejw))| w=0;= 0.

When 1 — P(e/?)Q(e/®) = 0 and P(e/®) # 0, this becomes

dP(e/®) 1 do(e/®) .
S P(ejw)Jr do P(e’?)) |o=a;=0,
ie.
dQ(ef“’)‘ - 1 dP(e/®) _d 1 |
do 7% P2(ei®) do 7Y dw P(ei®) ' OTO
©)

Given again Q(z) = bo + Y7 biz~!, the left hand side of (9) is

do(e’®)

do (10)

m
|w:w,-: -

m
bilsinle;—j Y bilcoslw.
=1 =1

Given the coprime factorization of P =ND™ ! the right hand side
of (9) becomes

d 1
aw o) -
B d 1 dz
&P do
~d D(z) dz
&) ie o oior
_ EDEIN(2) - £N()D(2)
B N2(z)
(@24 L) vay 2 )N (2)— (T, uc,2)D(z)
N2(z)

< ‘Z:ejwi

| =l

=jH (e/™). (11)
Matching the real and imaginary parts of (10) and (11) for i =
1,2,...,n gives the lower section of (6).

There are 4n linear independent equations in (6), the mini-
mum order for Qism =4n— 1. O

Corollary 6. If (7) is true, then
4 1= P(/®)Q(e’®)| |o=ay= 0.
do o

Proof. Assume that 1 — P(e/®)Q(e/®) = A(w)e/®(®), where
A(®) and 0(®) are the magnitude and frequency responses, re-
spectively. Then

dA(CO) eje(w)

de(w) eje(w) =0.
dw

d @ j\Y __
S (1=P(")Q(e)) = o

jA(®
o +jA(o)
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FIGURE 4. COMPARISON OF MAGNITUDE RESPONSE FOR DIF-
FERENT Q FILTER DESIGNS.

Note that A(@;) = 0. The above equation then gives

1o (1= PE)Q(E)) |- =

dA(O)) eje(w
do

do ) |w:w,-: 07

which is equivalent to

dA(w) d
do do

|1—P(e/*)Q(e’®)| | 0=, = 0.

O

Consider again the case in Fig. 3. The frequency response
of the proposed Q(e/?) from (6) is added, which is shown in Fig.
4. Compared with the basic solution (4), the magnitude response
of the filter that incorporates higher-order plant dynamics is seen
to match the inverse magnitude response of P(z) within a large
band around the target frequencies.

The magnitude response of 1 — PQ in Fig. 5 further illus-
trates the benefit of (6) for wide-band loop shaping. It can be
seen that the new filter design gives a wider notch shape at all
three target frequencies. A zoom-in view of the magnitude re-
sponse of 1 — PQ shows that the proposed wide-band design in-
deed achieves zero derivative (which is guaranteed by Corollary
6) at the target frequencies, creating lower magnitudes at the fre-
quency regions centered around these points.

For implementation, one can calculate H (e/?) based on the
analytic transfer function, or directly calculate the derivative of
the inverse frequency response on the right hand side of (9) by
using measured frequency responses of P(e/?).

The proposed FIR filter achieves desired energy transmis-
sion modulation at @;. Yet, because there is no constraint on
the overall magnitude, this basic solution tends to induce unde-
sired amplification when @ # @, especially at frequencies far
away from the target frequency. Such waterbed effect is partic-
ularly severe and dangerous in wide-band loop-shaping design.
Meanwhile, at frequencies where there are large model uncer-
tainties and mismatches, high-performance control intrinsically
has to be sacrificed for robustness based on robust control the-
ory. Thus, the proposed implementation form is to incorporate
special bandpass characteristics to maintain the magnitude of

(a). magnitude response of 1-PQ

|— = —-Quia (4) narmow-band design |

Q via (6): wide-band design |

Magnitude (dB)

-50

1000 2000 3000 4000 5000 6000 7000 8000
(b). zoom-in view of 1-PQ

- ;
1000 2000 3000 4000 5000 6000
Frequency (Hz)

FIGURE 5.
Q DESIGNS.

MAGNITUDE RESPONSE OF 1-PQ FOR DIFFERENT

Q(e/?) small when @ # @;. More specifically, we propose the
following lattice-structure [19] bandpass filter

_i n (1—|—k2_’,‘)(1+2k1’,‘271 +Z72)
P 1+k1j(1+k27i)271+k2’iziz

Ospp(z) =1 ;o (12

where ki; = —cosw; and ky; = [l — tan(B,,;/2)]/[1 +
tan(Byy;/2)], By, (in radian) is the 3-dB bandwidth of Qpgp(z)
centered around @;. It can be shown that Qpp(e/®) = 1,Vi =
1,2,...,n. Applying (12) to (5) gives

0(z) = Opr(2) (bo+ ¥ i), (13)
=1

which not only maintains the desired wide-band loop shape, but
also blocks noises in d(k) outside the target frequency ranges.

4 SIMULATION VERIFICATION

The proposed algorithm is verified by simulation on a two-
axis galvo scanner in selective laser sintering additive manufac-
turing. The identified plant transfer function is

Bl = 0.0282z% +0.1504z+0.1146
T A 1319027 +0.9292 — 0.6073z — 0.0035

(14)

where the sampling time 7; = 0.025ms. A figure that shows the
frequency response of (14) compared with the measured response
is provided in [18]. Note that this is a nonminimum-phase sys-
tem with an unstable zero at z = —4.419. A vendor-integrated
baseline controller is already embedded in the plant. We thus set
C(z) = 1inFig. 1. The magnitude response of the baseline sensi-
tivity function is provided in Fig. 6. The system has a bandwidth
around 1000Hz.

Fig. 7 shows spectrum of the wide-band disturbance used in
the simulation®. The vibrations contain three major wide-band
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FIGURE 7. WIDE-BAND DISTURBANCE IN SIMULATION.

peaks centered around 100Hz, 900Hz, and 2500Hz.

The baseline sensitivity function already attenuates the low
frequency signal. Thus, in the Q filter design, we only focus on
the higher bands (900Hz and 2500Hz). Fig. 8 shows magnitude
responses of the Q filter and 1 — PQ. As expected, two wide
attenuation notches are located at the target frequencies in the
upper plot. To mitigate the large amplification in high frequency
region due to waterbed effect, the red dashed line shows the result
of applying the lattice-structure bandpass filter in (12). The cor-
responding performance in time and frequency domain is shown
in Fig. 9 and Fig. 10, respectively. It can be seen that the low
frequency band is rejected in both plots thanks to the baseline
sensitivity function (recall Fig. 6). However, as the input energy
frequency increases, baseline sensitivity function is not powerful
enough anymore. On the other hand, the proposed scheme is able
to effectively attenuate the large spectral peaks.

5 CONCLUSION AND FUTURE WORK

In this paper, a wide-band loop shaping scheme for modu-
lating energy transmission in a feedback system is introduced.
This algorithm is constructed by designing a pointwise model
inversion filter. The proposed scheme avoids explicit plant inver-
sions and is particularly useful for nonminimum-phase systems
or when a stable plant inversion is prohibitively expensive over
the full frequency range. Simulation on a galvo scanner platform

2The disturbance is a scaled analogy of actual disturbance in high precision
motion system [2].
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FILTER AND 1 — PQ.
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FIGURE 9. TIME SERIES COMPARISON WITH AND WITHOUT

THE PROPOSED WIDE-BAND Q COMPENSATOR.

in selective laser sintering shows significant performance gains
for attenuating multiple wide-band energy transmission. The re-
sult is achieved by utilizing the first-order derivative of plant dy-
namics response for the loop-shaping filter design. Experimenta-
tion on actual hardware is underway. As a future work, while the
achieved selective model interpolation was observed to be effec-
tive for mechatronic applications, higher-order interpolation and
potential trade-offs will be investigated. Briefly, these higher-
order interpolation conditions can be translated to the core matrix
equation analogously as the first-order derivative condition, and
we expect the tools and knowledge from this paper will apply
directly to extensional cases.
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