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Gluing maps and cobordism maps for sutured

monopole Floer homology

Zhenkun Li

Abstract

The naturality of sutured monopole Floer homology, which was
introduced by Kronheimer and Mrowka [17], is an important ques-
tion and is partially answered by Baldwin and Sivek [1]. In this
paper we construct the cobordism maps for sutured monopole Floer
homology, thus improve its naturality. The construction can be
carried out for sutured instantons as well. In the paper we also con-
struct gluing maps in sutured monopoles and sutured instantons.
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1 Introduction

1.1 Main theorems and backgrounds

Sutured manifold is a powerful tool introduced by Gabai [6] in 1983, to
study the topology of 3-manifolds. In 2010, the construction of monopole
Floer homology was carried out on balanced sutured manifold by Kron-
heimer and Mrowka [17]. The combination of Floer theories and sutured
manifolds has many important applications. For example, sutured Floer
homology can detect tautness (see [10] and [17]) and fibredness of knots
(see [20] and [17]), and these played essential roles in the proofs that Kho-
vanov homology detects unknots by Kronheimer and Mrowka [15] and that
Khovanov homology detects trefoil by Baldwin and Sivek [4]. In this paper,
we construct the gluing maps and cobordism maps for sutured monopole
and instanton Floer homology. This will enrich our tool bar for potential
usage.

Theorem 1.1. (Gluing maps) Suppose pM, γq and pM 1, γ1q are balanced
sutured manifolds and M Ă intpMq. Suppose there is a contact structure ξ

on Z “ M 1zintpMq so that BZ is convex with γ Y γ1 being the dividing set,
then there is a contact gluing map

Φξ : SHMp´M,´γq Ñ SHMp´M 1,´γ1q,

which is well defined up to the multiplication by a unit. Furthermore, the
gluing map satisfies the following properties:

(1). If Z – BM ˆ r0, 1s then there exists a diffeomorphism

φ : M Ñ M 1,

which restricts to the identity outside a collar of BM Ă M and is isotopic
to the inclusion M ãÑ M 1, so that

Φξ
.
“ SHMpφq.

Here
.
“ means equal up to multiplication by a unit.

(2). Suppose pM2, γ2q is another balanced sutured manifold and M 1 Ă
intpM2q, and let Z 1 “ M2zintpM 1q with a contact structure ξ2 on Z 1 so that
BZ 1 is convex with dividing set γ1 Y γ2, then we have

ΦξYξ1

.
“ Φξ1 ˝ Φξ.

3
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(3). If Z – BM ˆ r0, 1s Y h where BM ˆ t0u is identified with BM Ă M

and h is a contact handle attached to M Y Z along BM ˆ t1u, then there
is a suitable diffeomorphism

φ : M Ñ M Y BM ˆ r0, 1s,

which restricts to the identity outside a collar of BM Ă M , and is isotopic
to the inclusion M ãÑ M Y BM ˆ r0, 1s, so that

Φξ
.
“ Ch ˝ SHMpφq,

where Ch is the contact handle map associated to h.

Theorem 1.2. (Sutured cobordism maps) Suppose W “ pW,Z, rξsq is a
sutured cobordism between two balanced sutured manifolds pM1, γ1q and
pM2, γ2q then W induces a cobordism map

SHMpWq : SHMpM1, γ1q Ñ SHMpM2, γ2q,

which is well defined up to multiplication by a unit and satisfies the following
properties:

(1). Suppose W “ pM ˆ r0, 1s, BM ˆ r0, 1s, rξ0sq so that ξ0 is r0, 1s-
invariant, then

SHMpWq
.

“ id.

(2). Suppose W 1 “ pW 1, Z 1, rξs1q is another sutured cobordism from
pM2, γ2q to pM3, γ3q, then we can compose them to get a cobordism W2 “
pW YW 1, Z YZ 1, rξY ξ1sq from pM1, γ1q to pM3, γ3q and there is an equality

SHMpW2q
.
“ SHMpW 1q ˝ SHMpWq.

(3). For any balanced sutured manifold there is a canonical pairing

x¨, ¨y : SHMpM, γq ˆ SHMp´M, γq Ñ R,

which is well defined up to multiplication by a unit. Here R is the coefficient
ring. Furthermore, let W “ pW,Z, rξsq be a cobordism from pM1, γ1q to
pM2, γ2q, and let W_ “ pW,Z, rξsq be the cobordism with same data but
viewed as from p´M2, γ2q to p´M1, γ1q. Then W and W_ induce cobordism
maps which are dual to each other under the canonical pairings.

4



Zhenkun Li 1 INTRODUCTION

A sutured manifold pM, γq is a compact oriented 3-manifold M , with
an oriented 1-submanifold γ on the boundary BM . The 1-submanifold γ

is called the suture and it divides BM into two parts R`pγq and R´pγq
according to the orientation induced by γ and M . It is called balanced if
every component of BM contains a suture and R`pγq and R´pγq have the
same Euler characteristics.

The monopole Floer homology of a closed 3-manifold Y together with a
spinc structure s on Y was built by a version of infinite dimensional Morse
theory based on the so called Chern-Simons-Dirac functional as in [16].
The total homology group is then a direct sum among all spinc structures.
To adapt the construction to balanced sutured manifolds, Kronheimer and
Mrowka constructed a pair pY,Rq, consisting of a closed 3-manifold and a
distinguishing surface, out of the sutured data pM, γq. This pair was called
a closure and the sutured monopole Floer homology was defined to be the
monopole Floer homology of Y using only top spinc structures with respect
to R, i.e., those spinc structures s on Y so that

c1psqrRs “ 2gpRq ´ 2.

This homology is denoted by SHMpM, γq.
The monopole Floer homology of a closed 3-manifold has very good

naturality. This is partially because the space of all choices in the con-
struction of monopole Floer homology is contractible. Hence it is natural
to ask whether sutured monopole would also have a good naturality prop-
erty. However, the construction of the closure, which involves some ’dis-
crete’ choices, make the question much more difficult to be studied. The
naturality of sutured monopole is partially proved by Baldwin and Sivek in
[1], where they showed that for a fixed balanced sutured manifold and any
two different closures of it, there is a canonical map for Floer homologies
between them. However, whether there exists a cobordism map in sutured
monopole Floer homology theory is still open (and the main theorem of this
paper answers this question positively). To be compared with, Juhász [11]
has constructed a cobordism map in sutured (Heegaard) Floer homology
theory.

Our construction of the cobordism map would provide the sutured
monopole Floer homology a better naturality property. In some cases when
we could fix the choices of closures, we might be able to make use of the
even better naturality of monopole Floer homology of closed 3-manifolds
and find some future applications.
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Along with the cobordism map, we also construct gluing maps in su-
tured monopoles and instantons. Gluing maps are very important tools in
the sutured Floer homology theory. One direct application of gluing maps
in future is to construct a possible minus version of knot Floer homology
in monopole or instanton settings, using a direct system whose morphisms
coming from gluing maps. The question has been proposed in details in the
introductory part of Baldwin and Sivek’s paper [2]. One thing we would
like to comment here is that the construction of the direct system would
be an immediate application of the gluing maps, but the construction of
gradings in the direct limit would have some difficulties, and this will be
the main topic of the author’s future paper [18].

1.2 Outline of the proof

The topological data for a cobordism between two balanced sutured man-
ifolds pM1, γ1q and pM2, γ2q would be a pair pW,Zq where W is a compact
oriented 4-manifold with boundary

BW “ ´M1 Y Z Y M2.

In order to keep track of the sutured data, we need also a contact structure
ξ on Z so that BZ is convex and γ1 Yγ2 is the dividing set. For the purpose
of gluing cobordisms, we should allow the contact structure ξ to vary by
isotopy and look at only the isotopy class rξs of contact structures on Z.
We call W “ pW,Z, rξsq a sutured cobordism from pM1, γ1q to pM2, γ2q.

The construction of the cobordism map would share some similarity
of the construction of that in sutured Heegaard Floer homology theory in
Juhász [11]. The construction falls into two steps and the first is to use the
isotopy class of contact structures rξs on Z to construct a gluing map

Φ´ξ : SHMpM1, γ1q Ñ SHMpM1 Y p´Zq, γ2q.

A corresponding construction for sutured (Heegaard) Floer homology was
done by Honda, Kazez and Matić [8] and revisited by Juhász and Zemke
[13]. The second step is to construct a map from the 4-manifold W

FW : SHMpM1 Y p´Zq, γ2q Ñ SHMpM2, γ2q.

The composition SHMpWq “ FW ˝ Φ´ξ would be the desired cobordism
map.
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The second map FW arising from W is straightforward in monopole
settings. The main difficulty is to construct the gluing map Φξ. There
is no known construction prior to this paper. Some partial works were
done by Baldwin and Sivek in [2], where they only constructed the handle
attaching maps for contact handle attachments. A contact handle is a tight
contact 3-ball attached to a balanced sutured manifold and is attached in
different ways according to the index of the handle. The straightforward
idea then is to decompose Z into contact handles and composite the gluing
maps defined for those handles. However they only conjectured that two
different contact handle decompositions will result in the same composition
map.

In the present paper we are going to introduce slightly different defi-
nitions for contact handle attaching maps for 2- and 3-handles. Though
they turn out to be equivalent to what have been constructed by Baldwin
and Sivek [2], our point of view will be a little bit more convenient when
studying the duality of the sutured cobordism map. In the paper we also
make use of a tool called contact cell decomposition, which was introduced
by Juhász and Zemke [13]. A contact cell decomposition can be thought
of a refinement of the construction of Legendrian graphs inside contact 3-
manifolds, by Honda, Kazez and Matić [9], as a preparation for defining the
contact elements in sutured (Heegaard) Floer homology. In a contact cell
decomposition of Z, we decompose Z into three pieces Z “ N Y Z 1 Y N 1.
Here N Y N 1 is a collar of the boundary BZ Ă Z and Z 1 is decomposed
further into contact handles so that any two different decompositions are
related by isotopies and three types of handle cancelations. In this paper
we are able to prove that the composition of gluing map is independent of
all three types of handle cancelations and hence get a well defined gluing
map.

As an application of the gluing map, we prove the following result,
which is originally conjectured by Baldwin and Sivek [2].

Corollary 1.3. Under the above settings, suppose there are two different
ways of contact handle decompositions of Z, both relative to BM :

M 1 “ M Y h1 Y ... Y hn, M 1 “ M Y h1
1

Y ... Y h1
m.

Then the compositions of the two sets of handle attaching maps are the
same:

Chn
˝ ... ˝ Ch1

.
“ Ch1

m
˝ ... ˝ Ch1

1
: SHMp´M,´γq Ñ SHMp´M 1,´γ1q.

7
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Further with the discussion in [2], we know the follow thing.

Corollary 1.4. With the above notations, if the contact structure ξ on Z

is the restriction of a contact structure ξ1 on all of M 1, then the gluing map
preserves contact elements, i.e.,

Φξpφξ1|M q
.

“ φξ1.

When composing the gluing map Φ´ξ with the map FW coming from
the 4-manifold W as discussed above, we get the cobordism map SHMpWq
associated to the sutured cobordism W “ pW,Z, rξsq.

The functoriality of the cobordism maps holds. This is essentially be-
cause we can interpret the two maps Φ´ξ and FW as attaching 4-dimensional
handles to a suitable product cobordism, and we can somehow prove that
handles attached corresponding to different steps can change the order of
attaching with each other.

The duality of the cobordism map is also proved. To do this We actu-
ally introduced a second way to construct the gluing maps as well as the
cobordism maps, so that the duality is then a simple corollary.

Although we will work with local coefficients though out the paper, we
shall remark here that all discussions can be modified to work with simply
Z coefficients (and we shall fix a large enough genus for closures of balanced
sutured manifolds) except for proposition 3.22. When using Z coefficients,
the ambiguity appeared in the above statements reduces to being up to a
sign. The reason why 3.22 relies on local coefficients is that we shall use
Floer excisions along tori, which was introduced in [17], in the proof of that
proposition. However local coefficients are necessary in that setting.

The sutured instanton Floer homology was also introduced by Kron-
heimer and Mrowka [17]. A parallel construction for sutured instanton can
also be done in a similar way. We will briefly discuss about sutured in-
stantons in the last section of the paper. It worth mentioning here that
in [3] Baldwin and Sivek defined the contact elements as well as contact
handle gluing maps for sutured instanton. However, they only proved that
the contact element is preserved under 0, 1, 2-handle attaching maps but
didn’t say anything about 3-handles. Using gluing maps constructed in
this paper, we are able to prove that contact elements are also preserved
by 3-handle attaching maps.

8



Zhenkun Li 1 INTRODUCTION

1.3 Future questions

The construction of gluing maps and cobordism maps would be a first step
to many further problems and we would like to introduce some of them
here. We have already mentioned one above on the minus version of knot
monopole Floer homology and here are more questions to be asked.

A first adaption of the construction in the current paper might be to the
sutured knot (or link) homology. As suggested by Juhász [11], we are given
a cobordism pX,F, σq between two links L1 Ă Y1 and L2 Ă Y2 with marked
points, where X is a cobordism between Y1 and Y2, F Ă X is a cobordism
between L1 and L2 and σ Ă F is a 1-dimensional submanifold determining
a contact structure on the boundary of a tubular neighborhood of F Ă X .
Then we could try to construct a map between link Floer homologies.
There may be some further applications to the study of embedded surfaces
in 4-manifolds.

A second question is related to contact elements of the sutured mani-
folds. Given a balanced sutured manifold pM, γq with a contact structure
ξ so that BM is convex and γ is the dividing set, Baldwin and Sivek con-
structed in [2] a closure pY,Rq of pM, γq which carries a contact structure
ξ̄ restricting to ξ on MzNpγq. Here Npγq is a neighborhood of γ Ă M .
Hence they were able to define a contact element

φξ P SHMp´M,´γq

based on work by Kronheimer, Mrowka, Ozsváth and Szabó [14]. However
they only carried out this construction using connected auxiliary surface
(an auxiliary surface is the surface used to construct closures of balanced
sutured manifolds), while in some cases, disconnected auxiliary surfaces
might be more convenient (see [17], section 6.) So it would be interesting
to generalize their construction using disconnected auxiliary surface and
study how contact invariants behave under the Floer excision maps defined
in [17]. Another related questions is that in [2], or in second 6 of the
current paper, contact invariants for sutured instantons are defined. One
can ask what is the analytical correspondence in the classical Instanton
Floer homology theory.

A third question is about trace and co-trace cobordisms. Suppose
pM, γq is a balanced sutured manifold, then we can form a special cobor-
dism

W “ pM ˆ r0, 1s, BM ˆ r0, 1s, rξ0sq

9
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where ξ0 is a contact structure on BM ˆ r0, 1s so that ξ0 is r0, 1s-invariant,
BM ˆ ttu is convex for each t P r0, 1s and γ ˆ ttu is the dividing set. We
can view W as a cobordism from pM \ p´Mq, γ Y γq to H. In [13] the
corresponding cobordism map for sutured (Heegaard) Floer homology was
computed and one could ask whether we have a similar result for sutured
monopoles.

A forth question is about the ambiguity of being up to multiplication
by a unit. When using Z coefficients, it is up to a sign, which is kind
of acceptable, as the contact invariant is also only defined up to a sign
and this ambiguity cannot be resolved, as shown by Lin [19]. Also, as
a comparison, Honda, Kazez and Matic’s construction of gluing map in
sutured (Heegaard) Floer homology also has a sign ambiguity when using
Z coefficients. However, when using general local coefficient over a suitable
ring R, it might not be satisfactory. For example, the pairing

x¨, ¨y : SHMpM, γq ˆ SHMp´M, γq Ñ R

defined above is also up to a unit. In the worst case where R is a field,
we only know that the vanishing or non-vanishing of the pairing is well
defined. So it would be interesting to see whether or not one could improve
this ambiguity.

The paper is organized as follows. In section 2 we review the basic
settings of the sutured monopole Floer homology and the naturality. In
section 3, we discuss on the construction of contact handle attaching maps
and prove their cancelation or invariance properties. Those basic ingredi-
ents then are used in section 4 for constructing general gluing maps and
proving basic properties of them. In section 5, we construct the cobordism
maps associated to sutured cobordisms between balanced sutured mani-
folds and prove their basic properties. In section 6 we briefly go through
the construction in sutured instanton Floer homology.
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the National Science Foundation under Grant No. 1808794. I would like
to express my enormous gratitude towards my advisor Tomasz Mrowka for
suggesting the problem and the invaluable helps all the way along. I would
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Boyu Zhang for helpful conversations.
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2 Prelimilaries

2.1 Monopole Floer homology for 3´manifold

Suppose pY, sq is a closed connected oriented 3-manifold equipped with a
spinc structure s. Kronheimer and Mrowka in [16] associated 3 flavors of
monopole Floer homologies to pY, sq, with Z coefficients:

zHM‚pY, sq, ~HM‚pY, sq, ĘHM‚pY, sq.

The three flavors fit into a long exact sequence:

... Ñ ĘHM ‚pY, sq
i

ÝÑ ~HM‚pY, sq
j

ÝÑ zHM‚pY, sq
p
ÝÑ ĘHM ‚pY, sq Ñ ... (1)

Suppose we are given a smooth 1-cycle η Ă Y , and let R be the Novikov
ring over Z, which is defined as

R “ t
ÿ

α

nαt
α|α P R, nα P Z, 7tα P R|nα ă Nu ă 8 for all N P Zu.

Then we can define similarly all three flavors of monopole Floer homologies
with local coefficients

zHM‚pY, s; Γηq, ~HM ‚pY, s; Γηq, ĘHM ‚pY, s; Γηq.

They also fit into a the same long exact sequence as (1).
If furthermore the spinc structure is non-torsion, that is, c1psq is not a

torsion element in H2pM ;Zq, then we have

ĘHM ‚pY, s; Γηq “ 0,

and ~HM ‚pY, s; Γηq is isomorphic to zHM ‚pY, s; Γηq via j. So we will call
either flavor to be just HM‚pY, s; Γηq.

Suppose F Ă Y is a closed oriented embedded surface of genus at least
2. Let SpY |F q be the set of all spinc structures s such that

c1psqrF s “ 2gpF q ´ 2,

and define
HMpY |F ; Γηq “

à
sPSpY |F q

HM‚pY, s; Γηq.

11
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Suppose pY1, F1, η1q and pY2, F2, η2q are two triples, then a cobordism
pW,FW , νq between them is a triple where

(1). W is a cobordism from Y1 and Y2, which means that W is a smooth
compact oriented 4-manifold with boundary and there is an orientation
preserving diffeomorphism from BW to ´Y1 Y Y2.

(2). FW Ă W is a closed oriented embedded surface in W , which
contains F1 and F2 as two components.

(3). We have ν Ă W being a smooth 2-cycle and Bν “ p´η1q Y η2
As discussed in [17], the cobordism pW,FW , νq induces a map between

mononopole Floer homologies:

HMpW |FW ; Γνq : HMpY1|F1; Γη1q Ñ HMpY2|F2; Γη2q.

Remark 2.1. For simplicity, in the rest of the paper, we may omit the
surface and local coefficients from the notation of a cobordism map.

2.2 Sutured monopole Floer homology

Definition 2.2. A balanced sutured manifold pM, γq consists of the follow-
ing data:

(1). A compact, oriented 3-manifold M with non-empty boundary BM .
(2). An embedded oriented 1-submanifold γ Ă BM .
(3). An annular neighborhood Apγq of γ on BM , which can be identified

with γ ˆ r´1, 1s.
(4). Rpγq “ BMzÅpγq being the closure of the complement of Apγq on

BM .
They should satisfy the following requirements:
(1). M has no closed components.
(2). Every component of BM contains at least one suture.
(3). Rpγq can be oriented in a way that BRpγq, as oriented curve, is

parallel to γ in Apγq. The requirement (2) above makes sure that Rpγq has
no closed components so the orientation above is unique, and is called the
canonical orientation.

(4). Let R`pγq be the part of Rpγq so that the canonical orienta-
tion induced by γ coincides with the boundary orientation of M , and let
R´pγq “ RpγqzR`pγq. Se shall require further that

χpR`pγqq “ χpR´pγqq.

12
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Now suppose pM, γq is a balanced sutured manifold. In order to define
the sutured monopole Floer homology, we need to construct a closed 3-
manifold with a distinguishing surface inside it. To do this, we pick a
compact oriented surface T so that

(1). We have gpT q ě 2.
(2). There exists an orientation reversing diffeomorphism

f : BT Ñ γ.

(3). There is a curve c Ă T so that c represents a non-trivial class in
H1pT q.

Since Apγq has been identified with γ ˆ r´1, 1s, we have a map

f ˆ id : BT ˆ r´1, 1s Ñ γ ˆ r´1, 1s “ Apγq.

We can use this map to glue T ˆ r´1, 1s to M :

ĂM “ M Y
fˆid

T ˆ r´1, 1s.

The boundary of ĂM consists of two components

R` “ R`pγq Y pT ˆ t1uq,

R´ “ R´pγq Y pT ˆ t´1uq.

Let h : R` Ñ R´ be an orientation preserving diffeomorphism so that

hpc ˆ t1uq “ c ˆ t´1u.

We can use id and h to glue R` ˆ r´1, 1s to ĂM to get a closed manifold

Y . In details, R` ˆ t´1u is glued to R` Ă B ĂM via identity and R` ˆ t1u

is glued to R´ Ă B ĂM via h. Let R be the surface R` ˆ t0u. There is then
a curve c “ c ˆ t0u Ă R.

Based on this construction, we have the following definition.

Definition 2.3. In the above construction, we call T an auxiliary surface
and h a gluing diffeomorphism. We call the manifold ĂM a pre-closure of
pM, γq, and call the pair pY,Rq a closure. We define the genus of the closure
pY,Rq to be the genus gpRq of R.

Remark 2.4. The definition of genus follows from Baldwin and Sivek [1].
While the others follow from Kronheimer and Mrowka [17]

13
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Definition 2.5. Suppose pY,Rq is a closure of a balanced sutured manifold
pM, γq and η is the non-separating oriented smooth curve defined as above.
Then we define the sutured monopole Floer homology with local coefficients
of pM, γq to be

SHMpM, γ; Γηq “ HMpY |R; Γηq.

2.3 The naturality of sutured monopole Floer homol-

ogy

In the definition of sutured monopole Floer homology, there are a few
choices pT, f, hq involved (also c and η). In [17] Kronheimer and Mrowka
have already proved the invariance:

Theorem 2.6. The isomorphism class of sutured monopole Floer homology
of a fixed sutured manifold pM, γq is independent of all the choices made
in the construction of the closure as in definition 2.5.

Although we have the invariance of the isomorphism types of the su-
tured monopole Floer homologies, it is still not enough to talk about ele-
ments in them. This leads to Baldwin and Sivek’s work on the naturality
of sutured monopole Floer homologies. To get the naturality, Baldwin and
Sivek defined a more refined version of closures in [1]:

Definition 2.7. Suppose pM, γq is a balanced sutured manifold then a
marked closure of pM, γq is a quintuple D “ pY,R, r,m, ηq where

(1). Y is a closed oriented smooth 3´manifold.
(2). R is a connected closed oriented smooth surface with genus at least

2.
(3). We have a map

r : R ˆ r´1, 1s Ñ Y

which is a smooth orientation preserving embedding.
(4). We have a map

m : M Ñ Y zintpimprqq

which is a smooth orientation preserving embedding and satisfies following
properties:

14
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(a). We have that m extends to a diffeomorphism

m : M Yf T ˆ r´1, 1s Ñ Y zintpimprqq

for some Apγq, T, f as defined in definition 2.3. Also we need some smooth
structure on M Y T ˆ r´1, 1s which restricts to the given one on M .

(b). We have that m restricts to an orientation preserving embedding

m : R`pγqzApγq ãÑ rpR ˆ t´1uq.

(This is to make sure that R has the correct orientation.)
(5). We have that η is a non-separating smooth oriented curve on R.
We define the genus of D, which is denoted by gpDq, to be the genus of

the surface R.
We define the sutured Floer homology of the marked closure D to be

SHMpDq “ HMpY |R; Γηq.

Remark 2.8. Here, strictly speaking, the surface should be rpR ˆ t0uq, but
for simplicity we will always write R for short. Also the local coefficient
should be Γrpηˆt0uq and we will only write Γη.

Remark 2.9. We shall emphasis here that in the requirement (a), the auxil-
iary surface T should be connected. This is implicitly contained in Baldwin
and Sivek’s original construction in [2]. Especially, when they constructed
the handle gluing maps, they used the fact that auxiliary surfaces they
used are all connected. So throughout the present paper, when we use
an auxiliary surface to construct a closure, it should be understood to be
connected otherwise stated.

Baldwin and Sivek also constructed in [1] canonical isomorphisms be-
tween the homologies of two different marked closures of a fixed balance su-
tured manifold. The basic terms are canonical maps Φg

D,D1 for gpDq “ gpD1q

and Φg,g`1

D,D1 for gpD1q “ gpDq ` 1. These tow basic types of canonical maps
will composite to get canonical maps between any two marked closures of
the same balanced sutured manifold. In summary they satisfy the following
proposition:

Proposition 2.10. Suppose pM, γq is a balanced sutured manifold. Then
for any two marked closures D and D1 of pM, γq, there is a canonical map

ΦD,D1 : SHMpDq Ñ SHMpD1q,
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which is well defined up to multiplication by a unit of R, such that
(1). If D “ D1, then

ΦD,D1

.
“ id.

Here
.
“ means equal up to multiplication by a unit.

(2). If there are 3 marked closures D, D1 and D2, then we have

ΦD1,D2 ˝ ΦD,D1

.
“ ΦD,D2.

Hence the homologies and canonical maps fit into what is called a pro-
jective transitive system in [1]:

Definition 2.11. A projective transitive system of R-modules consists of
an index set A together with

(1). A collection of R-modules tMαuαPA

(2). A collection of equivalent classes of R-modules homomorphisms
trhα,βsuα,βPA, such that

(a). Two morphisms are called equivalent if they differed by multipli-
cation by a unit.

(a). For all α, β P A, hα,β is an isomorphism from Mα to Mβ.
(b). If α “ β, then hα,β

.
“ id.

(c). For all α, β, γ P A, we have

hβ,γ ˝ hα,β
.

“ hα,γ.

With a projective transitive system, we can construct a canonical pro-
jective module out of it:

Definition 2.12. Suppose pA, tMαu, thα,βuq is a projective transitive sys-
tem, then we can define a canonical projective module or simply a canonical
module:

M “
ž

αPA

Mα{ „,

where if we have mα P Mα and mβ P Mβ, then mα „ mbe if and only if

˘hα,βpmαq “ u ¨ mβ.

Here u P Rˆ is a unit.

16
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Remark 2.13. Although we call M simply a canonical module, it shall be
understand that it is not a real module. Note all Mα are isomorphic, and
we can regard M as having a bijection to

Mα{Rˆ.

for all α P A.

We can define the maps between the two systems:

Definition 2.14. Suppose we have two projective transitive systems pA, tMαu, thα,βuq
and pA1, tM 1

γu, th1
γ,δuq. A morphism between them is a collection of equiv-

alent classes of maps trfα,γsuαPA,γPA1 , where two maps are called equivalent
if and only if they differ by multiplication by a unit, such that

fβ,γ ˝ hα,β
.
“ h1

γ,δ ˝ fα,γ .

Such a morphism will define a map between the canonical projective
modules

f : M Ñ M 1

by choose any α P A, δ P A1 and define

fprmαsq “ rfα,δpmαqs.

Remark 2.15. Strictly speaking, a morphism is a collection of maps but for
simplicity, we will write one map in the collection to represent it.

There is a simple lemma about how to compare such two morphisms:

Lemma 2.16. Suppose tfα,γu and tf 1
α,γu are two morphisms between pro-

jective transitive systems pA, tMαu, thα,βuq and pA1, tM 1
γu, th1

γ,δuq, then the
following 3 conditions are equivalent:

(1). The induced maps are equal:

f “ f 1 : M Ñ M 1.

(2). There exists α, β P A and γ P A1 so that

fβ,γ ˝ hα,β
.

“ f 1
α,γ.

(3). There exists α P A and γ, δ P A1 so that

fα,δ
.
“ h1

γδ ˝ f 1
α,γ.

17
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From the above discussion, we know that the marked closures tSHMpDqu
and the canonical maps trΦD,D1su together form a projective transitive sys-
tem and hence we have a canonical projective module

SHMpM, γq

associated to it. There is a sub-system of it, namely the system consists
of tSHMpDqu with D having a fixed genus g, and trΦg

D,D1su which are
canonical maps between marked closures of the same genus. This sub-
system can be associated to a canonical projective module

SHMgpM, γq

Remark 2.17. Throughout the paper, we will use SHM to denote the ho-
mology of a particular marked closure D or some time, when we only care
about the isomorphism class, the homology of a balanced sutured mani-
fold pM, γq. The notation SHM will only be used to denote the canonical
module coming from projective transitive system over pM, γq. This usage
might be slightly different from Baldwin and Sivek’s original paper.

For later references, we shall present the definition of the canonical map
Φg

D,D1 between two marked closures of the same genus. We only introduce
the definition here. The well definedness and other basic properties were
proved in [1].

Lemma 2.18. (Baldwin, Sivek, [1]) If Σ is a closed orientable surface of
genus at least two, then the space of all diffeomorphisms from Σ ˆ r0, 1s to
itself, which restrict to identity on Σ ˆ t0, 1u, is connected.

Suppose pM, γq is a balanced sutured manifold and

D “ pY,R, r,m, ηq, D1 “ pY 1, R1, r1, m1, η1q

are two marked closures of pM, γq with the same genus gpDq “ gpD1q. Pick
a diffeomorphism

C : Y zintpimprqq Ñ Y 1zintpimpr1qq,

so that
C|mpMq “ m1 ˝ m´1 : mpMq Ñ m1pMq.

Define
ϕC

˘ “ pr1p˘1, ¨qq´1 ˝ C ˝ prp˘1, ¨qq : R Ñ R1,

18
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and
ϕC “ pϕC

`q´1 ˝ pϕC
´q : R Ñ R.

Pick a diffeomorphism ψC : R Ñ R so that

ϕC
´ ˝ ψCpηq “ η1.

If we pick t ă 0 ă t1, and cut Y open along rpR ˆ ttuq and rpR ˆ tt1uq,
and re-glue by the maps

r ˝ ppψCq´1 ˆ idtq ˝ r´1, r ˝ ppϕC ˝ ψCq ˆ idt1q ˝ r´1

respectively, we will get another marked closure pY 2, R, r2, m, ηq. The way
we construct ϕC and ψC will ensure that Y 2 and Y 1 are actually diffeomor-
phic.

To proceed, we want to construct a cobordism from Y to Y 2 to define
the canonical map. The idea is that we can decompose the two gluing maps
as compositions of ˘1 Dehn twists and such Dehn twists are related to ¯1
Dehn surgeries along the curves on which we perform Dehn twists (See [1],
section 4.1). Furthermore, those Dehn surgeries are related to attaching
4-dimensional handles to a suitable product 4-manifold. (See Rolfson [22]
Chapter 9) The resulting 4-manifold can be viewed as a cobordism between
two closures Y and Y 2, and it thus leads to the canonical map.

Now suppose pψCq´1 and ϕC ˝ ψC are isotopic to the compositions of
Dehn twists:

pϕC ˝ ψCq „ De1
a1

˝ ... ˝ Den
an
,

pϕCq´1 „ Den`1

an`1
˝ ... ˝ Dem

am
.

Here Dei
ai

means doing a Dehn twist along curves ai Ă R. The sup-script
ei is chosen from t´1, 1u and 1 represents a positive Dehn twist (or right
handed Dehn twist, see section [5] 3.1) while ´1 represents a negative one.

Pick

´
3

4
ă tm ă ... ă tn`1 ă ´

1

4
ă

1

4
ă tn ă ... ă t1 ă

3

4
, (2)

and pick t1
i to be greater than ti and smaller than the next number in the

sequence (2). Define

N “ ti|ei “ ´1u, P “ ti|ei “ 1u.

19
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Now let Y´ be the 3-manifold gotten from Y by doing p`1q-surgeries
along curves ai ˆ ttiu Ă rpR ˆ ttiuq for all the indices i P N . Then Y is
diffeomorphic to the manifold gotten from Y´ by doing ´1-surgeries along
curves ai ˆ tt1

iu Ă R ˆ tt1
iu for all i P N . If we require such diffeomorphism

to restrict to identity on Y zpR ˆ pp´3

4
,´1

4
q Y p1

4
, 3

4
qqq then by lemma 2.18,

there is a unique isotopy class of such diffeomorphisms. If we attach ´1-
framed 4-dimensional 2-handles to Y´ ˆr0, 1s along curves aiˆtt1

iuˆt1u for
all i P N and let the resulting 4-manifold be X´, then X´ is a cobordism
from Y´ to Y . Choose the surface FX´

to be rpR ˆ t0uq ˆ t0u and choose
the 2-cycle to be ν “ rpη ˆ t0uq ˆ r0, 1s, we can define a map between
monopole Floer homologies:

HMpX´q : HMpY´|rpR ˆ t0uq; Γηq Ñ HMpY |rpR ˆ t0uq; Γηq.

Remark 2.19. The p`1q-surgeries above means `1 with respect to the sur-
face framing rpRˆ ttiuq. In the rest of the paper, when we do surgery with
respect to a surface framing and the surface is understood, we may not
mention the choice of framings anymore.

Now let Y` be the 3-manifold obtained from Y´ by doing p´1q-surgeries
along curves rpai ˆ ttiuq for all i P P. Similarly as above, there is a
cobordism X` from Y´ to Y` and a map

HMpX`q : HMpY´|rpR ˆ t0uqq Ñ HMpY`|rpR ˆ t0uqq.

There is a diffeomorphism f : Y` Ñ Y 1 such that
(1). We have that f “ C when restricted to Y 2zintpimpr2qq “ Y zintpimprqq.
(2). We have that fprpη ˆ t0uqq “ r1pη1 ˆ t0u).
The diffeomorphism f will induce a map

HMpfq : HMpY`|rpR ˆ t0uqq Ñ HMpY 1|rpR ˆ t0uqq.

Remark 2.20. The first property actually implies that any two such f would
be isotopic to each other by lemma 2.18. The second property ensures
that f will induce a map between monopole Floer homologies with local
coefficients. One might have noticed that in the above construction, the
result of cuting twice and re-gluing using pψCq´1 and ϕC ˝ ψC is the same
as cutting once and re-glue using ϕC . Yet the second property of f above
is the reason why we need not only ϕC but also ψC .

The canonical map is defined as
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Definition 2.21. With the above notations, the canonical map

ΦD,D1 : SHMpDq Ñ SHMpD1q

is defined as

ΦD,D1 “ HMpfq ˝ HMpX`q ˝ pHMpX´qq´1.

3 Handle gluing maps and cancelations

3.1 Prelimilary discussions

To start with, we first introduce the definition of contact handle attach-
ments. The following definition is from Juhász and Zemke [13]. (Also in
Giroux [7] or Ozbagci [21] or Baldwin and Sivek [2].)

Definition 3.1. Suppose pM, γq is a balanced sutured manifold. A 3-
dimensional contact handle attachment of index k, where k P t0, 1, 2, 3u, is
a quadruple h “ pφ, S,D3, δq. Here D3 is a standard tight contact 3´ball
with δ being the dividing set on BD. Also S Ă BD3 is a 2-submanifold of
BD3 and

φ : S Ñ BM

is the gluing diffeomorphism. The pair pS, φq has different description for
different index k:

(1). When k “ 0, S “ H.
(2). When k “ 1, S is the disjoint union of two disks. Each disk

intersects the dividing set δ in a simple arc.
(3). When k “ 2, S is an annulus on BD3 and it intersects the dividing

set δ in two simple arcs, and each simple arc represents a non-trivial class
in H1pS, BSq.

(4). When k “ 3, S “ BD3.
Furthermore, if we set δ1 “ δ X S and δ2 “ δzδ1, then in any case we

shall require that φpδ1q Ă γ Ă BM . The new dividing set γ1 for the new
sutured manifold M 1 “ M Yφ B is

γ1 “ pγzφpδ1qq Y pδ2q.

See figure 1.
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S “ H

S “ BD3

δ

δ

δ

δ

❙
❙

❙
❙

�
�

��

S

S

Figure 1: Contact handle attachment. Top left: 0-handle. Top right: 1-
handle. Bottom right: 2-handle. Bottom left: 3-handle.

Before constructing handle gluing maps, let us first look at a special
construction.

Proposition 3.2. Suppose pM0, γq and pM1, γq are two balanced sutured
manifolds so that BM0 “ BM1 and the sutures are also identical. Suppose
W is a smooth compact oriented 4-manifold so that W can also be viewed
as a manifold with conners: the boundary BW consists of two horizontal
parts ´M0 and M1 as well as a vertical part BM0 ˆ r0, 1s. The two parts
´M0 and BM0 ˆ r0, 1s meet in the conner BM0 ˆ t0u. The two parts M1

and BM0 ˆ r0, 1s meet in the conner BM0 ˆ t1u. See figure 2. Then we can
define a morphism between canonical modules:

FW : SHMpM0, γq Ñ SHMpM1, γq.

Proof. Suppose T is an auxiliary surface for pM0, γq and f : BT Ñ γ is the
map gluing T to pM0, γq. Let

ĂM0 “ M0 Y
fˆid

T ˆ r´1, 1s

be the pre-closure and B ĂM0 “ R` Y R´. Suppose h : R` Ñ R´ is a

diffeomorphism, we can use h to glue R` ˆ r´1, 1s to ĂM0 and get a closure
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M1

M0

BM

s

W

t

Figure 2: The special type of cobordism W .

Y0. Suppose η is a non-separating curve on R “ R` ˆ t0u, we get a marked
closure D0 “ pY0, R, r,m0, ηq for pM0, γq. Since the boundaries of M0 and
M1 are identified, we can use the same auxiliary data pT, f, h, ηq to get a
marked closure D1 “ pY1, R, r,m1, ηq.

There is a natural way to construct a cobordism from Y0 to Y1 out of W .
Use fˆidˆid to glue Tˆr´1, 1sˆr0, 1s to Apγqˆr0, 1s Ă BM0ˆr0, 1s Ă BW ,
and use pid Y hq ˆ id to glue pR ˆ r0, 1sq ˆ r0, 1s to the result of the first

gluing. Finally we get a cobordism xW from Y0 to Y1. We have a map

HMpxW q : SHMpD0q Ñ SHMpD1q.

We claim that this map will induce a morphism between canonical mod-
ules. We only prove here that the cobordism map constructed above com-
mutes with the canonical map Φg, and the commutativity with Φg,g`1 would
follow with a similar argument. To proceed, supposeD1

0
“ pY 1

0
, R1, r1, m1

0
, η1q

is another marked closure for pM0, γq, obtained in a similar way as above,
D1

1
“ pY 1

1
, R1, r1, m1

1
, η1q is the corresponding marked closure for pM1, γq,

and Ŵ 1 is the corresponding cobordism from Y 1
0
to Y 1

1
. Then we need to
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show that the following diagram commutes up to multiplication by a unit:

SHMpD0q
Φ

g

D0,D
1
0

//

HMpxW q

��

SHMpD1
0
q

HMpxW 1q

��

SHMpD1q
Φ

g

D1,D
1
1

// SHMpD1
1
q

By definition 2.21, the canonical map Φg

D0,D
1
0

is constructed as follows:

the identity on M0 can be extend to a diffeomorphism

C0 : Y0zintpimprqq Ñ Y 1
0
zintpimpr1qq,

and there are maps ϕC0 and ψC0 and we can decompose them into compo-
sition of Dehn twists:

ϕC ˝ ψC „ De1
a1

˝ ... ˝ Deu
au
, ϕC ˝ ψC „ Deu`1

au`1
˝ ... ˝ Dev

av
.

For simplicity, we assume here that all ei “ 1 (the general case follows
from a similar argument) and the map Φg

D0,D
1
0

is then induced by a cobor-

dism W0 obtained from Y1 ˆ r0, 1s attaching 4-dimensional 2-handles along
curves a1, ..., an Ă Y1 ˆ t1u.

Since the two manifolds M0 and M1 have identical boundary: BM “
BM1, for constructing the canonical map Φg

D1,D
1
1

, we can chose a diffeomor-

phism

C1 : Y1zintpimprqq Ñ Y 1
1
zintpimpr1qq

so that C1 restrict to identity on M1 and also C0 “ C1 outside intpM0q
and intpM1q. Hence we have

ϕC1 “ ϕC0 , ψC1 “ ψC0 .

This means that the canonical map Φg

D1,D
1
1

is induced by a cobordism W1

which is obtained by attaching 4-dimensional 2-handles to Y1 ˆ r0, 1s along
the same set of curves a1, ..., an Ă Y1 ˆ t1u.

Now the commutativity of the diagram is equivalent to

HMpW1q ˝ HMpxW q “ HMpxW 1q ˝ HMpW0q. (3)
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From the next lemma (lemma 3.3) we can view Ŵ as obtained from M0 ˆ
r0, 1s by attaching 4-dimensional handles h4

1
, ..., h4

m to intpM0q ˆ t1u, and
then Ŵ 1 is obtained from Y0 ˆ r0, 1s by attaching the same set of 4-
dimensional handles h4

1
, ..., h4

m to intpM0q ˆ t1u Ă Y 1
0

ˆ t1u. So to prove the
equality (3), it is enough to prove that the set of handles h4

1
, ..., h4

m and the
set of 2-handles attached along a1, ..., an Ă Y0 ˆt1u, which are coming from
the construction of canonical maps between closures, can commute with
each other. But this is obvious: h4

1
, ..., h4

m are attached to intpM0q ˆ t1u Ă
Y0 ˆ t1u and the curves a1, ..., an are inside intpimprqq ˆ t1u Ă Y0 ˆ t1u and

intpM0q X intpimprqq “ H.

Lemma 3.3. Suppose pM0, γq, pM1, γq and W are defined as in proposition
3.2. Then W is diffeomorphic to a 4-manifold obtained from M0 ˆ r0, 1s by
attaching some 4-dimensional handles to intpM0q ˆ t1u.

Proof. We can assume a neighborhood N of the vertical boundary part
BM1 ˆ r0, 1s of W is identified with BM0 ˆ r´1, 0ss ˆ r0, 1st so that the
vertical boundary part is BM0 ˆ t0u ˆ r0, 1s. We can choose a smooth
function f : W Ñ r0, 1s so that

fp´M0q “ 0, fpM1q “ 1, fpBM0 ˆ r´1, 0s ˆ ttuq “ t.

Perturb f a little bit so that f is Morse and there is no critical points of f
near BW Ă W . Such perturbation exists since the set of Morse functions
is dense in the space of smooth functions and f has already been Morse
near the boundary BW Ă W , and having no critical points there. Then f

induces the desired handle decomposition.

Remark 3.4. In [12] Juhász and Thurston also proved that 0- and 4- handle
attachments can be avoided.

Suppose we are giving a smooth compact oriented 4-manifold with
boundary W , and let S Ă BW be a closed oriented surface surface which
separates BW into two parts. Let M1 and M2 be the closures of those two
parts with orientations so that

BM1 “ BM2 “ S, ´ M1 Y M2 “ BW.

25



Zhenkun Li 3 HANDLE GLUING MAPS AND CANCELATIONS

Suppose γ Ă S is a collection of oriented simple closed curves so that
pM1, γq and pM2, γq are all balanced sutured manifolds. We can view W as
a cobordism from pM1, γq to pM2, γq. An adaption of lemma 3.3 shows that
W is actually diffeomorphic to the 4-manifolds obtained from M1 ˆ r0, 1s
by attaching some 4-dimensional handles along intpM1q ˆ t1u. Hence just
as in the proof of proposition 3.2 we can also have a map between sutured
monopole Floer homologies of pM1, γq and pM2, γq. Sometimes it is more
convenient to use this setting so we will give this a name:

Definition 3.5. Under the above settings, we call W a cobordism with
sutured surface pS, δq, from pM1, γ1q to pM2, γ2q. The collection of oriented
simple curves δ on S is called a suture.

3.2 Constructions of handle gluing maps

The definition of handle attaching maps for attaching 0- and 1-handles in
[2] are kind of straightforward and are summarized as follows.

Definition 3.6. Suppose pM, γq is a balanced sutured manifold and h

is a 0 or 1-handle attached to pM, γq and results in a new balanced su-

tured manifold pM 1, γ1q. We can use auxiliary data T and f to produce ĂM
which is a pre-closure of pM, γq. Then ĂM is also a pre-closure of pM 1, γ1q.
Hence we can use the same auxiliary data R, h, η to get marked closures
D1 “ pY,R, r,m1, ηq and D “ pY,R, r,m “ m1|M , ηq for pM 1, γ1q and pM, γq
respectively. The handle attaching map

Ch : SHMp´M,´γq Ñ SHMp´M 1,´γ1q

for the contact handle h is then defined to be the map between projective
transitive systems induced by the product cobordism p´Y q ˆ r0, 1s (or
simply just the identity map).

The paper [2] also discussed on the handle attaching maps for contact 2-
and 3-handles. But we want to introduce somewhat different definitions for
our convenience. Suppose we are attaching a 2- or 3-handle h “ pφ, S,D3, δq
and result in pM 1, γ1q. Let Z “ M 1zintpMq. The idea is that when we turn
h up-side down, we will get a 1- or 0- handle as a result. To turn h up-side
down, we shall consider the manifold W “ M 1 ˆ r0, 1s. We can chose the
surface S “ BM ˆ t0u Ă M1 ˆ t0u Ă BW and the suture γ “ γ ˆ t0u Ă S.
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Then W can be viewed as a cobordism with sutured surface pS, γq, from
pM, γq to

pM1, γq “ pM 1 Y BM 1 ˆ r0, 1s Y Z, γq.

In this case, Z is attached to BM 1 ˆ t1u and can be viewed as a 0- or
1-handle h_. Let M 1

1
“ M 1 Y BM 1 ˆ r0, 1s and γ1

1
“ γ1 ˆ t1u Ă BM 1

1
. See

figure 3.

0

✻

1
M Z

W “ M 1 ˆ r0, 1s

W1 “ M ˆ r0, 1s D3 ˆ r0, 1s

M2 M1 M 1
1

Figure 3: The product W,W1, and the sutured manifolds M1,M2,M
1
1
.

Now we have a handle attaching map

Ch_ : SHMp´M 1
1
,´γ1

1
q Ñ SHMp´M1,´γq

which is an isomorphism by definition 3.6. Proposition 3.2 induces a map

F´W : SHMp´M,´γq Ñ SHMp´M1,´γq,

so we only need a map

Ψ : SHMp´M 1
1
,´γ1

1
q Ñ SHMp´M 1,´γ1q.

This map seems to be obvious, since

pM 1
1
, γ1

1
q “ pM 1 Y BM 1 ˆ r0, 1s, γ1 ˆ t1uq

is just gotten from pM 1, γ1q by attaching a collar of the boundary. This
can be made precise as follows. When closing up pM 1

1
, γ1

1
q, we choose an

auxiliary surface T 1
1
and glue T 1

1
ˆ r´1, 1s to pM 1

1
, γ1

1
q along Apγ1

1
q “ γ1

1
ˆ

r´1, 1s by a map
f : BT 1

1
Ñ γ1

1
.
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Let ĂM 1
1

“ M 1
1

Y T 1
1

ˆ r´1, 1s and suppose

B ĂM 1
1

“ R1
` Y R1

´,

so that R1
˘ contains R˘pγ1q. If we choose an orientation preserving diffeo-

morphism h : R1
` Ñ R1

´, then we can glue R1
` ˆ r0, 1s to Y 1

1
and get a

marked closure D1
1

“ pY 1
1
, R1

`, r1, m1, δ1q for pM 1
1
, γ1

1
q.

We want to show next that there is a canonical way to view D1
1
as a

closure of pM 1, γ1q. We can view the original collar Apγ1q of γ1 as identified
with γ1 ˆ r´1, 1s. We can get a new product neighborhood A1pγ1q “ γ1 ˆ
r´1

2
, 1
2
s. Now let

T 1 “ T 1
1

Yf γ
1 ˆ r0, 1s,

where f : BT 1
1

Ñ γ1 “ γ1
1
is the map defined as above and the annuli glued

to T 1
1
via f are chosen to be γ1 ˆ r0, 1s Ă BM 1 ˆ r0, 1s. Then we can view

T 1ˆr´1

2
, 1
2
s as attached to pM 1, γ1q along A1pγ1q. Let ĂM 1 “ M 1YT 1ˆr´1

2
, 1

2
s,

we want to show that there is a canonical way to identify

ĂM 1
1
zintpĂM 1q – pR1

` \ R1
´q ˆ r´1, 1s. (4)

See figure 4.

0

✻

1

T 1
1

T 1
1

T 1 ˆ r´1

2
, 1

2
s

BM 1 ˆ r0, 1s

R` ˆ r0, 1s

intpM 1q

Figure 4: The collar BM 1 ˆ r0, 1s and the auxiliary surfaces T 1
1
, T 1.

Suppose BM̃ 1 “ R` Y R´, then there is a canonical way up to isotopy
to identify R˘ with R1

˘. The R˘pγ1q is identified with R˘pγ1
1
q and T 1

1
part

is identified with itself. The rest of R˘ are product annuli of γ1. Hence
there is a canonical way to identify

BpĂM 1
1
zintpĂM 1qq – pR1

` \ R1
´q ˆ t´1, 1u. (5)
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Note it is obvious that

pĂM 1
1
zintpĂM 1qq – pR1

` \ R1
´q ˆ r0, 1s,

so by lemma 2.18, there is a unique isotopy class of diffeomorphisms which
restrict to the canonical identification (5) on the boundary. Hence there is
a well defined map

Ψ : SHMp´M 1
1
,´γ1

1
q Ñ SHMp´M 1,´γ1q

induced by the identity on HMp´Y 1
1
| ´ R1

1
; Γ´η1

1
q.

Definition 3.7. Suppose h is a 2- or 3-handle attached to pM, γq and
pM 1, γ1q is the resulting balanced sutured manifold. Suppose Ch_, F´W

and Ψ are defined as above, then we define the contact handle attaching
map as

Ch “ Ψ´1 ˝ C´1

h_ ˝ FW : SHMp´M,´γq Ñ SHMp´M 1,´γ1q.

Actually the handle gluing maps constructed above are the same as
what are done in Baldwin and Sivek’s paper [2].

Proposition 3.8. The gluing maps in definition 3.7 are equivalent to those
constructed by Baldwin and Sivek in [2].

Proof. For 2- or 3-handles, suppose pM, γq is the original sutured manifold
and pM 1, γ1q is the result of attaching a contact handle h “ pφ, S,D3, δq.
Suppose pM1, γq and pM 1

1
, γ1

1
q are constructed as in definition 3.7.

Suppose W “ M 1 ˆ r0, 1s is the product, we can view it as a cobordism
with sutured surface pS “ BMˆt0u, γq. When doing closing up along pS, γq,
we get two marked closures D “ pY,R, r,m, ηq and D1 “ pY1, R, r,m1, ηq

for pM, γq and pM1, γq respectively and a cobordism xW from Y to Y1 which
induces the map F´W . From definition 3.6 and the construction of Ψ in
definition 3.7, we can see that D1 is also a marked closure of pM 1, γ1q. Thus

handle attaching map is just induced by the cobordism xW .
Let W1 “ M ˆ r0, 1s Ă W and we can view W1 as a special cobordism

with sutured surface pS1, γq. Let M2 “ M ˆ t1u Y BM ˆ r0, 1s. See figure
3. By doing a suitable closing up along pS1, γq, we can get two marked
closures D (the same as above) and D2 “ pY2, R, r,m2, ηq for pM, γq and

pM2, γq respectively and a cobordism xW1 from Y to Y2.
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Recall h “ pφ, S,D3, δq is the contact handle attached to M . Then W

can be viewed as obtained from W1 by attaching D3 ˆ r0, 1s through the
map

φ ˆ id : S ˆ r0, 1s Ñ BM ˆ r0, 1s Ă M2 Ă BW1.

Accordingly, xW can be viewed as obtained from xW1 by attaching D3ˆr0, 1s
through the map

φ ˆ id : S ˆ r0, 1s Ñ BM ˆ r0, 1s Ă M2 Ă Y2 Ă BxW1.

This D3 ˆr0, 1s now becomes a 4-dimensional handle. Let h4 “ pφˆ id, Sˆ
r0, 1s, D3 ˆ r0, 1sq be this 4-dimensional handle.

If h is a 3-dimensional 2-handle, then h4 is a 4-dimensional 2-handle.
Recall for a 2-handle h, S is an annulus. Suppose α Ă intpSq is the core of
S, i.e.,

rαs “ ˘1 Ă H1pSq – Z,

then we can view h as a 2-handle attached along the curve φpαq Ă BM ,
and view h4 as attached along the curve

φpαq ˆ t
1

2
u Ă Y2 Ă BxW1.

Note that xW1 is actually diffeomorphic to Y ˆr0, 1s so such a 4-dimensional
2-handle attachment actually corresponds to a Dehn surgery on Y along
the curve φpαq Ă BM Ă Y . The slope of the Dehn surgery can be compute
from the framing of the 4-dimensional 2-handle attached and it is a 0 Dehn
surgery with respect to BMˆt1

2
u surface framing. If BMˆr0, 1s is equipped

with I-invariant contact surface so that BM is convex and γ is the dividing
set, then since φpαq intersects γ twice we know that when we realize φpαq
as a Legendrian curve intersecting γ twice, then the 0 surface framing
corresponds to the contact `1 framing. This is exactly the case in [2].
Hence the two gluing maps are the same.

If h is a 3-handle, then h4 is also a 3-handle. Now Ŵ is diffeomorphic
to the result of attaching a 4-dimensional 3-handle to Y ˆ t1u Ă Y ˆ r0, 1s
hence it is also diffeomorphic to the result of gluing a 4-dimensional 1-
handle to Y2 ˆ r0, 1s along two points in Y2 ˆ t0u. This is exactly the same
as in [2] so the two gluing maps are the same.

Above discussions will also lead to an equivalent definition for the handle
gluing maps for 2- and 3-handles, which would be more useful in later
discussions.
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Definition 3.9. Suppose pM, γq is a balanced sutured manifold and h is a
2-handle attached to pM, γq along the curve α Ă BM and results in a new
balanced sutured manifold pM 1, γ1q. Suppose we use auxiliary data T, f to

get a pre-closure ĂM for pM, γq, then we can do a 0-Dehn surgery along
a curve β Ă intpMq, which is isotopic to α, with respect to BM-surface

framing to get a pre-closure ĂM 1 for pM 1, γ1q. Since the surgery is supported

in a neighborhood of β, we have B ĂM “ B ĂM 1 and hence we can use the
same auxiliary data R, h, η to get marked closures D1 “ pY,R, r,m, ηq and
D “ pY 1, R, r,m1, ηq for pM, γq and pM 1, γ1q respectively. We can form a

cobordism xW from Y to Y 1 obtained by attaching a 0-framed 4-dimensional
2-handle to Y ˆ r0, 1s along β Ă Y ˆ t1u. The handle gluing map

Ch : SHMp´M,´γq Ñ SHMp´M 1,´γ1q

for a 2-handle h is defined to be the map induced by the cobordism ´xW .

Definition 3.10. Suppose pM, γq is a balanced sutured manifold and h

is a 2-handle attached to pM, γq along a sphere S Ă BM and results in
a new balanced sutured manifold pM 1, γ1q. Suppose we use auxiliary data

T, f to get a pre-closure ĂM for pM, γq, then we can do a cut and paste
surgery along a sphere S 1 Ă intpMq, which is isotopic to S, to get a pre-

closure ĂM 1 for pM 1, γ1q. Since the surgery is supported in a neighborhood

of S 1, we have B ĂM “ B ĂM 1 and hence we can use the same auxiliary data
R, h, η to get marked closures D1 “ pY,R, r,m, ηq and D “ pY 1, R, r,m1, ηq

for pM, γq and pM 1, γ1q respectively. We can form a cobordism xW from Y

to Y 1 obtained by attaching a 4-dimensional 3-handle to Y ˆ r0, 1s along
S 1 Ă Y ˆt1u corresponding to the cut and paste surgery. The handle gluing
map

Ch : SHMp´M,´γq Ñ SHMp´M 1,´γ1q

for a 3-handle h is defined to be the map induced by the cobordism ´xW .

3.3 Basic properties of handle attaching maps

For a special pair of handles, we can cancel them both topologically and
for cobordism maps.

Lemma 3.11. Suppose pM, γq is a balanced sutured manifold, h “ pφ, S,D3, δq
is a 0-handle and h1 “ pφ1, S 1, D31, δ1q is a 1-handle such that the attach-
ing map φ1 maps one component of S 1 to BM and the other component to
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BD3. Let pM 1, γ1q be the resulting balanced sutured manifold, then there is
a diffeomorphism ψ01 : pM, γq Ñ pM 1, γ1q so that

(1). The map ψ01 restricts to identity outside a neighborhood of φ1pS 1qX
BM .

(2). The map ψ01 is isotopic to the inclusion map M ãÑ M 1

Further more, we have

Ch1 ˝ Ch “ SHMpψ01q : SHMp´M,´γq Ñ SHMp´M 1,´γ1q.

Proof. The two handles form a pair of handles which can be canceled
topologically, so we can easily find such a diffeomorphism ψ01 : pM, γq Ñ
pM 1, γ1q satisfying the two conditions above.

From definition 3.6, we know that a marked closure D1 “ pY,R, r,m1, ηq
will induce a marked closure D “ pY,R, r,m “ m1|M , ηq and the composi-
tion Ch1 ˝ Ch is induced by the identity map

id : SHMp´Dq Ñ SHMp´D1q.

Let us now describe the map SHMpψ01q. If we fix the same closure
D1 “ pY,R, r,m1, ηq, then we can get a closure

rD “ pY,R, r,m1 ˝ ψ01, ηq

for pM, γq and the map SHMpψ01q is the induced by the map

id : SHMp´ rDq Ñ SHMp´D1q.

To prove the lemma, we need to show the commutativity up to multiplica-
tion by a unit of the following diagram, by lemma 2.16:

SHMp´Dq

id

%%▲
▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

Φ
g

´D,´ rD
// SHMp´ rDq

id

��

SHMp´D1q

Now since m and m1 ˝ ψ01 are isotopic in Y so that the isotopy is
identity outside a neighborhood of φ2pS2q Ă intpY zintpimprqqq and the two
marked closures have the same r map, the canonical map from SHMp´Dq
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to SHMp´ rDq is just the identity map by definition 2.21, so the above
diagram indeed commute, and we must have

Ch1 ˝ Ch “ SHMpψ01q : SHMp´M,´γq Ñ SHMp´M 1,´γ1q.

Lemma 3.12. Suppose pM, γq is a balanced sutured manifold, h “ pφ, S,D3, δq
is a 1-handle attached to pM, γq and h1 “ pφ1, S 1, D31, δ1q is a 2-handle at-
tached to pM, γq Y h. Suppose α1 Ă S 1 is the core of the annulus S 1, i.e.,
the simple closed curve which generates H1pSq. Suppose the attaching map
φ1 maps the core α1 to a curve which is the union of two arcs

φ1pα1q “ c1
1

Y c1
2

Ă BpM Y
φ
D3q.

Here c1
1
is an arc on BM disjoint with the suture γ and c1

2
intersects the

dividing set δ on BD3zS twice, and we shall require that c1
2
intersects each

component (there are two components) of δzS once.
Suppose pM2, γ2q is the resulting manifold of attaching h and h1, then

there is a canonical isotopic class of diffeomorphisms ψ12 : pM, γq Ñ
pM2, γ2q so that

(1). The map ψ12 restricts to identity outside a neighborhood of pφpSqY
φ1pS 1qq X BM Ă M .

(2). The map ψ12 is isotopic to the inclusion M ãÑ M 1.
Furthermore, we have

Ch1 ˝ Ch “ SHMpψ12q : SHMp´M,´γq Ñ SHMp´M2,´γ2q.

Proof. The two handles can be canceled topologically so the map ψ12 is
easy to find.

Now suppose pM1, γ1q is the result of attaching the 1-handle h. Then
from definition 3.6 we know that a marked closure D1 “ pY,R, r,m1, ηq of
pM1, γ1q will induce a marked closure D “ pY,R, r,m “ m1|M , ηq of pM, γq
and the map Ch is induced by the identity map

id : SHMp´Dq Ñ SHMp´D1q.

From definition 3.9, there is a curve β Ă Y isotopic to m1pφpαqq Ă
m1pBM1q Ă Y so that if we do a 0-Dehn surgery with respect to m1pBM1q
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1-handle h

δ

R˘pγ1q

R¯pγ1q

δ

c1
2S

S

A neighborhood of β

β

R-framing BM1-framing

Figure 5: Top: the 1-handle h and the part c1
2
of the core of the 2-handle

h1. Bottom: in a neighborhood of the curve β, the longitudes of the two
surface framings

surface framing, then the resulting manifold Y2 is a closure of pM2, γ2q.
Now β Ă intpm1pM1qq Ă Y and the Dehn surgery can be supported in an
arbitrarily small tubular neighborhood of β. Hence the data for r, R, η inD1

is not influenced by the Dehn surgery along β and we get a marked closure
D2 “ pY2, R, r,m2, ηq for pM2, γ2q. As in definition 3.9, the Dehn surgery

corresponds to a cobordism xW from Y1 to Y2, obtained from Y1 ˆ r0, 1s by
attaching a 0-framed 4-dimensional 2-handle along β ˆ t1u Ă Y1 ˆ t1u. So
we have a cobordism

HMp´xW q : SHMp´D1q Ñ SHMp´D2q

and this map induces Ch1.
Let us now describe the map SHMpψ12q. If we fix the same closure

D2 “ pY2, R, r,m2, ηq, then we can get a closure

rD “ pY2, R, r,m2 ˝ ψ12, ηq

for pM, γq and the map SHMpψ12q is the induced by the map

id : SHMp´ rDq Ñ SHMp´D2q.

by lemma 2.16, to finish the proof, we need to show the commutativity, up
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to multiplication by a unit, of the following diagram:

SHMp´Dq

HMp´xW q˝id

%%▲
▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

Φ
g

´D,´ rD
// SHMp´ rDq

id

��

SHMp´D2q

Now let us describe Φg

´D,´ rD in details. The key observation is that

under the condition of the lemma, we can isotope β into R`pγ1q or R´pγ1q
and then into a curve β 1 Ă r1pR ˆ ttuq for any t P p´1, 1q. The reason is
that from the hypothesis of the lemma we know that φ1pα1q “ c1

1
Y c1

2
, c1

1

has already been contained in R`pγ1q or R´pγ1q, and c1
2
can be isotoped

into the same component within the 1-handle h.
The surgery on β is `1 with respect to the contact framing and 0 with

respect to the BM1-surface framing as discussed in the proof of proposition
3.8. It is straightforward to see that after the isotopy, the surgery becomes
a ˘1-surgery along β 1 with respect to the surface r1pRˆ ttuq. See figure 5.
If we go through contact framing again, since now β 1 does not intersect the
dividing set on r1pRˆttuq, we can see that it is a `1-surgery. When reverse

the orientation to deal with ´D1 and ´ rD1, it becomes a ´1-surgery and
hence corresponds to a positive Dehn twist. Hence from the definition 2.21
for the canonical map, we know that the canonical map is induced by a
cobordism Ŵ 1 which is obtained from Y ˆr0, 1s by attaching a 4-dimensional

2-handle to along β 1 Ă Y ˆ t1u. Yet xW and xW 1 are diffeomorphic since β

and β 1 are isotopic and the framing of the handle gluing are also the same.
Hence the above diagram indeed commute and we are done.

Lemma 3.13. Suppose pM, γq is a balanced sutured manifold, h “ pφ, S,D3, δq
is a 2-handle and h1 “ pφ1, S 1, D31, δ1q is a 3-handle both attached to pM, γq.
If α Ă intpSq is a curve which represents a generator of H1pSq, then we
shall require that α is mapped to a curve on BM which intersects γ twice
and bounds a disk D on BM . Hence a retraction of this disk D union with
one component of BD3zS will become a new sphere boundary S2 of the re-
sulting manifold pM1, γ1q of gluing h to pM, γq. We shall require that the
attaching map φ1 maps S 1 “ BD31 to S2. See figure 6.
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Suppose pM2, γ2q is the resulting manifold of attaching h and h1, then
there is a canonical isotopic class of diffeomorphisms ψ23 : pM, γq Ñ
pM2, γ2q so that

(1). The map ψ23 restricts to identity outside a neighborhood of D Ă M .
(2). The map ψ23 is isotopic to the inclusion M ãÑ M 1.
Furthermore, we have

Ch1 ˝ Ch “ SHMpψ23q : SHMp´M,´γq Ñ SHMp´M2,´γ2q.

γ

BM

❅❅ φpαq

D

�
��
S2 “ φ1pS 1q�

�
the 2-handle h

Figure 6: The 2-handle h and the sphere S2 along which h1 is attached.

Proof. The two handles can be canceled topologically so the map ψ23 is
easy to find.

Suppose pM0, γ0q “ pM, γq. As in the definition 3.9 and definition 3.10,
for i “ 0, 1, 2, there are suitable closures Di “ pYi, Ri, ri, mi, ηiq for pMi, γiq.

The map Ch is induced by a cobordism ´xW from ´Y0 to ´Y1 so that xW is
obtained from Y0 ˆ r0, 1s by attaching a 4-dimensional 2-handle D3 ˆ r0, 1s

along a curve β Ă Y0 ˆ t1u. The map Ch1 is induced by a cobordism ´xW 1

from ´Y1 to ´Y2 so that xW 1 is obtained from Y1 ˆ r0, 1s by attaching a
4-dimensional 3-handle D31 ˆ r0, 1s along a sphere in Y1 ˆ t1u. The 3-
dimensional handles D3 and D31 is a pair of handles which can be canceled
topologically, so the corresponding pair of 4-dimensional handles will also
be canceled topologically. Hence the composition of the cobordism xW Y xW 1

is actually diffeomorphic to the product cobordism Y0ˆr0, 2s. We can think
of identification Y0 ˆ t2u with Y2 to be induced by the diffeomorphism ψ23

and hence by lemma 2.16 we have an equality

Ch1 ˝ Ch “ SHMpψ23q
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We have a few more invariant results for contact handle attachments.

Lemma 3.14. Suppose pM, γq is a balanced sutured manifold and h “
pφ, S,D3, δq, h1 “ pφ1, S 1, D31, δ1q are two contact handles glued to pM, γq
with result pM 1, γ1q. Suppose further that the gluing maps have disjoint
images:

φpSq X φ1pS 1q “ H,

then the two maps commute:

Ch ˝ Ch1 “ Ch1 ˝ Ch : SHMp´M,´γq Ñ SHMp´M 1,´γ1q.

Proof. Note that from definition 3.6, 3.9 and 3.10, we know that the gluing
maps on canonical modules are essentially induced by cobordism which is
either a product one or one obtained from a product cobordism by adding
a 4-dimensional 1- or 2-handle. The condition in the lemma means that
the attachments of those 4-dimensional handles can be moved apart and
hence commute with each other. Hence the inducing gluing maps between
canonical modules also commute.

Remark 3.15. Suppose we first glue h and then glue h1 so that the index
of h is no smaller than that of h1, then by an isotopy we call always move
them apart. Hence such gluings always commute.

Lemma 3.16. Suppose pM, γq is a balanced sutured manifold with a local
contact structure defined in a collar of BM . Suppose pM 1, γ1q is another
balanced sutured manifold. Suppose

f : pM, γq Ñ pM 1, γ1q

is a diffeomorphism and f´1 will pull back the local contact structure. Sup-
pose h1 is a contact handle attached to pM 1, γ1q and via f we can regard h1

as a contact handle h attached to pM, γq and there is a contactomorphism

f̃ : M Y h Ñ M 1 Y h1

which restricts to f on M . Then we have an equality:

Ch1 ˝ SHMpfq “ SHMpf̃q ˝ Ch.
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Proof. The instanton version is proved in [3]. The monopole version is the
same.

The last invariance result is about the inclusion of pM, γq into a disjoint
union pM, γq \ pN, δq when pN, δq has a contact structure ξ so that BN is
a convex surface and δ is the dividing set. Then from [21] we know that
pN, ξq possesses a contact handle decomposition h1, ..., hn. We can regard
those contact handles as attached to pM, γq but all attaching maps are
disjoint from BM . From this point of view, there is a map:

Chn
˝ Chn´1

˝ ... ˝ Ch1
: SHMp´M,´γq Ñ SHMp´pM \ Nq,´pγ Y δqq.

We want to prove that this map is independent of the contact handle de-
composition of pN, δq. The idea is that essentially this map is the identity
on M tensoring with the contact element of N . The proof will become
easier if we require that there is no 3-handle existing in the handle decom-
position of pN, δq as such decompositions can be related to partial open
book decompositions of pN, δq. We will not introduce the basic definitions
of partial open book decomposition or positive stabilizations, and interested
readers are referred to [2, 3, 13].

Lemma 3.17 (Juhász, Zemke, [13], section 4.1). Suppose pN, δq is a bal-
anced sutured manifold and ξ is a contact structure on N so that BN is
convex and δ is the dividing set. The the following two objects are in one-
to-one correspondence to each other:

(1). A partial open book decomposition of pN, δ, ξq.
(2). A handle decomposition of pN, δ, ξq with no 3-handles.

Lemma 3.18 (Honda, Kazez, Matić, [9], theorem 1.3). Suppose pM, γq is
a balanced sutured manifold and ξ is a positive contact structure on pM, γq
so that BM is a convex surface and γ is the dividing set. Then pM, γq
admits a partial open book decomposition. Furthermore, for any two partial
open book decompositions of pM, γq, one can perform positive stabilizations
on each finitely many times so that the resulting two partial open book
decompositions are isotopic.

Lemma 3.19 (Juhász, Zemke, [13], lemma 4.7). Suppose pN, δq is a bal-
anced sutured manifold and ξ is a contact structure on N so that BN is
convex and δ is the dividing set. Suppose pS, P, hq is a partial open book de-
composition of pN, δ, ξq and pS 1, P 1, h1q is a positive stabilization of pS, P, hq.
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Suppose H and H1 are two contact handle decompositions of pN, δ, ξq aris-
ing from pS, P, hq and pS 1, P 1, h1q respectively, then H1 can be obtained from
H by adding a pair of canceling index 1- and 2-handles (See lemma 3.12).

Lemma 3.20. Suppose pM, γq is a balanced sutured manifold and pN, δq is
a balanced sutured manifold with a compatible contact structure ξ. Suppose
we have two different ways to decompose pN, δ, ξq into contact handles:
h1, ..., hn and h1

1
, ..., h1

m, so that neither contains a 3-handle. Then we can
regard those handles as attached to M and have an equality

Chn
˝...˝Ch1

“ Ch1
m

˝...˝Ch1
1
: SHMp´M,´γq Ñ SHMp´pM\Nq,´pγYδqq.

Proof. The proof is a combination of lemmas 3.17, 3.18, 3.19, 3.12 and
3.16.

Remark 3.21. This is essentially the way Baldwin and Sivek defined a con-
tact invariant for sutured instantons in [3].

If we allow 3-handles in the contact handle decompositions, the gluing
map is still independent of decompositions and we will prove this result in
the next proposition. Also we shall remark that this proof does not depend
on the uniqueness part of the relative Giroux correspondence, but as a price
to pay, local coefficients are necessary. Note that if one is already satisfied
with using the uniqueness part of relative Giroux correspondence then the
next technical proposition is not used anywhere else in the paper.

Proposition 3.22. In lemma 3.20, if we allow 3-handles in both of the
decompositions, then the same conclusion still holds.

Proof. Since thiu and th1
ju are both contact handle decompositions of

pN, δ, ξq, they must both have at least one 0-handle. Let pN0, δ0q be a
0-handle or a 3-ball with one simple closed curve being the suture on its
boundary, we can view all other handles hi or h

1
j as being attached to N0.

By lemma 3.14 we can assume that the handles are ordered so that
the index is non-decreasing. Suppose pN1, γ1q is gotten from pN0, δ0q by
attaching all 0- and 1-handles in th1u and pN2, δ2q is got from attaching
all remaining 2 and 3-handles to pN1, δ1q. There is a contactomorphism
g : N2 Ñ N . As in definition 2.7 and 2.3, we can use auxiliary data T, f to
form a pre-closure Ñ1 for pN1, δ1q. We shall require:

(1). There is an arc configuration A (defined in [2]) on T so that rN1

carries a contact structure and B rN1 is convex.
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This can be achieved by an auxiliary surface T of large enough genus.
By definition 3.6, we know that rN1 is also a pre-closure for pN0, δ0q. Define

B rN1 “ R` Y R´.

From definition 3.9 and 3.10, there are curves β1, ..., βs Ă intpN1q Ă rN1,
all isotopic to curves on BN1, and spheres S1, ..., Su Ă intpN1q Ă Y1, so that
if we do 0-surgeries along all βi and do cut and paste surgeries along all
Sj , then we will get a pre-closure rN2 for pN2, δ2q so that B rN2 “ B rN1. As
discussed in proposition 3.8, the Dehn surgeries can be made to be contact
`1 surgeries and the cut and paste surgeries can also be done to preserve
contact structures. So there will be a contact structure on rN2.

We can similarly form pN 1
1
, δ1

1
q, pN 1

2
, δ1

2
q and a contactomorphism g1 :

N 1
2

Ñ N . We can require

(2). The pre-closure rN1 is also a pre-closure for pN 1
1
, δ1

1
q.

This requirement can be achieved by choosing a T with large enough
genus.

As above there are curves β 1
i Ă rN1 and spheres S 1

j Ă rN1 so that doing

suitable surgeries along these objects will result in a pre-closure rN 1
2
carrying

a suitable contact structure and B rN 1
2

“ B rN1. Note the boundary of all pre-
closures are identified and are all R` Y R´. For later use, we will need a
diffeomorphism

C : Ñ2 Ñ rN 1
2
.

We shall require that

C|pN2q “ pg1q´1 ˝ g : N2 Ñ N 1
2
.

If we pick a non-separating simple closed curve c Ă T , then c will
correspond to two curves c` Ă R` and c´ Ă R´. By choosing the auxiliary
surface T with large enough genus, we could require that

(3). C preserves c ˆ r´1, 1s Ă rN2.
(4). There exists a gluing diffeomorphism h : R` Ñ R´ preserving

contact structures and identifying c` with c´ in the way that c` and c´

are both identified with c.
(5). There exists a smooth curve η Ă R intersecting c transversely once.
We can use the same auxiliary data R`, h, η to get a marked closure

D0 “ pY0, R`, r,m0, ηq for pN0, δ0q and marked closures D2 “ pY2, R`, r, g
´1, ηq,

D1
2

“ pY 1
2
, R`, r, pg1q´1, ηq for N .

40



Zhenkun Li 3 HANDLE GLUING MAPS AND CANCELATIONS

Note that for all three marked closures, the curve c becomes a torus as
follows: there are c ˆ r´1, 1s Ă T ˆ r´1, 1s and c ˆ r´1, 1s P R` ˆ r´1, 1s
and the way we get the closures will identify their boundaries to get cˆS1.
Suppose Σ0 P Y0, Σ2 Ă Y2 and Σ1

2
Ă Y 1

2
are the corresponding tori.

Now let rT be an auxiliary surface for pM, γq and f̃ : B rT Ñ γ be the
gluing map. Let

ĂM “ M Y
f̃

rT ˆ r´1, 1s, B ĂM “ rR1
` Y rR´.

Suppose there is a non-separating simple closed curve c̃ Ă rT and a diffeo-
morphism

h̃ : rR` Ñ rR´

so that h̃pc̃ ˆ t1uq “ c̃ ˆ t´1u. Use h̃ we will get a marked closure

D “ pY, R̃`, r,m, η̃q

for pM, γq and there is a torus Σ Ă Y corresponding to c̃.
We can now form a marked closure for pM, γq \ pN0, δ0q as follows. Cut

Y open along Σ, and let Y 2 “ Y zpintpNpΣqqq. We have BY 2 “ Σ` Y Σ´.
Cut Y0 along Σ0 and let Y 2

0
“ Y0zpintpNpΣ0qqq with BY 2

0
“ Σ0,` Y Σ0,´.

Let
τ : Σ Ñ Σ0

be a diffeomorphism so that τpΣ X η̃q “ Σ0 X η. We can use τ to glue
Σ` to Σ0,´ and Σ´ to Σ0,`. Let Ŷ be the resulting manifold. There are

corresponding pR, r̂, m̂, η̂ so that

pD “ ppY , pR, r̂, m̂, η̂q

is a marked closure of pM, γq \ pN0, γ0q. If we use Y2 or Y 1
2
and the same

τ , we can construct two similar marked closures

pD2 “ ppY2, pR, r̂, m̂2, η̂q, pD1
2

“ ppY 1
2
, pR, r̂, m̂1

2
, η̂q

for pM, γq \ pN, δq. Now the diffeomorphism C extends by identity to a
diffeomorphism which we also called C:

C : pY2zintpimpr̂qq Ñ pY 1
2
zintpimpr̂1qq.

There are Legendrian curves and spheres βi, Sj Ă pY zNpΣqq Ă pY so
that if we do contact `1-surgeries along these curves βi and do cut and
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paste surgeries along Sj , then the resulting manifold will be exactly pY2.

Hence there is a cobordism W from ´pY to ´pY2 so that W is obtained
obtained from pY ˆ r0, 1s by gluing 0-framed 4-dimensional 2-handles along

all βi Ă pY ˆt1u, and gluing 4-dimensional 3-handles along all Sj Ă pY ˆt1u.
Then the map

HMpW q : HMp´pY | ´ r̂pt0u ˆ pRq,Γ´η̂q Ñ HMp´pY2| ´ r̂pt0u ˆ pRq,Γ´η̂q

will induce the map

Chn
˝ ...˝Ch2

: SHMp´pM \N0q,´pγ Y δ0qq Ñ SHMp´pM \Nq,´pγ Y δqq.

Later we will use another interpretation of ´W . Gluing 4-dimensional
2- and 3- handles to pY ˆr0, 1s at pY ˆt1u is equivalent to glue 4-dimensional

2- and 1-handles to pY2 ˆ r0, 1s at pY2 ˆ t0u. Suppose those handles are
attached along curves θi, which correspond to βi, and along pairs of points
ppj, qjq, which correspond to Sj .

There are curves β 1
j Ă pY and spheres S 1

j Ă pY 1
2
as well. We can construct

similarly a cobordism W 1 from ´pY to ´pY 1
2
which induces the map

Ch1
m

˝ ...˝Ch1
2
: SHMp´pM \N0q,´pγY δ0qq Ñ SHMp´pM \Nq,´pγY δqq.

Just as for W , there are curves θ1
i Ă pY 1

2
corresponding to β 1

i and pairs

of points pp1
j , q

1
jq corresponding to S 1

j Ă pY 1
2
.

To show that
Chn

˝ ... ˝ Ch2
“ Ch1

m
˝ ... ˝ Ch1

2
,

we only need to show that

Φg

´ pD2,´ pD1

2

˝ HMpW q
.
“ HMpW 1q, (6)

where Φ´ pD2,´ pD1
2

is the canonical map constructed in definition 2.21 for the

two marked closures ´xD2 and ´ pD1
2
of the same genus. The diffeomorphism

C is used to construct such a canonical map. As in definition 2.21, we can
construct

ϕC : pR Ñ pR, ϕC : pR Ñ pR.

The way we choose C makes sure that the maps ϕC and ψC will fix the
part of pR coming from rR` which was used to build the marked closure D

of pM, γq. Hence we can decompose ϕC ˝ ψC and pψCq´1 as

ϕC ˝ ψC „ De1
a1

˝ ... ˝ Dep
ap
, ϕC ˝ ψC „ Deu`1

au`1
˝ ... ˝ Deq

aq
,
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so that all ak are disjoint from the part of pR coming from rR`.
In general there will be both positive and negative Dehn twists but for

simplicity, we only deal with the case when all ei “ ´1. The general case
will follow from a similar argument. As in definition 2.21, let Wc be the
cobordism from ´pY2 to ´pY 1

2
obtained from p´pY2q ˆ r0, 1s by gluing some

4-dimensional 2-handles along all the curves a1, ..., aq Ă p´pY2q ˆ t1u, then
the canonical map Φ´ pD2,´ pD1

2

is induced by the cobordism Wc.

Equation (6) is now equivalent to

HMpW Y Wcq
.
“ HMpW 1q. (7)

Note that the curves θi and pairs of points tpj , qju used to define W are

all contained in Y0zN̊pΣ0q Ă Ŷ , so intuitively there is nothing happened in
Y part of Ŷ and we shall be able to split off a product copy of Y . This
idea is carried out explicitly as follows.

Y 2 ˆ r0, 1s Σ ˆ U Y 2
0

ˆ r0, 1s

id

id

τ

τ

µ2

µ1

µ4

µ3

Figure 7: The three parts of the cobordism ´We. The middle part is ΣˆU ,
while the Σ directions shrink to a point in the figure.

Let U be the surface depicted as in the figure 7. It has four vertical parts
of the boundary which we call µ1, ..., µ4. Suppose each is parametrized by
r0, 1s. Recall we have Y 2 and Y 2

0
by cutting open Y along Σ and Y0 along

Σ0 repsectively. We have the gluing diffeomorphism τ to get pY . Now let
´We be the cobordism obtained by gluing three parts Y 2 ˆ r0, 1s, Σ ˆ U

and Y 2
0

ˆ r0, 1s where we use id ˆ id to glue BY 2 ˆ r0, 1s to Σ ˆ pµ1 Y µ2q
and use τ ˆ id to glue Σ ˆ pµ3 Y µ4q to BY 2

0
ˆ r0, 1s. The result We can

be thought of as a cobordism from ´pY \ Y0q to ´pY . Similarly we can
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construct a cobordism W 1
e from pY \ Y 1

2
q to pY 1

2
. The same cobordism is

juts one from ´pY 1
2
to ´pY \ Y 1

2
q. From theorem 3.2 in [17], we know that

We and W 1
e induces isomorphisms, so the equality (7) is equivalent to

HMpWe Y W Y Wc Y W 1
eq

.
“ HMpWe Y W 1 Y W 1

eq. (8)

Y

W 1
e

W

We

Y

Y4

Y0

Σ ˆ S1

❅❅1-handles❅
❅
❅
❅
2-handles

◗
◗
◗
◗
◗
◗◗

Y

Y

Y4

Y0

xW1
xW2

Figure 8: Cut along Σ ˆ S1 and glue back two copies of Σ ˆ D2.

On We YW YWc YW 1
e we can cut along a 3-manifold ΣˆS1 as shown

in the figure 8, and glue back two copies of Σ ˆ D2 along boundaries. The
result is a cobordism xW “ xW1 Y Ŵ2, where Ŵ1 – p´Y q ˆ r0, 1s, and Ŵ2

is a cobordism from ´Y0 to ´Y 1
2
obtained from Y 1

2
ˆ r0, 1s by attaching

4-dimensional 1-handles at pairs of points tpj , qju Ă Y2 ˆ t1u and then
attaching 4-dimensional 2-handles to Y2 ˆ r0, 1s along curves θi Ă Y ˆ t1u
and ak Ă Y2 ˆ t1u. We can apply similar argument to We Y W 1 Y W 1

e, and

get xW 1 “ xW 1
1

Y xW 1
2
, where xW 1

1
“ xW1 – p´Y q ˆ r0, 1s and Ŵ 1

2
is a cobordism

from ´Y0 to ´Y 1
2
obtained from Y 1

2
ˆ r0, 1s by attaching 4-dimensional 1-

handles at tp1
j, q

1
ju Ă Y 1

2
ˆ t1u and then attaching 4-dimensional 2-handles

to Y 1
2

ˆ r0, 1s along θ1
i Ă Y2 ˆ t1u. There is a commutative diagram from
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the naturality of Künneth formula:

HMp´pY \ Y0qq

HMpxW q1

��

HMpxW q

��

i
// HMp´Y q b HMp´Y0q

HMpxW1qbHMpxW2q

��

HMpxW 1
1

qbHMpxW 1
2

q

��

HMp´pY \ Y 1
2
qq i1

// HMp´Y q b HMp´Y 1
2
q

The map HMpxW1q “ HMpxW 1
1
q since they are both product cobor-

disms. We claim that HMpxW2q
.

“ HMpxW 1
2
q. Since both cobordisms are

exact symplectic, they both map contact elements to contact elements (see
corollary 2.23 in [2]). Yet Y0 is a surface fibration over S1 with fibre R0,
hence HMpY0q – R (see lemma 4.7 and 4.9 in [17]), and the contact el-
ement in HMpY0q is a generator of the module (See [2]). From Künneth

formula, the maps i and i1 are injective, so HMpxW q
.

“ HMpxW 1q. Finally
from corollary 2.10 (or see the proof of theorem 3.2) of [17], we know that

HMpWe YW YWc YW 1
eq

.
“ HMpxW q

.
“ HMpxW 1q

.
“ HMpWe YW 1 YW 1

eq.

Hence we are done.

4 The general gluing maps

Now we will try to construct the general gluing map.

Definition 4.1. Suppose pM 1, γ1q is a balanced sutured manifold. By su-
tured submanifold we mean a balanced sutured manifold pM, γq so that
M Ă intpM 1q.

In [13] Juhász and Zemke used contact cell decompositions to re-construct
the gluing map originally introduced by Honda, Kazez and Matić in [8].
Here we will introduce the basic definition of contact cell decompositions
and use it to construct general gluing maps. The following definition is
from [13].

Definition 4.2. Suppose pM, γq is a sutured submanifold of pM 1, γ1q and ξ

is a contact structure on pZ “ MzintpMq, γ Yγ1q, so that BZ is convex and
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γ Y γ1 is the dividing set. A contact cell decomposition of pZ, ξq consists of
the following data:

(1). A non-vanishing contact vector field v that is defined on a neigh-
borhood of BZ Ă Z and with respect to which BZ is a convex surface with
dividing set γ Y γ1.

The flow of v induces a diffeomorphism between BZ ˆ I and a collar
neighborhood of BZ and under this diffeomorphism ν corresponds to the
vector field B

Bt
, BM is identified with BM ˆ t0u and BM 1 is identified with

BM 1 ˆ t1u. We shall call

ν “ v|BMˆI , ν 1 “ v|BM 1ˆI .

(2). Barrier surfaces

S Ă BM ˆ p0, 1q, S 1 Ă BM 1 ˆ p0, 1q

that are isotopic to BM, BM 1 respectively and are transverse to v. Write
N for the collar neighborhood of BM bounded by S and N 1 for BM 1, S 1

similarly. We shall call

Z 1 “ ZzintpN Y N 1q.

Note BZ 1 “ S Y S 1 is a convex surface.
(3). A Legendrian graph Γ Ă Z 1 which intersects BZ 1 transversely in a

finite collection of points along the dividing set on BZ 1 with respect to v.
Furthermore, Γ is tangent to v in a neighborhood of BZ 1 Ă Z 1.

(4). A choice of regular neighborhood NpΓq Ă Z 1 of Γ such that ξ is
tight on NpΓq and BNpΓqzBZ 1 is a convex surface. We also require that
NpΓq X BZ 1 is a collection of disks D with Legendrian boundary such that
each boundary BD has tbpDq “ ´1. We shall also assume that NpΓq meets
BZ 1 tangentially along the Legendrian unknots forming BNpΓq.

(5). A collection of 2-cells D1, ..., Dn inside Z 1zintpNpΓqq with Legen-
drian boundary on BZ 1 Y BNpΓq and each BDi has tbpBDiq “ ´1. Further-
more, the following two conditions shall hold:

(a). Each component of Z 1zpNpΓq Y D1 Y ... Y Dnq is a 3´ball and ξ is
tight on each of them.

(b). The disks NpΓq X BZ and the Legendrian arcs BDi X BZ 1 induces
a sutured cell decomposition ([13], definition 3.1), with the dividing set
induced by v.
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Now we are ready to define the gluing map:

Definition 4.3. Suppose pM, γq is a sutured submanifold of a balanced
sutured manifold pM 1, γ1q. Suppose Z “ M 1zintpMq is equipped with a
contact structure ξ so that BZ is a convex surface with dividing set γ Y γ1.
Suppose C is a contact cell decomposition of pZ, ξq, we will use the same
notations as in definition 4.2. The contact vector field ν will induce a
diffeomorphism φν : pM, γq Ñ pM Y N, δq where δ is the dividing set on
S Ă BN with respect to ν. Suppose h1

1
, ..., h1

n is a handle decomposition
of pN 1, δ1 Y γ1q with no 3-cells. The existence of such decomposition is
guaranteed by lemma 3.18 and lemma 3.17.

A contact cell decomposition will lead to a handle decomposition: ver-
tices of Γ are 0-handles, edges of Γ are 1-handles, 2-cells Di are 2-handles
and the remaining is a collection of 3-handles. Suppose we get a sequence
of contact handles h1

1
, ..., h1

m from it, then we define the contact gluing map

Φξ : SHMp´M,´γq Ñ SHMp´M 1,´γ1q

to be
Φξ “ Ch1

m
˝ ... ˝ Ch1

1
˝ Chn

˝ ... ˝ Ch1
˝ SHMpφνq.

Proposition 4.4. The contact gluing map Φξ as in definition 4.3 is well
defined.

Proof. The relation between two contact cell decompositions is stated in
[13], proposition 3.6. Any two contact cell decompositions are actually
related by a sequence of isotopies fixing boundary and three types of can-
celations. The well-definedness of our gluing map is just a combination of
that proposition with lemmas 3.11, 3.12, 3.13, 3.16 and 3.20.

Proposition 4.5. Suppose pM, γq is a sutured submanifold of pM 1, γ1q and
pM 1, γ1q is a sutured submanifold of pM2, γ2q. Suppose there are contact
structures ξ on Z “ M 1zintpMq and ξ1 on Z 1 “ M2zintpM 1q, and their
union ξ2 “ ξ Y ξ1 is a contact structure on Z2 “ M2zintpMq, so that
the boundaries of corresponding manifolds are all convex surfaces and the
sutures are dividing sets. Then we have an equality:

Φξ1 ˝ Φξ “ Φξ2 : SHMp´M,´γq Ñ SHMp´M2,´γ2q.

Proof. We follow the idea from Juhász and Zemke [13]. Suppose C is a con-
tact cell decomposition of Z and ν is defined as in definition 4.2. Suppose
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h1, ..., hn and h1
1
, ..., h1

m are defined using C as in definition 4.3. Suppose C1

is a contact cell decomposition of Z 1 with ν̃, h̃1, ..., h̃s and h̃1
1
, ..., h̃1

t defined
similarly. Then we have

Φξ1˝Φξ “ Ch̃1
t
˝...˝Ch̃1

1

˝Ch̃s
˝...˝Ch̃1

˝SHMpφν̃q˝Ch1
m

˝...˝Ch1
1
˝Chn

˝...˝Ch1
˝SHMpφνq.

Suppose h̄i “ φν̃phiq and h̄1
i “ φν̃ph1

iq, then by lemma 3.16, we know
that

SHMpφν̃q ˝ Ch1
m

˝ ... ˝ Ch1
1

˝ Chn
˝ ... ˝ Ch1

“ Ch̄1
m

˝ ... ˝ Ch̄1
1

˝ Ch̄n
˝ ... ˝ Ch̄1

.

If we go back to the definition of gluing maps, we can see that the set
of handles h̃1, ..., h̃s and the set of handles h̄1, ..., h̄n, h̄

1
1
, ..., h̄1

m are attached
to disjoint parts, so we can switch their order by lemma 3.14. The handles
h̃1, ..., h̃s corresponding to the neighborhood of BM2 bounded by BM2 and
the barrier surface S̃ 1 Ă Z2. The handles h̃1

1
, ..., h̃1

t and h̄1
1
, ..., h̄1

m corre-
sponding to Legendrian graphs and 2-cells and tight 3-balls in Z and Z 1, so
they are still basic elements to form a contact cell decomposition of Z YZ 1.
The remaining handles h1, ..., hn correspond to the neighborhood of BM 1

in Z bounded by BM 1 and the barrier surface S 1. They consist of only 0-,
1- and 2- handles by lemma 3.18 so we can consider them as Legendrian
graphs and 2-cells. Hence the whole series

Ch̃1
t

˝ ... ˝ Ch̃1
1

˝ Ch̃s
˝ ... ˝ Ch̃1

˝ Ch̄1
m

˝ ... ˝ Ch̄1
1

˝ Ch̄n
˝ ... ˝ Ch̄1

˝ SHMpφνq

can be thought of as from some contact cell decomposition of Z Y Z 1 and
hence the proposition follows.

Suppose pM, γq is a sutured submanifold of pM 1, γ1q and if Z “ M 1zintpMq
is just a product BMˆr0, 1s equipped with an I-invariant contact structure
so that for any t P r0, 1s, BM ˆ ttu is convex with γˆ ttu being the dividing
set, Then we shall expect the contact gluing map to be the ’identity’. This
is made precise by the following proposition.

Proposition 4.6. Suppose pM, γq is a sutured submanifold of pM 1, γ1q and
ξ is a compatible contact structure on Z “ M 1zintpMq. Suppose there is a
Morse function f and a contact vector field nu on Z so that

(1). There is no critical point of f and

fpBMq “ 0, fpBM 1q “ 1.
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(2). The contact vector field ν is gradient like: νpfq ą 0 everywhere in
Z.

Then we have the equality

Φξ “ SHMpφνq : SHMp´M,´γq Ñ SHMp´M 1,´γ1q.

where φν is just the diffeomorphism induced by ν.

Proof. With lemma 3.11, 3.12 and 3.13, the proof is exactly the same as
the proof of proposition 5.1 in [13].

At the end of the section, we want to relate the general gluing map
with the contact handle gluing map introduced before. Suppose pM, γq is
balanced sutured manifold and h is a contact handle attached to pM, γq
and pM 1, γ1q is the result balanced sutured manifold. First we shall note
that pM, γq is not a sutured submanifold as in definition 4.1, we require
M Ă intpM 1q. The way to resolve this is to glue a product region BMˆr0, 1s
to M along BM ˆ t0u and glue h to BM ˆ t1u. This is made precise by the
following definition from [13]:

Definition 4.7. Suppose pM, γq is a sutured submanifold of pM 1, γ1q and
ξ is a compatible contact structure on Z “ M 1zintpMq. Suppose there is a
contact vector field ν on Z and a decomposition Z “ Z0 Y h such that

(1). The contact vector field ν points into Z on BM Ă BZ and points
out of Z on BM 1 Ă BZ.

(2). We have Z0 – BMˆr0, 1s and BM is identified with BMˆt0u Ă BZ.
We shall also require that ν is non-vanishing on Z0, pointing into Z0 on
BM ˆ t0u, pointing out of Z0 on BM ˆ t1u and each flow line of ν on Z0 is
an arc from BM ˆ t0u to BM ˆ t1u.

(3). We shall require that h is a topologically 3-ball with piece-wise
smooth boundary and is tight under ξ.

(4). We can view h as a contact k-handle, for k “ 0, 1, 2, 3, attached to
M Y Z0, with corner smoothed.

Then pZ, ξq is called a Morse-type contact handle of index k.

Proposition 4.8. Suppose pM, γq is a sutured submanifold of pM 1, γ1q
pZ “ M 1zintpMq, ξq is a Morse-type contact handle of index k for k “
0, 1, 2, 3. Suppose the contact vector field ν and the decomposition Z “
Z0 Y h are as in the definition 4.7 and γ0 Ă BM ˆ t1u Ă BZ0 is the di-
viding set with respect to ν. Suppose φν : pM, γq Ñ pM Y Z0, γ0q is the
diffeomorphism induced by ν. Then we have an equality

Φξ “ Ch ˝ SHMpφνq : SHMp´M,´γq Ñ SHMp´M 1,´γ1q.
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Proof. The proof is exactly the same as the proof of proposition 5.6 in [13].
The handle cancelations needed have been proved in lemma 3.11, 3.12 and
3.13.

Remark 4.9. With proposition 4.8, 4.5, 4.4, we can actually prove the con-
jecture 1.7 in [2]: the gluing maps constructed by composing contact handle
gluing maps is independent of the contact handle decomposition.

Corollary 4.10. The contact element in sutured monopole Floer homology
is preserved by the gluing map Φξ.

5 The cobordism maps

5.1 Constructions and functoriality

Now we are ready to construct the cobordism map between sutured monopole
Floer homologies. The following definitions are from [11].

Definition 5.1. Suppose pM, γq is a balanced sutured manifold and ξ0, ξ1
are two compatible contact structures. We say that ξ0 and ξ1 are equivalent
if there is a 1-parameter family ξt so that for any t P r0, 1s, ξt is a contact
structure on M with convex boundary BM .

Definition 5.2. Suppose pM0, γ0q and pM1, γ1q are two balanced sutured
manifolds. A sutured cobordism from pM0, γ0q to pM1, γ1q is a triple W “
pW,Z, ξq so that

(1). W is a compact 4-dimensional smooth oriented manifold with
boundary

(2). Z is a compact oriented 3-manifold so that BW zintpZq “ ´M1 Y
M2.

(3). We have that ξ is an oriented and co-oriented contact structure on
Z so that BZ “ BM1 Y BM2 (not specifying the orientation) is a convex
surface with dividing set γ0 Y γ1.

Definition 5.3. Suppose pM0, γ0q and pM1, γ1q are two balanced sutured
manifolds and W “ pW,Z, ξq is a suture cobordism between them. We
can regard pM0, γ0q as a sutured submanifold of pM0 Y p´Zq, γ1q, and from
definition 4.3 we have a gluing map

Φ´ξ : SHMpM0, γ0q Ñ SHMpM0 Y p´Zq, γ1q.
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The cobordism W can be thought as one with sutured surface pBM2, γ2q,
from pM0 Y p´Zq, γ1q to pM1, γ1q. Hence there is a morphism

FW : SHMpM0 Y p´Zq, γ1q Ñ SHMpM1, γ1q.

The sutured monopole Floer cobordism map induced by W “ pW,Z, ξq is
defined as the composition

SHMpWq “ FW ˝ Φ´ξ : SHMpM0, γ0q Ñ SHMpM1, γ1q.

There are some basic properties of the cobordism map:

Proposition 5.4. Suppose Suppose pM0, γ0q is a balanced sutured manifold
and W “ pW,Z, ξq is a suture cobordism from pM0, γ0q to itself so that
W “ M0 ˆ r0, 1s with Z “ BM0 ˆ r0, 1s and ξ is I-invariant. Then we have

SHMpWq “ id : SHMpM0, γ0q Ñ SHMpM0, γ0q

Proof. Note the map FW is induced by a cobordism xW as in the proof of
proposition 3.2. In the above settings, however, xW is actually diffeomorphic
to a product cobordism. Hence the proposition follows from proposition
4.6.

Proposition 5.5. Suppose pM0, γ0q, pM1, γ1q and pM2, γ2q are three bal-
anced sutured manifolds. Suppose W “ pW,Z, ξq is a suture cobordism
from pM0, γ0q to pM1, γ1q and W 1 “ pW 1, Z 1, ξ1q is a suture cobordism from
pM1, γ1q to pM2, γ2q. The composition of W and W 1 is a suture cobordism

W2 “ pW 2 “ W Y W 1, Z2 “ Z Y Z 1, ξ2 “ ξ Y ξ1q

from pM0, γ0q to pM2, γ2q. Then we have the equality

SHMpW2q “ SHMpW 1q ˝ SHMpWq : SHMpM0, γ0q Ñ SHMpM2, γ2q.

Proof. We will not go into details. Suppose we have marked closures

D0 “ pY0, R0, r0, m0, η0q, D1 “ pY1, R1, r1, m1, η1q, D2 “ pY2, R2, r2, m2, η2q

for pM0, γ0q, pM1, γ1q and pM2, γ2q respectively, and the map SHMpWq
is induced by a cobordism obtained by attaching 4-dimensional handles
h1, ..., hn and h̃1, ..., h̃m to Y0 ˆ r0, 1s at Y0 ˆ t1u. Here h1, ..., hn correspond
to the gluing map Φ´ξ and h̃1, ..., h̃m correspond to the cobordism map FW .
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Suppose similarly for SHMpW 1q we have handles h1
1
, ..., h1

s corresponding to
the gluing map Φ´ξ1 and h̃1

1
, ..., h̃1

t correspond to the cobordism map FW 1.
Then the composition SHMpW 1q ˝ SHMpWq is induced by attaching four
sets of 4-dimensional handles h1, ..., hn, h̃1, ..., h̃m, h1

1
, ..., h1

s, h̃1
1
, ..., h̃1

t to
Y0ˆr0, 1s at Y0ˆt1u in the order we wrote them down. Note the attachment
of two sets of handles h̃1, ..., h̃m and h1

1
, ..., h1

s can commute with each other
because h̃1, ..., h̃m corresponds to handles attached to intpm1pM1qq Ă Y1,
while h1

1
, ..., h1

s are attached to Y1 near m1pBMq Ă Y1 so the two sets of
handles are attached disjoint from each other. Then the handles h1, ..., hn

and h1
1
, ..., h1

s are attached first and correspond to the map Φ´ξ2 as in the
proof of proposition 4.5. The handles h̃1, ..., h̃m and h̃1

1
, ..., h̃1

t are attached
secondly and correspond to the cobordism map FW 2 as in the proposition
3.2. Hence we get the desired equality:

SHMpW2q “ SHMpW 1q ˝ SHMpWq.

Remark 5.6. Intuitively, the three types of maps: cobordism maps, gluing
maps and canonical maps all commute with other types. The reason is
that for suitable marked closure D “ pY,R, r,m, ηq, cobordism maps corre-
spond to handles attached in mpintpMqq Ă Y , gluing maps correspond to
handles attached near mpBMq Ă Y and canonical maps correspond to han-
dles attached in intpimprqq Ă Y , and the three regions in Y are pair-wise
disjoint.

5.2 Duality and turning cobordism around

Suppose W “ pW,Z, rξsq is a sutured cobordism from a balanced su-
tured manifold pM1, γ1q to another pM2, γ2q. We can turn the cobordism
around, to make another cobordism W_ “ pW,Z, rξsq from p´M2, γ2q to
p´M1, γ1q. Suppose for for i “ 1, 2, Di “ pYi, Ri, ri, mi, ηiq is a marked
closure of pMi, γiq, then D_

i “ p´Yi,´Ri, ri,´mi,´ηiq is a marked closure
of p´Mi, γiq. Note for a fixed spinc structure s and smooth 1-cycle η we
have a well defined pairing

x¨, ¨y : zHMpY, s; Γηq ˆ ~HMp´Y, s; Γ´ηq Ñ R. (9)

52



Zhenkun Li 5 THE COBORDISM MAPS

Since in sutured monopoles all he spinc structures are non-torsion, the
pairing 9 induces a pairing

x¨, ¨y : SHMpDq ˆ SHMpD_q Ñ R

When passing to the projective transitive system and deal with canonical
groups or models, the pairing above is well defined up to a unit as we will
prove as follows.

Lemma 5.7. Suppose W is a cobordism from Y to Y 1 then we can view W

as another cobordism W_ from ´Y 1 to ´Y . Then the two maps zHMpW q

and ~HMpW_q are dual to each other with respect to the pairing in (9).

Lemma 5.8. Suppose pM, γq is a balanced sutured manifold, then there is
a pairing well defined up to multiplication by a unit:

x¨, ¨y : SHMpM, γq ˆ SHMp´M, γq Ñ R. (10)

Proof. First suppose D “ pY,R, r,m, ηq and D1 “ pY 1, R1, r1, m1, η1q are two
marked closures of pM, γq of the same genus. Suppose a P SHMpDq and
b P SHMpD_q are two elements in the corresponding homology modules,
then we must show that

xa, by “ xΦg
D,D1paq,Φg

D_,D1_pbqy, (11)

where the pairing is the one in (9).
We prove here only the case when there is a curve α Ă R so that after

doing a p`1q surgery along rpαˆ t0uq Ă Y with respect to the rpR ˆ t0uq-
framing, we get a manifold diffeomorphic to Y 1. The general case will follow
from a similar argument and the functoriality of the canonical map Φg.

Suppose there is a curve α1 Ă R parallel to α but is disjoint from α.
Since the Dehn surgery is supported in arbitrary small neighborhood of α,
we can assume that rpα1 ˆ t0uq Ă Y 1.

In this case, there is a cobordism W` from Y to Y 1 obtained by at-
taching a 4-dimensional 2-handle, with p`1q-framing with respect to the
rpR ˆ t0uq-surface framing, to Y ˆ r0, 1s along rpαˆ t0uq ˆ t1u Ă Y ˆ t1u,
and

Φg
D,D1 “ HMpW`q.

OnD_, the surgery is still a p`1q-surgery, but we so there is a cobordism
W´ from ´Y 1 to ´Y obtained by gluing a 4-dimensional 2-handle, with
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p`1q-framing with respect to ´r1pR1 ˆt0uq, to the curve rpα1 ˆt0uqˆt1u Ă
Y 1 ˆ t1u, and

Φg
D_,D1_ “ HMpW´q´1.

We actually have that W` and W´ are diffeomorphic by an orientation
preserving diffeomorphism, so W´ can be viewed as turning W` around.
As a result, by lemma 5.7, we have

xΦg
D,D1paq,Φg

D_,D1_pbqy “ xHMpW`qpaq, HMpW´q´1pbqy

“ xa,HMpW´q ˝ HMpW´q´1pbqy

“ xa, by.

Hence (11) is proved.
Now suppose D “ pY,R, r,m, ηq and D1 “ pY 1, R1, r1, m1, η1q are two

marked closures for pM, γq so that gpD1q “ gpDq ` 1. Then we need to
show that

xa, by “ xΦg,g`1

D,D1 paq,Φg,g`1

D_,D1_pbqy, (12)

Since we have dealt with the case of the same genus, we can discuss
only the special case as follows: there are two disjoint oriented embedded
tori T1, T2 Ă Y 1 so that

(1). For i “ 1, 2, Ti X m1pMq “ H.
(2). For i “ 1, 2, Ti X r1pR1 ˆ r´1, 1sq “ r1pci ˆ r´1, 1sq where ci Ă R1 is

an embedded oriented circle, and the two circle c1 and c2 together cut R1

into two oriented parts R1
1
and R1

2
, so that

c1 Y c2 “ BR1
1

“ ´BR1
2
and R1

2
– Σ1,2,

where Σ1,2 is the compact oriented surface of genus 1 and having two bound-
ary component.

(3). T1 and T2 cut Y 1 into two parts Y 1
1
and Y 1

2
so that

T1 Y T2 “ BY1 “ ´BY 1
2
and m1pMq Ă Y 1

1
.

(4). For i “ 1, 2, η1 intersects R1
i in an oriented, non-boundary-parallel

properly embedded arc η1
i.

Suppose for i “ 1, 2, pi “ ci X ηi and pick an orientation reversing dif-
feomorphism f : c1 Ñ c2 sending p1 to p2. Choose an orientation reversing
diffeomorphism h : T1 Ñ T2 so that for i “ 1, 2

h|r1pciˆr´1,1sq “ pr1q´1 ˝ pf ˆ idq ˝ r1.
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We can use h to glue the two boundary components of Y 1
1
to get a closed

manifold Y1 and do the same thing for Y 1
2
to get a closed manifold Y2. As

done in [1] there is a natural way to get a closure D1 “ pY1, R1, r1, m1, η1q
for pM, γq and a closure D2 “ pY2, R2, r2, m2, η2q so that Y2 is a fibration
over S1 with fibres diffeomorphic to R2.

As we have already deal with the case of same genus, we can assume that
the two marked closures D and D1 are the same. Then we can describe the
canonical maps Φg,g`1

D,D1 and Φg,g`1

D_,D1_ as follows. Pick the surface U depicted
in figure 7. Glue the three part Y 1

1
, T1 ˆ U and Y 1

2
together using h just as

depicted by figure 7. The result is a cobordism W` from Y “ Y1 disjoint
union Y2 to Y 1. This cobordism will induce the canonical map Φg,g`1

D,D1 .
The same cobordism, with the reversed orientation, will be a cobordism
W´ “ ´W` from p´Y q \ p´Y2q to ´Y 1 and it will induce the canonical
map Φg,g`1

D_,D1_. If we turn W` around, it will become a cobordism W_ from
´Y 1 to ´Y \p´Y2q and induce a dual map by lemma 5.7. Then the equality
(12) will follow from the fact that the cobordism W_ YW´ will induce the
identity map up to multiplication by a unit, which is proved in [17].

There is a simpler way to describe the gluing map.
Suppose pM 1, γ1q is a balanced sutured manifold and pM, γq is a sutured

submanifold. Suppose Z “ M 1zintpMq and ξ is a contact structure on Z so
that BZ is convex with dividing set γYγ1. Suppose Z has a contact handle
decomposition relative to M . That is, there are contact handles h1, ..., hn

so that if we attach them to pM, γq, then we will get pM 1, γ1q. Suppose
h1, ..., hm are all 0- and 1-handles and hm`1, ..., hn are all 2- and 3-handles.
Suppose pM1, γ1q is the result of attaching all h1, ..., hm to pM, γq. Let
W “ M 1 ˆ r0, 1s, and let M2 “ BW zpM1 ˆ t0uq with suitable orientation.
We can view W as a cobordism from pM1, γ1q to pM2, γ1q with sutured
surface pS “ BM1 ˆ t0u, γ1q. If we do closing up along S, we will get
two marked closures D1 “ pY1, R, r,m1, ηq and D2 “ pY2, R, r,m2, ηq for

pM1, γ1q and pM2, γ2q respectively and a cobordism xW from Y1 to Y2.

Proposition 5.9. Under the above settings, the marked closure D1 is also
a marked closure for pM, γq so there is a map

Φ : SHMp´M,´γq Ñ SHMp´M1,´γ1q.

The marked closure D2 is also a marked closure for pM 1, γ1q so there is a
map

Ψ : SHMp´M 1,´γ1q Ñ SHMp´M2,´γ2q.
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The gluing map can be written as

Φξ “ Ψ´1 ˝ F´W ˝ Φ.

Proof. From proposition 4.8 we know that the gluing map is actually equal
to

Φξ “ Chn
˝ ... ˝ Ch1

.

Since pM1, γ1q is gotten from pM, γq by attaching a few 0- and 1-handles,
the marked closure D for pM1, γ1q must also be one for pM, γq and hence
Φ is just the composition

Φ “ Chm
˝ ... ˝ Ch1

.

Let W1 “ M1 ˆ r0, 1s Ă W be the product. Still let S “ BM1 ˆ t0u and
letM3 “ BW1zpM1ˆt0uq with suitable orientation. Then we can viewW as
a cobordism from pM1, γ1q to pM3, γ3q with sutured surface pS, γ1q. When
doing the same closing up along S as above, we get two marked closures
D1 and D3 “ pY3, R, r,m3, ηq for pM1, γ1q and pM3, γ1q respectively and a

cobordism xW1 from Y1 to Y3. If we write

hj “ pφj , Sj, D
3

j , δjq,

then we can see that Ŵ is gotten from xW1 by attaching all D3

j ˆ r0, 1s to
xW1 via maps

φj ˆ id : Sj ˆ r0, 1s Ñ BM1 ˆ r0, 1s Ă M2 Ă Y2 Ă BxW1.

This exactly the way we define 2- and 3-handle attaching maps in definition
3.9 and definition 3.10. Hence we have

Ψ´1 ˝ F´W “ Cn ˝ ... ˝ Cm`1

and we are done.

Corollary 5.10. Suppose W “ pW,Z, rξsq is a sutured cobordism from
pM1, γ1q to pM2, γ2q. Suppose S Ă Z is chosen as in proposition 5.9 and
γ1
1
correspondingly. Suppose S separates BW into two parts M 1

1
and M 1

2
, so

that M 1
i contains Mi and is oriented in the same way as Mi. We can view

W as a cobordism from pM 1
1
, γ1

1
q to pM 1

2
, γ1

1
q with sutured surface pS, γ1

1
q. If

we do closing up along S, we get two marked closures D1
1

“ pY 1
1
, R, r,m1

1
, ηq
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and D1
2

“ pY 1
2
, R, r,m1

2
, ηq for pM 1

1
, γ1

1
q and pM 1

2
, γ1

1
q respectively. As above

we have

Φ : SHMpM1, γ1q Ñ SHMpM 1
1
, γ1

1
q,

Ψ : SHMpM2, γ2q Ñ SHMpM 1
2
, γ1

1
q.

Then we can actually write the cobordism map to be

SHMpWq “ Ψ´1 ˝ FW ˝ Φ.

Proof. We can decompose the sutured cobordism W as a union of two:

W “ Wb Y Ws.

Here Ws is a special cobordism whose underline manifold is W s “ W

but with sutured surface pS 1 “ BM2, γ2q. The cobordism Wb is a special
cobordism whose underlining manifold isW b “ pMYp´Zqqˆr0, 1s but with
sutured surface pSˆt0u Ă pMYp´Zqqˆr0, 1s, γ1

1
q. The cobordismW can be

viewed as a union W s YW b with sutured surface pS, γ1
1
q. From proposition

3.2 we know that W s can be viewed as gotten from pM1 Y p´Zqq ˆ r0, 1s by
attaching some 4-dimensional handles h4

1
, ..., h4

l to intpM1 Y p´Zqq ˆ t1u.

Hence the result xW of doing closing up along S for W is the same as
doing closing up along S for for W s Y W b. The result of the later can be
described as follows. When doing closing up along S for W b, we get two
marked closure D1 “ pY1, R, r,m1, ηq and D “ pY,R, r,m, ηq for pM1, γ1q
and pM1 Y p´Zq, γ2q respectively, and a cobordism Ŵ b from Y1 to Y . Now
xW b can be thought of as obtained from Y1 ˆ r0, 1s by attaching some 4-
dimensional 2- and 3- handles which correspond to the gluing map Φ´ξ.

When adding the contribution from W s, we know that xW can be viewed
as obtained from xW b by attaching h4

1
, ..., h4

l to Y Ă BŴ b. This description

also exists in the construction of cobordism map. Hence we know that xW
indeed induces the cobordism map SHMpWq.

Now we can describe the relation between SHMpWq and SHMpW_q as
follows:

Corollary 5.11. Suppose W “ pM,Z, rξsq is a sutured cobordism from
pM1, γ1q to pM2, γ2q. The same cobordism can be also viewed as a cobordism
W_ from p´M2, γ2q to p´M1, γ1q. Then the cobordism map SHMpWq and
SHMpW_q are dual with respect to the pairing (10).
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Proof. If put the cobordismW up-side-down, then the distinguising surface
S is unchanged (but in Z, a i-handle becomes a p3´iq-handle). Hence from
corollary 5.10, FW is induced by a cobordism Ŵ while FW_ is induced by
a cobordism Ŵ_ which is obtained by putting Ŵ up-side-down. Hence the
conclusion follows from lemma 5.7.

There is a question related to the trace and co-trace cobordism. Suppose
pM, γq is a balanced sutured manifold and W “ pW “ M ˆ r0, 1s, Z “
BM ˆ r0, 1s, rξsq is the sutured cobordism from pM \ p´Mq, γ Y p´γqq.
Here ξ is a r0, 1s-invariant contact structure on Z so that BM is convex
with respect to B

Bt
and γ is the corresponding dividing set. Let R be the

ring with which we build the local coefficient, then we would like to ask
the following question:

Question 5.12. How to describe the cobordism map

SHMpWq : SHMpM \ p´Mq, γ Y γq Ñ R?

Note from Künneth formula, there is a map

i : SHMpM \ p´Mq, γ Y γq Ñ SHMpM, γq b SHMp´M, γq.

Also there is a canonical map

tr : SHMpM, γq b SHMp´M, γq Ñ R

defined as
trpa b bq “ bpaq,

since SHMp´M, γq is the dual of SHMpM, γq. We make the following
conjecture:

Conjecture 5.13. With the above settings, we have

SHMpWq “ tr ˝i. (13)

6 A brief discussion on Instanton

The constructions in section 3-5 can be applied to instanton sutured man-
ifolds. The following definition is from [3].
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Definition 6.1. Suppose pM, γq is a balanced sutured manifold, then a
marked odd closure of pM, γq is a sextuple D “ pY,R,m, r, η, αq so that

(1). The quintuple pY,R,m, r, ηq is a marked closure of pM, γq defined
as in definition 2.7

(2). We have α being a curve disjoint from impmq and intersects rpRˆ
r´1, 1sq in the form rptpu ˆ r´1, 1s for some point p P R.

Now suppose D “ pY,R,m, r, η, αq is a marked odd closure of a balanced
sutured manifold pM, γq we can pick a Hermitian line bundle ω over Y such
that c1pωq is dual to the curve α Y η. Let E be a Up2q-bundle over Y with
a bundle isomorphism ρ : Λ2E Ñ L. With such data we could define
instanton Floer homology I˚pY qω on Y . Follow from the definition in [17],
we can define

SHIpDq “ I˚pY |rpR ˆ t0uqqω,

where I˚pY |rpRˆt0uqqω means the generalized eigenspace of µprpRˆt0uqq
in I˚pY qω with eigenvalue 2gpRq ´ 2. In [1], Baldwin and Sivek construct
canonical maps between marked odd closures and the sutured instanton
Floer homology becomes a projective transitive system of C-modules. In
[3], they also construct contact handle gluing maps for instanton Floer
homology and the construction in this paper would be applied to instanton
and we have:

Theorem 6.2. For sutured instanton Floer homology, we have:
(1). The handle gluing maps constructed by Baldwin and Sivek satisfy

similar cancelation and invaraint properties as in lemmas 3.11, 3.12, 3.13,
3.14, 3.16, 3.20.

(2). There are well defined (up to multiply by a non-zero complex num-
ber) gluing maps for sutured instanton Floer homology and it satisfies sim-
ilar properties as in propositions 4.5, 4.6, 4.8.

(3). There are well defined (up to multiply by a non-zero complex num-
ber) gluing maps for sutured instanton Floer homology and it satisfies sim-
ilar properties as in propositions 5.5, 5.4.

Remark 6.3. This will give a confirmative answer to conjecture 1.8 in [3]
where Baldwin and Sivek conjectures that the gluing maps is independent
of the handle decomposition.

At last we want to give an alternative definition of the contact invariant
defined in [3]. The original definition used partial open book decomposi-
tions of contact balanced sutured manifolds. Yet partial open book decom-
positions only involve 0-, 1- and 2- handles so it is only expected but not

59



Zhenkun Li REFERENCES

proved that the contact element is also preserved by attaching a contact
3-handle. Now we can use the gluing map to define the contact element:

Definition 6.4. Suppose pM, γq is a balanced sutured manifold and ξ is
a contact structure on M so that BM is a convex surface and γ is the
dividing set. We can define the contact element of pM, γ, ξq as follows.
Suppose D Ă intpMq is a Darboux ball in M , let δ Ă BD be the dividing
set on BD. Let Z “ MzintpDq, we have a gluing map

Φξ : SHIp´D,´δq Ñ SHIp´M,´γq.

Then the contact element φpM, γ, ξq P SHIp´M,´γq is defined as

φpM, γ, ξq “ Φξp1q,

where 1 P SHIp´D,´δq is a generator of the canonical module.

Proposition 6.5. Suppose pM, γq is a balanced sutured manifold and ξ is
a contact structure on M so that BM is a convex surface with dividing set
γ. Then

(1). The contact invariant defined as in definition 6.4 is equivalent to
the contact element defined by Baldwin and Sivek in [2].

(2). The contact element is preserved under the gluing map Φξ.

As discussed in [17], if we have a closed 3-manifold Y and we dig a 3-
ball to create a spherical boundary with one simple closed curve as sutures,
then the sutured instanton homology can be identified with the instanton
Floer homology of a suitable admissible bundle over Y 7T 3. So Baldwin
and Sivek’s construction would result in a contact element for the closed
3-manifold Y 7T 3.

Question 6.6. Can we re-construct the contact element in the classical
instanton Floer homology theory? Would this element be preserved by exact
symplectic cobordism as so in the monopole settings?
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