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Abstract
Research has found significant potential for ultrasound actuation of shape memory polymers (SMPs)
in several fields such as biomedical and electronic devices among others. Example applications range
from controlled drug delivery containers to soft robotics and flexible electronics located in otherwise
inaccessible places or hazardous environments, where direct external heating is not possible. SMPs
can be manipulated into any temporary shape and later recover to their stress-free permanent shape
when triggered with external stimuli such as heat. Focused ultrasound (FU) has the ability to induce
localized heating and activate multiple intermediate shapes and achieve complete shape recovery in
the polymer, non-invasively and remotely. In addition, FU has a superior capability for temporal and
spatial control of shape recovery by adjusting sample size, ultrasound frequency, exposure time and
intensity as well as the position of ultrasound focusing. In this paper, indirect actuation of the
thermally-induced shape-memory effect of SMPs by FU is studied theoretically and experimentally
with a focus on the acoustic field, medium, geometric and material properties. The changes in
thermomechanical properties, during FU actuation, are studied through dynamic mechanical analyzer
tests. Using these properties, an analytical acoustic-thermo-elastic dynamic model is developed to
predict the shape memory response of a SMP cantilever beam, considering acoustic and geometric
nonlinearities. The governing equations of motion are derived using reduced order modeling and
solved by perturbation techniques. Having obtained an analytical expression for the shape recovery
of the beam as a function of acoustic parameters, experimental validations for a cantilever SMP beam
exposed to FU are performed. The model has the ability to successfully estimate the variation in the
amount of shape recovery due to the change in source frequency of the transducer and peak acoustic
pressure field inside SMP domain without the need of analyzing any intermediary acoustic/thermal/
elastic behavior.

Supplementary material for this article is available online

Keywords: shape memory polymer, focused ultrasound actuation, nonlinear dynamics, nonlinear
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1. Introduction

Shape memory polymers (SMPs) are an emerging class of smart
materials which have gained significant attention in both industry

and academic research due to their ability to memorize their
permanent shape. This ability enables them to be manipulated
into any temporary shape and later return to their stress-free
permanent shape when triggered with different environmental
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factors such as heat, light and magnetic field among others. Being
polymers, they offer a wide variation in their mechanical prop-
erties in addition to being cheap, light-weight, biodegradable and
easily process-able [1]. Last decade has observed an increasing
use of SMPs in aerospace, biomedical, textile, structural and
flexible electronic applications [2–4]. SMP-based controlled drug
delivery devices, biodegradable sutures, catheters, cardiovascular
stents actuated at body temperatures and microactuators are some
of the emerging applications of SMPs in the biomedical industry
[5–10].

The choice of environmental trigger for actuating SMPs
is one of the key factors in attaining efficient shape recovery.
Although, direct heat is one of the most commonly used
trigger for shape memory effect, it is not always practical and
safe, especially for heat-sensitive applications [11]. Conse-
quently, other forms of actuating mechanisms such as irra-
diation (UV, IR and solar), magnetic field, electric current
among others have come to forefront [12–17]. Chen et al [18]
processed chitosan/PEG-based spiral coils as vascular stents
which showed rapid shape recovery on hydration. Small et al
[7, 19] studied the use of shape memory polyurethanes doped
with light absorbing dyes for use as stents and foams. Sahoo
et al [20, 21] used electric current to actuate shape memory
polyurethanes coated with conductive polymer (PPy) and
achieved 85%–90% of shape recovery. Thermomagnetically
and electromagnetically induced shape memory effects can be
achieved through fillers such as metal particles, iron (III)
oxide [22, 23] and ferromagnetic particles [24]. Razzaq et al
[25] actuated shape memory polyurethanes at lower field
frequencies through micro-sized magnetite fillings. They
achieved a considerable decrease in electrical resistivity and
an increase in thermal conductivity with 40 vol% magnetite,
and demonstrated a full shape recovery of SMP under
magnetic field. Most of the triggers mentioned above either
have no control over the shape memory response or require
filler particles to induce shape memory behavior, which can
compromise the structural/thermal integrity or biocompat-
ibility of the polymer. A possible solution to overcome this
challenge is the use of focused ultrasound (FU) as a safer,
non-invasive remote trigger. An increased focus on ultra-
sound actuation is seen especially in biomedical applications
where the need of a non-invasive and controllable trigger is of
utmost importance [26–28]. FU enables selective, spatially
and temporally controlled heating of SMP without the need of
any filler particles. The underlying mechanism involves
inducing heat generation due to viscous shearing oscillation
of molecules under ultrasound exposure [29, 30], resulting in
shape recovery. FU also offers significant advantage over
other methods for actuation in applications requiring remote
access. The limited literature of ultrasonic actuation of SMPs
is mainly centered on proof-of-concept experiments demon-
strating the feasibility of this method, lacking experimentally-
validated modeling efforts for the resulting multiphysics
problem that couples the domain acoustics with polymer
dynamics. In this work, we present a coupled analytical and
experimental multiphysics investigations for FU induced
thermal actuation of a SMP cantilever, considering acoustic
and weak geometric nonlinearities.

The use of thermally actuated SMPs in every application
requires a comprehensive understanding of the thermo-
mechanical process of shape recovery. Thus, the past two dec-
ades have observed several constitutive models to capture the
shape memory behavior [31–34]. Liu et al [35] developed one of
the first phenomenological constitutive models which considered
SMPs as a mixture of two phases: the frozen phase (hard phase)
and active phase (soft phase). The model describes the structural
transformation of SMPs as being dependent on two internal state
variables (the frozen phase volume fraction and stored strain).
Several others improved this model by eliminating his model’s
assumptions [36–38]. This paper presents dynamic equations
governing the motion of an ultrasound actuated SMP cantilever
in heating, cooling and shape recovery stages, following the
constitutive model developed by Liu et al [35] combined with
acoustic-thermal equations. The FU nonlinear acoustic field
and induced thermal energy are obtained using Khokhlov–
Zabolotskaya–Kuznetsov (KZK) [39, 40] and Penne’s Bioheat
[41] equations, respectively [42]. The behavior of temperature
dependent mechanical properties of SMP is studied using
dynamic mechanical analyzer (DMA) tests. A model is built to
predict the shape memory response of a SMP based cantilever
beam subjected to pure bending and the governing equations of
motion for all the stages of the shape recovery process are
derived, using reduced order mathematical modeling. An ana-
lytical dynamic solution is then developed using perturbation
techniques for a weakly geometric nonlinear SMP cantilever to
estimate the acoustically driven recovery of the beam. The
experimentally-validated analytical solution is then used to
characterize the acoustic parameters and their effects on ultra-
sound induced shape recovery of the beam. The scope of this
work encompasses all applications of thermally actuated SMPs
requiring shape recovery such as SMP based switches and drug
delivery containers among others. In section 2, we develop the
theoretical background and acoustic-thermo-elastic model for an
ultrasound-SMP actuation system. Experimental results and
model validation are presented in section 3. A summary and
conclusions are presented in section 4.

2. Theory

In order to understand the nonlinear dynamics of FU induced
thermal actuation of SMPs, a robust model which predicts the
acoustic and thermal fields and subsequent shape recovery is
essential. The model is divided into three interconnected parts.
The first part uses KZK equation [39, 40] to estimate the focused
acoustic pressure field inside an SMP submerged in water [30].
The equation is numerically solved in a hybrid time-frequency
domain taking into account the effects of absorption, diffraction
and nonlinearity in the medium. The second part solves Penne’s
Bioheat equation [41] to calculate the FU induced temperature
rise inside the polymer. The third part predicts the shape
recovery of SMP using a constitutive model developed by Liu
et al [35]. The dynamic response of a SMP cantilever beam is
derived using reduced order mathematical modeling and solved
using perturbation techniques. The advantages of such techni-
ques over numerical methods is the flexibility to study the
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characteristics of the nonlinear response and determine the effect
of various acoustic and SMP geometric and material parameters
individually on the shape recovery effect. The governing
equations of motion are developed using Generalized Hamil-
ton’s Principle [43], assuming an SMP filament as an Euler–
Bernoulli cantilever beam. We use Galerkin weighted residual
method [43] to convert the partial differential governing
equations into n modal ordinary differential equations. The
method of multiple scales [44] is then used to develop an ana-
lytical solution to predict the shape recovery of SMP as a
function of acoustic and thermal parameters.

2.1. Multiphysics acoustic-thermal-elastic modeling

KZK equation is used to predict the nonlinear FU generated
acoustic pressure field in SMP and fluid domains. The non-
dimensional form of the equation is [40]
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where the non-dimensional pressure, p , is given as
= /p p p .0 Here, p is the pressure at the observation point and

p0 is the characteristic source pressure. The non-dimensional
form of propagation distance, z is given as = /z z D where D
is the focal distance and z is the axial distance in the direction
of wave propagation, Z. The retarded time is given as
t = -( )/f t z c0 where f0 is the source frequency, t is time
and c is the speed of sound in the acoustic medium. The
parameter  = ¶ ¶ + ¶ ¶( )/ /r r rr

2 2 2 is the non-dimensional
form of the Laplacian where = /r r a is the dimensionless
form of the radial distance r along the radial coordinate axis,
R, and a is the radius of the transducer. The parameters A , G
and B represent the attenuation, gain and nonlinearity of the
medium respectively. A detailed explanation of the equation
and solving technique is given by Bhargava et al [30]. This
acoustic framework can also be used for ultrasonic energy
transfer systems using FU sources [45–48]. The calculated
pressure field is then used as an input to Penne’s Bioheat
equation [41] which predicts the thermal field generated due
to viscous shearing exerted by focused ultrasound waves
inside the polymer. The equation is given as

r k
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where T is the temperature of the medium at the observation
point. The parameters r ,m Chm and k are the density, specific
heat capacity, and thermal conductivity of the medium
respectively. In equation (2), the accumulated heat H is due to
absorption of the pressure field in the polymer and is given as

år= =( ) [ ]∣ ∣/H c a p1 Rem n

k
n n1

for up to k harmonics. Here,
[ ]Re denotes the real part of a quantity. The parameter an

accounts for absorption and dispersion of the propagating
wave in the medium and is a complex number. The real part
of this term represents the absorption coefficient at kth har-
monic. As a result of viscous shearing exerted by ultrasound
waves due to the absorption of the pressure field of kth har-
monic, energy is released in the form of heat, leading to
temperature rise in the polymer filament.

The temperature rise in the polymer results in a
mechanical response which subsequently causes shape
recovery of the polymer. A constitutive model developed by
Liu et al [35] is used to capture the thermomechanical
response. The model uses the glass transition temperature, Tg,
to define the relationship between the final recoverable stress
and strain. The shape recovery process involves four stages
with the first stage as the loading stage where the polymer is
heated above its Tg and deformed to a temporary shape by an
external force. The second stage is cooling the polymer below
its Tg to fix the temporary deformed shape. The third stage is
unloading of the external forces and the fourth stage is re-
heating the polymer to attain shape recovery. Liu’s [35]
model quantifies the storage and release of entropic defor-
mation in the form of ‘frozen’ strains which are equal to the
strains in the pre-deformed body at the end of loading stage,
in our study. During cooling, the pre-deformed strains freeze
in the polymer and are released upon ultrasound actuation and
the body returns to its original shape. The model is derived
using the evolution of storage strains during the cooling
process only, but is assumed to hold true for both cooling and
re-heating stages of the shape recovery process under
monotonous decreasing and increasing temperature profiles,
respectively. The model has shown reasonable agreements
with experiments for both these stages [35]. However, in case
of repeated cooling/heating intermediary cycles, a net cooling
history needs to be incorporated in the model to account for
any partial storage/release of stored strains [49, 50]. Since, in
this work, temperature profiles of cooling and heating due to
ultrasound actuation are strictly decreasing and increasing
respectively, Liu’s model [35] is used. The model defines the
1D constitutive equation and temperature derivative of stored
strain for the SMP, as equations (3) and (4), respectively [35].
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where e is the total strain and s is the total stress in the body.
The parameters e ,s a and Th represent the temperature, T,
dependent storage strain, thermal expansion coefficient and
maximum temperature up to which SMP is heated in loading
stage before deformation, respectively. The frozen fraction ff
represents the fraction of the volume in the frozen (stiffer)
phase and is given as f = - + - -[ ( ) ]c T T1 1 ,f f h

n 1 where
cf and n are variables which can be experimentally found by
curve fitting method. The Young’s modulus E is related to
temperature by the relation, f f= + - -[( ) ( )]/ /E E E1f i f e

1

where Ei is the modulus of the internal energetic deformation
and Ee is the modulus of the entropic deformation calculated
using the formulae, =E NkT3 .e The parameters N and k
denote the cross-link density and Boltzmann’s constant
( = ´ -k 1.38 10 23 NmK−1) respectively. The model given
by equations (3) and (4) exhibits a linear stress-strain rela-
tionship and assumes rubbery elasticity to hold true as long as
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the strains and cross-linking density fall in the domain of
small-moderate (40%–50%) [35, 51–56]. Note that the strains
in this work are not small, but lie in the domain such that
rubbery linear elasticity assumption gives good approx-
imation with experimental data.

To develop a comprehensive understanding of the
dynamic response of SMP during shape recovery process, we
develop governing equations of motions for each stage of
shape recovery process for an Euler–Bernoulli SMP canti-
lever beam using Generalized Hamilton’s principle. We then
solve these equations using Galerkin’s weighted residual
method and method of multiple scales and validate the results
with experiments and numerical solution of the governing
equation. The main aim is to express the dynamic shape
recovery of the SMP cantilever as a function of the FU
parameters through an analytical expression.

2.2. Nonlinear SMP cantilever dynamics: loading, cooling,
shape fixation and shape recovery

A SMP cantilever beam with length l, width b and thickness h is
shown in figure 1. The beam’s response is derived under the
assumptions of Euler–Bernoulli beam which considers the beam
to have a higher length to thickness ratio, such that the rotational
effects and angular distortion of the differential element are
ignored. Consequently, shear effects in beams with large aspect
ratio are neglected. However, they can be incorporated to obtain
better approximation. In this work, for simplification, shear
effects are neglected for a cantilever beam with large aspect ratio
in order to obtain an analytical solution of the complicated
dynamics of acoustic-thermoelastic coupling in SMPs with
sufficient accuracy (shown in section 3). Linear elasticity is
assumed for the range of strains40%. The beam is subjected
to pure bending such that deflections are large but curvature
remains small, i.e. curvature is proportional to bending moment.
In this work, we used the nonlinear 2D Euler–Bernoulli beam
theory with allowance for damping, following the theory
developed by Nayfeh and Pai [57]. The condition of inextensi-
bility is assumed for simplification and to obtain and analytical
solution with good approximation [58].

The generalized Hamilton’s principle is stated as

ò d d d- + =( ) ( )T U W dt 0, 5
t

t

E E nc
1

2

where dT ,E dUE and dWnc are the variations in kinetic energy,
potential energy and the work done by non-conservative

forces. The potential energy of a cantilever beam in pure
bending with no gravitational effects, is given by
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where γ is the curvature denoted by g q= ¶ ¶( )/s t s, (inex-
tensible), q ( )s is the angle of the perpendicular to the cross-
section, dA, of the beam with the horizontal axis X, s is the
curvilinear coordinate along the length of the beam and E is

the Young’s modulus. The parameter ò=I y dA
A

2 is the area

moment of inertia of the beam where y is the distance from
the neutral axis. By defining w as the vertical deflection of the
beam (figure 1) and realizing that q = ¢ =-( ) [ ( )]s t w s t, sin ,1
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where ρ is the density of the SMP, A is the area, u
is the horizontal displacement of the beam and ( )
is the time derivative of a quantity. The second term on the
right hand side of equation (7) accounts for rotational
inertia effect and will be ignored in the rest of this study
due to its negligible contribution. From geometry
(figure 1), using the relation q = - ¢[ ( )] ( )s t u s tcos , 1 , ,
expressing it in terms of w and substituting in equation (7),

gives the expression for kinetic energy as r=T A
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where F is a distributed external force per unit length and
damping coefficient is denoted by d1. The first term in
equation (8) is a contribution of the energy due to frozen
strains, e ( )s T,s obtained from equation (4) and thermal
strains, e ( )t .T This approach arises from the understanding
that all mechanical, frozen and thermal strains contribute to
the overall stress of the system through the relation given by
equation (3). Therefore, the energy contribution due to this
stress can be expressed as the energy contribution from each
of the mechanical, frozen and thermal strains individually, as
the stress-strain relation is linear [51]. To accomplish this, the
mechanical strains are assumed to contribute to the potential
energy of the system (similar to any beam system) and the
rest of the strains are assumed to contribute to the external

Figure 1. Schematic of deformation of cantilever beam in pure
bending due to end point force (positive Y direction) at the free end.
The dashed line represents the original position of the beam. X and Y
are the global coordinates of the system.
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work done. Since es is a function of spatial variable s and
temperature T, which is a function of time t from equation (2),
es can be represented as, e ( )s t, .s The parameter g ( )s t,s in the
first term of equation (8) is the curvature associated with
e ( )s t,s and e ( )t ,T and is expressed as g =  +( ) ( )s t w s t, ,s s

¢  +( ) ( )/w s t w s t, , 2s s
2 higher order terms. Taking the variation

of equations (6) and (7) and substituting them in equation (5)
along with equation (8) yields the governing equation of
motion as
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The time dependency in equation of motion arises during
the shape recovery stage. This time dependency is due to the
rise in temperature with time during ultrasound actuation,
equation (2). Since stored strains are a function of temper-
ature, equation (4), the release of storage strains become time
dependent during shape recovery stage. As the material is
elastic for the range of strains 40% [51], the stored strains
are instantaneously released when the temperature reaches the
glass transition temperature.

2.2.1. Loading and cooling. In this stage, the SMP is heated
to an elevated temperature Th such that the SMP is in rubbery
phase and the frozen fraction is zero. After heating, SMP is
deformed to a temporary shape in the upward direction by a
force Py applied at the tip end (figure 1). Due to static loading,
time derivative terms are zero and with no contribution of
frozen energy, the terms with variable ws are zero in
equations (9)–(13). Equation (9) for this stage in terms of

q ( )s with *ò d= -( )F P s l ds
l

y
0

becomes [59]

q q + =( ) [ ( )] ( )E I s P scos 0 14h y

with boundary conditions q =( )0 0 and q¢ =( )l 0. In
equation (14), Eh is the elastic modulus at T .h The equation
of motion for static loading, equation (14) is expressed in q ( )s

due to ease of solving as compared to solving in terms of
transverse displacement ( )w s . A detailed derivation of this
equation is given in [60]. Wang et al [61] derived the solution
of equation (14) for large deflections using homotopy analysis
method. In this study, we used a similar approach to estimate
the deflection of the beam in the loading stage. The strains at
the end of this stage are denoted by e .pre

The SMP cantilever beam is cooled to a temperature
below Tg under the pre-strain constraint [35] i.e. maintaining
the deformed shape. This results in freezing of the thermally
reversible molecular chains and the deformation history is
stored in the form of frozen energy which can be released by
heating the SMP again.

2.2.2. Fixation and shape recovery. After cooling, the
external forcing is removed and the deformed shape of the
cantilever beam is fixed. Setting e e= pre in equation (4) and
using equation (2), e ( )s t,s is obtained which leads to g ( )s t,s
in equation (8). Equations (9)–(13) are discretized using

å j h= =
¥( ) ( ) ( )w s t s t,
i i i1

where j ( )si represents mode shape
associated with ith natural frequency, h ( )ti is the ith modal
coordinate. Setting external force distribution F=0, applying
Galerkin’s weighted residual method to equation (9) [57] and
considering only one mode, equation of motion for shape
recovery is,

yh hh h h hw mh zh x x+ + + + + - - = ( ̈ ) ̈ ( ) ( )
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t t2 0,
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0

and w is the natural

circular frequency (rad/s) such that w b r= /EI A2 4 with β

being the eigen value obtained from the characteristic equation
of the undamped and unforced linear system, obtained by
reducing equations (9)–(13) [43].

Here x ( )t and x ( )t are functions of w ,s which change with
time as the SMP is heated. For fixation, the beam is below the
Tg and is in static position when the external forces are
removed. It is assumed that the entire polymer has
transformed to glassy state and has completely stored the
energy due to strains developed in loading stage. Therefore,
the equation for the deformation of the beam in this stage is
obtained by setting time derivative terms to zero and taking
x ( )t and x ( )t at time =t 0 in equation (15). The governing
equation thus becomes,

hw zh x x+ - - =( ) ( ) ( )0 0 0. 162 3

The above stated approach gives an approximate solution
for these shape recovery stages, however, the error is minimized
by using Galerkin’s weighted residual method [62].
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2.3. Solution approach using method of multiple scales

During ultrasound actuation, the thermal field developed
inside SMP leads to shape recovery due to release of temp-
erature dependent frozen energy. Equation (15) represents the
equation of motion in this stage where time t is the duration of
ultrasound actuation. To obtain the magnitude of the shape
recovery, method of multiple scales [44, 63] is used to find an
approximate solution of equation (15) in case of weak non-
linearities. A technique similar to Meesala et al [64] is fol-
lowed where a bookkeeping parameter, ẽ is introduced which
signifies the effect of each term in equation (15) on the final
response. Equation (15) is re-written as

eyh hh h h hw emh ezh x
x

+ + + + + -
- =

 ˜ ( ̈ ) ̈ ˜ ˜ ( )
( ) ( )

t

t

2

0, 17

2 2 3

where h depends on t and ẽ. During heating, the temperature
dependent elastic modulus E changes with time, since
= ( )T T t . To account for this variation in E, the process of

re-heating in fourth stage is divided into multiple stages of
small time intervals, with each stage having a constant
modulus. This multi-stage division is necessary to have
constant coefficients of nonlinearities in equation (17) and
to derive an approximate analytical solution. Equation (17)
is thus applied to each of these stages to obtain the response
of the beam till the nonlinear terms become negligible
and the response can be accurately predicted by linear
equation

h hw mh x x+ + - - =̈ ( ) ( ) ( )t t2 0. 182

An approximate solution for equation (17) is expressed
in the form of power series in h given by

h e h eh e h= + + +( ˜ ) ( ) ˜ ( ) ˜ ( )
( )

t t t t; higher order terms.

19
0 1

2
2

Retaining up to e(˜ )O 1 terms, the dependence of h on t and ẽ
occurs on different time scales, T0 and T1 such that e= ˜T tn

n

for =n 0, 1. Using chain rule, the differentiation terms with
respect to t can be expressed as e e= + º +¶

¶
¶
¶

˜ ˜D DD

Dt T T 0 1
0 1

and D
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2

2 = e+¶
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2

0
2

2
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+e º¶
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T
2

0
2

2

1
2 + e +˜D D2 0 1

ẽ D .2
1
2 The solution form, equation (19) now becomes a

function of new time scales, given by

h e h eh e h= + +
+
( ˜ ) ( ) ˜ ( ) ˜ ( )

( )
t T T T T T T; , , ,

higher order terms. 20
0 0 1 1 0 1

2
2 0 1

Expressing equation (17) using equation (20), and
retaining up to e(˜ )O 1 terms, equations for each order of ẽ are
given as,

e w h h+ = -(˜ ) ( )O D F: , 210 2
0 0

2
0

where F is used to denote combined stored energy effect,
x x= - -( ) ( )F T T .0 0

e h h w zh yh h h

yh h m h

+ = - -

- -

(˜ ) ( )

( )

O D D D D

D D

: 2

2 .
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2

0 1 0

0
2
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2

0 0 0

The solution of equation (21) is of the form

h
w

=
-

+ +w w-( ) ( ) ( )F
e A T e A T , 23i T i T

0 2 1 10 0

where the second and the third terms on the right hand side of
equation (23) are complex conjugates and i an denotes
imaginary number. Using equation (23) in equation (22),

h h w
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For a bounded solution, secular terms should be eliminated
and are therefore set to zero.
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Equations (25) and (26) are complex conjugates and satis-
fying one consequently satisfies the other. Substituting baei1

2

for A and b-ae i1

2
for A and making real and imaginary terms

equal to zero, we obtain

b

z yw

w
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where A0 and b0 are constants and depend on initial condi-
tions of the SMP system. Eliminating secular terms from
equation (24), the solution is derived as
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Substituting equations (23), (27) and (28) in equation (19)
gives the approximate solution of h ( )t upto O(ẽ1). We use
this approximate solution to calculate the shape recovery of
the beam for multiple stages and verify with numerical
solution of equation (15).
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3. Experimental results and model validation

3.1. Experimental setup and DMA tests’ results

A 25 mm long, 3 mm wide and 1.5 mm thick SMP filament is
used for the experimental setup in figure 2 to study FU
generated thermally induced shape recovery of SMP canti-
lever beam. The filament composed of 95% TBA and 5%
DEGMA, is exposed to harmonic acoustic pressure field
generated by a H-104–4 A SONIC Concepts high intensity
focused ultrasound (HIFU) transducer for 20 continuous
seconds, figures 2(a) and (b). The SMP is mounted with a
fixed-free boundary condition to mimic a cantilever beam
using a positioning system. The water level in the tank is
maintained such that the bottom part of the filament is sub-
merged in water and the focal point of the FU transducer lies
inside the submerged portion of the filament. Special care is
taken to maintain the power of the transducer below a
threshold level to prevent degradation of the sample [30]. A
FLIR C2 infrared camera is used to capture thermal images
during 20 s of ultrasound actuation with additional 20 s to
capture cool down (figure 2(a)). Experiments are conducted

for pressure measurement from FU transducer as shown in
figure 2(c). A Precision Acoustics 1 mm needle hydrophone
is used to acquire pressure measurements using NI
SignalExpress® software through a National Instrument data
acquisition device (PCI-6115). The hydrophone is mounted
using a positioning system and measures pressure data in
axial and radial directions of the transducer to capture the
exact location of the focal point. The pressure measured at the
focal point is then used for analysis and model validation.
Figures 3(a) and (b) show the storage modulus and tan delta
curves obtained from DMA tests for 95% TBA-5% DEGMA,
respectively. While storage modulus gives insight into the
material’s elastic behavior, tan delta is a measure of energy
dissipation when the material is subjected to sinusoidal force
and varying temperature. A detailed explanation of the fab-
rication of the SMP filament, DMA tests and thermal
experiments for its characterization is given in our previous
work [30] as well as in the supplementary material, available
online at stacks.iop.org/SMS/28/055002/mmedia. Figure 3
shows the variation of mechanical properties with temperature
which forms the basis of the shape recovery response and will

Figure 2. (a) Illustration of the experimental setup; (1) thermal imaging camera directed at the focal point, (2) SMP cantilever filament
exposed to FU, (3) HIFU transducer, (4) water tank and (5) positioning system. (b) Experimental setup of an SMP filament with fixed-free
boundary conditions deformed in a temporary shape. (c) Experimental setup of a needle hydrophone mounted on the positioning system and
exposed to FU. The tip of the needle lies at the focal point of the transducer. R and Z are the radial and axial coordinate axis for the transducer
setup, respectively.

7

Smart Mater. Struct. 28 (2019) 055002 A Bhargava and S Shahab

http://stacks.iop.org/SMS/28/055002/mmedia


be used in our analysis, as explained in later sections. It is
important to note that the heating rate shifts the transition
temperature [65]. Since the actuation with FU has a varying
heating rate, the transition temperature in our experiments is
different from the transition temperature obtained from DMA.

3.2. Acoustic-thermal model validation

The developed analytical-numerical model [30], explained in
section 2, is used to study the acoustic and thermal fields of
the FU actuated cantilever beam. The thermal energy induces
shape recovery behavior modelled through the constitutive
equations in section 2 (equations (3), (4) and (9)). To study
sound wave propagation in SMP, the model predicted
acoustic field is first validated through experiments only in
water domain, using hydrophone (figure 2). Figure 4(a) shows
the normalized sound pressure along the axial axis measured
by the hydrophone at 10W input power and 0.5 MHz source
frequency. A good agreement is observed between the
waveform obtained from KZK model and experiments for the

normalized pressure wave at the focal point as shown in
figure 4(b). The pressure is normalized with respect to the
maximum pressure at the focal point, P .max

The acoustic model is now used to calculate the pressure
field at the focal point inside SMP. A numerical validation of the
model estimated acoustic behavior in SMP upon FU exposure, is
done with finite element method in our previous work with good
agreement [30]. Our previous study [42] also discusses in-depth,
the influence of medium parameters such as diffraction,
attenuation and nonlinearity of the medium, and input para-
meters such as input power and source frequency on the non-
linearity of the propagating sound wave in the SMP. It is known
that an increase in the number and amplitude of the higher
harmonics increases the nonlinearity and the total acoustic
energy of the pressure wave at a point. Our previous study [42]
observed that a higher coefficient of nonlinearity of the SMP as
compared to water, increase in source frequency and input
power have a nonlinearly proportional influence on the non-
linearity of the acoustic wave. It was shown that the wave

Figure 3. (a) Storage modulus and (b) tan delta obtained from DMA tests for 95% TBA-5% DEGMA composition.

Figure 4. (a) Normalized pressure along axial axis and (b) normalized pressure waveform at focal point (0 mm) at 10 W and 0.5 MHz source
frequency in water domain.
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nonlinearity is an important parameter to consider since the
absorption of the acoustic energy in SMP is proportionally
correlated to the energy transfer in the higher harmonics. Due to
the absorption of the ultrasound waves in the polymer, a viscous
shearing effect on the molecules is created which causes a
release of energy in the form of heat. Therefore, it was con-
cluded that the higher the nonlinearity of the propagating wave,
the more is the absorption and an increase in the temperature of
the polymer which increases the shape recovery of the SMP.
Consequently, in this work, we use 10W of input power at
0.5MHz frequency to achieve shape recovery at a reasonable
spatial scale.

Using equation (2), the absorbed pressure field in SMP
predicts the temperature rise in the filament during ultrasound
actuation. Figure 5(a) shows the thermal image of ultrasound
actuated SMP at 20 s with 10W input power and 0.5 MHz
source frequency. The circle in the image shows the region of
highest energy concentration. As can be seen, the temperature
of the surrounding water is approximately at room temper-
ature which emphasizes the localized heating effect of FU
actuation. Figure 5(b) shows the corresponding temperature
rise at the focal point for the experimental setup depicted in
figure 2. A good agreement is observed between the temp-
erature predicted by the model and the experiment.

To study the dynamic response of SMP during the four
stages of shape recovery, it is important to account for the
temperature dependent mechanical properties of SMP.
Figure 3 shows the change in the stiffness of the SMP used in
this study, with temperature through DMA experiments. It is
seen that, at high temperatures, the stiffness of the polymer is
low and the elastic deformation produces a change in the
conformational entropic state of the polymer chains resulting
in a ductile, rubbery behavior of the polymer. At low tem-
peratures below glass transition temperature, @ T 72 C (for
SMP in this study), the polymer is in a glassy state and
behaves as an elastic solid [35]. To understand the shape
memory behavior, the dynamic analytical model is divided
into the following four stages.

3.3. Dynamics of SMP shape recovery under focused
ultrasound actuation

3.3.1. Loading, cooling and shape fixation model validation.
In the loading stage, the SMP filament (initial straight shape)
is mounted with one end fixed using a clamp. The material is
then heated to a temperature Th such that it becomes
amorphous. A pre-determined end-point deflection of
approximately 15 mm is applied at the free end of the
cantilever. The deflection is calculated from the horizontal
axis, X in the vertical direction, Y. This gives an end-point
vertical force of approximately 6 mN for static deflection of
beam as calculated by equation (14). The deflection is
maintained until the filament cools down. Figure 2(b) shows
the temporary shape of the beam in this stage. Bergman et al
[59] solved the loading stage behavior to mimic an Euler–
Bernoulli beam under static loading, given by equation (14)
using numerical methods. In this study, we use homotopy
analysis method [61] to derive an analytical solution of
equation (14) to predict the deflection of the beam. The
analytical solution gives us the advantage of estimating the
resulting strains, epre which are used as a boundary condition
in equation (4) by setting e e= pre to predict the frozen strains
in cooling stage. Figures 6(a) and (b) show the strains
developed and angular displacement of the beam respectively.
Figure 6(c) shows the transverse (upward) deflection of the
beam upon application of end point force at >T T .g

During cooling, the external force is maintained as the
temperature of the beam decreases. With lowering of
temperature, the polymer becomes stiffer with increase in
the elastic modulus and stores the elastic strains developed
due to static loading, in the form of internal ‘frozen’ strains
(equation (4)). It is assumed that at <T T ,g the complete
filament transitions from amorphous to glassy state and
f = 1.f After cooling down in the fixation stage, the external
forces are removed and due to high elastic modulus and
stored energy, the beam remains fixed in its deformed ‘fixed’
position. To analytically formulate the temporary deflection

Figure 5. (a) Thermal image of SMP cantilever during ultrasound actuation at 20 s and (b) temperature rise with actuation time at the focal
point in SMP.
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of the beam in the absence of external forces and account for
the frozen energy, Generalized Hamilton’s principle is used
along with equations (4) and (9) to derive equation (16) in
section 2.2.2. Figure 6(c) shows that the beam remains
approximately at the same position before and after the
removal of the external forces at cool down ( <T Tg) since all
the strains applied during loading are frozen. Similar
observations were made during our experiments. At this
stage, the beam is mounted in the experimental setup,
figure 2(b), to study ultrasound induced shape recovery
behavior.

3.3.2. Shape recovery model validation and the effects of peak
pressure. In the shape recovery stage, ultrasound-induced
thermal energy increases the temperature of the SMP filament
which results in a decrease of the temperature dependent
stiffness of the polymer and the polymer transitions into
rubbery state. Since, the temperature rise occurs during 20 s
of ultrasound actuation, it is important to formulate the
changing stiffness with actuation time. As a first step, a
phenomenological relation of temperature, T variation with
time, t, is obtained at different peak pressures in SMP, Pmax

and source frequency, f ,0 and is given by

= + ( )T ae ce , 29bt dt

where parameters a, b, c and d are non-dimensional second
order polynomials in Pmax and third order polynomials in f ,0
figures S1 and S2, respectively. Tables S2 and S3 list the value
of the coefficients of the polynomials in f0 and P ,max
respectively. In the second step, using equation (29) and the
relation of E with temperature from DMA analysis as shown in
figure 3(a) [30], an FU actuation time dependent Young’s
modulus is obtained as a function of Pmax and f ,0 which is used
in the equation of motion for shape recovery of the SMP beam,
figure S3. For FU actuation of SMPs, the heating rate is not
constant and changes from high to low as the actuation time
increases, figure 5(b). Many works have incorporated the effects
of heating rate through a phenomenological relation by
expressing frozen fraction as f ( )T T, or frozen strains as
e e ( ) ( )T t T T, or ,s s [38, 66, 67]. However, since the FU
actuation can be controlled through source power and source
frequency only, instead of directly manipulating heating rate,
equation (29) is formulated which captures the changing heating
profile with change in Pmax (function of source power) and f0.
This intrinsically incorporates the changing heating rate profile

Figure 6. Static loading of cantilever beam showing (a) strain and (b) angular displacement of the beam upon loading. (c) Transverse
displacement of the beam at loading stage (force applied), >T Tg and at unloading (no force applied), <T T .g
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which affects the release rate of temperature dependent frozen
strains, since = ( )T T P f t, ,max 0 from equation (29).

To model the equation of motion of the cantilever SMP
beam during shape recovery, the derivation in section 2.2.2 is
used. Applying modal analysis and Galerkin’s weighted
residual method to distributed parameter governing equation (9),
equation (15) is obtained which accounts for the time variation
of material properties during ultrasound exposure. The frozen
internal energy given by equation (8), releases nonlinearly with
actuation time as the beam heats and recovers. A constant value
of damping ratio at =T Tg is considered and is obtained from
the DMA analysis (figure 3). The material properties used in the
analytical model are derived from experiments and are listed in
table 1.

In order to derive an analytical expression for the shape
recovery of the beam, method of multiple scales is applied to
equation (15). However, since the method of multiple scales is
limited to weak nonlinearities in the system [57], the forcing
applied on the system during loading stage is small enough such
that the geometric nonlinearities in equation (15) are weak. The
equation is then scaled with a book-keeping parameter, ẽ to
obtain equation (17). Since, the internal frozen energy and the
elastic modulus are changing with time, the process of shape
recovery is divided into multiple stages of constant coefficients
of geometric nonlinearities where the initial conditions of each

stage depend on the behavior of the beam in the previous stage.
For each stage accounting for a fraction of the total time,
equation (17) is used to obtain the response of the beam. This
iterative process is followed until the nonlinear terms become
negligible (>O(ẽ)) and the response at that stage is predicted by
the linear equation (18) accurately. Figure 7(a) shows the
influence of individual terms in equation (15) on the response of
the beam based on which scaling is done. A validation of the
method of multiple scales for weak nonlinearities is done with
numerical solution of equation (15) using NSolve in
Mathematica®, figure 7(b)with good agreement. It was observed
that the agreement with numerical solution is good when the
weakness of the geometric nonlinearities’ is of the order of. 1 or
smaller i.e. ẽ 0.1. The maximum error between the two
solutions for the transverse displacement of the free end is 8.5%
and can be considered negligible for practical applications.
The increasing difference between the two solutions in the
intermediate time intervals in figure 7(b) is because of the
change in the order of the geometric nonlinearities from ẽ to ẽ .2

However, in this work, the solution until e(˜ )O is obtained.
Figure 7(b) shows an approximately 20% shape recovery upon
20 s of actuation time at 10W power and 0.5MHz of source
frequency. In order to achieve full shape recovery, repeated
cycles of HIFU exposure are needed due to the slow response
time of SMPs. Similar observations of repeated actuation were
observed in experiments and by Lu et al [69]. Another reason
for partial shape recovery is the geometry of the exposed SMP
which plays a significant role in the temperature distribution of
the exposed area [30]. Bhargava et al [30] observed that a
sharpness of the deformed angle exposed to FU leads to higher
temperature concentration and faster shape recovery.

Figure 8 shows the experimental validation of the
numerical solution of equation (15) with good agreement at
10W of input power and 0.5 MHz of source frequency. The
numerical solution is used for experimental validation in
order to obtain the deformation at a large spatial scale which
leads to strong geometric nonlinearities in the temporary

Table 1. Thermomechanical properties of SMP in this study.

Parameters Value

Modulus at <T Tg 1.23 MPa
Modulus at >T Tg 2.1 GPa
cf 2.84×10−15

n 11
N 8.04×1025 molecules/m3

a( )T −6.47×10−4+2.35×10−6 T K−1 [68]
Th 373 K

Figure 7. (a) Time history of the individual terms in equation (15) starting at the onset of the shape recovery at 7 s. Here F is the term defined
in equation (21) at the corresponding time. (b) Beam deflection at various instances of time during shape recovery obtained from numerical
solution of equation (15), hollow circle symbols, and method of multiple scales, dashed lines; the inset shows a magnified image where
change in color represents the change in time.
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shape. Since method of multiple scales is only applicable for
weak non-linearities, numerical solution f equation (15) is
used for comparison with experiments. Figure 8(a) shows the
initial and final positions of the beam obtained from model
and experiments, plotted against horizontal displacement, x,

calculated as ò q= [ ( )]x s t dscos , .
s

0
It is noted that for the

cantilever beam in this study, the recovery starts at 7 s post
initiation of ultrasound exposure, figure 8(b).

To study the effect of acoustic parameters on shape recovery
response using the developed analytical model, peak acoustic
pressure inside the SMP, Pmax is varied. It is observed that the
strain release due to the release of internal frozen energy inside
the SMP varies with variation in P .max Since the release of
the frozen energy is dependent on the rate and amount of
temperature rise inside the SMP, the energy release and thus the
resulting strain release for recovery varies with temperature rise
rate and amount, which depends on Pmax as shown in figure 9(a)
(equation (2)). Figure 9(b) shows the experimental validation of

the deformation of the SMP cantilever beam at 0.5MHz obtained
from analytical model at different P .max It is observed that with
increase in peak pressure inside SMP, the temperature at the focal
point at 20 s increases, increasing the temperature dependent
frozen energy release and giving more shape recovery. The shape
recovery in transverse direction, w, is approximately 1.5mm at
2.7MPa and approximately 3mm at 3.5MPa.

4. Conclusions

As an alternative to relatively well-studied methods of external
stimulus to trigger the shape recovery of SMPs, namely light and
magnetic field, FU is used to actuate the thermal-responsive
SMPs in this study. The underlying mechanism of FU actuation
is that the induced thermal energy is a result of selective, loca-
lized and controllable heating by FU, which influences the
mechanical behavior of SMP. FU actuation offers advantage of
temporal and spatial control through flexible selection of the

Figure 8. (a) Transverse displacement during shape recovery. The insets show the deformed shape as well as the initial and final position of
the beam. (b) Time history of the deformation angle of the free end of the beam. The square markers show the experimentally observed
deformation angle at the corresponding time during shape recovery. Here i denotes the initial angle at temporary shape and f denotes the final
angle after shape recovery.

Figure 9. (a) Time history of temperature rise inside SMP at focal point and (b) transverse beam deformation from experiment (dashed) and
analytical model (circular symbols) at different P ;max the inset shows a magnified image where change in color shows the change in P .max
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acoustic intensity, frequency, exposure time, sample size as well
as the ease in positioning of the acoustic source. While non-
contact ultrasound triggering has been used to achieve broad
utilization of SMPs, to the best of our knowledge, no report
involved an analytical solution to analyze the acoustic-thermo-
elastic dynamics of ultrasound-responsive SMPs. This paper
presents a fundamental research focusing on ultrasound actua-
tion of SMPs considering acoustic, mechanical and geometric
nonlinearities and aims to show the dynamical behavior of
SMPs during the four stages of shape recovery process. The FU
induced thermal energy inside SMP causes a nonlinear change
in thermomechanical properties namely elastic modulus and
thermal expansion coefficient, with respect to actuation time. A
model is developed which accounts for this nonlinear temporal
variation of material properties and uses method of multiple
scales to derive a solution of the governing equations of motion
of an Euler–Bernoulli SMP cantilever beam assuming weak
geometric nonlinearities. The analytical solution is successfully
validated with numerical solutions and experiments. While the
solution of method of multiple scales can give accurate shape
recovery response for temporary deformations with weak geo-
metric nonlinearities such as electrical switches, the semi-num-
erical modal analysis solution can predict shape memory
behavior with strongly geometrically nonlinear temporary
shapes. In both the cases, the shape recovery response is
expressed as a function of acoustic and thermal parameters, thus
eliminating the need of calculating any intermediary or internal
acoustic/thermal/elastic effects on SMP.
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