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ABSTRACT. Kolmogorov’s theory of turbulence predicts that only wavenum-
bers below some critical value, called Kolmogorov’s dissipation number, are
essential to describe the evolution of a three-dimensional fluid flow. A deter-
mining wavenumber, first introduced by Foias and Prodi for the 2D Navier-
Stokes equations, is a mathematical analog of Kolmogorov’s number. The
purpose of this paper is to prove the existence of a time-dependent deter-
mining wavenumber for the 3D Navier-Stokes equations whose time average
is bounded by Kolmogorov’s dissipation wavenumber for all solutions on the
global attractor whose intermittency is not extreme.
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1. INTRODUCTION
The Navier-Stokes equations (NSE) on a torus T3 are given by
(1.1) {ut—i—(u-V)u—VAu—i-Vp:f

V-u=0,
where wu is the velocity, p is the pressure, and f is the external force. We assume
that f has zero mean, and consider zero mean solutions. We also assume that
f € H ! or f is translationally bounded in L (R, H').

In this paper we investigate the number of degrees of freedom of a three-dimensional
fluid flow governed by (1.1). Kolmogorov’s theory of turbulence [26] predicts that
there is a wavenumber kq above which the viscous forces dominate. This suggests
that the frequencies above kg should not affect the dynamics and the number of
degrees of freedom is of order 3. A natural question is whether this can be justified
mathematically.

The notion of determining modes, which allows us to define the degrees of free-
dom mathematically, was introduced by Foias and Prodi in [17] where they showed
that high modes of a solution to the 2D NSE are controlled by low modes asymp-
totically as time goes to infinity. Then the number of these determining modes
was estimated by Foias, Manley, Temam, and Treve [16] and later improved by
Jones and Titi [24]. We refer the readers to [11, 12, 13, 14, 15, 18, 19, 20, 21] and
references therein for more background and related results.

A. Cheskidov was partially supported by the NSF Grant DMS-1517583 and M. Dai was par-
tially supported by the NSF Grant DMS-1815069.
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In this paper we are concerned with 3D flows governed by (1.1), for which the
existence of regular solutions is one of the Millennium open questions. Therefore, we
study weak solutions, whose existence was proved by Leray [27]. In [4], Cheskidov,
Dai, and Kavlie proved the existence of a determining wavenumber A, (t), defined
for each individual trajectory u(t), whose average is uniformly bounded on the
global attractor. More precisely, it was shown that two solutions u(t) and v(t) on the
global attractor are identical, provided their projections below modes max{A,,, A,}
coincide. This recovered the results by Constantin, Foias, Manley, and Temam [11]
in the case where ||[Vu(t)||2, is uniformly bounded on the global attractor, which
is known for small forces. Moreover, when the force is large and the attractor is
not a fixed point, but rather a complicated object consisting of points on complete
bounded trajectories that may not be regular, the determining wavenumber A,
from [4] still enjoys the following pointwise bound

_ Va3
~ 1/2 N

(1.2) ()

Note that this bound is optimal (from the physical point of view) in the case
of extreme intermittency, i.e., when there is only one eddy at each dyadic scale.
Indeed, taking into account intermittency, Kolmogorov’s dissipation wavenumber
reads
1 d t+T
(1.3) Kq:= <—) - where & := \lv(||Vu||2.) = Aov
v T
Combined with (1.2), this gives (A,) < ka when d = 0. Here d € [0,3] is the
intermittency dimension that measures the average number of eddies at various
scales. Roughly speaking, the number of eddies at the lengthscale [ is proportional
to =% (see [10] for precise mathematical definitions of active volumes, eddies, and
and their relations to intermittency). In this paper we adopt an approach used
in [4, 7, 9] and define the itermittency dimension d through the average level of
saturation of Bernstein’s inequality (see Section 3 for the precise definition).

As experimental and numerical evidence suggests, turbulent flows do not deviate
much from Kolmogorov’s regime where d = 3, i.e., eddies occupy the whole region.
For instance, d ~ 2.7 was observed in a direct numerical simulation performed
by Kaneda et al. [25] on the Earth Simulator. In [4] it was shown that one can
improve (1.2) for d > 0, but such an improvement was not enough to conclude that
the average determining wavenumber was bounded by k4. For instance, in the case
d = 3, the obtained bound was (A,) < /@(21"', which suggested that the definition of
A, was not optimal in the physically relevant regime. In this paper we complement
the result of [4] by focusing on the region d € [§, 3], 6 > 0, and finding a different
determining wavenumber A, that enjoys the optimal bound (4,) < kq (modulo a
logarithmic correction in the case d = 3).

We define the determining wavenumber in the following way:

|Vul|3. dr.

. EE _
Au(t) == min{Ag : (LAp—g) = Mg lupllL= < cov, ¥p > qand A% Vuzy| = < cov, ¢ € N},
where 0 < § < 3 is a fixed (small) parameter, and c¢g is an adimensional constant
that depends only on ¢. In fact, c¢ — 0 as 6 — 0. Here Ay = %, L is the size of
the torus, u<, = Zg:_l uq, and ug = Agu is the Littlewood-Paley projection of u
(see Section 2). Note that a convention min () = oo is adopted in the definition of

Au(b).
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Now we are ready to state our main result.

Theorem 1.1. Let u(t) and v(t) be complete (ancient) bounded in L? Leray-Hopf
solutions (i.e., solutions on the global attractor or pullback attractor). Let A(t) :=

max{A,(t), Ay (t)} and Q(t) be such that A(t) = Agey. If

(14) u(t)SQ(t) = U(t)SQ(t)a Vit < O,
then
u(t) = v(t), vt < 0.

The dissipation wavenumber A,, enjoys the following bound:

2 1 a+1
Ay — o < C, <, GT+ 1 ,
(Ay) 0 < Cs,dka < Cg.dko (yTng + >

for all complete bounded in L? Leray-Hopf solutions with d € [4,3). Here Csq4
is an adimensional constant that blows up when § — 0 or d — 3. The bound
is also written in terms on the adimensional Grashof number defined as G :=
||f||H71/(u2/$(1J/2) in the autonomous case (see (3.8) for the nonautonomous case).

In Kolmogorov’s regime where d = 3 we also obtain the optimal bound, but with
a logarithmic correction:

A, — A ~ ~ 1 T
<01> < Cskg < CsroG2 < 5 + 1> ,
(log(Au/Ao))® vT'kg

for all complete bounded in L? Leray-Hopf solutions with d = 3. Here 5’5 is an
adimensional constant that depends only on the parameter ¢ in the definition of A.
Again, Cs — o0 as § — 0.

2. PRELIMINARIES

2.1. Notation. We denote by A < B an estimate of the form A < CB with some
absolute constant C, by A ~ B an estimate of the form Ch'B < A < (9B with
some absolute constants Cq, Co, and by A <, B an estimate of the form A < C..B
with some adimentional constant C). that depends only on the parameter r. We
write || ||, = || - [|ze, and (-, -) stands for the L*-inner product. We will also use (-)
for time averages:
1 [T
WO=7 [ e
t

for some fixed T" > 0.

2.2. Littlewood-Paley decomposition. The techniques presented in this paper
rely strongly on the Littlewood-Paley decomposition, which recall here briefly. For
a more detailed description on this theory we refer the readers to the books by
Bahouri, Chemin and Danchin [1] and Grafakos [23].

We denote A\; = % for integers ¢. A nonnegative radial function y € C§°(R?) is
chosen such that

(2.5) x(€) = {

Let
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and
p(279¢)  for ¢ >0,

ealt) = {X(f) for g = —1,

so that the sequence of ¢, forms a dyadic partition of unity. Given a tempered dis-
tribution vector field u on T3 = [0, L]? and ¢ > —1, an integer, the gth Littlewood-
Paley projection of u is given by

ug(x) 1= Agqu(z) = Y (k) (k)e T,
kezs
where (k) is the kth Fourier coefficient of u. Note that u_; = @(0). Then

oo
u = E Ug
g=-1

in the distributional sense. We define the H®*-norm in the following way:

1/2
l[ullge = (Z o qu|2> ;

qg=—1

for each u € H® and s € R. Note that ||u||go ~ ||ul|z2. To simplify the notation,
we denote

U< = Z Ug, WPQ| = Z Ug, Ug 1= Ug—1 + Ug + Ugy1-
q=-1 q=P+1
2.3. Bernstein’s inequality and Bony’s paraproduct. Here we recall useful
properties for the dyadic blocks of the Littlewood-Paley decomposition. The first
one is the following inequality:

Lemma 2.1. (Bernstein’s inequality) Let n be the spacial dimension andr > s > 1.
Then for all tempered distributions u,

(2.6) gl S 230

~

Secondly, we will use the following version of Bony’s paraproduct formula:

Ag(u- Vo) Z Aq(u<p—2 - Vvp) + Z Ag(up - Vcp—2)
la—p|<2 la—p[<2

+ D Ayl - Vo).

p>q—2

2.4. Weak solutions and energy inequality. A weak solution u(t) of (1.1) on
[0,00) is an L?(T?) valued function in the class u € C([0,00); L2) N LE (0, 00; H')

that satisfies (1.1) in the sense of distributions. A Leray-Hopf solution u(t) is a
weak solution satisfying the energy inequality

@D YR < gl -y [ 1+ [ (G

to
for almost all ¢y > 0 and all ¢ > 3. A Leray solution u(t) is a Leray-Hopf solution
satisfying the above energy inequality for tg = 0 and all £ > #y3. A complete Leray-
Hopf solution u(t) is an L?(T?) valued function on (—o0, 00), such that u(- —¢)|[9,00)
is a Leray-Hopf solution for all t € R.
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3. GLOBAL ATTRACTOR, PULLBACK ATTRACTOR, AND KOLMOGOROV'’S
WAVENUMBER

In the case of a time-independent force f it can be shown that the energy in-
equality (2.7) implies the existence of an absorbing ball

Bi={ue L*(T%: |Jul; < R}.
Here the radius R is such that
R > vk 1 2G,
where kg = 27Ag = 27/L and G is the adimensional Grashof number

e

/2 °
0

G:

V2K

Note that the absorbing ball B is for all the Leray solutions, i.e., the ones that
satisfy the energy inequality starting from 0. More precisely, for any Leray solution
u(t) there exists to, depending only on ||u(0)||2, such that

u(t) € B vt > to.

However, when we restrict the dynamics to the absorbing ball, we consider Leray-
Hopf solutions to define the evolutionary system and the global attractor. The
Leray-Hopf solutions are weak solutions satisfying the energy inequality starting
from almost all time (but not necessarily 0). Hence, a restriction of a Leray-Hopf
solution to a smaller time interval is also a Leray-Hopf solution. See [8] for a more
detailed discussion.

The existence of the weak global attractor .4 was proved in [18, 15]. It has the
following structure:

A = {u(0) : u(-) is a complete bounded Leray-Hopf solution to the NSE}.

The attractor A C B is the L?-weak omega limit of B, and it is the minimal
L?-weakly closed weakly attracting set (see [2, 6]).

In the case of a time-dependent force f = f(¢), a relevant object describing the
long-time dynamics is a pullback attractor, whose existence was proved in [8]. In
the nonautonomous case, there exists an absorbing ball for all the Leray solutions,
whose radius R is such as R > vk, Y 2G7 just as in the autonomous case, but the
Grashof number is

11
TQKS”fHL%(T)

I/%(l _ e—ungT)% :

(3.8) G=
Here it is assumed that f is translationally bounded in L} (R, H~!) and

9 o l t+T 5 d
sy =sup % [ Uy

The pullback attractor is defined as the minimal weakly closed weakly pullback
attracting set for all Leray-Hopf solutions in the absorbing ball. It is the weak
pullback omega limit of B, and it has the following structure (see [8]):

A(t) = {u(t) : u(-) is a complete bounded Leray-Hopf solution to the NSE}.
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Let u(t) be a complete bounded Leray-Hopf solution to the NSE. Then the energy
inequality (2.7) implies

t+T t+T
0 < Jlu(t+ T)II3 < limsuPIIU(T)I@*?I// IIVU(T)H%dTH/ (f,u)dr
T—t+ t t

t+T t+T
_ 1
< Vg 'GP - V/ IVu(r)II3 dr + ;/ 1113+ dr.
t t

Therefore
1 t+T I/G2
(39) (Val) = [ Va3t < 5+ rarG2
We can now connect this to Kolmogorov’s dissipation wavenumber defined as
1
€\ &+
(3.10) K = (;) L e= Y|V,

where d is the intermittency dimension and ¢ is average energy dissipation rate per
unit active volume (i.e., the volume occupied by eddies). In order to define d, first
note that

(3.11) oA, Hlugll3 < A ugllZe < CaAZ|lugll3,

due to Bernstein’s inequality. Here Cp is an absolute constant (which depends on
the choice of x(£) in (2.5)). The intermittency dimension d is defined as

(312)  d:=sup {s €R: <Z Aq—1+5||uq||§o> < O3NS <Z Aguq||§>} ,
q q

for u # 0, and d = 3 for u = 0 on [t,t + T]. Thanks to (3.11) and the fact that
(>4 A2l|ugll3) < oo, we have d € [0, 3] and

<Z /\q1+d|uq||§o> =Cp AS <Z /\§||Uq||§> :
q q

The intermittency dimension d, defined in terms of a level of saturation of Bern-
sten’s inequality (see [9, 10] for similar definitions), measures the number of eddies
at various scales. The case d = 3 corresponds to Kolmogorov’s regime where at each
scale the eddies occupy the whole region. Note that d = d(u,t) and kg = kq(u,t),
defined for each individual trajectory, are functions of time. We can also define
their global analogs as

D:= inf d(u,t Kq:= t).
welle 0, Kai= opp ralwd)
Here £ is a family of all complete bounded Leray-Hopf solution to the NSE.

Finally, thanks to the bound (3.9),

1

1
Ag 2\ T -4 = 1 o
Kq = <V2||Vu||2 < (2m) " T G AT VT2 +1 )

Also, taking the supremum over all © € £ and ¢t € R, we obtain

Kd < Ii()CTYDL+1 ! +1 o
- vTK3 ’

provided G > 1.
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4. PROOF OF THE MAIN RESULT

Let u(t) and v(t) be complete bounded in L? Leray-Hopf solutions. Denote
w := u — v, which satisfies the equation

(4.13) wi+u-Vw+w-Vo=-Vp +vAw

in the sense of distributions. Here p’ stands for the difference of the pressures.
Recall the definition of the determining wavenumber:

Ay(t) = min{)\q : (L)‘pfq)o)‘glllupHL“’ < cov, Vp > gand )\q_ZHVUSqHLO" < cov, q € N},

where o = (6§ — 1)/2. Let A(t) := max{A,(t), A,(¢)} and Q(¢) be such that A(t) =
AQ(#)- By our assumption, w<q(t) = 0. Recall that 0 <0 < 3,ie., —1/2 <o < 1.
Let

s:min{—%—i—%,O}.

Then straightforward computations give —1 —o < s <o < 1.
Multiplying (4.13) by A2*A2w, integrating (i.e., using A2*A2w as a test function
in the weak formulation), and adding up for all ¢ > —1 yields

1 1 ¢
Sl = 5l +v / leolzpee. dr

/ZA%

to g>—1

/to S

g>—1

_,/ [d7+/ Jdr.
to to

We first decompose I using Bony’s paraproduct as mentioned in Subsection 2.3,

ISZ)\QS

dr

/A (w - Vv)wg do

(4.14)

/ (u- Vw)wg dx

dr,

/ Ag(w<p_z - Vup)w, dx

q>—1 lg—p|<2
2s
+ E Ay /A wp - Vo<p_o)wy de
g>-1 lg—p|<2

+ YA

g>—1 p>q—2
=0 + Iy + Is.

/ Ag(Wp - Vop)wg dz

It follows from Holder’s inequality that

Il<z Z )\25/ |[Ag(w<p—2 - VUp)wg| da

>Q |g—p|<2
p>Q+2

<SS A2 wigpgll2Apl[vpllsolwgll2-

7>Q |g—p|<2
p>Q+2
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Using the definition of A, Young’s inequality and Jensen’s inequality, we obtain

LSarY > APATN T wglla Y (lwpe

q>Q [g—p|<2 Q<p'<p-2
p>Q+2

S Y A Fllwalla | D AL llwplla At oA TOAG
>Q Q<p'<q

Seov Y A lwgllz | D0 N lwplla(LAg—p)* ™" ]
>Q Q<p'<q

where we used ¢ > —1 and s < 0. Now using Young’s inequality and Jensen’s
inequality, we conclude

LiSeor Y A lwglls+cor D | D0 A lwplla(DAg—p) 7
>Q 7>Q \Q<p'<g
Seor SN w3 +eor S ST Ny [3(LA— )
>Q >Q Q<p’'<q
Seor SN2 w3+ v 30N w13 S (BAgop )7
>Q p'>Q q>p’
< cov|| Vw3,

where we needed s < 0. Note that we omit adimensional constants that depend on
0 throughout this proof. The precise bound on I is

I < cou||V1+SwH§ (1 +(1- 25_”)_1) )

Note that (1 —279)~! — 0o as § — 0+ by definitions of o and s. Because of this
we will have ¢g — 0 as 6 — 0+ once we choose ¢y at the end of the proof. This
explains why we have to avoid the case of extreme intermittency, which is covered
in the companion paper [4].

Following a similar strategy, we have

I < Z Z )‘38 /11‘3 |Aq(wp - Vogp_2)wg| da

7>Q |g—p|<2

p>Q
<3 ST A wpll2 Vo s llcllwglle
7>Q |g—p|<2
p>Q
303 2wy lal Ve<qllocllwg 2
7>Q |g—p|<2
p>Q

= Iy + Ioa,
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where we adopt the convention that (Q,p — 2] is empty if p — 2 < Q. Thus, the
first part of the definition of A implies

i) D Allwll2lwgllz Y Vol

p>Q |g—p|<2 Q<p'<p—2

S Z A?ISHU’QHE Z Ap [[vpr [l oo

>Q Q<p'<q+2
2s 2 1—0 gl140
< cov g A lwg Iz E Ay 7A
>Q Q<p'<q+2
2+2s 2 1—0 pAl4+0\—2
Seor YN w3 ST ALTA,
>Q Q<p’'<q+2

Seov D AT w3
>Q

where we need ¢ > —1. While the second part of the definition of A gives

L2 S Y Alwpllzlwgllz | Vo<ollso

9>Q |g—p|<2
p>Q

Seov Yy AN w3
>Q

Saov Y AT w3
>Q

We will now estimate I5. It follows from integration by parts that

L= A" )

q>—1 lg—p|<2

<Y ¥ A§SAB|Aq(wp®up)qu\dx

>Qp>q—2

<3 ST Ay llwg vl

p>Q Q<g<p+2

/ Ag(wp - Vugpa)wy d
T3

By Hélder’s inequality and definition of A we have

LSy Adplalvplle D AT llwgll2

p>Q Q<q<p+2

Seov Y AN dplla D AT lwgll
p>Q Q<g<p+2

S Y Nl Y A wglla AT A TS
p>Q Q<qg<p+2
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Now we use Young’s and Jensen’s inequalities to infer

I Ser SN la e 3 AL g lla(LA, ) o

p>Q Q<g<p+2
2
S 322wy 3+ v S > AT lwgll2(ZAg—p) T
p>Q p>Q \R<q<p+2
S Y AT w3,
p>Q

where we used 0 > —1 and s > —1 — 0.
Therefore, we have for 0 > —1 and —1 — 0 < s < 0,

(4.15) I < cov|| Vw3

Now applying Bony’s paraproduct formula to J yields

J:/ doar
to

q>—1

Z Z )\25

q>—1|q—p|<2

Py

92—1]q—p|<2

S S Sp

q>—1p>q—2|p—p’|<1
=J1 4+ Jo + J3.

A (w- Vo)wg dz| dr

/ Ag(up—2 - Vwp)wg dz

/ Ag(up - Vwcp_o)wy dz

/ Aq(up - Vwpy Jwg dz

We further decompose J; by using a commutator form

J < Z Z )\25

q=—1|q—p|<2

+ YA

q>—1

FY Y

q=—1|q—p|<2
=Ji1 + Ji2 + Jis.

/ [Ag, u<p_2 - V]wpwy dz

/ U<qg—2 - VWqWgq dT

/ U<p—2 — U<q—2) - VAqwpwg dz

To obtain the second term we used -, <, Aqw, = wq. In fact, we have Jio =0
since divu<g—2 = 0. In the first term, the commutator is defined as

[Agsti<p—2 - Vwy 1= Bg(ucp—2 - Vwp) = ucps - VAgwp.
It is easy to see (see [5] for more details) that for any 1 < r < oo,

IAg, usp—2 - Vwpllr S IVugp—allcollwp -
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Then Jq; is estimated as

Y Y N [ 1lAgugy-2: Viww|ds
TS

7>Q |g—p|<L2
p>Q

<37 ST Vg leollwpll2 g2

>Q |g—p|<L2
P>Q

+ 30N A2 Vucqlisolwpllzllwgll:

>Q |g—p|<2
p>Q

= Jin + Jiiz-

Here

Jung)\iusqH% Z A llup lloo

>Q Q<p'<q

Seov Y APlwglls o AN

>Q Q<p'<q

Seow 3N uglF D0 AIAL N
>Q QR<p'<q

S Y AT g3,
>Q

where we used o > —1. As for the second term, using the fact that |Vu<y|leo <
covA? for ¢ < @, we obtain

Tz S cov Ay A w13 S cov Y AT w3
>Q >Q

The term Ji3 is estimated as

Jis < Z Z )\(215/ [(usp—2 — ugq—2) - VAquwpwy| dx
R3

>Q |g—p|<2

p>Q
S DA g aglloo vl
>Q
S AN g agilleolwglB+ Y0 D AT ool 13
>Q 9>Q q—4<p'<q
p'>Q
= Jiz1 + Jise.

As before, we adopt the convention that (¢ — 4, Q] is empty if ¢ — 4 > Q. We have

Tizt S covd Y A flwglls S cov Y Ay w3,
>Q >Q
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and

J132:Z Z )\éHS”Up’Hoonq”%

>Q q—4<p'<q
p'>Q
Seow ) Do ATEAI w3
9>Q q—4<p'<q
p'>Q
S cov Z /\3+25‘|wq”§(l’/\Q—q)l+U
>Q
Saov Y AT w3,
>Q

where we used o > —1.
Now we continue with Jo:

R=Y Y

7>Q |g—p|<2
p>Q+2

<> D> Aluwllcl Ve p-allzllwgle.

¢>Q |g—p|<2
p>Q+2

/ Ag(uy - Vw<p_o)w, dz
’]I‘3

Using definition of A, Young’s, and Jensen’s inequalities we obtain

BSeow Y S ANy Vg -l

7>Q |g—p|<2
p>Q+2
Seov Y AN lwg 2] Vgl
>Q
S cov Z A1+a/\<2;s_a‘|wq”2 Z )‘p’”wp’H?
>Q Q<p'<q
Seaor Y A llwglla Y AL w2 AT A AN
>Q QR<p'<q

Seow A wglla |30 A g lla(ZAg—p)*
>Q Q<p'<q

< cov Z )‘3+25”wq”§ + cov Z Z )‘;ll;/JrS”wp’||2(L)‘qu’)s_a_1
>Q >Q \Q<p'<q

Scov > AT w3,
>Q

where we used s <o+ 1 and ¢ > —1.
Notice that the last term J3 can be estimated in the same way as I3. Therefore
we have forc > -l and —-1—-oc<s<1+o,

(4.16) J < cov|| Vw3
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Combining (4.15) and (4.16), we conclude that for any § > 0, there exists an
adimensional constant C' > 0 (that depends only on J) such that

I+ J < Cer|| Vw3,

where s = min {—% + 2,0} < 0. Choosing ¢y := 1/(2C) we infer from (4.14) that
for all t5 <'t,

lw(@)lFre <llw(to)l *V/ IV * w3 dr

<Jlw(to) 3. — viZ+> / | dr,
with kg = 2% Thus

w (@[3 < fJw(to)|[3e™0  Et0) gy <.

Recall that s < 0 and hence |[w(t)||m= < Ajl|w(t)]]2, which is bounded on R as
w(t) is the difference of two complete bounded trajectories. Taking the limit as

to — —oo completes the proof.
O

5. AVERAGE DETERMINING WAVENUMBER AND KOLMOGOROV’S DISSIPATION
WAVENUMBER

The goal of this section is to derive a uniform upper bound on the average
determining wavenumber in the absorbing ball. First, recall that A,(t) is defined
as

Ay (t) == min{)\, : (L)\p_q)")\q_l||up||OO < cov, Vp > gand /\;2||Vu§q||Oo < cov, q € N},

where 0 = (6 — 1)/2 and ¢ is an adimensional constant that depends only on .
Recall that o € (—1/2,1]. We will drop the subscript » in A,, and define @ so that
Ag = A.

Lemma 5.1. If A\g < A < o0, then
(5.17) (cov)® A" S [ Vuzq-1ll3 + sup(LAp-q)*7 A%[|up | %
p=2Q

If A = o0, then
sup A7 [|ug[oo = o0
q

Proof. First, consider the case A = co. Then for every ¢ € N either

(5.18) sup(LAp—q) 7 A H[upllos > cov,
p>q

or

(5.19) A2 Vugglloo > cov.

If (5.18) is satisfied for infinitely many ¢ € N, then

limsup sup A; 7~ (LA,)7 [|uploo > cov.
q—o0 p>q

Since o > —1, this immediately implies that sup, A7 [|u,]/oc = 00.
If (5.19) is satisfied for infinitely many ¢ € N, then

lim sup )\,1_2 [Vu<glloo > cov.
q—00
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On the other hand, since ¢ < 1,

A2 Vu<glloe S A2 Aplltpll
p<q
=207 D () A Nl
p<gq

< A;”‘liggkgl\upllw

Hence, since —o — 1 < 0, sup, A7 [[ug ||l = o0
Now if A\g < A(t) < oo, then both conditions in the definition of A are satisfied
for ¢ = @, but one of the conditions is not satisfied for ¢ = Q — 1, i.e.,

(5.20) 2(”762“)")\(51_1Hup||OO > cov, for some p>Q,
or
(5.21) IVu<g-1lloo > cou)\f;,f1 = Loy

Thus we have
(cor)? A < 16(0p— L) Pluy|%,  forsome  p>Q,

or
(cov)? A" < 16| Vucq-1]3.

Hence, adding the right hand sides, we obtain (5.17). O

We will now consider the average determining wavenumber

1 t+T
(A) := T/t A(T) dr,
and compare it to Kolmogorov’s dissipation wavenumber defined as

£

T
(522)  mai=(o5)" e = wA(IVuB) =

I/Ag t+T

2 Ve,

where d € [0, 3] is the intermittency dimension and ¢ is average energy dissipation
rate per unit active volume (i.e., the volume occupied by eddies). Recall from the
definition of intermittency (5.23) that

(5.23) (D0 A7 luglZe) S MY AZllugll3).

q<Q q<Q

The case d = 3 corresponds to Kolmogorov’s regime where at each scale the eddies
occupy the whole region, and d = 0 is the case of extreme intermittency.
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Consider now a solution u for which d > §, i.e., d > 20 + 1. Then whenever
Ay (t) is finite, we can use (5.17) in Lemma 5.1 and Jensen’s inequality to get

Ad—S
(A=) S 5 <||Vu<Q1|§o + sup(LAqQ)%A?Huq”gO)
(cov) >Q
2
d—1

y MV [l (Lrg_g) @972 | 4+ 2 (LAg—)? |lug 2
~ 2 q UallooltAQ—q 5 SUP(LAG—Q)™ l|Uqlloe

v q<Q-1 ve o ¢2Q

1 d—1 2 1 20—d+1yd—1 2
S 2 0l g () Al

1 d—1 2
Sa 5 SN g
q
If A = oo, this inequality is also true. Indeed, in this case Lemma 5.1 implies

Do A7 HuallZe = D AT ugll3, = oo
q

q

Then thanks to Jensen’s inequality,

(4) = Ao S (A= Ag) Yy @it

1

1 B
S (BT
q

Now using (5.23) we conclude that

1

da+1
(A~ 20 Sa {37 A |2
0 ~d 1/2 q Uq [e’e}
q<Q

pY: o
S <V;JZA3|uq||§>

q<Q

1
AL aFT
s (Zvulg)

Rd
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Consider now Kolmogorov’s regime where d = 3. Then a similar computation
yields

<

<1ogA<A_/i§>>i ye(" " >i

2 i
1
< Yu + sup(LX,_0)*7 A?||u,||?
Q| g 2 IVl |+ sup(Lr0)* A
9<Q
1 1 B
S (=3 O Alluglie + — sup(LAg—q)*" > Nolug |2
1% 1% >Q
q<Q =
1
Ag 2 2 ’
< {203 2 ugl3
q
glﬁld.
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