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1 Introduction

Geometricengineeringhasbecomeastandardtoolforconstructingandexploringquantum

fieldtheories,especiallyintheirstrongcouplingregimes. Alargeclassofgenerically

stronglycoupledQFTsinfourdimensionsisrealizedin M-theorybywrappingastack

of M5-branesonaRiemannsurfacewithdefects. Theseconstructionsfitinthelarger

frameworkoftheclassSprogram,inwhich4dQFTsareobtainedbydimensionalreduction

ofa6dSCFT,genericallywithapartialtopologicaltwist.Inthisworkwefocusonthe

caseofthe6d(2,0)theoryoftypeAN−1,whichistheworldvolumetheoryonastackofN

M5-branes.Dependingonthechoiceoftwist,thetheoriesofclass ScanpreserveN=2

orN=1supersymmetry.1TheN=2theorieswerefirstconstructedin[1,2],buildingon

workin[3].AlargeclassofN=1theoriesofclassSwereconstructedin[4,5],building

onworkin[6–8].StrongevidencefortheexistenceoftheseSCFTsistheconstructionof

theirlarge-Ngravityduals.TheholographicdualsoftheN =2theorieswereidentified

in[9],andfortheN=1theoriesin[4,5,10,11].

’tHooftanomaliesprovidecrucialinsightintothepropertiesofQFTs,andarees-

peciallyusefulobservablesinthestudyofstronglycoupledtheories.2 Inaninteracting

SCFT,anomaliesarerelatedtocentralchargesbythesuperconformalalgebra[12,13];in

afreetheory,theydirectlyspecifythemattercontent. Thus,theyprovideameasureof

thedegreesoffreedominaQFT.Theanomaliesofad-dimensionalQFTcanbeorganized

ina(d+2)-formknownastheanomalypolynomial,whichisapolynomialinthecurva-

turesofbackgroundgaugeandgravitationalfieldsassociatedtoglobalsymmetries[14–16].

Thegeometricnatureofanomaliesmakesthemespeciallyamenabletocomputationin

geometricallyengineeredconstructions.

The6-form’tHooftanomalypolynomialfora4dtheoryofclassSdependsonthe

parent6dtheory,onthegenus-g,n-puncturedRiemannsurfaceΣg,nusedinthecompact-

ification,andontheboundaryconditionsforthe6dtheoryatthepunctures. Thetotal

anomalypolynomialICFT6 canbedecomposedasasumofa“universal”or“bulk”term,

andofindividualtermsforeachpuncture[17],

ICFT6 =ICFT6 (Σg,n)+
n

α=1

ICFT6 (Pα). (1.1)

ThebulktermICFT6 (Σg,n)dependsonthesurfaceonlythroughitsEulercharacteristic,

χ(Σg,n)=−2(g−1)−n,andisinsensitivetothechoiceofboundaryconditionsatthe

punctures.ThiscontributionfortheN =2theoriesofclassSwasfirstcomputedin[9]

usingS-duality,andcanbecomputedbyintegratingthe8-formanomalypolynomialofthe

6dtheoryovertheRiemannsurface[4,5,7,18].

TheindividualpuncturecontributionICFT6 (Pα)dependsonthechoiceofboundary

conditionsatthepuncturePα,andcontainsinformationaboutthe’tHooftanomaliesof

theflavorsymmetryassociatedtoit. ThesecontributionscanbeobtainedbyS-duality

andanomalymatchingarguments[9,19–21].

14dN=4isobtainedbycompactifyingonatoruswithnotwist.
2Throughout,werefertoanomaliesinbackground(ratherthandynamical)gaugeorgravityfieldsas’t

Hooftanomalies.
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Themaingoalofthispaperisafirst-principlesderivationoftheanomaliesofthe

N =2classStheoriesoftypeAN−1fromtheirgeometricconstructionvia M5-branes.

UsinganomalyinflowinM-theory,wedetermineboththebulktermICFT6 (Σg,n)andthe

puncturetermICFT6 (Pα),foranyregularpuncture.Ouranalysisisinspiredandmotivated

bytheholographicdualsofthesetheories[9]. Thepresentworkisafollowupto[22],

wheretheresultsofthecomputationandmainfeaturesofthederivationwerepresented.

Theoutlineoftherestofthepaperisasfollows.Insection2weprovideanoverviewof

themainstrategyusedinthecomputationoftheinflowanomalypolynomial.Insection3

wedescribeingreaterdetailtheM5-branesetup,andwediscussthebulkcontributionto

anomalyinflow.Section4isdevotedtothediscussionofthelocalgeometryandG4-flux

configurationnearapuncture.Thesedataareusedinsection5tocomputethepuncture

contributiontoanomalyinflow.Insection6wecomparethetotalinflowresultwiththe

knownCFTanomalypolynomial.Intheconclusionwesummarizeourfindingsanddiscuss

futuredirections.Sometechnicalaspectsofourderivationarerelegatedtotheappendices,

togetherwithusefulbackgroundmaterial.

2 Outlineofcomputation

Ourgoalisananomaly-inflowderivationofthe’tHooftanomalypolynomialof4dN=2

classStheorieswithregularpunctures.Inthissectionweprovideasummaryandoverview

ofthestrategyusedinthemaincomputationsinthispaper.

AnomalycancellationforM5-branesinM-theorywasanalyzedin[23–28].Thequan-

tumanomalygeneratedbythechiraldegreesoffreedomlocalizedontheM5-branestackis

cancelledbyaclassicalinflowfromthe11dambientspace.Insection2.1,webrieflyreview

thismechanismandarguethatitcanbeneatlysummarizedbyintroducinga12-formchar-

acteristicclassI12.TheclassI12isrelatedviastandarddescentrelationstotheclassical

anomalousvariationofthe11daction,see(2.7),(2.8)below.UponintegratingI12along

theS4surroundingthe M5-branestack,onerecoversthe8-formanomalypolynomialof

the6d(2,0)theoryoftypeAN−1,uptothedecouplingofcenter-of-massmodes.

Inthisworkwestudy4dtheoriesobtainedbyconsideringan M5-branestackwith

worldvolumeW6=W4×Σg,n,whereW4isexternal4dspacetimeandΣg,nisaRiemann

surfaceofgenusgwithnpunctures.Insection2.2,weconsiderthecasewithoutpunctures,

andarguethatthe6-formanomalypolynomialoftheresulting4dtheorycanbecomputed

byintegratingI12onasuitable6dspaceM6,whichisanS
4fibrationoverΣg,0.Insec-

tion2.3,weoutlineatwo-stepprocedureforintroducingpunctures.Firstly,oneconstructs

amodifiedversionofM6,byexcisingnsmalldisksfromtheRiemannsurface,togetherwith

theS4fibersontopofthem.Secondly,the“holes”inM6are“filled”withnewgeometries

supportedbynon-trivialG4-flux.Thelatterencodealldataaboutthepunctures.

2.1 AnomalyinflowandtheclassI12

ConsiderastackofNcoincidentM5-braneswithasmooth6dworldvolumeW6.The11d

tangentbundleoftheambientspaceM11,restrictedtoW6,decomposesas

TM11|W6=TW6⊕NW6, (2.1)
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whereTW6,NW6arethetangentbundleandnormalbundletothe M5-branestack,

respectively. ThenormalbundleNW6isisomorphictoasmalltubularneighborhoodof

W6insideM11.Fromthispointofview,theM5-branestacksitsattheoriginoftheR
5

fibersofNW6,whichencodethefivedirectionstransversetothestack.Thenormalbundle

admitsanSO(5)structuregroup.ItinducesanSO(5)actionontothedegreesoffreedom

onthebrane;thisisidentifiedwiththeR-symmetryofthequantumfieldtheorylivingon

thebranes.

TheM5-branestackactsasasingularmagneticsourcefortheM-theory4-formflux

G4.TheBianchiidentitydG4=0ismodifiedto

dG4=2πNδ
5(y)dy1∧dy2∧dy3∧dy4∧dy5, (2.2)

whereyA,A=1,...,5,arelocalCartesiancoordinatesintheR5fibersofNW6,and

δ5(y)isthestandard5ddeltafunction.Therelation(2.2)shouldonlybeconsideredasa

schematicexpression.Asexplainedin[25,26],(2.2)mustbeimprovedintworespectsin

ordertoimplementanomalyinflow.

Inthefirststep,weregularizethedelta-functionsingularityin(2.2).Thisisachieved

byexcisingasmalltubularneighborhoodB ofradius oftheM5-branestack.Next,we

introducearadialbumpfunctionf(r),withrdenotingtheradialcoordinater2=δABy
AyB.

Thefunctionfisequalto−1atr= ,andapproaches0monotonicallyasweincreaser.

Therelation(2.2)isthusreplacedby

dG4=2πNdf∧volS4. (2.3)

The4-formvolS4isthevolumeformontheS
4surroundingtheoriginoftheR5transverse

directions,normalizedtointegrateto1.

ThesecondstepistogaugetheSO(5)actionofthenormalbundle.Thisrequiresthat

wereplaceNvolS4withamultipleoftheglobalangularform,

dG4
2π
=df∧E4. (2.4)

Letusstressthat,inournotation,weabsorbthefactorNinsideE4,

S4
E4=N. (2.5)

TheclosedandSO(5)invariant4-formE4isconstructedwiththecoordinatesy
Aandthe

SO(5)connectionΘ[AB]onNW6. WereferthereadertoappendixA.2fortheexplicit

expressionofE4.

AfterexcisingasmalltubularneighborhoodB oftheM5-branestack,the11dspace-

timeM11acquiresanon-trivialboundaryM10atr= ,whichisanS
4fibrationoverthe

worldvolumeW6,

M10≡∂(M11\B), S4→M10→W6. (2.6)

TheM-theoryeffectiveactionSM onM11\B isnolongerinvariantunderdiffeomorphisms

andgaugetransformationsoftheM-theory3-formC3.Theclassicalvariationoftheaction
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SM undersuchatransformationtakestheform

δSM
2π
=

M10

I
(1)
10, (2.7)

whereI
(1)
10 isa10-formproportionaltothegaugeparameters. Byvirtueofthe Wess-

Zuminoconsistencyconditions,thequantityI
(1)
10isrelatedviadescenttoaformal12-form

characteristicclass,

dI
(1)
10=δI

(0)
11, dI

(0)
11=I12. (2.8)

Weareadoptingastandarddescentnotation,withthesuperscript(0),(1)indicatingthe

powerofthevariationparameter.TheclassI12originatesfromthetopologicalcouplings

intheM-theoryeffectiveaction,andisgivenby

I12=−
1

6
E4∧E4∧E4−E4∧X8. (2.9)

Wereferthereadertoappendix A.4forareviewofthederivation,basedon[25,26].

In(2.9),X8isthe8-formcharacteristicclass

X8=
1

192
p1(TM11)

2−4p2(TM11), (2.10)

whereTM11isthetangentbundleto11dspacetimeM11,andpi(TM11)denoteitsPon-

tryaginclasses.LetusstressthatapullbacktoM10isimplicitin(2.9).

Therelevanceofthe12-formcharacteristicclassI12stemsfromthefactthat,upon

integratingitalongtheS4transversetotheM5-branestack,weobtaintheinflowanomaly

polynomialofthe6dtheorylivingonthestack[25,26],

Iinflow8 =
S4
I12. (2.11)

Noticethat(2.11)makesuseimplicitlyofthefactthatdescentandintegrationoverS4

commute. WeofferanargumentforthepreviousstatementinappendixA.5.

TheanomalypolynomialIinflow8 cancelsagainstthequantumanomaliesofthechiral

degreesoffreedomonthe M5-branestack.IntheIR,thelatterareorganizedintothe

interactingdegreesoffreedomofthe6d(2,0)theoryoftypeAN−1,togetherwithonefree

6d(2,0)tensormultiplet,relatedtothecenterofmassofthe M5-branestack. Wemay

thenwrite

Iinflow8 +ICFT8 +Idecoup8 =0, (2.12)

whereICFT8 istheanomalypolynomialoftheinteracting(2,0)theory,andIdecoup8 isthe

anomalypolynomialofafree(2,0)tensormultiplet.

2.2 Four-dimensionalanomaliesfromintegralsofI12

Thediscussionoftheprevioussubsectionisreadilyspecializedtothecaseinwhichthe

M5-braneworldvolumeis W6=W4×Σg,0,whereW4isexternal4dspacetime,andΣg,0
isaRiemannsurfaceofgenusgwithoutpunctures.Insuchasetup,thestructuregroup

–5–
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ofthenormalbundleNW6isreducedfromSO(5)toSO(2)×SO(3)orSO(2)×SO(2),

forcompactificationspreserving4dN=2orN=1supersymmetry,respectively.Amore

detailedexplanationofthispointisfoundinsection3.1below.

ThespaceM10introducedin(2.6)isnowanS
4fibrationoverW4×Σg,0.Theconnection

splitsintoanexternalpartwithlegsonW4andaninternalpartwithlegsonΣg,0. The

externalpartoftheconnectiononNW6isabackgroundgaugefieldforthecontinuous

globalsymmetriesofthe4dfieldtheory. Whenthesebackgroundgaugefieldsareturned

off,thespaceM10decomposesastheproductofW4anda6dspace,denotedM
n=0
6 to

emphasizethatweareconsideringasetupwithnopunctures.ThespaceMn=06 isanS4

fibrationoverΣg,0,

S4→Mn=06 →Σg,0. (2.13)

ItisfixedbythesupersymmetryconditionsofM-theory,asdiscussedinsection3.1. We

cannowregardM10asanM
n=0
6 fibrationoverW4,

Mn=06 →M10→W4. (2.14)

Thetopologyoftheabovefibrationencodestheinformationoriginallycontainedin(2.6).

Wearguethattheinflowanomalypolynomial Iinflow6 forthe4dfieldtheoryisgivenby

Iinflow6 =
Mn=06

I12, (2.15)

withI12givenin(2.9). Weshouldbearinmindthat,inanalogywiththeuncompacti-

fiedcase,theinflowanomalypolynomialIinflow6 balancesagainstthecontributionsofan

interactingCFTaswellasofdecouplingmodes,

Iinflow6 +ICFT6 +Idecoup6 =0. (2.16)

Thedecouplingmodesarepreciselythosearisingfromthecompactificationofafree6d

(2,0)tensormultipletonΣg,0. Westressthat(2.16)genericallyfailsinthecaseofemergent

symmetriesintheIR,inwhichcaseIinflow6 mightnotcapturealltheanomaliesoftheCFT.

2.3 Inclusionofpunctures

Letusnowoutlineageneralstrategyforextending(2.15)tothecaseofacompactification

ofanM5-branestackonaRiemannsurfaceΣg,nofgenusgwithnpunctures.LetPαbe

thepointontheRiemannsurfacewheretheαthpunctureislocated,forα=1,...,n.

OurstartingpointisthespaceMn=06 asin(2.13).LetDαdenoteasmalldiskonthe

Riemannsurface,centeredaroundthepointPα. WecanpresentthespaceM
n=0
6 as

Mn=06 =Mbulk6 ∪
n

α=1

(Dα×S
4), (2.17)

whereMbulk6 denotesthespaceobtainedfromMn=06 byexcisingthesmalldiskDαaround

eachpointPα,togetherwiththeS
4fiberontopofit.ItfollowsthatMbulk6 isanS4

fibrationoverΣg,n,

S4→Mbulk6 →Σg,n. (2.18)

–6–
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Tointroducepunctures,wereplaceeachtermDα×S
4in(2.17)withanewgeometry

Xα6thatencodesthepuncturedata. WedenotetheresultingspaceasM6,

M6=M
bulk
6 ∪

n

α=1

Xα6. (2.19)

SmoothnessofM6constrainsthegluingofX
α
6ontoM

bulk
6 .Inanalogywith(2.14),the

10dspaceM10isanM6fibrationoverexternalspacetimeW4,

M6→M10→W4. (2.20)

EachlocalgeometryXα6in(2.19)issupportedbyanon-trivialG4-fluxconfiguration,which

isencodedintheclassE4onM10.ThegeometryX
α
6,togetherwithE4nearthepuncture,

encodesthedetailsofthepunctureatPα.Incontrastwith(2.13),thespaceX
α
6isnotan

S4fibrationovera2dbasespace.

TheclassE4inI12isunderstoodasaglobally-definedobjectonM10.Inthisworkwe

constructlocalexpressionsforE4,bothinthebulkoftheRiemannsurfaceandneareach

puncture,whicharethenconstrainedbyregularityandfluxquantization.Theseconditions

turnouttobeenoughtodeterminetheinflowanomalypolynomial.

ThestructureofM6in(2.19)impliesthatthetotalinflowanomalypolynomialcanbe

writtenasasumofabulkcontribution,associatedtoMbulk6 ,andtheindividualcontribu-

tionsofpunctures,associatedtoXα6,

Iinflow6 =
M6

I12=I
inflow
6 (Σg,n)+

n

α=1

Iinflow6 (Pα), (2.21)

whereonehas

Iinflow6 (Σg,n)=
Mbulk6

I12, Iinflow6 (Pα)=
Xα6

I12. (2.22)

Severalcommentsareinorderregardingthedecomposition(2.21).Firstofall,westress

thatoneshouldthinkofMbulk6 asaspacewithboundaries.Accordingly,onehastoassign

suitableboundaryconditionsatthepuncturesfortheconnectioninthefibration(2.18).

Noticealsothat[17]

Iinflow6 (Σg,n)=
Mbulk6

I12=
Σg,n

Iinflow8 , (2.23)

wheretheintegrationoverMbulk6 isperformedbyfirstintegratingalongtheS4fibers,and

thenintegratingonΣg,n.TheclassI
inflow
8 isgivenby(2.11)andcapturestheanomaliesof

the6d(2,0)SCFTthatlivesonastackofflatM5-branes.

ThelocalgeometryXα6anditsG4-fluxconfigurationareconstrainedbyseveralcon-

sistencyconditions. Asmentionedearlier,wemustbeabletogluethelocalgeometry

Xα6smoothlyontothebulkgeometryM
bulk
6 . Moreover,thegluingmustpreserveallthe

relevantsymmetriesoftheproblem(includingthecorrectamountofsupersymmetry).Sec-

tion4belowisdevotedtodescribingalltherelevantfeaturesofthegeometriesXα6and

associatedE4configurationsthatdescriberegularpuncturesforN=2classStheories.

–7–
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3 M5-branesetup

ThissectionisdevotedtothedescriptionoftheM-theorysetupofastackofNM5-branes

wrappingaRiemannsurfaceΣg,nofgenusgwithnpunctures.Inparticular,werecall

thepropertiesofthenormalbundletothe M5-branesinthisscenario,anditsrolein

implementingapartialtopologicaltwistoftheparent6d(2,0)theoryonΣg,n,whichis

essentialtopreservesupersymmetryinfourdimensions. Wethendiscussthepropertiesof

theclassE4andoftheS
4fibrationMn=06 ,introducedin(2.4)and(2.13). Weproceedto

analyzeMbulk6 . Thisenablesustocomputethebulkcontributiontotheinflowanomaly

polynomialIinflow6 (Σg,n)accordingto(2.21).

3.1 Normalbundletothe M5-branestack

The11dtangentspacerestrictedtothe M5-braneworldvolumedecomposesaccording

to(2.1). WeareinterestedinthecaseinwhichtheworldvolumeW6wrapsaRiemann

surfaceΣg,nofgenusgwithnpunctures.ThetangentspacetoW6decomposesaccordingto

TW6=TW4⊕TΣg,n. (3.1)

TheChernrootofTΣg,nisdenoted̂tandsatisfies

Σg,n

t̂=χ(Σg,n)=−2(g−1)−n. (3.2)

Weconsidersetupspreserving N =2supersymmetryinfourdimensions,inwhich

thestructuregroupofNW6reducesfromSO(5)toSO(2)×SO(3). Accordingly,NW6
decomposesinadirectsum,

NW6=NSO(2)⊕NSO(3), (3.3)

whereNSO(2)isabundleoverW6withfiberR
2andstructuregroupSO(2),andNSO(3)is

abundlewithfiberR3andstructuregroupSO(3).Letn̂denotetheChernrootofNSO(2).

Wecanwrite

n̂=−̂t+̂n4d, (3.4)

wherên4ddenotesthepartof̂ndependingonexternalspacetime.Thepartof̂ndepending

onΣg,nisfixedtobe−̂t.Thisidentificationamountstoatopologicaltwistoftheparent

6d(2,0)AN−1theorycompactifiedonΣg,n,andisnecessarytopreserve4dN=2super-

symmetry[2].TheangulardirectionsinthefibersofNW6areidentifiedwiththeS
4fiber

in(2.13),(2.18)intheabsenceofpuncturesandinthepresenceofpunctures,respectively.

Thedecomposition(3.3)suggestsapresentationoftheS4asanS1×S2fibration

overanintervalwithcoordinateµ∈[0,1]. Thisisreadilyachievedbythefollowing

parametrizationofyA,A=1,...,5:

y1,2,3=rµ̂y1,2,3, (̂y1)2+(̂y2)2+(̂y3)2=1, y4+iy5=r 1−µ2eiφ. (3.5)

Weusethesymbol S2Ωforthe2-spheredefinedbythesecondrelation.Theisometriesof

S2ΩarerelatedtotheSU(2)RR-symmetryofthe4dtheory. WereferthesymbolS
1
φforthe

–8–
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circleparametrizedbytheangleφ.Throughoutthiswork,theangleφhasperiodicity2π.

TheisometryofS1φcorrespondstotheU(1)rR-symmetryinfourdimensions.Asapparent

from(3.5),thecircleS1φshrinksforµ=1,whilethe2-sphereS
2
Ωshrinksforµ=0.

Thegauge-invariantdifferentialfortheangleφreads

Dφ=dφ−A, (3.6)

whereAisthetotalconnectionforthebundleNSO(2).ThefieldstrengthofAisF=dA,

andF/(2π)isidentifiedwiththeCherncharactern̂. BothAandFcanbesplitinto

aninternalpart,withlegsontheRiemannsurface,andapartwithlegsalongexternal

spacetime. Weusethenotation

A=AΣ+Aφ, F=FΣ+Fφ, (3.7)

wherethefirsttermistheinternalpiece,andthesecondistheexternalpiece. Thanks

to(3.4),wehave

Σg,n

F

2π
=

Σg,n

FΣ
2π
=−χ(Σg,n). (3.8)

3.2 TheformE4awayfrompunctures

InthissectionwediscusstheformE4inthebulkoftheRiemannsurface,i.e.awayfrom

punctures.Asperthegeneraldiscussionofsubsection2.3,the4-formE4isaclosedform

invariantundertheactionofthestructuregroupoftheS4fibrationMbulk6 .Itisnatural

toexploitthedecomposition(3.3)anduseafactorizedE4oftheform
3

E4=E2∧e
Ω
2. (3.9)

Letusexplainournotation.TheformeΩ2istheglobal,SO(3)invariantangularformfor

theNSO(3)bundle.IfweturnofftheNSO(3)connection,theforme
Ω
2reducestoamultiple

ofthevolumeformonS2Ω. Wenormalizee
Ω
2accordingto

S2Ω

eΩ2=1. (3.10)

TheexplicitexpressionforeΩ2canbefoundinappendixA.2.The2-formE2isclosedand

gauge-invariant. Wecanwrite

E2=N dγ∧
Dφ

2π
−γ
F

2π
. (3.11)

Thefunctionγ=γ(µ)isconstrainedbyregularityconditions.IfweturnoffallNSO(2)and

NSO(3)connections,E4becomesproportionaltothevolumeformonanS
4.Regularityof

E4intheregionwhereS
2
Ωshrinksdemandsγ(0)=0.ThenormalizationofE4,(2.5),then

fixesγ(1)=1.Tosummarize,

γ(0)=0, γ(1)=1. (3.12)

3BywritingdownallpossibletermscompatiblewithSO(2)×SO(3)symmetry,oneverifiesthatE4is

givenbyE2∧e
Ω
2 uptotheexteriorderivativeofaglobally-defined3-form.
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Letusstressthat,inourconventions,theintegralofE4overany4-cyclemustbe

integrallyquantized.4 Atrivialexampleofafluxquantizationconditionis(2.5),which

simplystatesthatE4countsthetotalnumberofM5-branesinthestack.Amoreinteresting

exampleoffluxquantizationistherelation

Σg,n×S2Ω

E4=Nχ(Σg,n), (3.13)

whichfollowsfrom(3.8),(3.9),(3.11),and(3.12).Intheintegralabove,Σg,n×S
2
Ωdenotes

the4-cycleobtainedbycombiningtheRiemannsurfaceandS2Ω,atfixedµ=1,whereS
1
φ

shrinks.EventhoughfluxquantizationconditionsforE4arestraightforwardinthebulkof

theRiemannsurface,theywillplayanessentialroleinsection4inconstrainingthelocal

puncturegeometriesandfluxconfigurations.

3.3 Thebulkcontributiontoanomalyinflow

IntheprevioussectionwehavefixedalocalexpressionforE4inthebulkoftheRiemann

surface. WearethereforeinapositiontocomputethebulkcontributionIinflow6 (Σg,n)to

anomalyinflow,definedin(2.22).Thederivationfollowsstandardtechniques,andmakes

useofaresultofBottandCattaneo[30]. WereferthereadertoappendixA.6formore

details.Theresultreads

Iinflow6 (Σg,n)=
1

12
χ(Σg,n)N

3n̂4dp1(NSO(3))

−
1

48
χ(Σg,n)Nn̂

4d p1(TW4)+p1(NSO(3))−(̂n
4d)2 . (3.14)

Thenotation̂n4dwasintroducedin(3.4).Thequantitiesp1(TW4),p1(NSO(3))arethefirst

Pontryaginclassesofthetangentbundletoexternalspacetime,andtheNSO(3)normal

bundle,respectively.

Thequantitiesn̂4dandp1(NSO(3))aregivenintermsofthe4dChernclassesas

n̂4d=2cr1, p1(NSO(3))=−4c
R
2, (3.15)

wherecr1isashorthandnotationforthefirstChernclassofthe4dU(1)rR-symmetry

bundle,whilecR2 isashorthandnotationforthesecondChernclassofthe4dSU(2)R
R-symmetrybundle.ThebulkcontributiontoIinflow6 thentakestheform

Iinflow6 (Σg,n)=−
1

6
χ(Σg,n)(4N

3−N)cr1c
R
2−

1

24
χ(Σg,n)Nc

r
1 p1(TW4)−4(c

r
1)
2 .(3.16)

4 Introductionofpunctures

InthissectionwediscusspuncturesandanalyzethepropertiesofthelocalgeometriesXα6
introducedinsection2.3. Thisanalysiscanbecarriedoutseparatelyforeachpuncture.

4Wetakethecomponentsofthe3-formpotential C3tohavemassdimension3. Thecouplingofan

M2-braneto C3isrealizedwithafactore
i C3inthepathintegralmeasure.Thequantity

C4
G4/(2π)is

anintegerforany4-cycleC4,uptotheeffectsdiscussedin[29],whicharenotrelevantinoursetup.The

factthatthefluxofE4isintegrallyquantizedthenfollowsfrom(2.4).
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Thereforeinwhatfollows,weomitthepuncturelabelα,andwriteX6forX
α
6,X4forX

α
4,

andsoon. Wedemonstratethatthepuncturedataareencodedinmonopolesourcesfora

suitablecirclefibration,andweanalyzetheformofE4inthevicinityofapuncture.

4.1 Warm-up:reformulationofanon-puncture

Accordingtothestrategyoutlinedinsection2.3,anon-trivialpuncturecanbedescribed

byremovingasmalldiskDfromtheRiemannsurfaceandreplacingD×S4withanew

geometryX6.InordertogaininsightintothepropertiesofX6forpunctures,wefirst

analyzethecaseofanon-puncture,i.e.wesetX6=D×S
4andseekareformulationof

thistrivialgeometrythatisbestsuitedforgeneralizationstonon-trivialspaces. Weshow

thatX6=D×S
4canberecastasanS2Ωfibrationovera4dspaceX4,whichisinturn

acirclefibrationoverR3. WealsoprovideareformulationoftheclassE4thatwillprove

beneficialinthediscussionofgenuinepunctures.

Geometryforthenon-puncture. OurstartingpointisX6=D×S
4.ThediskDis

parametrizedbystandardpolarcoordinates(rΣ,β).Asusual,S
4isrealizedasanS1φ×S

2
Ω

fibrationovertheµinterval.ThelineelementonX6issimply

ds2(X6)=dr
2
Σ+r

2
Σdβ

2+
dµ2

1−µ2
+(1−µ2)Dφ2+µ2ds2(S2Ω), Dφ=dφ−AΣ.(4.1)

Wehaverecalledthat S1φisfiberedovertheRiemannsurfacewithaconnectionAΣ.For

simplicity,wehavetemporarilyturnedoffallexternalconnections.TheconnectionAΣon

thediskDcanbetakentobeoftheform

AΣ=U(rΣ)dβ, (4.2)

wherethefunctionUgoestozeroasrΣ→0toensurethatAΣisdefinedatthecenterof

thedisk.The2dspacespannedbyrΣandµisahalfstripinthe(rΣ,µ)plane,describedby

rΣ≥0, 0≤µ≤1, (4.3)

seefigure1plot(a). Moreprecisely,theinteriorofthediskDcorrespondstoaregionof

theformrΣ<r0,withr0constant,whichistheshadedregioninfigure1plot(a).

Letusintroduceanewangularcoordinateχ,definedby

χ=φ+β. (4.4)

Wecanrewritethelineelement(4.1)intheform

ds2(X6)=ds
2(X4)+µ

2ds2(S2Ω),

ds2(X4)=ds
2(B3)+R

2
βDβ

2,

ds2(B3)=dr
2
Σ+

dµ2

1−µ2
+
r2Σ(1−µ

2)

R2β
dχ2, (4.5)
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wherewehaveintroduced

Dβ=dβ−Ldχ, L=
1−µ2

R2β
, R2β=r

2
Σ+(1+U)

2(1−µ2). (4.6)

Wehavereinterpreted X6asanS
2
Ωfibrationovera4dspaceX4. Thelatterisinturn

writtenasanS1βfibrationwithconnectionLdχoverthe3dbasespaceB3parametrized

by(rΣ,µ,χ). Wecanmakethefollowingobservations:

(i)TheS2Ωshrinksonthelocus(µ=0,rΣ≥0),thethickblacklineinfigure1plot(a).

(ii)Inthe(rΣ,µ)strip,theonlypointwheretheDβcircleshrinksis(rΣ,µ)=(0,1),

wherethedot-dashedbluelineandthedashedredlinemeetinfigure1plot(a).

(iii)Theχcircleinthe3dbasespace(whichisspecifiedinX4byDβ=0,asopposed

todβ=0)shrinksontheloci(rΣ =0,0≤µ≤1)and(µ=1,rΣ ≥0),which

correspondtothedot-dashedbluelineandthedashedredlineinfigure1plot(a),

respectively.

(iv)ThefunctionLissmoothintheinteriorofthe(rΣ,µ)strip. Moreover,L(rΣ,µ)=1on

thelocus(rΣ=0,0≤µ≤1),i.e.onthedot-dashedblueline.Similarly,L(rΣ,µ)=0

onthelocus(µ=1,rΣ≥0),i.e.onthedashedredline.

Weseethat Lhasadiscontinuityatthepoint(rΣ,µ)=(0,1)wheretheDβcircle

shrinks.ThemetriconX4nearthispointcanbemodeledbyasingle-centerTaub-NUT

space,showingthattheDβ fibrationhasamonopolesource. WewritetheTaub-NUT

metricas

ds2(TN)=V−1Dβ2+V(dρ2+dη2+ρ2dχ2),

dDβ=−∗R3dV, V=
1/2

ρ2+(η−ηmax)2
, (4.7)

whereρ,η,χarestandardcylindricalcoordinatesonR3.Thefactor1/2isrelatedtothe

factthat,inourconventions,βhasperiodicity2π.Thecoordinatesρ,ηarerelatedtorΣ,

µby

ρ=rΣ 1−µ2, η=ηmax+
1

2
(r2Σ−1+µ

2), (4.8)

asverifiedbycomparingds2(X4)andds
2(TN)near(rΣ,µ) =(0,1),withU =0for

simplicity.

Thecoordinatechange(4.8)near(rΣ,µ)=(0,1)isaspecificexampleofageneral

classofmapswiththequalitativefeaturesdepictedinfigure1plot(b).Firstofall,the

(rΣ,µ)halfstripismappedtothequadrantinthe(ρ,η)planewithη≥0,ρ≥0.Second

ofall,thethickblacklineismappedtoη=0.Finally,theunionofthedot-dashedblue

lineandthedashedredlineismappedtotheηsemi-axis.Thecorner(rΣ,µ)=(0,1)is

mappedtothepointη=ηmax ontheηaxis.Thedot-dashedbluelineismappedtothe

region0≤η≤ηmax,whilethedashedredlineismappedtoη≥ηmax. Figure1plot
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Figure1.Theplotontheleftdepictsthe(rΣ,µ)strip,withrΣonthehorizontalaxis,andµon

theverticalaxis.Linesofconstantµ(solid,grey)andlinesofconstantrΣ(dashed,grey)arealso

included.Theplotontherightdepictsthe(ρ,η)quadrant,withρonthehorizontalaxis,andηon

theverticalaxis. WeincludetheimageoflinesofconstantµandrΣ.Theshadedregionsinboth

plotscorrespondtothesubregionrΣ<r0,withr0constant.

(b)alsoshowstheshadedregioncorrespondingtotheinteriorofthediskDinthenew

coordinates(ρ,η).5

WehaveshownthatthespaceX6=D×S
4canbereformulatedasanS2Ωfibrationover

aspaceX4,whichisinturnanon-trivialS
1
βfibrationoverR

3,parametrizedbycylindrical

coordinates(ρ,η,χ),

S2Ω→X6→X4, S1β→X4→R
3. (4.9)

Intheabovediscussion,wehavenotincludedtheexternalconnectionAφforφ.Ifweturn

Aφon,(4.4)indicatesthatdχshouldbereplacedeverywhereby

Dχ=dχ−Aφ. (4.10)

Inparticular,wemustreplacedχwithDχinsideDβ,thusobtainingthequantity

Dβ=dβ−LDχ. (4.11)

TheformE4forthenon-puncture. Asexplainedinsection3.2,theformE4away

frompuncturestakestheform(3.9)withE2givenby(3.11).Inlightoftheresultsofthe

previoussection,weseekare-writingofE2intermsofthe1-formsDχandDβintroduced

in(4.10),(4.11),respectively. Wearethusledtoconsidertheansatz

E2=dY
Dχ

2π
−W

Dβ

2π
, (4.12)

whereY,W arefunctionsofρ,η.InordertomatchtheaboveE2with(3.11)wehave

toset

Y(ρ,η)=Nγ 1−(1+U)L , W(ρ,η)=Nγ(1+U). (4.13)

5Anexampleofaclassofcoordinatetransformationsfrom(rΣ,µ)to(ρ,η)withthedesiredproperties,

differentfrom(4.8),isprovidedin(D.18).
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Alongtheηaxis,Yispiecewiseconstant,

Y(0,η)=
0 for0<η<ηmax,

N forη>ηmax.
(4.14)

Inparticular,Yisdiscontinuousatη=ηmax.Incontrast,W isregulareverywhere,

becausebothγandUareregularintheentire(rΣ,µ)strip,orequivalentlytheentire

(ρ,η)quadrant.Itisworthnotingthat

W(0,ηmax)=N. (4.15)

Finally,weobservethatbothYandW vanishatη=0foranyρ,

Y(ρ,0)=0, W(ρ,0)=0. (4.16)

ThisisnecessarytoensureregularityofE4,andfollowsfromthefactthatYandW are

proportionaltoγ.Recallthefactorizedform(3.9)andthateΩ2containsthevolumeform

onS2Ω,whichshrinksatη=0.

EventhoughLandYarediscontinuousalongtheηaxisatη=ηmax,theformE2is

smooththere.Tocheckthis,wewriteE2intheform

E2=(dY+WdL+LdW)
Dχ

2π
−(Y+LW)

Fφ
2π
−dW

dβ

2π
. (4.17)

ThetermsdYanddLareapotentialsourceofδfunctionsingularities,

dY
ρ=0
=(+N)δ(η−ηmax)dη, dL

ρ=0
=(−1)δ(η−ηmax)dη, (4.18)

wheretheprefactoroftheδfunctionissimplythejumpofY,Lacrossηmax.Aswecansee,

theδfunctionsingularitiescancelagainsteachotherin(4.17),byvirtueof(4.15).Notice

alsothatthefunctionY+LWiscontinuousalongtheηaxisacrossthemonopolelocation.

4.2 LocalgeometryandformE4forapuncture

Wearenowinapositiontodiscussthegeometryandtheform E4fornon-trivialpunctures.

InthissectionweshowthatallpuncturedataareencodedinthefluxesofE4alongthe

non-trivial4-cyclesofthegeometryX6.

Geometryforapuncture. Thereformulationofthenon-puncturegeometryofsec-

tion4.1providesanaturalstartingpointfortheconstructionofagenuinepuncturege-

ometryX6,anddeterminesthecorrectgluingprescriptionofX6toM
bulk
6 . Weutilizethe

samefibrationstructure(4.9),repeatedhereforthereader’sconvenience:

S2Ω→X6→X4, S1β→X4→R
3. (4.19)

ThespaceR3isagainparametrizedbycylindricalcoordinates(ρ,η,χ),andS2Ωshrinksat

η=0.TheS1βfibrationisoftheform

Dβ=dβ−Ldχ, (4.20)
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butwithamoregeneralL(ρ,η)thaninthenon-puncturecase.InthebasespaceR3,the

relevantportionofthe(ρ,η)quadrantisaregionanalogoustotheshadedregioninfigure1

plot(b).TheunshadedregionoutsideisidentifiedwiththebulkoftheRiemannsurface.

Inthenon-puncturecase,theS1βfibrationhasonlyoneunit-chargemonopolesource

locatedatη=ηmax. Wenowconsiderseveralmonopolesandallowforchargesgreater

thanone. Moreprecisely,weconsideraconfigurationwithp≥1monopoles,locatedat

(ρ,η)=(0,ηa),a=1,...,p.Thelastmonopolelocationisidentifiedwithηmax,ηp=ηmax.

Foruniformityofnotation,wealsodefineη0:=0.ThefunctionL(ρ,η)ispiecewiseconstant

alongtheηaxis,withjumpsacrosseachmonopolelocationηa. Weintroducethenotation

L(0,η)=a for ηa−1<η<ηa. (4.21)

Wealsodemand

L(0,η)=0 for η>ηp=ηmax. (4.22)

Thisconditionguaranteesthat,alongtheηaxisforη>ηmax,theχcircleinthebase

(i.e.settingDβ=0)coincideswiththeφcircle.Thisallowsustogluethelocalpuncture

geometrytothebulkoftheRiemannsurfaceinastraightforwardway.6

Thechargeofthe monopoleatη=ηais measuredbythediscontinuityoftheL

connectionacrossη=ηa.IfS
2
adenotesasmall2-sphereofradius surroundingη=ηain

thebasespacespannedby(ρ,η,χ),wehave

−
S2a

dDβ

2π
= L

η=ηa+

η=ηa−
= a+1− a=:−ka, (4.23)

wherethequantitykaisanon-negativeinteger.
7Combining(4.23)and(4.22)weimme-

diatelyderivetheimportantrelation

a=

p

b=a

kb. (4.24)

Sinceka≥1,thesequence{a}
p
a=1isadecreasingsequenceofpositiveintegers.Asafinal

remark,thenon-puncturegeometryisrecoveredbysettingp=1,k1=1.

Orbifoldsingularities. Acrucialaspectofthegeneralizationfromthenon-punctureto

agenuinepunctureisthepossibilityofamonopolechargeka>1.Inanalogywiththe

non-puncturecase,inthevicinityofη=ηathespaceX4ismodeledbyasingle-center

Taub-NUTspaceTNka withchargeka. ThelatterhasanR4/Zka orbifoldsingularity.

Thissingularityadmitsa minimalresolutionintermsofacollectionofka−1copies

ofCP1. LetTNka denotetheresolvedTaub-NUTspace.InTNka,eachCP
1hasself-

intersectionnumber−2,andtheCP1’sformalinearchainwithintersectionnumber+1

betweendistinct,neighboringCP1’s.

6Itisalsointerestingtoexploremoregeneralpossibilities,inwhichthegluinginvolvesanon-trivial

identificationofcircles. Webrieflycommentonthispointintheconclusion.
7Thesignisinferredfromthenon-puncturecase.Supersymmetrydemandsthatallmonopolecharges

carrythesamesign.
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IntheresolvedgeometryTNka,weusethesymbolωa,I,I=1,...,ka−1todenotethe

Poincaŕedual2-formstotheCP1cyclesresolvingthesingularity.Theformsωa,Isatisfy

TNka

ωa,I∧ωa,J=−C
su(ka)
IJ , (4.25)

wherethereisnosumoveraandthesymbolC
su(ka)
IJ onther.h.s.denotestheentriesof

theCartanmatrixofsu(ka).

TheformE4forapuncture. LetusnowdiscussthestructureoftheformE4neara

puncture. Weassumethefactorizedform(3.9)andtheansatz(4.12)forE2,repeatedhere

forconvenience,

E4=E2∧e
Ω
2+..., E2=dY

Dχ

2π
−W

Dβ

2π
, (4.26)

wherethedotsrepresenttermsassociatedtotheflavorsymmetryofthepuncture,discussed

insubsection4.2.InordertoensureregularityofE4,wemustagaindemandthatboth

W(ρ,η)andY(ρ,η)vanishatη=0,asin(4.16).

InordertoanalyzethepropertiesofE4,wefirsthavetostudythenon-trivial4-cycles

inthepuncturegeometryX6.Belowweconstructtwofamiliesof4-cycles,denoted{Ca}
p
a=1

and{Ba}
p
a=1.Asweshallsee,regularityofE4atthemonopolelocationsimpliesthatflux

configurationsarelabelledbyapartitionofN.

The4-cycles{Ca}
p
a=1. Foreacha=1,...,p−1,the4-cycleCaisconstructedasfollows.

Inthe(ρ,η)quadrant,pickanarbitrarypointAaintheinterioroftheinterval(ηa,ηa+1)

alongtheηaxis,andanarbitrarypointBawithη=0,ρ>0,seefigure2.Atthepoint

Aa,theχcircleinthebase,i.e.atDβ=0,isshrinking.AtpointBa,S
2
Ωisshrinking. We

thusobtaina4-cyclewiththetopologyofanS4bycombiningthearcAaBa,theχcircle

inthebase,andS2Ω.ThesameconstructioncanberepeatedbyselectingapointApalong

theηaxisintheregionη>ηmax. Wedenotethecorresponding4-cycleasCp.Crucially,

byvirtueof(4.22),theχcircleinthebaseisnothingbutS1φforη>ηmax.Itfollowsthat

Cp∼=S
4. (4.27)

Thisobservationallowsustofixauniformorientationconventionforall4-cycles{Ca}
p
a=1:

wemustchoosetheconventionthatensures Cp
E4=+N,see(2.5).

TocomputethefluxofE4throughCa,witha=1,...,p−1,weenforceDβ=0at

pointAabysettingdβ= a+1dχ. Wethenobtain

Ca

E4=
Ca

eΩ2∧dY+(L− a+1)W ∧
dχ

2π
=−Y+(L− a+1)W

Ba

Aa
=Y(Aa).(4.28)

Inthesecondstep,weused S2Ω
eΩ2=1,andwehaverecalledthatχhasperiodicity2π.

Inthefinalstep,weutilizedW(Ba) =0,Y(Ba) =0(whichfollowfrom(4.16))and

L(Aa)=a+1(whichfollowsfrom(4.21)). While(4.28)wasderivedundertheassumption

a=1,...,p−1,itisverifiedthatitalsoholdsfora=p.
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Ba
<latexit sha1_base64="nkv65kST9NX9hK20bjPu6wYab90=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm2ARupCSqKDLohuXFewFmlAm05N26CQZZiaFEvISLgRxoQtfxkfwbUxiNm39Vx/nPxf+4wnOlLasH6Oysbm1vVPdre3tHxwe1Y9PeiqKJcUujXgkBx5RyFmIXc00x4GQSAKPY9+bPeR+f45SsSh81guBbkAmIfMZJTorOU5A9FT5yX06IqN6w2pZhcx1sEtoQKnOqP7tjCMaBxhqyolSQ9sS2k2I1IxyTGtOrFAQOiMTTEig1CLwUvOiuLjq5cX/vGGs/Ts3YaGINYY0a8k8P+amjsw8jjlmEqnmiwwIlSy7bNIpkYTqLPTyJoUhCVBdmuM5E6pgNyk+mNay7PZq0nXoXbXs65b9dNNoN8svVOEMzqEJNtxCGx6hA12gIOAVPuDT4MaL8Wa8/7VWjHLmFJZkfP0CRCmOkQ==</latexit>

Bp
<latexit sha1_base64="fEsBW8m7WsCECeapmk8NWnzhzmo=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm2ARupCSqKDLohuXFewFmlAm05N26CQZZiaFEvISLgRxoQtfxkfwbUxiNm39Vx/nPxf+4wnOlLasH6Oysbm1vVPdre3tHxwe1Y9PeiqKJcUujXgkBx5RyFmIXc00x4GQSAKPY9+bPeR+f45SsSh81guBbkAmIfMZJTorOU5A9FT5yX06EqN6w2pZhcx1sEtoQKnOqP7tjCMaBxhqyolSQ9sS2k2I1IxyTGtOrFAQOiMTTEig1CLwUvOiuLjq5cX/vGGs/Ts3YaGINYY0a8k8P+amjsw8jjlmEqnmiwwIlSy7bNIpkYTqLPTyJoUhCVBdmuM5E6pgNyk+mNay7PZq0nXoXbXs65b9dNNoN8svVOEMzqEJNtxCGx6hA12gIOAVPuDT4MaL8Wa8/7VWjHLmFJZkfP0CWl6OoA==</latexit>

Ap
<latexit sha1_base64="yM+w0QSyJVMdDmUGHWY8N5in6b0=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm2ARupCSqKDLihuXFewFmlAm05N26CQZZiaFEvISLgRxoQtfxkfwbUxiNm39Vx/nPxf+4wnOlLasH6Oysbm1vVPdre3tHxwe1Y9PeiqKJcUujXgkBx5RyFmIXc00x4GQSAKPY9+bPeR+f45SsSh81guBbkAmIfMZJTorOU5A9FT5yX06EqN6w2pZhcx1sEtoQKnOqP7tjCMaBxhqyolSQ9sS2k2I1IxyTGtOrFAQOiMTTEig1CLwUvOiuLjq5cX/vGGs/Ts3YaGINYY0a8k8P+amjsw8jjlmEqnmiwwIlSy7bNIpkYTqLPTyJoUhCVBdmuM5E6pgNyk+mNay7PZq0nXoXbXs65b9dNNoN8svVOEMzqEJNtxCGx6hA12gIOAVPuDT4MaL8Wa8/7VWjHLmFJZkfP0CWOCOnw==</latexit>

⌘a 1
<latexit sha1_base64="Rn98jmMhrVSq4v20SWqO/bnEyEs=">AAAB6HicbZDLTsJAFIZP8YZ4Q126aSQmLJS0aqJLEjcuMZFLhIacDgcYmU6bmSkJafoOLkyMC134Nj6Cb2NBNoD/6sv5zyX/8SPBtXGcHyu3tr6xuZXfLuzs7u0fFA+PGjqMFaM6C0WoWj5qElxS3XAjqBUpwsAX1PRHd1O/OSaleSgfzSQiL8CB5H3O0GSlpw4Z7CZ44abdYsmpODPZq+DOoQRz1brF704vZHFA0jCBWrddJzJegspwJigtdGJNEbIRDijBQOtJ4Kf2WYBmqJe9afE/rx2b/q2XcBnFhiTLWjKvHwvbhPY0jN3jipgRkwyQKZ5dttkQFTKTRV7cpEliQPrc7o15pGfsJbP/pYUsu7ucdBUalxX3quI+XJeq5fkX8nACp1AGF26gCvdQgzowkPAKH/BpPVsv1pv1/teas+Yzx7Ag6+sXMwmNUA==</latexit>

⌘a
<latexit sha1_base64="IMgnLBvnSfuNRxgYDdtsIsCm+Ao=">AAAB5nicbZC7SgNREIZnvcZ4i1raLAYhhYRdFbQM2FhGMBdIljB7MkkOOXvhnNlAWPIKFoJYaOHr+Ai+jZu4TRL/6mP+ufCPHytp2HF+rI3Nre2d3cJecf/g8Oi4dHLaNFGiBTVEpCLd9tGQkiE1WLKidqwJA19Ryx8/zP3WhLSRUfjM05i8AIehHEiBnJXaXWLspTjrlcpO1VnIXgc3hzLkqvdK391+JJKAQhYKjem4TsxeipqlUDQrdhNDMYoxDinFwJhp4M/sywB5ZFa9efE/r5Pw4N5LZRgnTKHIWjJvkCibI3sexe5LTYLVNAMUWmaXbTFCjYKzwMubDIUYkLmy+xMZmwV76eJ7s2KW3V1Nug7N66p7U3Wfbsu1Sv6FApzDBVTAhTuowSPUoQECFLzCB3xaI+vFerPe/1o3rHzmDJZkff0CV8+M3g==</latexit>

⌘p
<latexit sha1_base64="luv+oHH2P8kp/w/V7/470pVV/IE=">AAAB5nicbZDLSsNAFIZP6q3WW9Wlm2ARupCSWEGXBTcuK9gLtKFMpqft0EkyzJwUSsgruBDEhS58HR/BtzGt2bT1X32c/1z4j6+kMOQ4P1Zha3tnd6+4Xzo4PDo+KZ+etU0Ua44tHslId31mUIoQWyRIYldpZIEvseNPHxZ+Z4baiCh8prlCL2DjUIwEZ5SVun0kNkhUOihXnJqzlL0Jbg4VyNUclL/7w4jHAYbEJTOm5zqKvIRpElxiWurHBhXjUzbGhAXGzAM/ta8CRhOz7i2K/3m9mEb3XiJCFROGPGvJvFEsbYrsRRR7KDRykvMMGNciu2zzCdOMUxZ4dZPBkAVoru3hTCizZC9Zfi8tZdnd9aSb0L6pufWa+3RbaVTzLxThAi6hCi7cQQMeoQkt4CDhFT7g05pYL9ab9f7XWrDymXNYkfX1C24TjO0=</latexit>

...
<latexit sha1_base64="NSHexTsELQmpRJy9O729q2Ij0A0=">AAAB5HicbZDLSsNQEIYn9VbrLerSTbAIXUhJVNBlwY3LCvYCbSgnJ5P22JML50wKJfQNXAjiQhe+j4/g25jWbNr6rz7mnwv/eIkUmmz7xyhtbG5t75R3K3v7B4dH5vFJW8ep4tjisYxV12MapYiwRYIkdhOFLPQkdrzx/dzvTFBpEUdPNE3QDdkwEoHgjPJSuz/xY9IDs2rX7YWsdXAKqEKh5sD87vsxT0OMiEumdc+xE3IzpkhwibNKP9WYMD5mQ8xYqPU09GbWRchopFe9efE/r5dScOdmIkpSwojnLbkXpNKi2JoHsXyhkJOc5sC4Evlli4+YYpzyuMubNEYsRH1p+ROR6AW72eJ3s0qe3VlNug7tq7pzXXceb6qNWvGFMpzBOdTAgVtowAM0oQUcnuEVPuDTCIwX4814/2stGcXMKSzJ+PoF6bOMCA==</latexit>

⇢
<latexit sha1_base64="pkc5FZk6e2KsL2Xcavjf2aKnorI=">AAAB4nicbZDLSsNAFIbP1Futt6pLN8EidCElsYIuC25cVrAXaEOZTE6boZNMmJkUSugLuBDEhS58IR/BtzGp2bT1X32c/1z4jxcLro1t/5DS1vbO7l55v3JweHR8Uj0962qZKIYdJoVUfY9qFDzCjuFGYD9WSENPYM+bPuR+b4ZKcxk9m3mMbkgnER9zRk1eGqpAjqo1u2EvZW2CU0ANCrVH1e+hL1kSYmSYoFoPHDs2bkqV4UzgojJMNMaUTekEUxpqPQ+9hXUVUhPodS8v/ucNEjO+d1MexYnBiGUtmTdOhGWklcewfK6QGTHPgDLFs8sWC6iizGRhVzdpjGiI+tryZzzWS3bT5ecWlSy7s550E7o3DafZcJ5ua6168YUyXMAl1MGBO2jBI7ShAwwCeIUP+CQ+eSFv5P2vtUSKmXNYEfn6BUYhiw0=</latexit>

⌘
<latexit sha1_base64="3QueZXmXcoLPTXarcOuSKEHIZPg=">AAAB4nicbZDLSsNAFIZPvNZ6q7p0EyxCF1ISFXRZcOOygr1AG8pkctoOnSTDzEmhhL6AC0Fc6MIX8hF8G5OaTVv/1cf5z4X/+EoKQ47zY21sbm3v7Jb2yvsHh0fHlZPTtokTzbHFYxnrrs8MShFhiwRJ7CqNLPQldvzJQ+53pqiNiKNnmin0QjaKxFBwRnmpj8QGlapTdxay18EtoAqFmoPKdz+IeRJiRFwyY3quo8hLmSbBJc7L/cSgYnzCRpiy0JhZ6M/ty5DR2Kx6efE/r5fQ8N5LRaQSwohnLZk3TKRNsZ3HsAOhkZOcZcC4Ftllm4+ZZpyysMubDEYsRHNlB1OhzIK9dPG5eTnL7q4mXYf2dd29qbtPt9VGrfhCCc7hAmrgwh004BGa0AIOY3iFD/i0AuvFerPe/1o3rGLmDJZkff0CL96K/g==</latexit>

Aa
<latexit sha1_base64="pnfudrCJ/JiFxlwG1qcWJyr2+xo=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm2ARupCSqKDLihuXFewFmlAm05N26CQZZiaFEvISLgRxoQtfxkfwbUxiNm39Vx/nPxf+4wnOlLasH6Oysbm1vVPdre3tHxwe1Y9PeiqKJcUujXgkBx5RyFmIXc00x4GQSAKPY9+bPeR+f45SsSh81guBbkAmIfMZJTorOU5A9FT5yX06IqN6w2pZhcx1sEtoQKnOqP7tjCMaBxhqyolSQ9sS2k2I1IxyTGtOrFAQOiMTTEig1CLwUvOiuLjq5cX/vGGs/Ts3YaGINYY0a8k8P+amjsw8jjlmEqnmiwwIlSy7bNIpkYTqLPTyJoUhCVBdmuM5E6pgNyk+mNay7PZq0nXoXbXs65b9dNNoN8svVOEMzqEJNtxCGx6hA12gIOAVPuDT4MaL8Wa8/7VWjHLmFJZkfP0CQquOkA==</latexit>

⌘a+1
<latexit sha1_base64="YI0PxeWAOehN7zRZabREJpjn1uc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARCkpJVNBlwY3LCvaCbSgn09N27GQSZiaFEvIOLgRxoQvfxkfwbUxrN239Vx/nPxf+40eCa+M4P1ZubX1jcyu/XdjZ3ds/KB4eNXQYK0Z1FopQtXzUJLikuuFGUCtShIEvqOmP7qZ+c0xK81A+mklEXoADyfucoclKTx0y2E3w3E27xZJTcWayV8GdQwnmqnWL351eyOKApGECtW67TmS8BJXhTFBa6MSaImQjHFCCgdaTwE/tswDNUC970+J/Xjs2/Vsv4TKKDUmWtWRePxa2Ce1pGLvHFTEjJhkgUzy7bLMhKmQmi7y4SZPEgPSF3RvzSM/YS2b/SwtZdnc56So0LivuVcV9uC5Vy/Mv5OEETqEMLtxAFe6hBnVgIOEVPuDTerZerDfr/a81Z81njmFB1tcvMA+NTg==</latexit>

Sa
<latexit sha1_base64="7Nfz/lxF21+bxaHZLYiuM8vxjHw=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm2ARupCSqKDLghuXFe0FmlBOpqft0EkyzEwKpfQlXAjiQhe+jI/g25jUbNr6rz7Ofy78J5CCa+M4P1ZhY3Nre6e4W9rbPzg8Kh+ftHScKEZNFotYdQLUJHhETcONoI5UhGEgqB2M7zO/PSGleRw9m6kkP8RhxAecoUlLnheiGTEU9lMPe+WKU3MWstfBzaECuRq98rfXj1kSUmSYQK27riONP0NlOBM0L3mJJolsjEOaYaj1NAzm9kV2Ua96WfE/r5uYwZ0/45FMDEUsbUm9QSJsE9tZHLvPFTEjpikgUzy9bLMRKmQmDb28SVOEIelLuz/hUi/Yny0+OC+l2d3VpOvQuqq51zX38aZSr+ZfKMIZnEMVXLiFOjxAA5rAQMIrfMCnJawX6816/2stWPnMKSzJ+voFnNuOIQ==</latexit>

...
<latexit sha1_base64="NSHexTsELQmpRJy9O729q2Ij0A0=">AAAB5HicbZDLSsNQEIYn9VbrLerSTbAIXUhJVNBlwY3LCvYCbSgnJ5P22JML50wKJfQNXAjiQhe+j4/g25jWbNr6rz7mnwv/eIkUmmz7xyhtbG5t75R3K3v7B4dH5vFJW8ep4tjisYxV12MapYiwRYIkdhOFLPQkdrzx/dzvTFBpEUdPNE3QDdkwEoHgjPJSuz/xY9IDs2rX7YWsdXAKqEKh5sD87vsxT0OMiEumdc+xE3IzpkhwibNKP9WYMD5mQ8xYqPU09GbWRchopFe9efE/r5dScOdmIkpSwojnLbkXpNKi2JoHsXyhkJOc5sC4Evlli4+YYpzyuMubNEYsRH1p+ROR6AW72eJ3s0qe3VlNug7tq7pzXXceb6qNWvGFMpzBOdTAgVtowAM0oQUcnuEVPuDTCIwX4814/2stGcXMKSzJ+PoF6bOMCA==</latexit>

Figure2. Agenericprofileofmonopoles.ThearcsAaBaformpartofthe4-cycleCa.Thebubble

denotesthe2-cycleSa,whichispartofthe4-cycleBa.

Thecomputation(4.28)deservesfurthercomments.Firstofall,since Ca
E4mustbe

quantizedandthelocationofAainsidetheinterval(ηa,ηa+1)isarbitrary,welearnthat

Y(ρ,η)ispiecewiseconstantalongtheηaxis. Weintroducethenotation

Y(0,η)=ya∈Z for ηa<η<ηa+1, a=1,...,p−1,

Y(0,η)=yp∈Z for η>ηp=ηmax. (4.29)

Noticethaty0=0,becauseYvanishesatη=0. Moreover,wecancheckthatthe

orientationwechosein(4.28)isconsistent.Indeed,(4.28)holdsforanychoiceofpand

ka,andinparticularforthenon-puncture.Inthatcase,(4.14)showsthatY=Nalong

theηaxisforη>ηmax. WethusrecovertheexpectedrelationC1E4=+N.

Theidentification(4.27)providestheboundarycondition

yp=N. (4.30)

Foranypuncture,supersymmetryrequiresthatthefluxofE4throughalltheCacarrythe

samesign.Itfollowsthat

ya>0 for a=1,...,p−1. (4.31)

The4-cycles{Ba}
p
a=1. Fora=2,3,...,p,wecanconstructa4-cycleBaasfollows.

Considertheinterval[ηa−1,ηa]ontheηaxis. ThecircleS1βshrinksatthelocationof

themonopolesources,buthasfinitesizeintheinteriorof[ηa−1,ηa]. Asaresult,wecan

combineS1βand[ηa−1,ηa]andobtaina2-cycleSawiththetopologyofanS
2,depicted

asabubbleinfigure2.Thedesired4-cycleBaisthensimplyobtainedasBa=Sa×S
2
Ω,

sinceS2Ωhasfinitesizeintheentiretyof[ηa−1,ηa]. Wecanalsoconstructa4-cycleB1
bycombiningtheinterval[0,η1]withS

1
βandS

2
Ω.Incontrastwiththecasea=2,...,p,

theS1βcircleisnotshrinkingattheendpointη=0.However,S
2
Ωisshrinkingthere,and

thereforeB1isstillaclosed4-cycle.
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ThefluxofE4throughthecycles{Ba}
p
a=1 iscomputedfrom(4.26)byselectingthe

termswithoneDβfactor,

Ba

E4=−
Ba

eΩ2∧dW∧
Dβ

2π
=W(0,ηa)−W(0,ηa−1). (4.32)

Wehaverecalledthat eΩ2integratesto1overS
2
Ω,andthatβhasperiodicity2π. Wehave

alsochosenanorientationforBa.

Toargueinfavorofourorientationconvention,wespecialize(4.32)tothecaseofthe

non-puncture,p=1,η1=ηmax.Inthatcase,thecycleB1mustbeequivalenttoS
4,since

thelatteristheonlynon-trivial4-cycleinthenon-puncturegeometry.From(4.15),(4.16),

weimmediatelyseethatther.h.s.of(4.32)evaluatesto+N.

Itfollowsfrom(4.32)thatthejumpsinthevaluesofW betweenconsecutivemonopole

locationsmustbeintegers,byvirtueofE4fluxquantization. Moreover,supersymmetry

demandsthatthefluxofE4musthavethesamesignforall{Ba}
p
a=1. Consistencywith

thenon-puncturecaserequiresthatthissignmustbepositive.Inconclusion,wecanwrite

W(0,ηa)=wa, wa−wa−1∈Z+, w0=0, (4.33)

wherethelastrelationfollowsfrom(4.16).Noticethat{wa}
p
a=1isanincreasingsequence

ofpositiveintegers.

RegularityofE4andpartitionofN. ThequantitiesLandYarepiecewiseconstant

alongtheηaxis,withjumpsatthelocationofthemonopoles.ThetotalformE4,however,

mustberegulareverywherealongtheηaxis.ThetermsdLanddYin(4.17)areapotential

sourceofδfunctionsingularitiesinE2,since

dY
ρ=0
=

p

a=1

(ya−ya−1)δ(η−ηa)dη, dL
ρ=0
=

p

a=1

(a+1− a)δ(η−ηa)dη.(4.34)

ThenormalizationofeachδfunctionatagivenηaisinferredfromthejumpofY,Lacross

ηa,see(4.29),(4.21)respectively. Wecanachieveacancellationofeachδ(η−ηa)term

in(4.17)bydemanding

0=ya−ya−1+wa(a+1− a)=ya−ya−1−waka, (4.35)

whereinthelaststepwemadeuseof(4.23). Weknowfrom(4.16)thaty0=0. Asa

result,wecanuse(4.35)toexpressthevaluesofyaintermsofwa,ka,

ya=

a

b=1

wbkb. (4.36)

Moreover,wehavealsoestablishedthat yp=N,see(4.30).Specializing(4.36)toa=p

wethusobtainacrucialsumruleforthefluxdatawa,ka,

N=

p

a=1

waka. (4.37)
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w3⇥k3
<latexit sha1_base64="1Kvcy9Xl4LeiRJtH486NY14Q/T4=">AAAB7HicbZC7TgJBFIbP4g3xhlraTCQmFoTsiomWJDaWmMglgXUzOxxgwuzsZmYWQwhvYWFiLLTwXXwE38YBtwH8qy/nP5f8J0wE18Z1f5zcxubW9k5+t7C3f3B4VDw+aeo4VQwbLBaxaodUo+ASG4Ybge1EIY1Cga1wdDf3W2NUmsfy0UwS9CM6kLzPGTW29PQcVEnX8Ag1GQXVoFhyK+5CZB28DEqQqR4Uv7u9mKURSsME1brjuYnxp1QZzgTOCt1UY0LZiA5wSiOtJ1E4IxcRNUO96s2L/3md1PRv/SmXSWpQMttivX4qiInJPBDpcYXMiIkFyhS3lwkbUkWZsbGXN2mU1EYtk96YJ3rB/nTxw1nBZvdWk65D86riVSvew3WpVs6+kIczOIdL8OAGanAPdWgAAwWv8AGfjnRenDfn/a8152Qzp7Ak5+sXdOuOlA==</latexit>

w2⇥k2
<latexit sha1_base64="So5ua4diZZ3r6yvxLHyiLR3ODGk=">AAAB7HicbZC7TgJBFIbP4g3xhlraTCQmFoTsoomWJDaWmMglgZXMDgeYMDu7mZnFkA1vYWFiLLTwXXwE38YBtwH8qy/nP5f8J4gF18Z1f5zcxubW9k5+t7C3f3B4VDw+aeooUQwbLBKRagdUo+ASG4Ybge1YIQ0Dga1gfDf3WxNUmkfy0Uxj9EM6lHzAGTW29PTcq5Ku4SFqMu5Ve8WSW3EXIuvgZVCCTPVe8bvbj1gSojRMUK07nhsbP6XKcCZwVugmGmPKxnSIKQ21nobBjFyE1Iz0qjcv/ud1EjO49VMu48SgZLbFeoNEEBOReSDS5wqZEVMLlCluLxM2oooyY2Mvb9IoqY1aJv0Jj/WC/XTxw1nBZvdWk65Ds1rxrirew3WpVs6+kIczOIdL8OAGanAPdWgAAwWv8AGfjnRenDfn/a8152Qzp7Ak5+sXceqOkg==</latexit>

N=
3X

a=1

waka
<latexit sha1_base64="9g53DXELtsMyriRpyhMgVnkR/rk=">AAAB+3icbZDNSsNAFIUn/tb6F3XZzWARXJSSWEE3hYIbV1LB/kATw8102g6dScLMpFJCFj6LC0Fc6MKH8BF8G9OaTVvP6uOeO3M5x484U9qyfoy19Y3Nre3CTnF3b//g0Dw6bqswloS2SMhD2fVBUc4C2tJMc9qNJAXhc9rxxzczvzOhUrEweNDTiLoChgEbMAI6G3lm6Q7XsaNi4SVQt9PHGn7yADsVPPbAM8tW1ZoLr4KdQxnlanrmt9MPSSxooAkHpXq2FWk3AakZ4TQtOrGiEZAxDGkCQqmp8FN8JkCP1LI3G/7n9WI9uHYTFkSxpgHJVjJvEHOsQzzLh/tMUqL5NAMgkmWXMRmBBKKzFhZ/UjQAQVUF9ycsUnN2k3mlaTHLbi8nXYX2RdWuVe37y3KjkrdQQCV0is6Rja5QA92iJmohgp7RK/pAn0ZqvBhvxvvf6pqRvzlBCzK+fgGgA5MA</latexit>

(k1,k2,k3)=(1,3,2)
<latexit sha1_base64="NmWxbFMr2vTOszu3XI2zgxMS/Kc=">AAAB+XicbZDLSgMxGIX/qbdab6OuxE2wCC0MZdIKuhEKblxWsBdohyGTpm1o5kKSKZSh+CwuBHGhC5/CR/BtnKmzsfUswsd//iSc40WCK23b30ZhY3Nre6e4W9rbPzg8Mo9POiqMJWVtGopQ9jyimOABa2uuBetFkhHfE6zrTe8yvztjUvEweNTziDk+GQd8xCnR6cg1zypTF1to6tazo1FFt6iCrYZVr7pm2a7ZS6F1wDmUIVfLNb8Gw5DGPgs0FUSpPrYj7SREak4FW5QGsWIRoVMyZgnxlZr73gJd+kRP1KqXDf/z+rEe3TgJD6JYs4CmK6k3igXSIcrSoSGXjGoxT4FQydOfEZ0QSahOO/j7kmIB8Zmy0HDGI7VkJ1kWuiil2fFq0nXo1Gu4UcMPV+WmlbdQhHO4gApguIYm3EML2kDhCV7gHT6MxHg2Xo2339WCkd85hT8yPn8A6ZiQCA==</latexit>

(w1,w2,w3)=(2,3,6)
<latexit sha1_base64="Vr2ZPwY84pt70NJFu4jnUCOAH10=">AAAB9XicbZDLSsNAFIZP6q3WW1RcuQkWoYVQklbUjVBw47KCrYU2hMn0tB06uZCZtJTQR3EhiAtd+Bw+gm/jtGbT1h8OfJz/nBn+40WcCWlZP1puY3Nreye/W9jbPzg80o9PWiJMYopNGvIwbntEIGcBNiWTHNtRjMT3OD57o/u5/zzGWLAweJLTCB2fDALWZ5RI1XL1s9LEtc2JW1VVK9+VqmbNvC67etGqWAsZ62BnUIRMDVf/7vZCmvgYSMqJEB3biqSTklgyynFW6CYCI0JHZIAp8YWY+t7MuPSJHIpVb978z+sksn/rpCyIEokBVSPK6yfckKExT2b0WIxU8qkCQmOmfjbokMSESpV/+SWBAfFRmEZvzCKxYCddHHNWUNnt1aTr0KpW7FrFfrwq1s3sCnk4hwsogQ03UIcHaEATKKTwCh/wqU20F+1Ne/8bzWnZziksSfv6BcTwj4k=</latexit>

w1⇥k1
<latexit sha1_base64="tf8EGV2jr8HV2M2rSOAa1dmVXOs=">AAAB7HicbZDLSsNAFIZPvNZ6q7p0M1gEF6UkKuiy4MZlBXuBNobJ9LQdOpmEmUmlhL6FC0Fc6MJ38RF8G6c1m7b+q4/znwv/CRPBtXHdH2dtfWNza7uwU9zd2z84LB0dN3WcKoYNFotYtUOqUXCJDcONwHaikEahwFY4upv5rTEqzWP5aCYJ+hEdSN7njBpbenoOPNI1PEJNRoEXlMpu1Z2LrIKXQxly1YPSd7cXszRCaZigWnc8NzF+RpXhTOC02E01JpSN6AAzGmk9icIpOY+oGeplb1b8z+ukpn/rZ1wmqUHJbIv1+qkgJiazQKTHFTIjJhYoU9xeJmxIFWXGxl7cpFFSG7VCemOe6Dn72fyH06LN7i0nXYXmZdW7qnoP1+VaJf9CAU7hDC7AgxuowT3UoQEMFLzCB3w60nlx3pz3v9Y1J585gQU5X79u6Y6Q</latexit>

(̀1,̀2,̀3)=(6,5,2)
<latexit sha1_base64="aT/kuJB6y+SHkKe/wYIhhx1Vkro=">AAACAnicbVDLSsNAFJ3UV62vqEs3Q4vQQihJ62sjFNy4rGAf0IYwmd62QycPZiaFErpz4be4EMSFLvwBP8G/MY3ZtPVs7uGe++AcN+RMKtP80XIbm1vbO/ndwt7+weGRfnzSlkEkKLRowAPRdYkEznxoKaY4dEMBxHM5dNzJ3ULvTEFIFviPahaC7ZGRz4aMEpW0HL1Y7gPnjmXgtNayWq/gW1y+Mi6NWsXRS2bVTIHXiZWREsrQdPTv/iCgkQe+opxI2bPMUNkxEYpRDvNCP5IQEjohI4iJJ+XMc+f43CNqLFe1RfM/rRep4Y0dMz+MFPg0GUm0YcSxCvDCJh4wAVTxWUIIFSz5jOmYCEJVEsbyJQk+8UAaeDBloUy5HafJzguJd2vV6Tpp16pWvWo9XJQaZpZCHp2hIiojC12jBrpHTdRCFD2jV/SBPrUn7UV7097/RnNatnOKlqB9/QLf25P3</latexit>

(N1,N2,N3) = (12,17,23)
<latexit sha1_base64="wjNCkRPdvIkEW6mVWan9iI7+IDY=">AAAB/HicbZBNSwJBHMZn7c3sbatjHYYkUBDZWQO7BEKXTmKQJuiyzI5/dXD2hZ1ZQRY79Fk6BNGhDn2HPkLfpl3bi9pzGH78n//M8DxOILhUhvGj5TY2t7Z38ruFvf2DwyP9+KQj/Shk0Ga+8MOuQyUI7kFbcSWgG4RAXUfAozO5Tf3HKYSS+96DmgVguXTk8SFnVCUjWz8vNW1SwU3bTI9aGd/gEjErpF4xa2VbLxpVYyG8DiSDIsrUsvXv/sBnkQueYoJK2SNGoKyYhoozAfNCP5IQUDahI4ipK+XMdeb40qVqLFe9dPif14vU8NqKuRdECjyWrCTeMBJY+TgNiAc8BKbELAHKQp78jNmYhpSppIbllyR41AVZwYMpD+SCrXjR6byQZCerSdehY1ZJrUrur4oNI2shj87QBSohguqoge5QC7URQ8/oFX2gT+1Je9HetPe/1ZyW3TlFS9K+fgHIBZBt</latexit>

(k1,k2,k3)=(1,3,2)

(w1,w2,w3)=(2,3,6)

(̀1,̀2,̀3)=(6,5,2)

(N1,N2,N3) = (12,17,23)
<latexit sha1_base64="6MBs9ta0DbAoVlI+d6z0PyHZXVA="></latexit>

Figure3. AnexampleofafluxconfigurationforN =23andassociatedYoungdiagram. The

configurationhasp=3monopolesourceswithprescribedka,wa. Wehighlightedthedecomposition

oftheYoungdiagraminrectangularblocksofdimensionswa×ka.

Recallthat{wa}
p
a=1 isanincreasingsequenceofpositiveintegers,see(4.33). Moreover,

allkaareintegerandpositive.Itfollowsthattherelation(4.37)definesapartitionofN,

whichcanbeequivalentlyencodedinaYoungdiagram.Figure3exemplifiesthetranslation

of(4.37)intoaYoungdiagram,intheconventionsusedthroughoutthiswork.

Itisworthnotingthat,thanksto(4.35),thequantityY+WL iscontinuousalong

theηaxis.8Atthemonopolelocationη=ηaitattainsthevalue

(Y+WL)(0,ηa)=Na=

a−1

b=1

wbkb+wa a=

a

b=1

(wb−wb−1)b. (4.38)

Ifwechoosethelastmonopolea=p,wecanusep=kp(becauseLiszeroontheηaxis

forη>ηmax)andthesumrule(4.37)toinferNp=N.

Flavorsymmetry. Inthecaseofthenon-puncture,i.e.p=1,k1=1,thespaceX4does

notadmitanynon-trivial2-cycles.Assoonasweconsidermorethanonemonopolesource

and/ormonopolechargesgreaterthanone,however,thegeometryX4containsnon-trivial

2-cycles.Firstofall,therearethe2-cycles{Sa}
p
a=2introducedabove(4.32),whichhave

thetopologyofa2-sphereandareobtainedbycombiningtheinterval[ηa−1,ηa]alongthe

ηaxiswiththeDβfiberdirection.LetusstressoncemorethattheDβcircledoesnot

shrinkatη0=0,andthereforethefirstinterval[0,η1]combinedwithS
1
βdoesnotyield

a2-cycle.Thesecondclassof2-cyclesinX4isthecollectionofresolutionCP
1’sateach

monopolesourcewithka>1,introducedattheendofsection4.2above.

Theexistenceofnon-trivial2-cyclesinX4allowsustoincludeadditionaltermsinE4.

ThetotalE4thusreads

E4=E2∧e
Ω
2+

p

a=2

Fa
2π
∧ωa+

p

a=1

ka−1

I=1

Fa,I
2π
∧ωa,I, (4.39)

whereE2isasin(4.26). ThequantitiesFa,Fa,Iarefieldstrengthsof4dexternalcon-

nections. The2-formωaisthePoincaŕedualinX4ofthe2-cycleSa,whilethe2-forms

8AsexplainedinappendixD,thisquantityisthelinechargedensityintheGaiotto-Maldacenapuncture

solutions[9].
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ωa,IarethePoincaŕedualsoftheresolutionCP
1’sateachmonopolewithka≥2.(The

sumoverIisunderstoodtobezeroifka=1.)The4dconnectionsFa,Fa,Iin(4.39)are

interpretedasbackgroundgaugefieldsfortheflavorsymmetryassociatedtothepuncture.

Moreprecisely,(4.39)capturestheCartansubalgebraofthefullflavorsymmetrygroup

GF=S

p

a=1

U(ka) . (4.40)

TheconnectionsFa,Iareinone-to-onecorrespondencewiththeCartangeneratorsofthe

SU(ka)factorinGF,whiletheFacorrespondtotheremainingU(1)factors.

Thestatesassociatedtothenon-CartangeneratorsofGFarenotvisibleinthesuper-

gravityapproximation,sincetheyoriginatefromM2-braneswrappingtheresolutionCP1’s.

Forthepurposeofcomputing’tHooftanomalycoefficients,however,theformE4contains

allnecessaryinformation.

5 Puncturecontributionstoanomalyinflow

Asexplainedinsection2.3,thecontributionoftheαthpuncturetothetotalinflowanomaly

polynomialIinflow6 (Pα)isgivenby(2.22),withI12givenby(2.9).Inthissectionwecompute

theintegralin(2.22),consideringthetwotermsinI12inturn.Fornotationalconvenience,

wesuppressthepuncturelabelαthroughouttherestofthissection.

5.1 Computationofthe(E4)
3term

ThetotalexpressionfortheformE4nearapunctureisgivenin(4.39),withE2asin(4.26).

Ourtaskistoidentifythetermsin(E4)
3thatsaturatetheintegraloverthe6dspaceX6,

whichisanS2Ω fibrationoverX4,see(4.9). TheBott-Cattaneoformula,reviewedin

appendixA.3,implies

S2Ω

(eΩ2)
3=
1

4
p1(NSO(3)),

S2Ω

eΩ2=1, (5.1)

whileevenpowersofeΩ2integratetozero.Itfollowsthat

X6

(E4)
3=
1

4
p1(NSO(3))

X4

(E2)
3+3

X4

E2∧

p

a=2

Fa
2π
∧ωa+

p

a=1

ka−1

I=1

Fa,I
2π
∧ωa,I

2

.(5.2)

Toproceed,weisolatethetermsin(E2)
3thatsaturatetheintegrationoverX4,

X4

(E2)
3=−3

X4

d(Y+WL)2 ∧dW∧
Dχ

2π
∧
Dβ

2π
∧
Fφ
2π
. (5.3)

Theintegrationovertheanglesχ,βisreadilyperformed.(Recallthattheybothhave

periodicity2π.) Theintegralofthe2-formd[(Y+WL)2]∧dWonthe(ρ,η)planeis

discussedindetailinappendixB.Combiningallelements,wearriveat

X4

(E2)
3=−

Fφ
2π

p

a=1

22a(w
3
a−w

3
a−1)+3a(Na−wa a)(w

2
a−w

2
a−1). (5.4)
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LetusnowturntothesecondX4integralin(5.2).Inthiscase,integrationoverX4is

saturatedbyconsideringtermsquadraticinthe2-formsωa,ωa,I,

X6

(E4)
3=−3

Fφ
2π
∧

p

a,b=1

ka−1

I=1

kb−1

J=1

K(a,I),(b,J)
Fa,I
2π
∧
Fb,J
2π

+

p

a,b=2

Ka,b
Fa
2π
∧
Fb
2π
+2

p

a=2

p

b=1

kb−1

J=1

Ka,(b,J)
Fa
2π
∧
Fb,J
2π

+...,(5.5)

wherethecoefficientsare

K(a,I),(b,J)=
X4

(Y+WL)ωa,I∧ωb,J,

Ka,b=
X4

(Y+WL)ωa∧ωb,

Ka,(b,J)=
X4

(Y+WL)ωa∧ωb,J. (5.6)

Wehaveusedthefactthattheonlyrelevantpartof E2istheonewithlegsalongexternal

spacetime,−(Y+WL)Fφ/(2π).

ThecoefficientsK(a,I),(b,J)arecomputedasfollows. The2-formsωa,Iareassociated

totheresolutionCP1’softheorbifoldsingularityattheathmonopole.Itfollowsthat

K(a,I),(b,J)isonlynon-zerofora=b. Asaresult,thequantityY+WL isevaluatedat

(ρ,η)=(0,ηa),andgivesafactorNabyvirtueof(4.38).TheintegrationoverX4reduces

toanintegrationovertheresolvedorbifoldTNkaandisperformedusing(4.25). Wethus

have

K(a,I),(b,J)=−δa,bNaC
su(ka)
IJ . (5.7)

AcomputationofthecoefficientsKa,bandKa,(b,J)in(5.6)requiresfullcontroloverthe

intersectionpairingamongthe2-cyclesSaandtheresolutionCP
1’s,aswellasoverthe

normalizationofthe2-formsωa. Werefrainfromadiscussionofthesecoefficients.

Letussummarizethefinalresultofthecomputationofthissubsection,using(3.15)

toexpressn̂4d=Fφ/(2π)andp1(NSO(3))intermsof4dChernclasses,

X6

(E4)
3=2cr1c

R
2

p

a=1

22a(w
3
a−w

3
a−1)+3a(Na−wa a)(w

2
a−w

2
a−1)

+6cr1

p

a=1

Na

ka−1

I,J=1

C
su(ka)
IJ

Fa,I
2π
∧
Fa,J
2π
−6cr1

p

a,b=2

Ka,b
Fa
2π
∧
Fb
2π

−12cr1

p

a=2

p

b=1

kb−1

J=1

Ka,(b,J)
Fa
2π
∧
Fb,J
2π
. (5.8)

5.2 ComputationoftheE4∧X8term

Recallfromsection4.2thatthepuncturegeometryX4hasanR
4/Zkaorbifoldsingularity

atthelocationofeachmonopoleofchargeka≥2.Thesingularityismodeledbyasingle-

centerTaub-NUTspaceTNka,whichcanberesolvedtoTNka. WeusethenotationX4
forthespaceobtainedfromX4byresolvingallitsorbifoldsingularities.
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Withthisnotation,therelevantdecompositionofthe11dtangentbundle,restricted

tothebraneworldvolume,is

TM11|W6=TW4⊕NSO(3)⊕TX4. (5.9)

TheaboveexpressionismotivatedbythefactthattheresolvedspaceX4isalocalmodel

ofthecotangentbundletotheRiemannsurfaceinthevicinityofthepuncture.

Letλ1,λ2denotetheChernrootsofTX4.Sincec1(TX4)=0,wecanwrite

λ1=−λ2=:λ. (5.10)

Inourgeometry,theU(1)associatedtotheχcircleisgaugedwiththe4dconnectionAφ.

Inordertoaccountforthisfact,weshifttheChernrootsofTX4,

λtot1 :=λ+
1
2n̂
4d, λtot2 :=−λ+

1
2n̂
4d, (5.11)

wherên4disthespacetimecomponentoftheChernrootofNSO(2)introducedin(3.4). We

seefrom(5.11)thatitisthesumofChernrootsλ1+λ2thatisshiftedwith+̂n
4d.Thisis

duetothedefinitionoftheangleχintermsofβ,φ—see(4.4). Wecannowcomputethe

shiftedPontryaginclassesforTX4,includingthecontributionfromthegaugingwithn̂
4d,

p1(TX4)
tot=(λtot1 )

2+(λtot2 )
2=p1(TX4)+

1

2
(̂n4d)2,

p2(TX4)
tot=(λtot1 )

2(λtot2 )
2=−

1

4
p1(TX4)(̂n

4d)2, (5.12)

wherep1(TX4)isthefirstPontryaginclassofTX4beforethe4dgaugingisturnedon.

Using(5.9),(2.10),andstandardformulaeforPontryaginclasses(A.10),wecompute

X8=−
1

96
p1(TW4)+p1(NSO(3))−(̂n

4d)2p1(TX4)+.... (5.13)

Wehaveselectedthetermswithone p1(TX4),withthedotsrepresentingtheremaining

terms,whichwillnotbeimportantforthefollowingdiscussion.

Wearenowinapositiontointegrate E4∧X8overX6.Theintegralinthedirections

ofX4issaturatedbyp1(TX4),whiletheintegralonS
2
Ωissaturatedbye

Ω
2intheterm

E2∧e
Ω
2inE4.Itfollowsthat

X6

E4∧X8=
1

48
cr1 p1(TW4)+p1(NSO(3))−(̂n

4d)2

X4

(Y+WL)p1(TX4).(5.14)

Wehavealreadyperformedtheintegralover S2Ω,andwehaveselectedtheonlypieceofE2
whichisrelevant,i.e.thepartwithFφ=2π̂n

4d.TheintegraloverX4localizesontothe

positionsη=ηaofthemonopoles,

X4

(Y+WL)p1(TX4)=

p

a=1

Na
TNka

p1(TTNka). (5.15)
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Weexploitedthefactthatthequantity Y+WL takesthevalueNaat(ρ,η)=(0,ηa),

see(4.38).Theintegralsoftheindividualclassesp1(TTNka)areevaluatedmakinguseof

theresultsof[31]forALFresolutionsofR4/Zka,
9

TNka

p1(TTNka)=2ka. (5.16)

Inconclusion,weobtain

X6

E4∧X8=
1

24

p

a=1

Nakac
r
1 p1(TW4)−4c

R
2−4(c

r
1)
2 , (5.17)

wherewehaveexpressedtheresultintermsofcr1,c
R
2using(3.15).

6 ComparisonwithCFTexpectations

Inthissectionwefirstsummarizethetotalresultfortheinflowanomalypolynomial,and

wethenprovethatitmatcheswiththeCFTexpectation.

6.1 Summaryofinflowanomalypolynomial

Wecanassemblethecontribution Iinflow6 (Pα)oftheα
thpuncturetotheinflowanomaly

polynomial,makinguseof(2.22)andthefindingsoftheprevioussections.Theresultreads

Iinflow6 (Pα)=(nv−nh)
inflow(Pα)

1

3
(cr1)

3−
1

12
cr1p1(TW4)−n

inflow
v (Pα)c

r
1c
R
2

+Iinflow,flavor6 (Pα), (6.1)

wheretheanomalycoefficientsaregivenintermsofthequantizedfluxdataas

(nv−nh)
inflow(Pα)=

1

2

p

a=1

Naka,

ninflowv (Pα)=

p

a=1

2

3
2
a(w

3
a−w

3
a−1)+a(Na−wa a)(w

2
a−w

2
a−1)−

1

6
Naka ,

Iinflow,flavor6 (Pα)=c
r
1 −

p

a=1

Na

ka−1

I,J=1

C
su(ka)
IJ

Fa,I
2π
∧
Fa,J
2π
+

p

a,b=2

Ka,b
Fa
2π
∧
Fb
2π

+2

p

a=2

p

b=1

kb−1

J=1

Ka,(b,J)
Fa
2π
∧
Fb,J
2π

. (6.2)

ThecoefficientsKa,b,Ka,(b,J)inI
inflow,flavor
6 (Pα)aredefinedin(5.6). Aminorcomment

aboutournotationisinorder. Wehavereinstatedthepuncturelabelαonthel.h.s.’sof

theaboveequations.Strictlyspeaking,eachpuncturecomeswithitslocaldata,andon

9Equation(12)in[31]givestheEulercharacteristicχforagenericALFspacebasedonR4/Γ.Exploiting

self-dualityofcurvature,specializingtoΓ=Zs,usingequation(23)in[31],andcomparingwiththevalue

ofχgiveninequation(33)in[31],onereadsouttheintegralofp1(TTNka).
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ther.h.s.’sweshouldwritepα,kαa,
α
a,andsoon. Weprefertoomitthelabelαfromthe

r.h.s.’softheaboverelationsinordertoavoidclutteringtheexpressions.

Inthepiecerelatedtoflavorsymmetry,weexpectanenhancementofthefirsttermto

thesecondChernclassofthefullnon-AbelianSU(ka)factorintheflavorsymmetrygroup,

−cr1

p

a=1

Na

ka−1

I,J=1

C
su(ka)
IJ

Fa,I
2π
∧
Fa,J
2π
→−2

p

a=1

2Nac
r
1c2(SU(ka)). (6.3)

Thecorrespondingflavorcentralchargeis

kinflowSU(ka)
=−2Na. (6.4)

Forthesakeofcompleteness,wealsorestatethebulkcontributionoftheRiemann

surfacetotheanomalies:

(nv−nh)
inflow(Σg,n)=

1

2
χ(Σg,n)N, (6.5)

ninflowv (Σg,n)=
1

6
χ(Σg,n)(4N

3−N). (6.6)

Wewouldnowliketocomparetheseexpressionswiththeanomaliesofthe4dSCFT.Our

resultsaresummarizedin(6.46)–(6.50).

6.2 AnomaliesoftheN =2classSSCFTs

Theanomalypolynomialofany4dN=2SCFTwithflavorsymmetryGFcanbewritten

intheform

ICFT6 =(nv−nh)
1

3
(cr1)

3−
1

12
cr1p1(TW4)−nvc

r
1c
R
2−kGc

r
1ch2(GF). (6.7)

ThisstructurefollowsfromtheN=2superconformalalgebra[12].Here,ch2(GF)isthe

2-formpartoftheCherncharacterforGF;forinstance,ch2(SU(m))=−c2(SU(m))(see

appendixA.1).TheflavorcentralchargeisdefinedintermsoftheGFgeneratorsT
aas

kGFδ
ab=−2trRN=2T

aTb. (6.8)

Theparametersnvandnhcorrespondtothenumberofvectormultipletsandhypermul-

tipletsrespectivelywhenthetheoryisfree,andotherwisecanberegardedasaneffective

numberofvectormultipletsandhypermultiplets.ThesearerelatedtotheSCFTcentral

chargesasa= 1
24(5nv+nh),andc=

1
12(2nv+nh).

AnN=2theoryofclassShastwocontributionstotheiranomalies,whichwedenote

intermsofthenvandnhparametersas

nCFTv =nCFTv (Σg,n)+

n

α=1

nCFTv (Pα), nCFTh =nCFTh (Σg,n)+
n

α=1

nCFTh (Pα). (6.9)
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ThebulktermsareproportionaltotheEulercharacteristicχoftheRiemannsurface,

(nv−nh)
CFT(Σg,n)=−

1

2
χ(Σg,n)(N−1), (6.10)

nCFTv (Σg,n)=−
1

2
χ(Σg,n)

4

3
N3−

1

3
N−1 . (6.11)

Thesewerecomputedin[7,18]byintegratingthe6d(2,0)anomalypolynomialoverthe

Riemannsurfacewithoutpunctures. Theremainingtermsin(6.9)dependonthelocal

puncturedata,whichwewillnowreview.

AregularN=2punctureislabeledbyanembeddingρ:su(2)→g.Forg=AN−1,ρ

isone-to-onewithapartitionofN,encodedinaYoungdiagramwithNboxes.Consider

aYoungdiagramwithprowsoflengthi,withi=1,...,p.Thepartitionisgivenas

N=

p

i=1

i. (6.12)

ApuncturecorrespondingtothispartitioncontributesaflavorsymmetryGF tothe4d

CFT,whereGFisthecommutantoftheembeddingρ,

GF=S

p

i=1

U(ki). (6.13)

Thequantitieskiaredefinedas

ki= i− i+1, p+1≡0, i=

p

j=i

kj. (6.14)

InordertowritedownnCFTv,h(Pα)itisalsousefultointroducethenotation

i=Ni−Ni−1, Np=Np+1=N, Ni=

i

j=1

j=

i−1

j=1

jkj+i

p

j=i

kj. (6.15)

Noticetherelation2Ni−Ni+1−Ni−1=ki,whichencodestheNf=2Ncconditionforthe

vanishingoftheβfunctioninthedualquiverdescription[3].

Thepuncturecontributiontothe’tHooftanomaliesoftheclassSSCFTscanbe

statedintermsofthisdataasfollows:

(nv−nh)
CFT(Pα)=−

1

2

p

i=1

Niki+
1

2
, (6.16)

nCFTv (Pα)=−

p

i=1

N2−N2i −
1

2
N2+

1

2
, (6.17)

kCFT
SU(ki)

=2Ni. (6.18)
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Thelastequationisthemixedflavor-R-symmetrycontributionduetoafactorSU(ki)of

theflavorgroup.ThesecontributionswerecomputedexplicitlyfortheAncasein[9,19],

withthegeneralADEformuladerivedin[20].10

Itwillalsobeusefultonotethefollowingexpressionsfornv,nhassociatedtoafree

tensormultipletreducedonaRiemannsurfacewithoutpunctures:

nfreetensorv =−
1

2
χ(Σg,0), (nv−nh)

freetensor=−
1

2
χ(Σg,0). (6.20)

Theseexpressionscanbefoundbydimensionalreductionofthe8-formanomalypolynomial

ofasingleM5-brane —seeappendixCformoredetails.

6.3 RelatinginflowdatatoYoungdiagramdata

ThemapbetweenthedataoftheYoungdiagramandtheinflowdataisasfollows.Consider

aprofilewithpmonopoles.Themonopolelocatedatηaontheηaxishascharge

ka= a− a+1, (6.21)

whereweused(4.23)toexpresskaintermsofa.Letusrecastthesumrule(4.37)in

theform

N=

p

a=1

(wa−wa−1)a. (6.22)

Wecaninterpret(6.22)asapartitionofNdeterminedbytheYoungdiagram

Y=[(1)
w1,(2)

w2−w1,...,(a)
wa−wa−1,...,(p)

wp−wp−1]. (6.23)

Weareusinganotationinwhich Yisspecifiedbygivingthelengthsofitsrows. More

precisely,welistthedistinctlengthsaindecreasingorder. Theexponentofaisthe

numberofrowswithlength a.

Themaptotherows ioftheYoungdiagramthatdescribestheCFTis

i=valueofLalongtheηaxisforη∈(i−1,i), i=1,2,...,wp. (6.24)

Equivalently,wecanwrite

i= a foralli=wa−1+1,...,wa . (6.25)

Then,thesequence

(1,2,...,p), p=wp. (6.26)

10Anothercommonnotationusesthepolestructure,asetofNintegerspidefinedbysequentiallynum-

beringeachoftheNboxesintheYoungdiagram,startingwith1intheupperleftcornerandincreasing

fromlefttorightacrossarowsuchthatpi=i−(heightofi’thbox)[1].ThesearerelatedtotheNias

N

i=1

(2i−1)pi=
1

6
4N3−3N2−N −

p

i=1

(N2−N2i). (6.19)
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(k1,k2,k3)=(1,3,2)
<latexit sha1_base64="NmWxbFMr2vTOszu3XI2zgxMS/Kc=">AAAB+XicbZDLSgMxGIX/qbdab6OuxE2wCC0MZdIKuhEKblxWsBdohyGTpm1o5kKSKZSh+CwuBHGhC5/CR/BtnKmzsfUswsd//iSc40WCK23b30ZhY3Nre6e4W9rbPzg8Mo9POiqMJWVtGopQ9jyimOABa2uuBetFkhHfE6zrTe8yvztjUvEweNTziDk+GQd8xCnR6cg1zypTF1to6tazo1FFt6iCrYZVr7pm2a7ZS6F1wDmUIVfLNb8Gw5DGPgs0FUSpPrYj7SREak4FW5QGsWIRoVMyZgnxlZr73gJd+kRP1KqXDf/z+rEe3TgJD6JYs4CmK6k3igXSIcrSoSGXjGoxT4FQydOfEZ0QSahOO/j7kmIB8Zmy0HDGI7VkJ1kWuiil2fFq0nXo1Gu4UcMPV+WmlbdQhHO4gApguIYm3EML2kDhCV7gHT6MxHg2Xo2339WCkd85hT8yPn8A6ZiQCA==</latexit>

(w1,w2,w3)=(2,3,6)
<latexit sha1_base64="Vr2ZPwY84pt70NJFu4jnUCOAH10=">AAAB9XicbZDLSsNAFIZP6q3WW1RcuQkWoYVQklbUjVBw47KCrYU2hMn0tB06uZCZtJTQR3EhiAtd+Bw+gm/jtGbT1h8OfJz/nBn+40WcCWlZP1puY3Nreye/W9jbPzg80o9PWiJMYopNGvIwbntEIGcBNiWTHNtRjMT3OD57o/u5/zzGWLAweJLTCB2fDALWZ5RI1XL1s9LEtc2JW1VVK9+VqmbNvC67etGqWAsZ62BnUIRMDVf/7vZCmvgYSMqJEB3biqSTklgyynFW6CYCI0JHZIAp8YWY+t7MuPSJHIpVb978z+sksn/rpCyIEokBVSPK6yfckKExT2b0WIxU8qkCQmOmfjbokMSESpV/+SWBAfFRmEZvzCKxYCddHHNWUNnt1aTr0KpW7FrFfrwq1s3sCnk4hwsogQ03UIcHaEATKKTwCh/wqU20F+1Ne/8bzWnZziksSfv6BcTwj4k=</latexit>

(̀1,̀2,̀3)=(6,5,2)
<latexit sha1_base64="aT/kuJB6y+SHkKe/wYIhhx1Vkro=">AAACAnicbVDLSsNAFJ3UV62vqEs3Q4vQQihJ62sjFNy4rGAf0IYwmd62QycPZiaFErpz4be4EMSFLvwBP8G/MY3ZtPVs7uGe++AcN+RMKtP80XIbm1vbO/ndwt7+weGRfnzSlkEkKLRowAPRdYkEznxoKaY4dEMBxHM5dNzJ3ULvTEFIFviPahaC7ZGRz4aMEpW0HL1Y7gPnjmXgtNayWq/gW1y+Mi6NWsXRS2bVTIHXiZWREsrQdPTv/iCgkQe+opxI2bPMUNkxEYpRDvNCP5IQEjohI4iJJ+XMc+f43CNqLFe1RfM/rRep4Y0dMz+MFPg0GUm0YcSxCvDCJh4wAVTxWUIIFSz5jOmYCEJVEsbyJQk+8UAaeDBloUy5HafJzguJd2vV6Tpp16pWvWo9XJQaZpZCHp2hIiojC12jBrpHTdRCFD2jV/SBPrUn7UV7097/RnNatnOKlqB9/QLf25P3</latexit>

(N1,N2,N3) = (12,17,23)
<latexit sha1_base64="wjNCkRPdvIkEW6mVWan9iI7+IDY=">AAAB/HicbZBNSwJBHMZn7c3sbatjHYYkUBDZWQO7BEKXTmKQJuiyzI5/dXD2hZ1ZQRY79Fk6BNGhDn2HPkLfpl3bi9pzGH78n//M8DxOILhUhvGj5TY2t7Z38ruFvf2DwyP9+KQj/Shk0Ga+8MOuQyUI7kFbcSWgG4RAXUfAozO5Tf3HKYSS+96DmgVguXTk8SFnVCUjWz8vNW1SwU3bTI9aGd/gEjErpF4xa2VbLxpVYyG8DiSDIsrUsvXv/sBnkQueYoJK2SNGoKyYhoozAfNCP5IQUDahI4ipK+XMdeb40qVqLFe9dPif14vU8NqKuRdECjyWrCTeMBJY+TgNiAc8BKbELAHKQp78jNmYhpSppIbllyR41AVZwYMpD+SCrXjR6byQZCerSdehY1ZJrUrur4oNI2shj87QBSohguqoge5QC7URQ8/oFX2gT+1Je9HetPe/1ZyW3TlFS9K+fgHIBZBt</latexit>

N=

pX

a=1

(wa wa 1)̀a=

epX

i=1

è
i

<latexit sha1_base64="zsfMBM4K5ZmLnMj3XPte3Pgvvlk="></latexit>

(w1,...,wp)=(2,3,6)

(̀1,...,̀p)=(6,5,2)

(è1,...,èep)=(6,6,5,2,2,2)
<latexit sha1_base64="hD6pWjNERWl5SM8DyceAja9UlmI="></latexit>

p=3, ep=6
<latexit sha1_base64="y00sneHfeqmGSxtO5sMGQTiN9R0=">AAAB/3icbZDNSsNAFIUn9a/Wv6hLFw4WwUUpSSvqplBw47KC/QETymRy2w6dJOPMpFJCFy58FheCuNCFj+Aj+DamNZu2ntXHPXfmco4nOFPasn6M3Mrq2vpGfrOwtb2zu2fuH7RUFEsKTRrxSHY8ooCzEJqaaQ4dIYEEHoe2N7ye+u0RSMWi8E6PBbgB6YesxyjR6ahrHotaFTu4hJ2HmPgYO4/MB824D1jgGr7omkWrbM2El8HOoIgyNbrmt+NHNA4g1JQTpe5tS2g3IVIzymFScGIFgtAh6UNCAqXGgTfBpwHRA7XoTYf/efex7l25CQtFrCGk6Urq9WKOdYSnGbHPJFDNxykQKll6GdMBkYTqtIn5nxSEJABVwv6ICTVjN5nVOimk2e3FpMvQqpTtarlye16sW1kLeXSETtAZstElqqMb1EBNRNEzekUf6NN4Ml6MN+P9bzVnZG8O0ZyMr1+xDpQZ</latexit>

w1⇥ 1̀
<latexit sha1_base64="4ne5YoaZpDa00PI6Cz3+pr5cOLg=">AAAB8XicbZC7SgNBFIbPxluMt42WNoNBsJCwGwUtAzaWEcwFsssyOzlJhsxemJlNCCEPYiGIhRY+iY/g2ziJ2yTxrz7Ofy78J0wFV9pxfqzC1vbO7l5xv3RweHR8YpdPWyrJJMMmS0QiOyFVKHiMTc21wE4qkUahwHY4elj47TFKxZP4WU9T9CM6iHmfM6pNKbDLk8AlnuYRKuKhEIEb2BWn6ixFNsHNoQK5GoH97fUSlkUYayaoUl3XSbU/o1JzJnBe8jKFKWUjOsAZjZSaRuGcXEZUD9W6tyj+53Uz3b/3ZzxOM40xMy3G62eC6IQsUpEel8i0mBqgTHJzmbAhlZRpk311k8KYmrTXpDfmqVqyP1s+cl4y2d31pJvQqlXdm2rt6bZSd/IvFOEcLuAKXLiDOjxCA5rAYAKv8AGflrJerDfr/a+1YOUzZ7Ai6+sXJWyQEg==</latexit>

(w2 w1)⇥ 2̀
<latexit sha1_base64="cZMs3eMkJziWPWdY7tiqCsXsd6o=">AAAB93icbZDLSsNAFIYn9VbrLerChZvBIlTQkkRBlwU3LivYCzQhTKan7eDkwsykpYQ8iwtBXOjCx/ARfBunNZu2/quP85+Zw/8HCWdSWdaPUVpb39jcKm9Xdnb39g/Mw6O2jFNBoUVjHotuQCRwFkFLMcWhmwggYcChEzzfz/zOGIRkcfSkpgl4IRlGbMAoUXrkmye1ie9cTXz7AruKhSCxC5z7jm9Wrbo1F14Fu4AqKtT0zW+3H9M0hEhRTqTs2VaivIwIxSiHvOKmEhJCn8kQMhJKOQ2DHJ+HRI3ksjcb/uf1UjW48zIWJamCiOoV7Q1SjlWMZ9lwnwmgik81ECqYvozpiAhClW5g8ScJEdFpL3F/zBI5Zy+b15lXdHZ7OekqtJ26fV13Hm+qDatooYxO0RmqIRvdogZ6QE3UQhTl6BV9oE9jarwYb8b732rJKN4cowUZX79l9JHV</latexit>

(w3 w2)⇥ 3̀
<latexit sha1_base64="obLPLABjkrMMxQU913PvwhHHpo4=">AAAB93icbZDLSsNAFIYn9VbrLerChZvBIlTQkrSCLgtuXFawF2hCmExP26GTCzOTllDyLC4EcaELH8NH8G2c1mza+q8+zn9mDv/vx5xJZVk/RmFjc2t7p7hb2ts/ODwyj0/aMkoEhRaNeCS6PpHAWQgtxRSHbiyABD6Hjj9+mPudCQjJovBZpTG4ARmGbMAoUXrkmWeVqVe/mXq1K+woFoDEDnDu1T2zbFWthfA62DmUUa6mZ347/YgmAYSKciJlz7Zi5c6IUIxyyEpOIiEmdEyGMCOBlGngZ/gyIGokV7358D+vl6jBvTtjYZwoCKle0d4g4VhFeJ4N95kAqniqgVDB9GVMR0QQqnQDyz9JCIlOe437ExbLBbuzRZ1ZSWe3V5OuQ7tWtevV2tNtuWHlLRTRObpAFWSjO9RAj6iJWoiiDL2iD/RppMaL8Wa8/60WjPzNKVqS8fULaoeR2A==</latexit>

Figure4.Theexampleoffigure3isreformulatedintermsofa,i. Wehighlightedthedecom-

positionoftheYoungdiagraminrectangularblocksofdimensions(wa−wa−1)× a.

isexactlythesequenceoflengthsofallrowsofY,thistimelistedwithrepetitions. The

totalnumberofrowsisequaltothequantitywp.Figure4showstheexampleconsidered

infigure3,reformulatingthepartitionofNintermsofaand i.

Wecanidentifythemonopolecharge kawiththekias

ki=
0 ifi/∈{wa}

p
a=1,

ka ifi=wa.
(6.27)

Whenthisisnonzero,itcorrespondstoalocationofamonopole,andequalsacorresponding

ka.Thereforewecanequivalentlyrewritetheflavorsymmetry(6.13)as

GF=S

p

a=1

U(ka). (6.28)

Inthis way,thevariablesthatrunovernumber-of-monopolesandthosethatrun

overnumber-of-rowsarerelatedbytakingintoaccountthe multiplicityofrowsofthe

samelength.

Beforegoingon,wepausetogothroughseveralexamplesofpunctureprofiles,mapping

theYoungdiagramdatatotheinflowdataandcomputingtheanomalycontributionsofthe

punctures. WedrawthecorrespondingYoungdiagramsforthecaseofN=4infigure5.

Example1:non-puncture. TheYoungdiagramdatathatlabelsanon-puncture(no

flavorsymmetry)is:

non-puncture: p=N, i=1,...,N=1, (ki=1,...,N−1=0,kN=1), Ni=i.(6.29)

Thecorrespondinginflowdatais

non-puncture: p=1, 1=1, k1=1, N1=N, w1=N. (6.30)

Forthiscase,theCFTanswers(6.16)–(6.18)simplifyto

(nv−nh)
CFT(Pnon)=−

1

2
(N−1), (6.31)

nCFTv (Pnon)=−
1

6
(4N3−N)+

1

2
. (6.32)
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Figure5.TheYoungdiagramscorrespondingtothefourdiscussedexamples,drawnwithN=4

boxes.Fromlefttoright,thepreservedflavorsymmetryis:∅,SU(4),U(1),SU(2).

Thishastheneteffectofshiftingχ→χ+1,orinotherwords,thenumberofpuncturesn

fromn→ n−1.Thisisexactlythebehaviorofanon-puncture,whoseonlycontribution

is“filling”aholeontheRiemannsurface.

Wecancomparewiththeinflowanswer.Plugginginto(6.2),weobtain

(nv−nh)
inflow(Pnon)=

1

2
N, (6.33)

ninflowv (Pnon)=
1

6
4N3−N . (6.34)

Comparing withthebulkinflowanswers(6.5),(6.6), weobserveagreementupto

O(1)terms.

Example2: maximalpuncture. Thepuncturethatpreservesthe maximalflavor

symmetryofGF =SU(N)isknownasa maximalpuncture.Inthiscasethetilde’d

variablesthatdenotetheYoungdiagramdataareexactlyequivalenttotheun-tilde’d

variablesfromthegeometrysincethereisbothonemonopoleandonerow,andaregivenby:

SU(N): p=1, 1=N, k1=N, N1=N, w1=1. (6.35)

TheCFTanswersaregivenby(6.16)–(6.18),whichforthemaximalpuncturesim-

plifyto

(nv−nh)
CFT(Pmax)=n

CFT
v (Pmax)=−

1

2
(N2−1). (6.36)

Incomparison,theinflowresultis

(nv−nh)
inflow(Pmax)=n

inflow
v (Pmax)=

1

2
N2. (6.37)

Example3: minimalpuncture. Thepunctureprofilethatpreservestheminimalflavor

symmetryofU(1)correspondstoaYoungdiagramwith

GF=U(1): p=N−1, (1=2,i=2,...,N−1=1),

(k1=1,k2,...,N−2=0,kN−1=1), Ni=i+1.
(6.38)

Equivalently,intermsoftheinflowdata:

GF=U(1): p=2, (1=2,2=1), (k1=1,k2=1),

(N1=2, N2=N), (w1=1,w2=N−1).
(6.39)
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Therearep=2monopoles,eachwithmonopolecharge1.

TheCFTanomalies(6.16)–(6.18)fortheminimalpunctureare

(nv−nh)
CFT(Pmin)=−

1

2
(N+1), nCFTv (Pmin)=−

1

6
4N3−6N2−N+3 . (6.40)

Pluggingtheinflowdatainto(6.2),weonceagainfind

ninflowv (Pmin)+n
CFT
v (Pmin)=

1

2
, ninflowh (Pmin)+n

CFT
h (Pmin)=0. (6.41)

Example4:rectangulardiagram. ForevenN,wecanpreserveSU(N/2)via:

GF=SU(N/2): p=2, (1=N/2,2=N/2),

(k1=0,k2=N/2), (N1=N/2,N2=N),
(6.42)

orequivalently,intermsoftheinflowdata:

GF=SU(N/2): p=1, 1=N/2, k1=N/2, N1=N, w1=2. (6.43)

Forthiscase,theCFTpunctureanomaliesare

(nv−nh)
CFT(Prect)=−

1

4
N2+

1

2
, nCFTv (Prect)=−

5

4
n2+

1

2
. (6.44)

andtheinflowpunctureanomaliesare

(nv−nh)
inflow(Prect)=

1

4
N2, ninflowv (Prect)=

5

4
N2. (6.45)

6.4 MatchingCFTandinflowresults

Comparing(6.5)–(6.6)with(6.10)–(6.11),weseethatourresultsforthebulkanomalies

canbesummarizedas

ninflowv (Σg,n)+n
CFT
v (Σg,n)=

1

2
χ(Σg,n), (6.46)

ninflowh (Σg,n)+n
CFT
h (Σg,n)=0. (6.47)

Ourresultsforanomaliesduetoasinglepunctureonthesurfacecanbesummarizedas

ninflowv (Pα)+n
CFT
v (Pα)=

1

2
, (6.48)

ninflowh (Pα)+n
CFT
h (Pα)=0, (6.49)

kinflowSU(ka)
+kCFTSU(ka)

=0. (6.50)

Weprovetheserelationsinappendix Eusingthemappingdiscussedintheprevioussub-

section.Then,addingupthecontributionofallnpuncturesonthesurfacèala(6.9)gives

ninflowv +nCFTv =nfreetensorv (Σg,0)=
1

2
χ(Σg,0), (6.51)

ninflowh +nCFTh =nfreetensorh (Σg,0)=0. (6.52)

WeseethattheinflowcomputationexactlycancelstheCFTcomputation,uptothe

contributionofasinglefreetensormultipletovertheRiemannsurfacethatdoesnotsee

thepunctures.
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7 Conclusionanddiscussion

Inthisworkwehaveconsidered4dN =2classStheoriesobtainedfromcompactifica-

tionofthe6d(2,0)theoryoftypeAN−1onaRiemannsurfaceΣg,nwithanarbitrary

numberofregularpunctures. Wehaveprovidedafirst-principlesderivationoftheir’t

HooftanomaliesfromthecorrespondingM5-branesetup. Moreprecisely,wehaveshown

thatanomalyinflowfromtheM-theorybulkcancelsexactlyagainsttheCFTanomaly,up

tothedecouplingmodesfromafree(2,0)tensormultipletcompactifiedontheRiemann

surfaceΣg,0.

TheinflowanomalypolynomialisobtainedbyintegratingthecharacteristicclassI12
overthespaceM6.Thelatterisasmoothgeometrysupportedbynon-trivialG4-fluxcon-

figuration.IntheabsenceofpuncturesM6isanS
4fibrationovertheRiemannsurface,

butinthepresenceofpuncturesitacquiresaricherstructure. ThetopologyofM6and

thefluxesofG4alongnon-trivial4-cyclesencodeallthediscretedataoftheclassScon-

struction.Inparticular,thepartitionofNthatlabelsaregularpunctureisderivedfrom

regularityandfluxquantizationofG4intheregionofM6nearthepuncture.

Ourinflowanalysishasinterestingconnectionstoholography. AtlargeN,theholo-

graphicdualofanN =2classStheoryoftypeAN−1withregularpuncturesisgiven

bytheGaiotto-Maldacenasolutionsof11dsupergravity[9]. Thesesolutionsarewarped

productsofAdS5withaninternal6dmanifoldM
hol
6 ,supportedbyanon-trivialG4-flux

configurationGhol4 . ThetopologyofM
hol
6 coincideswiththetopologyofM6,andG

hol
4

isequivalentincoholomogytoE4,whichistheclassE4withtheconnectionsofexter-

nalspacetimeturnedoff. WereferthereadertoappendixDformoredetails.Inother

words,theclassicalsolutiontotwo-derivativesupergravity —whichisvalidatlargeN—

providesalocalexpressionforthemetricandfluxthatisrepresentativeofthetopologi-

calpropertiesofthepair(M6,E4)relevanttotheinflowprocedure —whichgivesresults

thatareexactinN.Thisobservationisparticularlyinterestinginlightofthefactthat,

thankstosuperconformalsymmetry,the’tHooftanomalycoefficientsarerelatedtothea,

ccentralchargesoftheCFT. Anomalyinflowthusprovidesaroutetotheexactcentral

charges,whichinturncontainnon-trivialinformationabouthigher-derivativecorrections

totheeffectiveactionoftheAdS5supergravityobtainedbyreducingM-theoryonM
hol
6 .

Thiscircleofideasadmitsnaturalgeneralizationstootherholographicsetupsbasedon11d

supergravitysolutionsthatdescribethenear-horizongeometryofastackof M5-branes,

includingN=1constructionssuchas[4,5].TheinterplaybetweenM5-branegeometric

engineering,anomalyinflow,andholographywarrantsfurtherinvestigation.

Webelievethatthemethodsofthispapercanbegeneralizedtotreatalargerclass

ofpunctures.Forinstance,itwouldbeinterestingtoidentifythelocalgeometryandG4-

fluxconfigurationforN =2irregularpunctures.Inthatcase,weexpectamoresubtle

interplaybetweenbulkandpuncture. Thisintuitionismotivatedbythefactthat,in

setupswithirregularpunctures,the4dU(1)rsymmetryresultsfromanon-trivialmixing

oftheS1φcirclewithaglobalU(1)isometryontheRiemannsurface(whichisnecessarily

asphere)[2].
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Ourstrategycanalsobeappliedtoregular(p,q)puncturesinN=1classS[11,17].

A(p,q)puncturepreserveslocallyanSU(2)×U(1)R-symmetry,whichistwistedwith

respecttotheSU(2)×U(1)R-symmetryinthebulkoftheRiemannsurface. Weexpect

thataregular(p,q)punctureisdescribedbythesamelocalgeometryX6weconstructedfor

regularN=2punctures.ThegluingprescriptionofX6ontoM
bulk
6 ,however,isdifferent.

ThespaceX6isafibrationofa2-sphereS
2
punctontothespaceX4spannedby(ρ,η,χ,β).

Intheusualcase,S2punctistriviallyidentifiedwithS
2
Ωinthebulk.Fora(p,q)puncture,

theangleχandtheazimuthalangleofS2punctarerotatedinanon-trivialwaybeforebeing

identifiedwiththeangleφ+βandtheazimuthalangleofS2Ωinthebulk,respectively.

WealsoenvisiongeneralizationsofourapproachtoabroaderclassofM-theory/string

theoryconstructions. OurfindingsrevealthattheclassI12governstheanomaliesof4d

N=2theoriesobtainedfromcompactificationofthe6d(2,0)theoryoftypeAN−1. We

expectthatthesameclassI12alsogovernstheanomaliesofmanyotherlower-dimensional

theoriesobtainedfromthesameparenttheoryinsixdimensions,including4dN =1

theoriesofclassStype,and2dSCFTsfromM5-braneswrappedonfour-manifolds.Itis

naturaltoconjecturethatthisframeworkstillholdsifwereplacethe6d(2,0)theoryoftype

AN−1withadifferent6dSCFTthatcanbeengineeredinM-theoryusingM5-branes.For

example,onemayconsiderthe(2,0)theoryoftypeDN,whoseanomalieswerederivedvia

inflowin[28],(1,0)E-stringtheories,whoseanomaliesarestudiedin[32],or(1,0)SCFTs

describingM5-branesprobinganALEsingularity,withanomaliesanalyzedin[33].Ineach

case,asinglecharacteristicclasswouldgoverntheanomaliesofboththeparent6dtheory,

andofmanylower-dimensionaltheoriesobtainedviadimensionalreductionoftheformer.

Onecanalsoconsidergeneralizationsofthisframeworktootherbraneconstructionsin

TypeIIB/F-theoryand(massive)TypeIIA.

Finally,weemphasizethatourdescriptionofpuncturesisdifferentfromandcomple-

mentarytopreviousmethodsthatusemorefield-theoretictools.Indeed,theapproach

developedhereismorereadilygeneralizableinM-theoryandstringtheory,thusallowing

ustoaddressawiderclassofquestionsinvolvinganomaliesingeometricallyengineered

fieldtheories.
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A Globalangularforms,Bott-Cattaneoformula,andI12

Inthisappendixwereviewsomebasicpropertiesofglobalangularformsinodd-dimensional

spherebundles,following[25,26]. WealsoreviewausefulresultofBottandCattaneo[30].

Next,webrieflyreviewthederivationofI12.Finally,weexploretheinterplaybetweenthe

descentformalismandintegrationsalongthefibersofthespherebundle.

A.1 Conventionsforcharacteristicclasses

Consideraconnectiononau(M)bundlewithanti-HermitianfieldstrengthFu.Thiscan

bediagonalizedbyanelementofU(M)as

iFu
2π
=






λ1
λ2
...




 . (A.1)

Foransu(M)bundle, iλi=0. Onecandefineacharacteristicpolynomial(alsocalled

thetotalChernclass)as

c=det 1+
iFu
2π

=1+c1+c2+... (A.2)

Heretheckarethe2k-formChernclasses,e.g.

c1=
triFu
2π
, c2=

1

2(2π)2
trF2u−(trFu)

2 . (A.3)

Equivalently,wecanwrite

c1=
i

λi, c2=
i<j

λiλj. (A.4)

TheCherncharacterisdefinedas

ch=trre
iFu/(2π)=dim(r)+c1+

1

2
(c21−2c2)+... (A.5)

NotethatinournotationforaU(1)gaugefieldA,iAu=A,suchthatc1=
F
2π.

Thefieldstrengthassociatedtoaconnectiononarealso(2M)bundlecanbewritten

Fso
2π
=











0 λ1
−λ1 0

0 λ2
−λ2 0

...











. (A.6)

ThePontryaginclassespkare4k-forms,e.g.

p1=−
1

2(2π)2
trF2so, p2=

1

8(2π)4
(trF2so)

2−2trF4so . (A.7)
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Thesearepackagedintoacharacteristicpolynomialas

p=det 1+
Fso
2π

=1+p1+p2+p3+... (A.8)

ThePontryaginclassescanbewrittenintermsoftheChernrootsλias

p1=
j

λ2j, p2=
i<j

λ2iλ
2
j, ... (A.9)

AnotherusefulsetofidentitiesrelatesthePontryagincalssesofa Whitneysumoftwo

vectorbundlesE=E1⊕E2tothePontryaginclassesoftheconstituents,as

p1(E)=p1(E1)+p1(E2), p2(E)=p2(E1)+p2(E2)+p1(E1)p1(E2). (A.10)

A.2 Globalangularforms

LetEbearealvectorbundleofoddrank2m+1overabasespaceB. Thefiberof

Eoverapointp∈BisacopyofR2m+1,parametrizedbyCartesiancoordinatesyA,

A=1,...,2m+1,andequippedwiththefibermetricδAB.LetS(E)betheassociated

spherebundle.Forourpurposes,thelatterismostconvenientlythoughtofasthebundle

overBwhosefiberoverapointpistheunitS2m sphereinsidetheR2m+1fiberofEover

p.ThesphereS2m isdefinedbytherelation

ŷAŷ
A=1, (A.11)

whereindicesA,B,etc.areraisedandloweredwithδAB. Wehaveincludedahatasa

reminderthatthecoordinatesŷAarehenceforthunderstoodtoobeytheconstraint(A.11).

Workingwiththeselocalcoordinates,thenon-trivialityofthe S(E)fibrationisencoded

inthecovariantdifferentials

DŷA=d̂yA−ΘABŷB, (A.12)

whereΘABarethecomponentsofaso(2m+1)connectionoverthebasespaceB.Notice

thatthevolumeformonthefibersphereis

volS2m =
1

2m!(4π)m
A1...A2m+1y

A1d̂yA2∧···∧d̂yA2m+1, (A.13)

whereweselectedtheprefactorinsuchawaythatvolS2m integratesto1.TheformvolS2m

isclosedbutitisnotinvariantundertheactionoftheSO(2m+1)structuregroupofthe

fibration.Inthislanguage,theglobalangularformisa2m-formE2m whichistheunique

closedandgauge-invariantimprovementofvolS2m.TheclassE2m canbewrittenas

E2m=
1

2m!(4π)m
A1...A2m+1y

A1DŷA2∧···∧DŷA2m+1+P2m(̂y,D̂y,F), (A.14)

wherethecorrectivetermP2m(̂y,D̂y,F)isapolynomialinŷ
A,DŷA,andFAB,whichare

thecomponentsofthefieldstrengthoftheso(2m+1)connection,

FAB=dΘAB−ΘAC∧ΘC
B. (A.15)
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ThecorrectivetermP2m(̂y,D̂y,F)isgivenexplicitlyforanymin[26].Letusrecordhere

onlythefullexpressionsform=1andm=2,

E2≡e
Ω
2=

1

8π
A1A2A3Dŷ

A1DŷA2ŷA3− A1A2A3F
A1A2ŷA3 ,

E4=
1

64π2
A1...A5Dŷ

A1DŷA2DŷA3DŷA4ŷA5−2A1...A5F
A1A2DŷA3DŷA4ŷA5

+ A1...A5F
A1A2FA3A4ŷA5 . (A.16)

Clearly,therangeofAindicesinthefirstrelationisfrom1to3,andinthesecondisfrom

1to5.Forbrevity,wehavesuppressedwedgeproducts.Inthefirstrelationwehavemade

contactwiththenotationeΩ2usedinthemaintextfortheglobalangularformforSO(3).

LetusstressthatinwritingdowntheaboveformulaforE4wehavemadetheassumption

ofanunbrokenstructuregroupSO(5).Inthemaintext,thestructuregroupisreduced,

andhenceE4takesadifferentform,see(3.9).

A.3 Bott-Cattaneoformula

TheBott-Cattaneoformula[30]givestheintegralofanypoweroftheglobalangularform

E2m alongtheS
2m fiberdirections.Theformulareads

S2m
(E2m)

2s+2=0,
S2m
(E2m)

2s+1=2−2s pm(E)
s
, s=0,1,2,... (A.17)

Thesymbolpm(E)denotesthestandardPontryaginclassesofthevectorbundleE.Letus

stressthatweareusingconventionsinwhichE2m integratesto1ontheS
2m fibers.(In

themathematicsliterature,E2m usuallyintegratesto2.)

A.4 DerivationofI12

Inthissubsectionwesummarizetheargumentsof[25,26]leadingtotheintroductionof

thecharacteristicclassI12.OurstartingpointistheBianchiidentity(2.4),repeatedhere

forconvenience,
dG4
2π
=df∧E4. (A.18)

Sincether.h.s.isnon-zero,thestandardrelationG4=dC3ismodifiedto

G4
2π
=
dC3
2π
−df∧E

(0)
3 , dE

(0)
3 =E4. (A.19)

LetusstressthatE
(0)
3 isnotgauge-invariantunderSO(5)transformations.Indeed,de-

scentgives

δE
(0)
3 =dE

(1)
2 . (A.20)

SinceG4mustbegauge-invariantunderSO(5)transformations,C3mustacquireananoma-

lousgaugevariationunderSO(5)transformations,

δC3
2π
=−df∧E

(1)
2 . (A.21)
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TheaboverelationsuggestsanimprovementofC3,denotedC3,whoseanomalousgauge

variationisatotalderivative,

C3
2π
=
C3
2π
−fE

(0)
3 ,

δC3
2π
=d−fE

(1)
2 . (A.22)

GiventhegaugetransformationlawofC3,thefollowingquantityisgaugeinvariant,

G4
2π
=
dC3
2π
=
dC3
2π
−df∧E

(0)
3 −fE4. (A.23)

Recallthat,uponregularizingthedelta-functionsingularityintheBianchiidentity

forG4,weexciseasmalltubularneighborhoodB ofradius ofthe M5-branestack.

The11d M-theoryeffectiveactionisnowformulatedonaspacetimewithaboundary

S4→ X10→ W6. TheonlyrelevanttermsarethetopologicalcouplingsC3G4G4and

C3I8,whereI8isthecharacteristicclass(2.10). Moreprecisely,

SM
2π
⊃

M11\B
−
1

6

C3G4G4
(2π)3

−
C3
2π
I8 , (A.24)

wherewesuppressedwedgeproductsforbrevity. NoticethatwehavereplacedC3with

C3,andaccordinglyG4withG4.Thegaugevariationoftheeffectiveactionis

δSM
2π
=

M11\B
−
1

6

δC3G4G4
2π

−
δC3
2π
I8 =

M11\B
d−fE

(1)
2 −

1

6

G4G4
2π
−I8 .(A.25)

Wemaynowcollectatotalderivative,andrecall ∂(M11\B)=X10,see(2.6). The

boundaryislocatedatfixedradialcoordinater= ,andthereforewecansetf=−1. We

thusarriveat
δSM
2π
=

X10

E
(1)
2 −

1

6

G4G4
2π

−I8 . (A.26)

SinceX10sitsatr= ,wecansetf=−1anddf=0in(A.23). ThetermdC3/(2π)

in(A.23)istopologicallytrivialandisneglected. Weconcludethat

δSM
2π
=

X10

E
(1)
2 −

1

6
E4E4−I8 ≡

X10

I
(1)
10 . (A.27)

SincebothE4E4andI8areclosedandgauge-invariant8-forms,the10-formI
(1)
10 satisfies

thedescentequations

dI
(1)
10=δI

(0)
11, dI

(0)
11=I12=−

1

6
E4E4E4−E4I8. (A.28)

A.5 DescentformalismandintegrationalongS4fibers

Inordertoconnect(A.27)totheanomalypolynomialofthetheorylivingontheM5-brane

stack,wehavetoperformtheintegraloverX10intwosteps:wefirstintegratealongthe

S4fiber,andthenintegratealongtheworldvolumeW6. Tocarryoutthisprogram,we
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needtochoosearepresentativeofI
(1)
10 thatisgloballydefinedontheS

4fibers(butnot

necessarilyonW6).LetuswriteE4as

E4=volS4+Z4, Z4=dZ
(0)
3 , (A.29)

wherevolS4istheungaugedvolumeformonS
4(normalizedto1)andZ4collectsallthe

termsproportionaltotheconnectionΘoritsfieldstrengthF. NoticethatZ4isclosed,

butnotgauge-invariant. WecanwriteZ4=dZ
(0)
3 ,whereZ

(0)
3 isgloballydefinedonthe

S4fibers,isnotgaugeinvariant,andvanishesiftheconnectionΘissettozero. Wecan

performdescentoftheclass(E4)
3usingquantitiesthataregloballydefinedonS4.Indeed,

onehas

(E4)
3
(0)
=E24(E4+volS4)Z

(0)
3 , (E4)

3
(1)
=E4(E4+2volS4)Z

(0)
3 δZ

(0)
3 .(A.30)

Tochecktheabovedescentrelations,itisusefultorecallthat

vol2S4=0, 0=δE4=δvolS4+dδZ
(0)
3 , volS4δvolS4=0. (A.31)

Thankstothefactthatallquantitiesin(A.30)aregloballydefinedonS4,wecanmake

senseofthefollowingformalmanipulations.Firstofall,letuswritethedescentrelations

for(E4)
3bysplittingthedifferentialintotheinternalS4partandtheexternalpart,

(E34)
3=(dext+dint)(E4)

3
(0)
, δ(E4)

3
(0)
=(dext+dint)(E4)

3
(1)
. (A.32)

LetusintegrateboththeserelationsonS4.Since(E4)
3(0)and (E4)

3(1)areglobally

definedonS4,wecaninvokeStokes’theorem,anddropthedintterms. Wethusarriveat

S4
(E34)

3=dext
S4
(E4)

3
(0)
, δ

S4

(E4)
3
(0)
=dext

S4
(E4)

3
(1)
. (A.33)

TheaboverelationsestablishthatdescentandS4integrationcommute.

Byasimilartoken,weperformdescentontheE4I8termas

(E4I8)
(0)=E4I

(0)
7 , (E4I8)

(1)=E4I
(1)
6 . (A.34)

SincetheE4factorisleftintact,thesequantitiesaregloballydefinedonS
4,andwecan

repeattheaboveargumenttoshowthatdescentandS4integrationcommute.

InthispaperwealsoconsidersetupsoftheformM6→ X10→ W4. ThespaceM6
isasmoothcompactmanifold.Thegaugevariationthatentersthedescentrelationshas

agaugeparameterthatdependsonW4only.Inthiscase,themainobservationisthat

itispossibletofindarepresentativeofI
(1)
10 thatisgloballydefinedonM6. Oncesuch

arepresentativeisfound,wecanrepeattheargumentfrom(A.32)to(A.33),withS4

replacedbyM6,andconcludethatdescentandintegrationoverM6commute.
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A.6 ComputationofIinf6 (Σg,n)

InthissubsectionwecomputeIinf6 (Σg,n)=Mbulk6
I12.Letusfirstconsidertheterm(E4)

3

inI12. WecanusetheBott-Cattaneoformula(A.17)tointegrateoverS
2
Ω,

Mbulk6

(E4)
3=
1

4
p1(NSO(3))

[µ]×S1φ×Σg,n

(E2)
3, (A.35)

wherewehavedenotedschematicallytheresidualfourdirectionsofintegration.Therele-

vanttermsin(E2)
3are

(E2)
3⊃N3(2π)−3d(γ3)DφF2⊃2N3(2π)−3d(γ3)DφFφFΣ. (A.36)

Thisisreadilyintegratedrecallingγ(0)=0,γ(1)=1,Σg,nFΣ=−2πχ(Σg,n). Wethusget

Mbulk6

(E4)
3=−

1

2
Nχ(Σg,n)p1(NSO(3))

Fφ
2π
. (A.37)

Wecannowturntotheterm E4X8inI12. TheintegralovertheS
4fibersofMbulk6 is

saturatedbyE4⊃NvolS4,

Mbulk6

E4X8=N
Σg,n

X8. (A.38)

ToevaluatetheclassX8weneedthedecompositionofthe11dtangentbundlerestricted

tothebraneworldvolume,

TM11|W6=TW4⊕TΣg,n⊕NSO(2)⊕NSO(3). (A.39)

RecallthattheChernrootofΣg,niŝt,theChernrootofNSO(2)isn̂=−̂t+̂n
4d. Wecan

nowuserepeatedlythestandardrelationsforthePontryaginclassesofasumofbundles,

givenin(A.10). Weobtain

X8=
1

48
t̂̂n4dp1(TW4)+p1(NSO(3))−(̂n

4d)2 +..., (A.40)

wherewehaveonlyincludedthetermswithonet̂factor. Wethenhave

Mbulk6

E4X8=
1

48
Nχ(Σg,n)̂n

4dp1(TW4)+p1(NSO(3))−(̂n
4d)2 . (A.41)

UsingthedefinitionofI12,(2.9),andthepartialresults(A.37),(A.41),werecoverthe

expression(3.14)forIinf6 (Σg,n)giveninthemaintext.

B Evaluationoftheintegralforthe(E4)
3term

Inthecomputationoftheanomalyinflowfromthecubicterm(E4)
3inthepuncture

geometryweencounterthefollowing2-forminthe(ρ,η)plane,

ω2=−3d(Y+LW)
2 ∧dW. (B.1)
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Figure6. TheregionRinthe(ρ,η)plane. Wealsodepicttheboundary∂Rwithitspositive

(counterclockwise)orientation.

Letusintegrateω2intheshadedregionRinthe(ρ,η)planedepictedinfigure6,

R
ω2=

∂R
ω1, ω1:=3Wd (Y+LW)

2 . (B.2)

Theboundary∂Rconsistsoftwoarcsandtwosegments.Theformω1evaluatedonthe

horizontalsegmentgiveszero,becauseW =0forη=0. Moreover,ω1iszeroonthevertical

segment. Thiscanbeseennoticingthat,atρ=0forη>ηmax,wehaveY+LW=N

constant.Itfollowsthattheintegralreceivescontributionsfromthetwoarcsonly.11Notice

thatthecontributionfromthelargearcdoesnotgotozeroasweincreasethesizeofthe

arc. Theinterpretationisthefollowing. Thelargearcrepresentsthebulkcontribution

to(E4)
3,whichisalreadyaccountedforseparatelyinourdiscussion. Thesmallarcis

identifiedwiththecontributionto(E4)
3localizedatthepuncture.

Crucially,theintegralofω1alongthesmallarctendstoafinitevalueasthearcgets

closertotheinterval(0,ηmax)alongtheηaxis.Thelimitingvalueof ω1onthesmallarc

isextractedasfollows.

Letussplittheinterval(0,ηmax)intothesub-intervals(ηa−1,ηa).RecallthatLand

Yareconstantineach(ηa−1,ηa)interval.Asaresult,

(ηa−1,ηa)
3Wd (Y+WL)2 = LW2(2LW+3Y)

η=ηa

η=ηa−1
. (B.5)

11Insteadofω1,onemayconsider

ω2=dω1, ω1=−3(Y+LW)
2dW. (B.3)

Inthiscase,however,wegetanon-zerocontributionfromtheverticalsegment,since,takingthelimit

ρ→ 0withfixedη>ηmax,onefinds

ω1≈−3N
2dW. (B.4)

Acontributionfromtheverticalsegmentof∂Rspoilstheseparationbetweenbulkandpuncturecontribu-

tionstotheintegral.Therefore,ω1isnotaviablechoice,andwemustuseω1.
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Recallthat,asη→ ηafrombelow,Yisconstant,L= a,W → wa,andY+LW→ Na.

ItfollowsthattheconstantvalueofYinthe(ηa−1,ηa)intervalmustbeY=Na−wa a.

Asaresult,

LW2(2LW+3Y)
η=ηa

η=ηa−1
=2 2

a(w
3
a−w

3
a−1)+3a(Na−wa a)(w

2
a−w

2
a−1). (B.6)

Weconcludethat

ω1=−

p

a=1

22a(w
3
a−w

3
a−1)+3a(Na−wa a)(w

2
a−w

2
a−1). (B.7)

Noticethatanadditionalminussignoriginatesfromthefactthat∂Rispositivelyoriented

ifconsideredcounterclockwise,whichinducesthenegativeorientationalongtheηaxis.

Onemightwonderiftheintegralonthesmallarccanpickupcontributionslocalized

atthemonopoles.LetusintroducecoordinatesRa,τavia

η=ηa+Raτa, ρ=Ra 1−τ2a, −1≤τa≤1. (B.8)

RestrictedonRa=const,theformω1reads

ω1=−3W∂τa (Y+LW)
2 dτa

=∂τa −3W(Y+LW)
2dτa+3(Y+LW)

2∂τaWdτa. (B.9)

Thisquantityhastobeintegratedfromτa=−1toτa=1.Thefirsttermgivesclearly

−3W(Y+LW)2
τa=1

τa=−1
, (B.10)

andthisquantitygoestozeroasRa→ 0,becausebothW andY+LWarecontinuous

acrossη=ηa(eventhoughtheirderivativeshaveadiscontinuity).Inordertoanalyzethe

secondterminω1,wenoticethat

W =wa+Ra(a1+a2τ)+O(R
2
a), (B.11)

wherea1,2areconstantdependingonmonopoledata.Thequantity(Y+LW)
2hasafinite

valueasRa→0,

(Y+LW)2=N2a+O(Ra). (B.12)

AtleadingorderinRawethushave

3(Y+LW)2∂τaWdτa=−3N
2
aRaa2dτa. (B.13)

Thisquantityhasanon-zerointegralon[−1,1],butitissuppressedbytheexplicit

factorofRa.Insummary,wedonotexpectanylocalizedcontributionsto ω1from

monopolesources.
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C Freetensoranomalypolynomial

InthisappendixwedimensionallyreducetheanomalypolynomialofasingleM5-braneona

RiemannsurfaceΣg,0withnopunctures.Thestartingpointisthe6danomalypolynomial

I8=
1

48
p2(NW6)−p2(TW6)+

1

4
p1(NW6)−p1(TW6)

2
. (C.1)

ThebundlesTW6,NW6decomposeas

TW6=TW4⊕TΣg,0, NW6=NSO(2)⊕NSO(3). (C.2)

Asusual,theChernrootofTΣg,0iŝt,andtheChernrootofNSO(2)isn̂=−̂t+̂n
4d.

Makinguseof(A.10),andcollectingalltermslinearin̂t,wearriveat

I8⊃
t̂

48
−2̂n4dp1(NSO(3))−n̂

4d p1(NSO(3))−p1(TW4)+(̂n
4d)2 . (C.3)

UponintegrationoverΣg,0,thefactor̂tisreplacedwithχ(Σg,0). Makinguseofthe

identifications(3.15),wegetthefinalresult,

Ifreetensor6 =
1

2
χ(Σg,0)c

r
1c
R
2−
1

2
χ(Σg,0)

1

3
(cr1)

3−
1

12
cr1p1(TW4). (C.4)

Intheparametrization(6.7)givenintermsofnv,h,wehaveequivalently

nfreetensorv =−
1

2
χ(Σg,0), nfreetensorh =0. (C.5)

D ReviewofGaiotto-Maldacenasolutions

InthisappendixwebrieflyreviewtheGaiotto-Maldacena(GM)solutions[9],andwe

clarifytheirconnectionwiththeinflowsetupinthepresenceofpuncturesdiscussedinthe

maintext.

Themostgeneralsolutionto11dsupergravitypreserving4dN =2superconformal

symmetrytakestheform

ds211=κ
2/3e2λ 4ds2AdS5+y

2e−6λds2S2+
4(dφ+v)2

1−y∂yD
−
∂yD

y
dy2+eD(dx21+dx

2
2) ,

GGM4 =2κvolS2∧ (dφ+v)d(y
3e−6λ)+y(1−y2e−6λ)dv−

1

2
∂ye
Ddx1∧dx2 ,(D.1)

whereκisanormalizationconstant,ds2AdS5isthemetricontheunit-radiusAdS5,ds
2
S2is

themetricontheroundunit-radiusS2,volS2isthecorrespondingvolumeform,theangle

φhasperiodicity2π,andthefunctionλandthe1-formvaredeterminedintermsofthe

functionD=D(y,x1,x2)via

e−6λ=−
∂yD

y(1−y∂yD)
, v=

1

2
(∂x2Ddx1−∂x1Ddx2). (D.2)
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ThefunctionDisrequiredtosatisfytheTodaequation

∂2x1+∂
2
x2 D+∂

2
ye
D=0. (D.3)

IntheclassScontext,themetricin(D.1)isinterpretedasthenear-horizongeometryof

astackof M5-braneswrappingacompactRiemannsurface,parametrizedbylocalcoor-

dinatesx1,x2.InthecaseofaRiemannsurfacewithnopuncturesandgenusg>1,the

relevantsolutiontotheTodaequation(D.3)is

eD=
4(N2−y2)

(1−x21−x
2
2)
2
. (D.4)

Withthischoiceof D,thedirectionsx1,x2parametrizeahyperbolicspaceofconstant

negativecurvature.TheRiemannsurfaceisrealizedasusualbytakingadiscretequotient

ofthishyperbolicspace.Thecoordinateyparametrizestheinterval[0,N],withtheround

S2shrinkingaty=0,andtheφcircleS1φshrinkingaty=N.Itfollowsthaty,S
1
φ,S

2

parametrizetheS4surroundingthe M5-branestack. FromthefunctionDin(D.4),we

compute

GGM4
2π

=
κvolS2

π
(dφ+v)d

2y3

y2+N2
−

2y3

y2+N2
dv,

S4

GGM4
2π

=8πκN. (D.5)

InordertoidentifythequantityNwiththeintegercountingthenumberofM5-branesin

thestack,weneedtochooseκ=(8π)−1,inaccordancewithourconventionsforG4-flux

quantization(whicharedifferentfromtheconventionsof[9]).

Intheinflowsetup,theS4surroundingtheM5-branestackiswrittenasanS1φ×S
2
Ω

fibrationovertheµinterval[0,1]. Clearly,S1φisidentifiedwiththeφcircleintheGM

solution(D.1),S2ΩisidentifiedwiththeroundS
2in(D.1),andµisidentifiedwithy/N.

Furthermore,theconnectionvintheGMsolutionisidentifiedwiththeinternalpartAΣ
oftheconnectionAontheNSO(2)bundle,v=−AΣ,cfr.(3.6),(3.7).Byasimilartoken,

theGM4-formfluxGGM4 isidentifiedwiththeangularformE4in(3.9)withallexternal

4dconnectionsturnedoff. Moreprecisely,

GGM4
2π

=E4 incohomology, (D.6)

wherethebaroverE4isareminderthatall4dconnectionsareswitchedoff.

InordertodescribeaRiemannsurfacewithpunctures,onehastoallowforsuitable

singularsourcesintheTodaequation(D.3)forD. Theαthpunctureisdescribedbya

sourcethatisadelta-functionlocalizedatapoint(xα1,x
α
2)inthex1,x2directions.The

profileofthesourceintheydirectionontopofthepoint(xα1,x
α
2)encodesthedetailed

structureofthepuncture.Instudyingthelocalgeometryneartheαthpuncture,itisuseful

tointroducepolarcoordinatesrΣ,βvia

x1−x
α
1=rΣcosβ, x2−x

α
2=rΣsinβ. (D.7)

Inasufficientlysmallneighborhoodofthepuncture,arotationoftheangleβisasym-

metry. Thus,inthestudyoflocalpuncturegeometriesoneassumesanadditionalU(1)
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rotationsymmetryassociatedtoβ. Crucially,foragenericpuncturedRiemannsurface

thissymmetrydoesnotextendtoabonafideisometryofthefullsolution.

TheanalysisofsolutionstotheTodaequation(D.3)withadditionalU(1)symmetryis

bestperformedbymeansoftheB̈acklundtransformation.Thecoordinates(rΣ,y)andthe

functionD=D(rΣ,y)aretradedfornewcoordinates(ρ,η)andanewfunctionV=V(ρ,η)

determinedimplicitlybytherelations

r2Σe
D=ρ2, y=ρ∂ρV, logrΣ=∂ηV. (D.8)

Thesource-freeTodaequation(D.3)is mappedtothesource-free,axiallysymmetric

LaplaceequationforV,
1

ρ
∂ρ(ρ∂ρV)+∂

2
ηV=0. (D.9)

Thecoordinateηparametrizestheaxisofcylindricalsymmetry,whileρisidentifiedwith

thedistancefromtheaxis,andβwiththeanglearoundtheaxis.

The11dmetricand4-formflux(D.1)arewrittenintermsofρ,η,Vas

ds211=κ
2/3 V̇∆

2V

1/3

4ds2AdS5+
2V V̇

∆
ds2S2+

2V

V̇
dρ2+dη2+

2V̇

2V̇−V̈
ρ2dχ2

+
2(2V̇−V̈)

V̇∆
dβ−

2V̇V̇

2V̇−V̈
dχ

2

,

GGM4 =2κvolS2∧d−
2V̇2V

∆
dχ+ η−

V̇V̇

∆
dβ, (D.10)

whereweusedthenotationV̇=ρ∂ρV,V =∂ηV,andsoon,andweintroduced

χ=φ+β, ∆=(2V̇−V̈)V +(V̇)2. (D.11)

Inthepresentation(D.1),theS2shrinksaty=0. AftertheB̈acklundtransformation,

thisconditionistranslatedintotheboundaryconditionV(ρ,η=0)=0.

ApunctureisdescribedbyasuitablesourcefortheLaplaceequation(D.9),delta-

functionlocalizedatρ=0andwithnon-trivialchargedensityprofileλ(η)alongtheη

axis.Thechargedensityprofileλ(η)isrelatedtoVvia

λ(η)=lim
ρ→0
V̇(ρ,η). (D.12)

Theanalysisof[9]identifiesthecorrectformofλ(η)correspondingtoaregularpuncture.

SupposethepunctureislabelledbythepartitionofNdeterminedby

N=

p

a=1

ηaka, 0<η1<η2<···<ηp, ka≥1, (D.13)

whereηaandkaareintegers.Thecorrespondingchargeprofileλ(η)isthenthecontinuous

piecewiselinearfunctionsatisfying

λ(η)=
Na+ a(η−ηa) ηa−1<η<ηa,

N η>ηp,
a=

p

b=a

kb, Na=

a−1

b=1

ηbkb+ηa a,

(D.14)
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whereη0:=0. TheexplicitsolutionforVwiththissourceandsatisfyingtheboundary

conditionV(ρ,η=0)=0reads

V(ρ,η)=Nlogρ+

p

a=1

M(ηa,ka)+M(−ηa,−ka), (D.15)

where

M(ηa,ka):=
1

2
ka (η−ηa)logη−ηa+ ρ2+(η−ηa)2 − ρ2+(η−ηa)2 .(D.16)

The11dmetricdeterminedbythischoiceofVaccordingto(D.10)isregular,uptoorbifold

singularitiesoftheformR4/Zkainthefourdirections(ρ,η,χ,β),locatedalongtheηaxis

atη=ηa. Moreover,theformofVensuresthatallfluxesofGGM4 /(2π)areintegrally

quantized,ifwesetκ=(8π)−1asbelow(D.5).

Thesimplestcaseisp=1,correspondingtoapartitionoftheformN=η1k1.Inthis

situationthecoordinatetransformationrelating(rΣ,y)to(ρ,η)takestheform

rΣ=
η−η1+ ρ2+(η−η1)2

η+η1+ ρ2+(η+η1)2

k1/2

, y=
k1
2

ρ2+(η+η1)2− ρ2+(η−η1)2 ,

(D.17)

withinverse

η=
1+r

2/k1
Σ

1−r
2/k1
Σ

y

k1
, ρ=

2r
1/k1
Σ N2−y2

k1(1−r
2/k1
Σ )

, (D.18)

andthefunctionDreads

eD(rΣ,y)=
4r
−2+2/k1
Σ (N2−y2)

k21(1−r
2/k1
Σ )2

. (D.19)

Ifwechoosek1=1,η1=N,correspondingtothenon-puncture,werecovertheexpected

functionDasin(D.4).

LetusnowrelatethepunctureGMsolutionstoourinflowsetup. Firstofall,as

alreadyanticipatedbyournotation,theB̈acklundtransformation(D.8)canberegarded

asaspecificrealizationofthecoordinatechangefromthe(rΣ,µ)striptothe(ρ,η)quadrant

discussedinsection4.1andvisualizedinfigure1.Indeed,oneverifiesthatthecoordinate

transformation(D.18)hasthequalitativefeaturesdepictedinfigure1.Secondofall,inthe

metricin(D.10)werecognizeanS1βfibrationoverthe3dspace(ρ,η,χ),withχ=φ+βas

inthegeneraldiscussionofsection4.1.The3dbasespaceisaxiallysymmetric.Because

ofbackreactioneffects,itsmetricdeviatesfromtheflatmetriconR3,butoneverifiesthat

thequantity2̇V/(2̇V−V̈)tendsto1asρ→0.Itfollowsthattheχcircleinthebasespace

shrinksalongtheηaxisinasmoothway.Thiswasthecrucialpointinthediscussionof

section4.1.TheconnectionLfortheS1βfibration,introducedin(4.20),isreadilyreadoff

from(D.10),

L=
2V̇V̇

2V̇−V̈
. (D.20)
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Usingthisexplicitexpressionand(D.15)itiseasytoverifythatLispiecewiseconstant

alongtheηaxis,withjumpslocatedatη=ηa.ThevalueofLalongtheinterval(ηa−1,ηa)

isgivenbyaasin(D.14),whichmatchesexactlywiththegeneralrelation(4.24)derived

insection4.2withoutreferencetothefullybackreactedpicture.

WecanalsomatchtheGM4-formfluxin(D.10)withtheclassE4inthevicinityof

thepuncture.Itisstraightforwardtocompare(D.10)to(3.9),(4.12),andinfer

Y+LW=
2V̇2V

∆
, W=η−

V̇V̇

∆
. (D.21)

Usingtheseexplicitexpressions,togetherwith(D.20),onecanverifythatYandW satisfy

thegeneralpropertiesdiscussedinsection4.2withoutreferencetotheIRgeometry.In

particular,Yispiecewiseconstantalongtheηaxis,andY+LWiscontinuousalongtheη

axis. Moreover,oneverifiesthatthequantityV̇V̇/∆goestozeroatthepositionsη=ηa.

Thismeansthat,intheGMsolutions,

wa=W(0,ηa)=ηa. (D.22)

Ofcourse,theidentificationofwaandηaisconsistentwiththefactthat,intheGM

solutions,thelocationsηaareallinteger. Usingwa=ηawealsoseeadirectmatchof

theexpressionofNain(D.14)withtheexpression(4.38)insection4.2.Inconclusion,

theidentification(D.6),establishedearlierintheabsenceofpunctures,isalsovalidfor

puncturegeometries. Crucially,evenifall4dconnectionsareturnedoff,theclassE4is

non-trivial,andencodesthedatathatlabelthepuncture.

E Proofof matchingwithCFTanomalies

Inthisappendixweexplicitlyprovetheresults(6.48)–(6.50).First,letusevaluate

(nv−nh)
inflow(Pα)+(nv−nh)

CFT(Pα)=
1

2

p

a=1

Naka−
1

2

p

i=1

Niki+
1

2
. (E.1)

Thequantitykiisonlynonzeroatthelocationofamonopole,whichoccursati=wa.At

thatlocationi=wa,ki=ka,andNi=Na.Then,wecanreplace

p

i=1

Niki=

p

a=1

Naka, (E.2)

andthesumsimplifiesto

(nv−nh)
inflow(Pα)+(nv−nh)

CFT(Pα)=
1

2
. (E.3)

Next,wewishtoevaluate

ninflowv (Pα)+n
CFT
v (Pα)=

p

a=1

2

3
2
a(w

3
a−w

3
a−1)+a(Na−wa a)(w

2
a−w

2
a−1)

−
1

6
Naka −

p

i=1

N2−N2i −
1

2
N2+

1

2
.

(E.4)
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Todothis,firstnotetheusefulrelation

Ni=Na+ a(i−wa) foralli=wa−1,...,wa. (E.5)

Itfollowsfrom(E.5)and(4.38)that

a=
Na−Na−1
wa−wa−1

=Ni−Ni−1, i∈[wa−1,wa]. (E.6)

Wenowre-writethesumover iasasumoveraas

−

p

i=1

N2−N2i =−

p

a=1

wa

i=wa−1+1

N2−[Na+ a(i−wa)]
2 . (E.7)

Next,wesubstitute(E.7)into(E.4),pulloutafactorof(wa−wa−1)awherepossiblein

ordertomakeuseofthefirstequalityin(E.6),andperformthesumoveri.Thisgives:

(E.4)=

p

a=1

1

6
a(Na−Na−1)+

1

2
N2a(1+2wa)−

1

2
N2a−1(1+2wa−1)−

1

6
kaNa

−N2(wa−wa−1) −
1

2
N2+

1

2
.

(E.8)

Thesesumssimplifyto

(E.4)=

p

a=1

1

6
a(Na−Na−1)−

1

6
kaNa +

1

2
(E.9)

=−
1

6

p

a=1

(a+1Na− aNa−1)+
1

2
(E.10)

=
1

2
, (E.11)

whereinthesecondlineweusedka= a− a+1.Thuswehaveshown

ninflowv (Pα)+n
CFT
v (Pα)=

1

2
. (E.12)

Together,(E.3)and(E.12)givetheresults(6.48)and(6.49)claimedinthemaintext.The

matchingoftheflavorcentralcharges(6.4)and(6.18)followsfromtheaforementionedfact

thatati=wa,Ni=Naandki=ka.,andelsewherekiiszero.
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