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Acceleration-based bridge weigh-in-motion
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Abstract. Bridge Weigh-in-Motion (B-WIM) is the theory of utilizing field measurements to infer the weights of the overhead
traffic that passes at full highway speed. There exist a consensus that conventional instrumentation faces substantial practical
problems that halts the feasibility of this theory, namely installation time and complexity, especially for high elevation
bridges. This article will escort through a new concept by moving from B-WIM system based on strain data to a new B-WIM
system based on acceleration records. Kalman-filter-based estimation algorithm is developed to estimate the state vector
(displacement and velocities) using limited measured acceleration response. The measured response is transformed to the
modal response using the pseudoinverse of the mode shape matrix, which allows utilizing limited measurements number
during the estimation process. The estimated state vector is used to feed a moving force identification (MFI) algorithm that
shows a good estimating for a quarter-car load.
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1. Introduction

The axle load and gross weight of vehicles are
important information for the design of new bridges
and pavements, the rating and fatigue life assess-
ments of existing bridges and pavements, design code
calibration and the control of overweight vehicles
to highway regulations [1]. Therefore, the dynamic
moving forces produced by the vehicles on the bridge
structure must be determined by adopting the esti-
mation method or measurement techniques. In the
late 1970’s in the United States, Moses [2] first intro-
duce the Bridge Weigh-In-Motion (B-WIM) system,
which is the concept of using measured strains on
a bridge to calculate the axle weights as they pass
overhead at full highway speed. Then Zhu, and Law
extend the theory for multi-span continuous bridge
[3]. In more recent years, the field of moving force
identification (MFI) has been developed by Chan,
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Law, and others [4–13]. Law and Fang [8] have
applied the dynamic programming method to the
MFI problem using zero order regularization. Then
González [14] extended the algorithm with first order
regularization, which improved the solution accuracy
[15, 16].

The main drawback of the B-WIM system is
the installation time and cost, especially for the
high elevation bridges, which need huge equip-
ment and trained labors to install strain sensors.
A wide variety of engineering applications employ
acceleration to identify desired information because
acceleration sensors are generally cost-effective, con-
venient to install, have relatively low noise [17], and
recently can easily attach to the bridge girders using
drones[18]. This paper will focuses on using the
acceleration response instead of strains as the main
input to the B-WIM system, which becomes as an
early step toward Portable B-WIM system.

Most techniques that use acceleration for force
estimation are utilizing state vectors estimator, and
then apply any other technique (i.e. least square) to
estimate the force. Ma et al. [19, 20] proposed a
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Kalman-based method in which a Kalman filter and
a least-squares algorithm are employed for the states
and input force estimation. This method requires a
full state measurement, which not be feasible in the
B-WIM system. Then, Ma and Ho [21] extended
their previous works to nonlinear systems by using
an extended Kalman filter in conjunction with the
least-squares estimator. Lourens et al. [22] proposed
an augmented Kalman filter (AKF) for dynamic force
identification in a combined deterministic-stochastic
setting, and applied the method to identify the input
forces on a steel I-beam. Azam [23] presented a dual
Kalman filter approach for estimating the input and
states of a linear state-space model and validated
the method based on field measurements from a 39-
story tower. Zhi, 2016 [24] presents a Kalman-filter-
based estimation algorithm for identification of wind
loads on a super-tall building using limited struc-
tural responses. The proposed inverse method allows
estimating the unknown wind loads and structural
responses of a super-tall building using limited accel-
eration measurements. Further, the target forces in
most of this previous works were stationary loads
acting at a specific DOF while vehicle loads acting
on a bridge structure space, location and time.

In this study, a procedure is developed to esti-
mate moving loads on bridges using limited measured
acceleration response, which will be called accel-
eration based B-WIM system. The system uses
kalman-filter-based estimation algorithm to estimate
the state vector, and then applying moving force iden-
tification algorithm to estimate the moving forces.

2. Structural response estimation using
Kalman filter

2.1. State space equation

The force-induced vibration of a bridge can be
represented by the following equation of motion:

MÜ + CU̇ + KU = F (1)

Where U,U̇, and Ü denote the vectors of displace-
ment, velocity, and acceleration, respectively. M, C,
and K are the bridge mass matrix, damping matrix,
and stiffness matrix, respectively. F is the time history
vector of vehicle load. Using the modal response of
structure, Equation (1) can be transformed to modal
space (Equation(2)).

Z̈i + 2ξiωiŻi + ω2
i Zi = �T

i F = fi

(i = 1, 2, . . . , N) (2)

Where �i denoted the modal shape of the i th
mode. Z i, Żi, Z̈i, and fi are the modal displacement,
velocity, acceleration and moving force of the i th
mode, respectively. N is the total number of modes,ξi,
and ωi are the damping ration and natural frequency
of the i the mode. The modal acceleration response
can be approximately calculated from limited mea-
sured acceleration response using the pseudoinverse
of the mode shape matrix (Equation (3)).

Z̈qx1 = (
�pxq

)+
Üpx1 (3)

Where P denotes the number of measurements,
and q is the number of modes considered. The error
between the exact and estimated modal acceleration
responses can be minimized by choosing the mea-
surements number P exceeding the number of modes
governing the structural responses [25].

In the modal space, the state space equation and
the modal output (Y) obtained from the acceleration
response can be represented using Equation (4).

λ̇(t) = Aiλi(t) + Bifi (4.1)

Yi(t) = Hiλi(t) + Difi (4.2)

Where the system matrix Ai, λi, fi and Bi

Ai =
[

0 1

− Ki

Mi
− Ci

Mi

]
=

[
0 1

−ω2
i −2ξiωi

]
,

λi = [Zi Żi]
T , fi = Fi

Mi

, Bi = [0 1]T

For acceleration measurements, Hi and Di

matrices are defined as
[−ω2

i − 2ξiωi

]
, and [1]

respectively. Equation (4), discretized over time inter-
vals of length �t (Equation (5)).

λ (t + 1) = �iλi(t) + �ifi(t) (5.1)

Yi(t) = H λi(t) + Difi(t) (5.2)

Where �i denotes the state transition matrix and
equal to eAi �t. �i represents the process noise matrix
and can be calculated using Equation (6).

�i = [�i − I] A−1
i Bi (6)
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2.2. State vector estimation using Kalman Filter

Based on the Kalman filter for the discrete-time
state space system of Equations (5), the state vec-
tor λi(t) can be estimated by the following equations
(Equations 7-12) [26–28].

λ̂ (t/t − 1) = �λ̂ (t − 1) + J (t − 1)

× [
Y (t − 1) − Hλ̂ (t − 1)

]
(7)

λ̂(t) = λ (t/t − 1) + G(t)
[
Y (t) − Hλ̂(t/t − 1)

]
(8)

J(t − 1) = �Q(t − 1)DT

×[
D Q(t − 1)DT + R(t − 1)

]−1
(9)

P(t/t − 1) = [� − J(t − 1)H] P(t − 1)

×[� − J(t − 1)H]T

+� Q(t − 1)�T − J(t − 1)

DQ(t − 1)�T (10)

G(t) = P(t/t − 1)H [HP(t/t − 1)HT

+ DQ(t)DT + R(t)]−1 (11)

P(t) = [I − G(t)H] P(t/t − 1) (12)

where G (t) is the Kalman filter gain matrix at time
instant t. P (t) denotes the filter’s error covariance
matrix, J (t) is the a priori gain matrix. The filter is
initialized using Equation (13-14):

λ̂(0) = E [λ(0)] (13)

P(0) = E
{[

λ(0) − λ̂(0)
] [

λ(0) − λ̂(0)
]T

}
(14)

In the estimation process, Kalman filter requires
priori knowledge of the covariance matrices of the
input force Q (t) and measurement noise R (t). Usu-
ally, these covariance matrices can be assumed to be
constant matrices [19, 29]. In this study, the following
assumptions are adopted.

Q(i) = CQI (15)

R(i) = I (16)

In which I is an identity matrix, and CQ is an
adjustment factor, it should be large number. The dis-
placement and velocities time history (state vector)
are identified as

Unx1 = φnxqẐqx1 (17)

U̇nx1 = φnxq
ˆ̇Zqx1 (18)

Where n is the number of estimated DOFs.

3. Moving force identification (MFI)
algorithm

The MFI algorithm uses inverse dynamics theory
to back-calculate a complete time force history for
axles or wheels that move on the bridge. The algo-
rithm adopted in this paper is that used by González
et al. [14] who improve the work of Law et al. [8] by
applying the first-order regularization technique. The
first order system is defined by Equations (19-21).{

X

g

}
j+1

=
[

[M] [P]

[0] [I]

] {
X

g

}
j

+
{

[0]

[I]

}
{r}j, (19)

[P]j =
[
[A]−1 [M − I]

] [
0

[�]T [L]j

]
(20)

[M] = exp ([A] ∗ h) , [A] =
[

0 I

−[
] −2ξ[
]

]
(21)

Where X is the degree of freedom vector, g is the
vector of applied vehicle forces, and {r}j is the incre-
ment change in the force between time step j and
time step j + 1. [�] is the modal matrix of normalized
eigenvectors, [L] is a time varying location matrix,
which defines the load’s position at each time step,
h is the time step, [
] is a diagonal matrix contain-
ing the natural frequencies and ζ is the percentage
damping. The force increment {r}j can be define from
the following last square minimization with Tikhonov
regularization (Equation (22)).

m∑
j = 1

({{dme}i − [Q] {X}j
}
, [W]

{{dme}j

− [Q] {X}j
} + {r}j, [B] {r}j

)
(22)

where dme is the measurement vector (usually strain),
[Q] is a vector to relate the measurements to the
degree of freedom, (x, y) denotes the vector prod-
uct of x and y, [W] is an m × m identity matrix in the
least squares error. [B] is a regularized matrix equal to
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λ; [I ], where λ is the optimum regularization parame-
ter, and its value is usually obtained using the L-curve
method [30–33]. It should be mentioned that the MFI
algorithm requires a calibrated FE model to extract
the required matrices.

4. Computational procedure

The procedure to identify the moving forces on
bridge using the new algorithm is summarized as
follows:

• Converting limited measured acceleration res-
ponses to modal ones using the pseudoinverse
of the mode shape matrix (Equation (3)).

• Estimating the unknown modal state vectors
from the modal dynamic responses by the
Kalman filter equations (Equations (7)–(12)).

• Estimate structural displacement and velocities
using Equations (17) and (18).

• Apply MFI algorithm to estimate the moving
load (section 3).

5. Numerical simulation

5.1. Quarter car example

As shown in Fig. 1, a simply supported bridge sub-
ject to a moving quarter-car model is taken as an
example for numerical simulation. The quarter-car
travels with constant speed crossing a 20-m approach
distance followed by a 15-m simply supported finite
element (FE) bridge. The bridge is modeled with
1D Euler–Bernoulli finite beam elements with two
degrees of freedom per node, vertical translation, and
rotation. The vehicle masses are represented by a
sprung mass, ms , and un-sprung mass, ma represents
the vehicle axle mass and body mass respectively. The
Degrees of Freedoms (DOFs) that correspond to the
bouncing of the sprung and the axle masses are, us ,
and ua , respectively. The properties of the quarter-
car and the bridge are listed in Table 1 and based
upon the work of Cebon [34] and Harris, OBrien
[35]. The road surface profile is not considered in
this simulation, and its effect has been studied before
by Dowling [36] who states that MFI is relatively
insensitive to road roughness. The dynamic interac-
tion between the vehicle and the bridge that showing
how bridge and vehicle properties affect the response
is implemented in MATLAB [37, 38] based on the

Fig. 1. Theoretical quarter car model on simply supported beam.

Table 1
Bridge properties

Vehicle properties Bridge properties

ms 14000 kg Span 15m
ma 1000 kg Density 4800 kg/m3

ks 2e5 N/m Width 4.0 m
Ka 2.75e6 N/m Depth 0.8 m
ca 1e4 N s/m Modulus 2.75 × 1010 N/m2

contact force concept adopted by Yang et al [39]. and
Gonzalez [40]. Unless otherwise mentioned, the used
scanning frequency is 1000 Hz.

In order to simulate the polluted measurements,
white noise is added to the calculated acceleration.
The noisy response is calculated as following for-
mula:

Anosiy = Acalculated + EpNnoise σ (Acalculated)
(23)

Where Ep represents noise level choosing as 0.01,
0.05 and 0.10, respectively which represent the noise
level in different types of Commercial accelerome-
ters; Nnoise is a standard normal distribution vector
with zero mean value and unit standard deviation.
Anosiy is the noisy acceleration, and σ (Acalculated) is
its standard deviation. The relatively percentage error
(RPE) values between the true moving force and the
identified force are defined as follow:

RPE = ‖Fcalculated − Ftrue‖
‖Ftrue‖ × 100 (24)

Where Fcalculated, Ftrue are the identified force
vector and actual force vector, respectively.

The acceleration measurements has been extracted
from the VBI model at three different locations 1/3,
1/2, and 2/3 of the bridge span, which represent A1,
A2, and A3 respectively in Fig. 1. The quarter car
model crossed the bridge with five different speeds
(10, 15, 20, 25 and 30 m/s). Three levels of noise (1%,
5%, and 10%) have been added to each acceleration
signal. Figure 2 shows the acceleration records when
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Fig. 2. Acceleration record at the three location (A1 = acceleration
at location No. 1.

the quarter car crossed the bridge at 15 m/s speed.
In this study, three acceleration responses at loca-
tions A1, A2, and A3 are used for the state vector
estimation using KF algorithm. The number of modes
governing the structure response has been defined
to be one for the simply supported beam. This is
based on the proper orthogonal decomposition (POD)
[41, 42].

Since there is one moving force only on the bridge,
the minimum number of measurements needed for
MFI algorithm is defined to be one according to Row-
ely (Rowely 2007), and in this study the estimated
displacement at the mid-span only has been used to
estimate the force history.

5.1.1. Effect of noise
The noise is added to the simulated acceleration

at each ‘measurement’ location as a white Gaus-
sian noise. In total three levels of noise are analyzed
for their effect on the accuracy of the MFI algo-
rithm. Firstly, KF algorithm is applied to estimate the
displacement at the same locations of the measure-
ments using the noisy acceleration. Figure 3 shows
the actual and the estimated displacement at location
A1 and A2 for different levels of noise. It can be seen

Fig. 4. Force history according to noise level (1%, 5%, and 10%)
compaing with the input force (Actual).

from these figures that the level of matching between
the actual and the estimated displacement is varied
according to noise level.

The displacement at the mid-span is used for the
MFI work. The middle 60% of the calculated force
history (Fig. 4) is averaged to calculate the car load
[7, 15]. The error in estimating the GVW according
to noise level are –2.8%, –6.0%, and –7.5% for 1%,
5%, and 10% noise respectively.

5.1.2. Effect of number of modes
The effect of the mode shapes number that used

to estimate the sate vector has been addressed in this
section. Three different number of modes have been
used to estimate the displacement time history using
the three acceleration response. Figure 5-a, and 5-b
show the estimated displacement at location A1, and
A2 respectively. It can be noted that, the estimated
displacement is less accurate when using one mode
only while a few enhancement is achieved when the
number of modes has increased, which mean that the
number of modes do not affect the estimation process
as long as it exceed the number of modes governing
the structural responses.

Fig. 3. Estimated displacement with different noise level at locations (a) A1, (b) A2.
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Fig. 5. Estimated displacement using different number of modes (a) Location “A1”, (b) Location “A2”.

Fig. 6. Force history according to the number of modes compaing
with the actual force.

The force history according to the number of
modes used is illustrated in Fig. 6. The middle 60%
of the calculated force history is averaged to calculate
the car load. The error in estimating the GVW accord-
ing to modes number are –2.8%, –3.9%, and –2.8%
for 1, 2, and 3 modes respectively.

5.1.3. Effect of measurement number
Three different measurements configuration have

been used to estimate the displacement and the force
history. Figure 7-a, shows the estimated displace-

ment at one third of the span (location A1), and
mid-span (location A2) respectively. It can be noted
that, the estimated displacement dose not match
the actual one when the acceleration at the mid-
span only (1-measurement) has been used. However,
when using 2, and 3-measurements (acceleration at
one third the span included) the estimated displace-
ment approached the actual one. Also, the estimated
displacement does not depend on the measurement
location and this is clear in Fig. 7-a when the mea-
surement at location A2 used (1- measurement case)
the displacement at location A1 is achieved with the
same accuracy as location A2.

The force history according to measurements num-
ber that used for displacement estimation is illustrated
in Fig. 8. The middle 60% of the calculated force his-
tory is averaged to calculate the car load. The error
in estimating the GVW according to the number of
acceleration measurements used are –7.1%, –3.2%,
and –2.8% for 1, 2, and 3 measurements respectively.

5.1.4. Effect of velocity
The effect of vehicle velocity on the accuracy of the

moving force identification algorithm is analyzed in
this section. Again, three acceleration measurements

Fig. 7. Estimated displacement at locations a) A1, (b) A2, using different measurement number (1 measure. = One measurement, 2 mea-
sure. = two measurement . . . etc.).
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Fig. 8. Force history according to the number of measurements
used compaing with the actual force.

Table 2
Percentage error in the predicted force for different speeds

Speed (m/s) 10 15 20 25 30
GVW (Kn) 145.1 144.3 143 142.5 143
Error % –2.1 –2.8 –4.2 –4.7 –4.2

and the first mode of vibration are considered. The
velocity is varied from 10 m/s to 30 m/s in increments
of 5. Table 2 illustrate the error in detecting the force
history for five different speed, and as expected, the
error increases while the speed increase.

6. Conclusion

In conclusion, this paper propose a B-WIM sys-
tem based on acceleration data instead of the strain
data. The system allow to use limited acceleration
measurements to estimate the weight of moving vehi-
cles. The new approach was presented based on the
Kalman filter and MFI algorithm. Kalman filter has
been used to estimate the state vector, and then MFI
algorithm is applied to estimate the force history.
The effectiveness and performance of the proposed
method were investigated based on the numerical
simulations of quarter car model on simply supported
bridge. The effect of noise, speed, measurement num-
ber, and modes number has been addressed in this
paper. The error in force history using the acceler-
ation ranged from 2% to 7.5% based on the speed,
number of modes used, number of measurements and
the noise level. The highest error found in case of high
noise level and when using one sensor only. All other
cases have error less than 5.0 % which is acceptable.

Acknowledgments

The authors would like to express their gratitude
for the financial support received from the National
Science Foundation (NSF-CNS- 1645863, and NSF-
CSR- 1813949) for this investigation.

References

[1] Asnachinda P, Pinkaew T, Laman J. Multiple vehicle axle
load identification from continuous bridge bending moment
response. Engineering Structures. 2008;30(10):2800-17.

[2] Moses F. Weigh-in-motion system using instru-
mented bridges. Journal of Transportation Engineering.
1979;105(3).

[3] Zhu X, Law S. Moving forces identification on a multi-
span continuous bridge. Journal of Sound and Vibration.
1999;228(2):377-96.

[4] Pinkaew T. Identification of vehicle axle loads from bridge
responses using updated static component technique. Engi-
neering Structures. 2006;28(11):1599-608.

[5] Jiang R, Au F, Cheung Y. Identification of masses moving on
multi-span beams based on a genetic algorithm. Computers
& Structures. 2003;81(22):2137-48.

[6] Chan THT, O’Connor C. Wheel loads from highway bridge
strains: Field studies. Journal of Structural Engineering.
1990;116(7):1751-71.

[7] Chan TH, Law S, Yung T. Moving force identification using
an existing prestressed concrete bridge. Engineering Struc-
tures. 2000;22(10):1261-70.

[8] Law S, Fang Y. Moving force identification: Optimal
state estimation approach. Journal of Sound and Vibration.
2001;239(2):233-54.

[9] Mohammed YM, Uddin N, editors. Field Verification for B-
WIM System using Wireless Sensors. 27th ASNT Research
Symposium; 2018. pp. 151-8.

[10] Mohammed YM, Uddin N, editors. Bridge Damage Detec-
tion using the Inverse Dynamics Optimization Algorithm.
26th ASNT Research Symposium; 2017. pp. 175-84.

[11] Mohammed YM, Uddin N. B-WIM System Using Fewer
Sensors. Transportation Management. 2018;1(2).

[12] Mohammed YM, Uddin N, editors. Passenger Vehicle
Effect on the Truck Weight Calculations using B-WIM Sys-
tem. 27th ASNT Research Symposium; 2018. pp. 142-50.

[13] Mohammed YM. Cyber physical system for monitoring and
controlling loads: The University of Alabama at Birming-
ham; 2016.
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