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Abstract. Moving Force Identification (MFI) is one of the Bridge Weigh-In-Motion (B-WIM) techniques that utilize bridge
responses to passing vehicles to infer the forces applied by those vehicles. A challenge with MFI is the computational time
needed to obtain results, especially when using 2-D or 3-D finite element models (FEMs) with large numbers of degrees of
freedom (DOFs). This technical note proposes a new technique to reduce the computational time, which allows for real-time
load monitoring and the potential for control of overloaded trucks. The technique utilizes the most critical parts of the bridge
eigenvectors instead of the full system eigenvectors. The selected parts include the DOFs for the elements where sensors are
located, and DOFs of track elements, where vehicle axles interact with the bridge. The method is verified experimentally in
this paper.
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1. Introduction

MFI is an inverse dynamics process of using a
structure’s response to back-calculate the forces that
caused this response. To improve the solution accu-
racy, Law and Fang [1] have applied the dynamic
programming method to the MFI problem using zero
order regularization. González et al. [2] subsequently
extended the algorithm with first order regularization
of moving forces. Some of the previous research that
discusses MFI applications [3–13] report that some
disadvantages of the method are the computational
and storage requirements that increase dramatically
as the order of the model increases [14]. This is partic-
ularly so for large-scale 2-D and 3-D Finite Element
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Models (FEMs) where the number of degrees of free-
dom is significant.

There are two approaches to reduce the system
order. The first utilizes Chandrasekhar recursions
[15–20], which rely on the symmetric property of
the system matrices to derive an incremental formula
for the change between two following time steps.
However, it was found that this method requires the
system stiffness and mass matrices, (K and M), to
remain constant over all time steps, which is not
the case for the MFI problem. Eigenvector reduc-
tion techniques, developed by Busby [14], have been
applied to the MFI algorithm to reduce the dimen-
sionality of the system in the dynamic programming
routine, instead of using the full system K and M
matrices. This method achieved a significant reduc-
tion in time and storage space without reducing the
accuracy of the algorithm [5]. However, this reduc-
tion in computational time still does not allow the
algorithm to be used for real-time load monitoring or
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as an enforcement tool to intercept overloaded trucks
as they pass over a bridge. For example, Rowley [5]
used eigenvector reduction techniques for a simple 1-
D two-span bridge model, and the algorithm required
6.76 minutes to provide the results when using the
first 25 mode shapes in the MFI analysis. While com-
puting power has increased significantly since that
work was completed, the computational challenge
will increase greatly for 2-D and 3-D FEMs.

This technical note describes a new computation
time reduction technique, which allows the calcula-
tion of truck axle forces in a few seconds, effectively
making it possible for B-WIM system to be used for
real-time load monitoring. In this note the proposed
technique has been tested on pre-stressed simply
supported girder bridge of 21.34 m span located on
Georgia, USA, using two different trucks and for
some different speeds.

2. Moving force identification (MFI) algorithm

The MFI algorithm uses inverse dynamics theory
to back-calculate a complete time force history for
axles or wheels that move on the bridge. The algo-
rithm adopted in this paper is that used by González
et al. [2] who improve the work of Law et al. [1] by
applying the first-order regularization technique. The
first order system is defined by Equations (1–3).{
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(3)

Where X is the degree of freedom vector (dis-
placement and velocities), g is the vector of applied
vehicle forces, and {r}j is the increment change in
the force between time step j and time step j + 1. [�]
is the modal matrix of normalized eigenvectors, [L]
is a time varying location matrix, which defines the
load’s position at each time step, h is the time step,
[�] is a diagonal matrix containing the natural fre-
quencies and ζ is the percentage damping. [P] and
[M] are two matrices defining the dynamics of the
system. The force increment {r}j can be define from

the following last square minimization with Tikhonov
regularization (Equation (4)).

m∑
j = 1

({{dme}j − [Q] {X}j
}

, [W]
{{dme}j

− [Q] {X}j
} + {r}j, [B] {r}j

)
(4)

where dme is the measurement vector (usually strain),
[Q] is a vector to relate the measurements to the
degree of freedom, (x, y) denotes the vector prod-
uct of x and y, [W] is an m × m identity matrix in the
least squares error. [B] is a regularized matrix equal to
λ [I] where λ is the optimum regularization parame-
ter, and its value is usually obtained using the L-curve
method [21].

3. New reduction technique

Real-time MFI requires a great reduction in
the dimensionality of the system matrices. This is
achieved by using the eigenvectors � for a specific
part of the bridge (Fig. 1-b) instead of using the full
bridge model (Fig. 1-a). At a minimum, the reduced
eigenvectors matrix (Fig. 1-c) must contain 1) vertical
translational DOFs along the vehicle wheel path, in
additional to 2) ‘measured DOFs’, where the sensors
are placed (Fig. 1-b).

The vertical translational DOFs of the elements
along the wheel path are required to define the time-
varying location matrix {L}j , which defines the load’s
position at each time step. These DOFs can be defined
according to the lane that the vehicle has passed
assuming that vehicles are travelling along the lane
center.

On the other hand, the measured DOFs are needed
to define the matrix [Q] that relates the measurements
to DOFs. These measured DOFs can be determinate
based on sensors location, and will be fixed as long
as sensors position did not change. Figure 1 shows
the minimum requirements for the new technique in
a 3D FEM of a typical bridge.

It should be noted that the original algorithm by
González et al., and Law et al. [1, 2] requires pre-
vious knowledge of truck transverse position which
can be determinate approximately by knowing the
travel lane assuming that vehicles are travelling along
the lane center. The travel lane can be determinate
by comparing the strain amplitude under each lane.
This technical note is only focusing on showing the
merit of the new reduction technique in reducing the
computational time.
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Fig. 1. (a) Full bridge model, (b) Measurements and wheel paths elements, and (c) Matrix of eigenvectors after reduction.

Fig. 2. SR113 bridge over Dry Creek: (a) Plan view; (b) Bridge photograph.

The procedure to identify the moving forces on
bridge using the new reduction technique is summa-
rized as follows:

• Determinate the measured DOFs based on sen-
sors location.

• Determinate the vertical translational DOFs
along the vehicle wheel path based on the vehicle
lane.

• Extract the eigenvectors for those DOFs from
the whole system eigenvectors.

• Run the algorithm (every time a vehicle passes
this lane) based on the reduced eigenvectors.

4. Field testing of MFI on Dry creek bridge in
Bartow County, GA

The Dry Creek Bridge was built in 2006 and is
located on highway SR113 over Dry Creek in Bartow
County, Georgia, USA. The bridge consists of three
simply supported skewed spans, and in each, it has
five pre-stressed I-shaped concrete girders, a concrete
slab, a barrier and both mid- and end-diaphragms. The
west span among the three is chosen for instrumen-
tation for the B-WIM test, where five strain gages at
girders mid-span, and 15 accelerometers are placed

in three rows 1/4, 1/2, and 3/4 of girders span. The
sampling frequency of the data acquisition system is
200 Hz. Figure 2 provides a plan view of the bridge
and a photograph of the selected span.

4.1. Trucks used in experiment

A rigid 3-axle truck was adopted for the exper-
iments (Fig. 3-a). It was run with two loading
scenarios: fully loaded and half loaded. Before the
experimental test, the weights of the axles were mea-
sured using portable scales and are summarized in
Table 1.

4.2. FE model calibration

The FE program, LS-Dyna, was used to model the
bridge. The model was built based on design draw-
ings, nominal material properties, and field inspection
utilizing 8 nodes solid block elements, with 3 degrees
of freedom (DOFs) per node (translation in x, y, and z
directions). The total number of DOFs for the bridge
model is 80,302. Girders acceleration responses due
to hammer impact test are analyzed to extract the
resonance frequencies (Fig. 4). The first four natural
frequencies of the bridge are found to be equal 7.56,



A
U

TH
O

R
 C

O
P

Y

142 Y.M. Mohammed et al. / Moving force identification for real-time bridge weigh-in-motion

Fig. 3. Truck for experimental testing.

Table 1
Vehicle axle weights

Vehicle loading Weights (kN)
condition Total weight 1st axle 2nd axle 3rd axle

Half-loaded 161.5 66.7 48.0 46.8
Fully-loaded 201.9 71.8 66.7 63.4

Fig. 4. Frequency spectra of all acceleration channels in hammer
test.

8.21, 11.85, and 18.99 HZ respectively. The material
properties of the bridge model have been adjusted
to match the frequencies with results from the test.
An Eigenvalue analysis of the bridge model showed
that the resonance frequencies of the first four modes
(Fig. 5) matched well with the experiment. Table 2
provides a comparison between the first four natural
frequencies from the experiment and those from the
3-D FE simulation.

4.3. MFI test with the full system eigenvector

The measured strain at mid-span was recorded
when the half-loaded truck drove over the bridge
at 15.65 m/s – see Fig. 6. The full system eigen-
vector was used to run the algorithm with 80,302
degrees of freedom and the first 25 mode, so the
eigenvector has dimension of [80302 x25]. The 25

modes has been defined before as the best number of
modes to get best accuracy [5]. The MFI algorithm
results (axle force histories) are plotted in Fig. 7.
Because Axles 2 and 3 are closely spaced, the axle
force histories for these two axles were summed
together (according to Rowley [5]) as individual his-
tories would not have been reliable. Table 3 provides
a comparison between the static load and the mean
of the middle 60% of the calculated force histories
for the truck axles. The results are excellent as the
errors in both the single axle, axle groups and total
weight are very small. The algorithm required a pro-
cessing time of 38 minutes using MATLAB-2015
on an 8 Intel® Core™ i7-6700 CPU @3.40 GHz
computer.

4.4. MFI using the new reduction technique

By comparing the strain under lane-1 (girders 2,
3) by the strain under lane-2 (girders 4, 5), it will
be known that the truck passed on lane-1. Only the
vertical translational DOFs along the wheel tracking
paths in lane-1 and the measured degrees of freedom,
where the strain sensors are placed on the girders at
mid-span, are selected to test the new approach effi-
ciency (Fig. 8). The eigenvector for those specific
DOFs is extracted from an Eigenvalue analysis with
a total of 220 DOFs only (1/365th of the total). All the
strain measurement domain at the girder mid-spans
are used to calculate the axle weights. Table 4 sum-
marizes the MFI results using the reduction method.
The new technique gives excellent results for axle
and total gross vehicle weight and is only slightly
less than when the full FEM is used. The algorithm
required 6.2 seconds only to find the results on the
same computer used before.

The previous experiment was repeated 3 times with
the Half-loaded (H-loaded) truck and two times with
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Fig. 5. First four natural frequencies of the bridge model.

Table 2
Experimental natural frequencies compared with 3-D model

frequencies

Experimental 3D model Error
natural natural

frequencies frequencies

1st Natural Freq. 7.56 Hz 7.32 HZ –3.2%
2nd Natural Freq. 8.21 Hz 8.36 HZ 1.83%
3rd Natural Freq. 11.85 Hz 12.10 HZ 2.1%
4th Natural Freq. 18.99 Hz 19.33 HZ 1.79%

Fig. 6. Strain measurements at mid-span for the half-loaded truck.

the Fully-loaded (F-loaded) one using some different
speeds. Table 5 shows truck type, speed, axle and
GVWs, the error in GVW, and the computational time
needed.

Fig. 7. Force histories of the half-loaded truck axles.

Table 3
Static measured and mean calculated loads of half-loaded truck

Item Measured static Calculated Error (%)
weight (kN) weight (kN)

Axle 1 66.7 63.8 –4.4
Axles 2 + 3 94.8 95.2 +0.46
GVW 161.5 159.0 –1.55

The table shows that the technique has reduced
the calculation time for all cases, which effectively
making this technique changing the B-WIM system
to be used for real-time load monitoring. The effi-
ciency of this technique will be significantly seen
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Fig. 8. DOFs used to run the algorithm.

Table 4
Static and calculated axle loads of half-loaded truck using the

selected part of the signal

Item Static Calculated Error (%)
weight (kN) weight (kN)

Axle 1 66.7 63.2 –5.28
Axles 2 + 3 94.8 98.1 +3.48
GVW 161.5 161.3 –0.14

Table 5
Calculated axle loads of H-loaded and F-loaded trucks and the

calculation time required

Truck Speed Axle 1 Axles GVW Error Computation
Type (m/s) 2 + 3 (kN) (%) time required

(s)

1 H-loaded 11.0 63.2 97.1 160.3 0.74 8
2 H-loaded 15.8 65.3 88.8 154.2 –4.6 6.1
3 H-loaded 13.15 57.5 101.3 158.8 –1.7 7.5
4 F-loaded 14.5 66.9 137.4 204.3 +1.2 6.9
5 F-loaded 15.3 60.9 129.1 190.0 –5.9 6.3

in longer spans, curved spans and continuous spans
bridges, where the FE model of these bridges is more
complicated, and there is a lot of degree of freedom
which make it hard to use the full model to estimate
the truck weight.

5. Conclusion

This paper proposes a new technique, which dra-
matically reduces the run times for MFI calculations,

effectively making it possible to do MFI with 3D
FEMs in real time. The technique reduces the com-
putational time of the algorithm by considering only
the key parts of the system eigenvector. For a typical
short span bridge, the approach has achieved a calcu-
lation time 1/367th of the original time on the same
computer, while retaining accuracy at substantially
the same level.
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Experimental testing of a moving force identification
bridge weigh-in-motion algorithm. Experimental Mechan-
ics. 2009;49(5):743-6.



A
U

TH
O

R
 C

O
P

Y

Y.M. Mohammed et al. / Moving force identification for real-time bridge weigh-in-motion 145

[4] McGetrick P, Kim C-W, González A. Dynamic axle force
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