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ABSTRACT: The remarkable functionalities of transiently cross-linked, biopolymer
networks are increasingly becoming translated into synthetic materials for biomedical
and materials science applications. Various computational and theoretical models,
representing different transient cross-linking mechanisms, have been proposed to
mimic biological and synthetic polymer networks, and to interpret experimental
measurements of rheological, transport, and self-repair properties. Herein, we employ
molecular dynamics simulations of a baseline entangled polymer melt coupled with
parametrized affinities for binding and unbinding of transient cross-links (CLs). From
these assumptions alone, we determine the emergent CL mean density and
fluctuations, and the induced rheology, across the 2-parameter space of binding and
unbinding affinities for a moderately long chain, entangled the polymer melt. For
sufficiently weak (short-lived) CLs, nonmonotonicity emerges with respect to the affinity to form CLs: the stress relaxation,
viscous, and elastic moduli all shift above the baseline if CLs form rapidly, reverse below the baseline as CLs form slowly, and
reverse again, recovering the baseline as CLs form very slowly. For sufficiently strong (long-lived) CLs and sufficiently fast CL
formation, a dramatic rise emerges in the viscous and elastic moduli at all frequencies, more prominently in the elastic moduli at
medium to high frequencies, inducing a sol−gel transition. These results are placed in context with the experimental and
theoretical literature on transient polymer networks.

■ INTRODUCTION
Transient polymer networks are ubiquitous in biology.
Chromosomes in eukaryote cell nuclei are transiently cross-
linked by structural maintenance of chromosome proteins.1−4

Antibodies in mucosal layers that coat all internal mammalian
organs transiently cross-link (CL) pathogens (viruses, bacteria)
and foreign particulates to the mucin polymer mesh, thereby
immobilizing the invasive species so that they can be
cleared.5−15 Mucus is itself a transiently cross-linked network
of mucin polymers by scores of small molecule proteins.9,16−22

Other transiently cross-linked biological polymer networks
include associative polymer actin gels,23,24 extracellular
matrices,25 and cytoplasmic molecular complexes.26,27 Tran-
sient gels are also explored in materials engineering because of
their reversible and self-healing properties28−32 with diverse
biomedical33,34 and materials science35−38 applications. For
example, employing rationally engineered polymer nano-
particle interactions that control transient CLs, the Langer
group has introduced a new paradigm for the fabrication of
self-assembled and biocompatible hydrogels that are utilized
for drug delivery.39−43 There is a surge of interest in ionic
liquids (ion hopping) and transient associative polymers,
cf.,44,45 recently surveyed in ref 46.
Compared to polymer networks cross-linked by permanent,

covalent bonds, transient networks consist of many types of
reversible binding interactions, for example, hydrogen bonds,
metal−ligand coordination, ionic and electrostatic interactions,
and hydrophobic associations. Although, an exploratory study
of the effects of cross-linking kinetics on the rheological

properties of entangled polymer networks is experimentally
challenging, many labs cited above and elsewhere are doing so.
Various theoretical models and mechanisms have been
developed and applied to understand and predict macroscopic
rheological properties and microscopic behavior across diverse
lengthscales and timescales. From the sticky reptation model
for associative polymers, with a predetermined number of
stickers (i.e. density of active CLs) attached to each polymer
chain at fixed positions along the chains, Rubinstein et al.
reveal that the dynamical properties of reversible networks are
governed primarily by the network strand size and by the
effective lifetime of reversible junctions.37,47−49 Using the
percolation theory, Colby and collaborators quantitatively
analyzed the linear viscoelastic response of lightly sulfonated,
short-chain polystyrene and give insights into its reversible
gelation properties.44,46 In recent studies of focusing on Rouse
chains undergoing head-to-head association and dissociation,
Watanabe et al. confirmed that there are dynamic differences
between dielectric and viscoelastic relaxation of Rouse
chains.50,51

Our modeling approach is inspired by collaborations with
experimental colleagues on various natural biopolymer net-
works including mucus52,53 and chromosomal DNA.1,2 Hult et
al. extended the stochastic Rouse-like polymer bead-spring
model of chromosomal DNA to incorporate transient binding
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in the nucleolus on chromosome XII in living yeast.1,2,54 The
model results were compared with experimental data on live
yeast, with best agreement for weak, short-lived binding
kinetics. Similar to these models for chromosomes, we employ
molecular dynamics (MD) simulations, leveraging the
LAMMPS open-source software package (https://lammps.
sandia.gov/), to explore how binding/unbinding kinetics of
transient CLs self-select the mean density and fluctuations of
active polymer domains, and thereby tune the rheological
properties of a canonical baseline system: an entangled,
relatively long chain polymer melt. Our model is distinct
from previous studies in that we parametrize the affinity
timescales for binding and unbinding among all “active”
polymer domains and the mean density, fluctuations, and
heterogeneous distribution of CLs across the network are
emergent properties. The structure and rheology of the
transient network are the consequences of these stochastic
CL properties. This modeling framework is adaptable to other
natural and synthetic polymer networks where the transient
CLs have different affinities, from vanishingly weak to
permanent, to the full spectrum of polymer domains.

■ COMPUTATIONAL DETAILS
Using the open-source software LAMMPS, polymers are
modeled as coarse-grained bead-spring chains without explicit
twist or bending potential, that is, bonds are freely rotating and
freely joined within the limits set by excluded-volume
interactions with nearby beads. The beads with diameter b
represent spherical Kuhn monomers which interact via a
shifted Lennard-Jones (LJ) potential
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where rc is the cut-off distance of the interaction, fixed at rc =
2.5b for all simulations. A finitely extensible nonlinear elastic
(FENE) potential was used to define the connectivity
(including covalent nearest-neighbor bonds and transient
non nearest-neighbor CLs) between monomers (beads)
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where κ = 30ϵ0/b
2 is the spring constant, R0 = 1.5b stands for

the maximum extension of the bond, and d = 1.2b for the
covalent bonds and d = b for the transient bonds.55,56 The
equation of motion of any bead in the implicit solvent
(neglecting any hydrodynamic interaction) is given by the
Langevin equation
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where m = m0 (with m0 being the mass unit) is the monomer
mass, ri is the position of the ith bead, ζ = (ϵ0/m0b

2)1/2 is the
friction coefficient, and U is the total conservative potential
including FENE and LJ potentials acting on the ith bead. The
quantity Wi(t) is a stochastic white noise force without drift
and second moment proportional to the temperature and the
friction coefficient ζ. We include viscous drag on each bead but

suppress hydrodynamic interactions between beads and chains
(the free draining approximation).57

In the simulations of transiently cross-linked polymers, every
polymer bead is capable of participating in a transient bond.
Transient bond formation: a search for new transient CLs is
performed every τB, a chosen waiting time for encounters that
is a proxy for the concentration of cross-linkers and their
accessibility to binding sites on the chains. At every τB, if the
separation rij between any two free beads i and j is smaller than
a predefined critical distance rB = 1.0σ0 (fixed throughout this
study), there is a probability PB of generating a transient bond
between beads i and j. This probability is a proxy for the
strength of the affinity for a bond to form between the bead
pair. Transient bond formation is thereby controlled by two
tuning parameters, τB and PB. Note that the beads are restricted
divalent transient bonds for this study. Transient bond
breakage: every bond that forms is maintained for a minimum
waiting time, τU, at which time the bond breaks with
probability PU, and every waiting time increment thereafter.
In the MD simulations, the stress relaxation modulus

function G(t) is quantitatively computed using a standard
protocol relating G(t) to the stress autocorrelation function
SACF(t) of off-diagonal elements of the system stress tensor
based on the Green−Kubo relation:58−60 =G t t( ) SACF( )V

K TB
,

where V is the system volume and the system temperature is
fixed at KBT = ϵ0 with ϵ0 being the energy unit in the MD
simulations. The stress autocorrelation function (SACF) was
computed from the formula
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where σxy, σyz, and σxz are the off-diagonal elements of the
stress tensor. The boundary conditions in all three directions
are periodic. The simulations are carried out using the
LAMMPS MD package at a constant temperature of T =
1ϵ0/KB and a fixed cubic box size of lbox, which is always chosen
to be much larger than the radius of gyration of single chains,
that is, lbox ≫ rg.

■ RESULTS
Baseline System: An Entangled, Homogeneous

Polymer Melt (HPM). The baseline system consists of
identical, Rouse-like bead-spring chains, at entanglement
concentrations. These specifications constitute a homogeneous
polymer melt, denoted as HPM. (In future studies, we will
consider molecular weight distributions of the polymers and
mixtures of different polymers, e.g., the mucins MUC5AB and
MUC5C in pulmonary mucus.) In highly entangled HPMs, the
polymer chain length Lc is significantly longer than the average
contour length of polymer strands between entanglements
(denoted as entanglement length Le), that is, Lc ≫ Le. The
stress relaxation modulus of highly entangled melts of ideal
homogeneous polymer chains includes two regimes: the Rouse

relaxation regime with = ×
τ

−

( )G t C k T( ) t
HPM m B

0.5

m
, when t

≪ τe, and the reptation regime because of entanglements with

= −
τ( )G t G( ) exp t

HPM e
ter

, when t ≫ τe, where Cm, τm, τe, τter,

and Ge are the number density of monomers, the monomer
relaxation time, the cross-over time between Rouse and
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reptation relaxation, the terminal relaxation time of single
chains, and the plateau modulus, respectively.61 As shown in
Figure 1, the stress relaxation modulus GHPM(t) for the

baseline entangled polymer melt exhibits a tendency toward a
plateau but not the full plateau that arises when polymer chains
are in the highly entangled regime. In these simulations, the
chosen chain length of polymers LC = 128 is larger but not
significantly than the estimated entanglement length of Le =
60−100 for melts of bead-spring model chains using a FENE
bond potential.59 The following formula, including a smooth
cross-over between the Rouse and reptation relaxation regimes,

is adopted for fitting the direct simulation data of the stress
relaxation modulus of the baseline HPM

τ τ
= × × + × −
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in which the fitting parameters are estimated ...numerically,
with γ ≈ −0.59, Ge ≈ 10−2KBT/b

3, τm = 1.2τ0, τter = 2.5 ×
104τ0, and Cm = 0.83/b3, with b and τ0 defined as the length
and time units in the MD simulations, respectively. Therefore,
we find that the corresponding entanglement length for our

simulated HPM is approximately = × ≈L C 83K T
Ge m
B

e
. The

decay power γ ≈ −0.59 indicates that, in our numerical HPM,
the relaxation dynamics of polymer segments on contour
lengthscales shorter than Le, correspondingly at relaxation
timescales t≪ τe, deviates from the ideal Rouse relaxation with
γ = −0.5.
The complex modulus, GHPM* (ω), is the Fourier transform of

GHPM(t), with the storage (elastic) modulus GHPM′ (ω) and loss
(viscous) modulus GHPM″ (ω) given by the real and imaginary
parts: G*(ω) = G′(ω) + iG″(ω), where ω = 2π/t is the angular
frequency. Figure 1 gives the results for GHPM′ (ω) =
ω∫ 0

∞GHPM(t) × sin(ωt)dt, GHPM″ (ω) = ω∫ 0
∞GHPM(t) ×

cos(ωt)dt, and the loss tangent, δ ω = ω
ω

″
′tan ( ) G

G
( )
( )

HPM

HPM
, of the

baseline HPM network. For any viscoelastic material, and for
this baseline HPM in particular, the polymer melt is gel-like if
tan δ(ω) < 1 and sol-like if tan δ(ω) > 1. As shown in Figure 1,
there exists a low-frequency range where tan δ(ω) > 1,
indicating a sol-like behavior, a weak gel-like high-frequency
behavior induced by polymer entanglements where tan δ(ω) is

Figure 1. Stress relaxation modulus, GHPM(t), storage modulus,
GHPM′ (ω), loss modulus, GHPM″ (ω), and loss tangent,

δ ω = ω
ω

″
′tan ( ) G

G
( )
( )

HPM

HPM
, of the baseline HPM.

Figure 2. Dynamics of bonds versus binding−unbinding affinities. In these simulations, transient binding and unbinding start from an equilibrium
HPM absent of CLs. (a) NB(t) and NU(t) are running counts of the total number of CLs formed and broken up to time t, respectively. (b) ρCL(t) =
(NB(t) − NU(t))/V is the number density of transient bonds at time t, where V is the system volume. (c) Snapshots (upper panels showing beads
and lower panels showing bonds) of the quasi-stationary equilibrium structure for MB and unbinding kinetics. Here, noncross-linked (red) and
cross-linked (green) beads are shown as spheres and covalent nearest-neighbor (red) and transient (green) bonds are shown as rods. (d) A table
showing the quasi-equilibrium, time-averaged CL density, ρCL* = ⟨ρCL(t)⟩ for t > τH.
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slightly below 1, and then a broad intermediate-frequency
range where tan δ(ω) ≈ 1, coincident with the power law
scaling of GHPM(t). Next, we explore how these rheological
properties are modified by transient CLs.
Equilibrium Self-Healing Time and Average CL

Density Versus Transient Binding−Unbinding Affinities.
The CLs are transient divalent bonds between pairs of non-
nearest-neighbor beads on a chain. While every polymer bead
is capable of participating in a transient bond, the imposed
binding and unbinding kinetics will dictate two outcomes: (1)
the equilibrium, or zero strain, self-healing time, τH, defined as
the time it takes starting from zero CLs to equilibrate to a
mean number density of CLs; and (2) the time-averaged mean
CL density, ρCL* , and the amplitude of fluctuations about the
mean. (In future studies, we will specify subsets of polymer
chains available for transient binding by specific cross-linker
species.) We coarsely divide the bond formation kinetics into
three bins: fast binding (FB) (shortest τB, highest PB), medium
binding (MB) (longer τB, lower PB), and slow binding (SB)
(longest τB, lowest PB). Once again we coarsely divide the
unbinding kinetics into three bins: fast unbinding (FU)
(shortest τU, highest PU), medium unbinding (longer τU, lower
PU), and slow unbinding (SU) (longest τU, lowest PU), defined
analogously to the bond formation kinetics with specific values
of τU and PU given in Figure 2d. These bins are equivalently
described as short-lifetime, medium-lifetime, and long-lifetime
bond duration regimes. At this coarse level of binding−
unbinding affinities, a matrix of nine cases is explored: (xB,
yU), where x and y are fast (F), medium (M), or slow (S).
Figure 2d gives the matrix of outcomes, τH and ρCL* , for all nine
cases.
One discriminating characteristic of transient versus

permanent cross-linked polymer networks is that the transient

CL structure and mechanical strength are reversible, and
thereby recoverable.28−32 These materials self-heal by a
combination of the relaxation and recovery modes (monomers,
chains, and entanglements) of the baseline HPM and return to
the quasi-stationary equilibrium of the CLs, after which we
assumed that some event has broken all CLs.28,29,37 (More
generally, one could impose a criterion for CLs to break, e.g., a
stress or strain threshold.46) All simulations begin at t = 0 from
an equilibrated pure HPM with zero CLs. For each of the nine
cases, we monitor the cumulative number of bonds that have
formed, NB(t), and the cumulative number of bonds that have
broken, NU(t); these counts are plotted in Figure 1a. The bond
creation and destruction rates per unit time are dNB(t)/dt and

dNU(t)/dt, respectively. Note that, >N t
t

N t
t

d ( )
d

d ( )
d

B U for early

times t > 0 and the difference approaches 0 as t grows. The first
time, τH, that the bond creation and destruction rates are equal
defines the self-healing time of the network in the equilibrium
state (with zero imposed strain). The number of CLs at any
time t is NCL(t) = NB(t) − NU(t). In Figure 2b, we show the
time-dependent density of transient CLs, ρCL(t) = NCL(t)/V.
NCL(t) increases from t = 0 and then approaches and fluctuates
about the plateau NCL* , the equilibrium mean number of CLs,
for t greater than τH. Figure 2c shows simulation snapshots of
the equilibrium structure of one transiently cross-linked system
with intermediate or MB and unbinding kinetics. The self-
healing time, τH, and the mean equilibrium number density of

CLs, ρ* =
*N
VCL
CL , are given in Figure 2d for all nine cases.

Two features emerge from Figure 2, which will serve to
dictate the rheological consequences to follow: (1) τH, the self-
healing time, is sensitive to unbinding kinetics and relatively
insensitive to unbinding kinetics. The shortest self-healing time
arises when CLs form fast and break fast; this scenario

Figure 3. Transiently cross-linked polymer networks vs binding−unbinding affinities. (a) Stress relaxation modulus GCL(t); (b) storage modulus

GCL′ (ω); (c) loss modulus GCL″ (ω); and (d) loss tangent δ ω = ω
ω

″
′tan ( ) G

G
( )
( )

CL

CL
. All cross-linked features are shown in red, superimposed with the

baseline HPM system features from Figure 1 in black.
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corresponds to a high concentration of weak, short-lived
anchors between beads. The longest self-healing times arise
when bonds are more permanent, that is, longer-lived. (2) ρCL* ,
the CL density, is sensitive to both binding and unbinding
kinetics, growing significantly as CLs last longer and form
faster. The highest CL density arises when bonds form fast and
persist, a scenario consisting of a high concentration of long-
lived anchors.
Dynamic Relaxation Modulus Versus Transient Bind-

ing−Unbinding Affinities. In Figure 3, columns correspond
to fixed CL lifetimes, showing the transition in GHPM(t) as
bond formation goes from fast to slow, a proxy for cross-linker
density going from high to low. Column 1, for short-lifetime
bonds, reveals nonmonotonicity in the relaxation modulus
versus CL formation affinity. There is a shift upward from the
baseline for FB, with GCL(t) > GHPM(t) for all t; there is a shift
downward from the baseline for MB, with GCL(t) < GHPM(t)
for all t; finally, a shift back upward to recover the baseline for
SB, showing a negligible effect on the baseline when bonds
form slowly and are short-lived. These effects reflect the results
from Figure 2, where the mean bond density is modest with
fast bond formation, then drops in half with medium bond
formation, and finally is negligible when bonds form slowly and
have short lifetimes. The nonmonotonicity is an intriguing
effect of short-lived bonds that we do not have a convincing
explanation for, arising from the subtle interactions between
the relaxation of chains and entanglements and the lengthscale
distribution and persistence time between bead−bead transient
CLs.
Column 2, for medium-lifetime bonds, reveals once again a

nonmonotonicity in the relaxation modulus. From entry (1, 2),
fast-forming bonds, there is a slightly bigger upward shift from
the baseline than with short-lifetime bonds, entry (1, 1),
reflecting the factor of 3 higher mean density of CLs from the
same entries of Figure 2. Then, with medium bond formation,
there is an apparently negligible effect on the relaxation
modulus, even though the mean density of CLs is higher than
any bond formation affinity with short lifetimes, column 1.
With slow bond formation, there again is a negligible mean
density of bonds, and likewise negligible effect on the
relaxation modulus. These results are reinforced from the
perspective of the rows, that is, the changes with respect to
bond lifetimes rather than the affinity to form bonds, discussed
below.
Column 3, for long-lifetime bonds, reveals the most dramatic

effect, always shifting the transient network above the baseline.
The greatest shift upward is for FB, which from Figure 2
column 3 has the highest mean density of CLs. The relaxation
modulus slowly drops monotonically back toward the baseline
as the propensity to bind weakens; nonetheless, the upward
shift even at slow bond formation is greater than all short- or
medium-lifetime bond settings in columns 1 and 2. These
results from column 3 reveal an intuitive result that high-
affinity, that is, long-time cross-linkers will have a very strong
rheological impact on the baseline HPM, proportional to how
fast CLs form, which is a proxy for the concentration of cross-
linkers or the exposure of binding domains on the chains
because of solvent quality, for example. The results in columns
1 and 2 are, in some sense, more intriguing, as they reveal the
potential to shift rheology in different directions for short- and
medium-lifetime cross-linkers by changing either the CL
concentration or the chain conformations that either shield
or expose binding domains to the population of binding

molecules. Further details are revealed from the elastic and
viscous moduli in frequency space, Figure 3b−d below.
The rows reveal trends for fixed propensity to form bonds as

the lifetime of bonds goes from short to long; the study of
these trends is a proxy for the effects due to increasing affinity
of the cross-linker interactions with polymer domains. All three
rows reveal a monotone increase in G(t) for all t, that is, a shift
upward in the relaxation modulus with increasing bond
lifetimes. In row 1, fast-forming bonds (high concentrations
of cross-linkers), all GCL(t) values are above the baseline, with
the greatest overall shift upward among all nine cases, arising
with fast-forming, long-lived bonds. In row 2, with medium
bond formation timescales, GCL(t) is shifted down for short-
lifetime bonds, shifts back up to approximately the baseline for
medium-lifetime bonds, and shifts even higher for long-lifetime
bonds with the second largest overall shift upward relative to
the baseline.

Elastic Modulus, That Is, Network Stiffness, Figure 3b. We
follow the relaxation modulus discussion with the columns first
and then the rows. Column 1, for short-lifetime CLs, network
strength is nonmonotonous with respect to bond formation
affinity: GCL′ (ω) rises slightly above the HPM baseline for fast-
forming CLs, then shifts below the baseline with medium bond
formation affinity, then switches back to essentially recover the
pure HPM strength when bond formation is slow. Column 2,
for medium-lifetime bonds, network strength is again non-
monotonous with respect to bond formation affinity, but
variations are less than with short-lifetime bonds. Column 3
reveals the most dramatic boosts in network strength arise with
long-lived bonds, the biggest shift upward with fast-forming
CLs, which drops a little with medium-forming CLs, and then
drops close to baseline with slow-forming CLs.
Row 1, for fast-forming bonds, the network strength is

always above the HPM baseline and increases monotonically
with bond lifetime, first slightly above the HPM baseline
strength for short-lifetime bonds, rising to higher strength for
medium-lifetime bonds, then rising dramatically for long-
lifetime bonds. This extreme result reflects a scenario in which
bonds form quickly (e.g., due to a high concentration of cross-
linkers) and last long, conditions that maximize CL density as
shown in Figure 2, strengthening the network. Row 2, for
medium affinity to form bonds (e.g., a medium cross-linker
concentration), the network strength drops below the HPM
baseline for short-lifetime bonds, a surprising result that we do
not rigorously understand as noted earlier. Network strength
increases monotonically with bond lifetime, first slowly with
medium-lifetime bonds, and then dramatically with long-
lifetime bonds, which is consistent with the relatively high CL
density shown in Figure 2.

Viscous Modulus, Figure 3c. The viscous modulus GCL″ (ω)
for all nine transient cross-linker cases follows the same trends,
as well as the order of magnitude changes between slow,
medium, and fast timescales to form and break bonds, as the
elastic modulus, Figure 3b. The loss tangent, tan δ = G″/G′,
reveals whether the network is more sol-like (tan δ > 1) versus
gel-like (tan δ < 1) as a function of frequency. Although Figure
3b,c reveal trends in elastic and viscous moduli versus binding
and unbinding affinities, the loss tangent captures the relative
trends, as shown in Figure 3d. Recall the HPM baseline is sol-
like for low frequencies, weakly gel-like for high frequencies,
whereas tan δ ≈ 1 over a wide medium frequency range. The
most dramatic result arises with long-lived bonds, the first two
entries of column 3: for fast and medium timescales of bond
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formation, the low-frequency sol-like behavior is diminished,
and a broad high-frequency gel behavior emerges, that is, the
elastic moduli at all, but the mid-frequency range is amplified
more than the viscous moduli. With long-lived and slow-
forming bonds, col 3, entry 3, the low-frequency sol-like
behavior returns, and the high-frequency HPM weak gel
behavior is a little stronger. Columns 1 and 2 essentially reveal
that the boosts or losses in GCL″ (ω) and GCL′ (ω) over these six
entries are quantitatively similar, so tan δ remains close to the
baseline HPM.
Rescaling of the Transiently Cross-linked HPM

Relaxation Modulus. Whereas the network topology of
permanently cross-linked polymers is stationary, the CL
structure of a transient polymer network experiences
relaxation. We define a relaxation time, τrel

CL, relating to the
lifetime of each transiently cross-linked network: (as revealed
from tan δ in Figure 3d, converting now from frequency to
time domain) the network is gel-like for t < τrel

CL, beyond which
the network transitions to an uncross-linked HPM-like
behavior, with memory of the transient cross-linkers lost for
t > τrel

CL. The effective HPM-like relaxation dynamics starts at t
= τrel

CL, that is, GCL(t) = GHPM
eff (t) = GHPM(t/ashift) for t > τrel

CL

with ashift being the horizontal shift factor of GHPM
eff (t) relative

to GHPM(t). Note that, there is a corresponding relaxation time
in the HPM, τstrand

HPM , which we refer to as the baseline relaxation
time, for polymer strands with contour length equivalent to
Sstrand
CL , which is defined as the averaged contour length scale
between CLs in transient networks. The averaged relaxation
time of polymer strands changes from τstrand

HPM in the HPM to τrel
CL

in transiently cross-linked networks. Thus, we posit that there

is an horizontal shift factor given by = τ
τ

ashift
rel
CL

strand
HPM . GHPM

eff (t)

relative to GHPM(t) is compressed if ashift < 1 or stretched if
ashift > 1. When τrel

CL > τstrand
HPM , the dynamic relaxation modes

corresponding to polymer segments with contour length scales
longer than SCon

CL are prevented by the unrelaxed CL structure,
that is, the structure “memory”’ of the polymer chains on these
contour length scales are screened due to CLs. The
corresponding relaxation modes do not start relaxing until
the original CL structure of the transient polymer network is
relaxed, for t > τrel

CL. The relaxation of these modes is effectively
stretched to longer timescales, by a shift factor ashift > 1. On the
contrary, when τrel

CL < τstrand
HPM , the relaxation of the cross-linking

structure induces an earlier relaxation of polymer strands
between CLs occuring at t = τrel

CL. In this case, the structure
“memory” of polymer segments on the contour length scale of
SCon
CL is lost by t = τrel

CL, a timescale shorter than the baseline
HPM relaxation time.
Note that the relaxation dynamics for entry (2, 1) (medium

timescales to form bonds, short-lived bonds) experiences the
longest delay in relaxation modulus, whereas entry (1, 3)
(rapid bond formation, long-lived bonds) experiences the most
accelerated relaxation modulus. As shown in Figure 4, the
direct simulation data of GCL(t) for the cases of (MB, FU) and
(FB, SU), can be rescaled to align with GHPM(t), where ashift >
1 for the case of (FB, SU) and ashift < 1 for the case of (MB,
FU). This confirms our assumption that the relaxation
dynamics of transiently cross-linked networks beyond the
relaxation timescales of the cross-linking network structure is
HPM-like with a horizontally shifted form of eq 1
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when t > τrel
CL. At timescales of t < τrel

CL, that is prior to the onset
of HPM-like relaxation, the relaxation modulus of a transient
network arises from combining the contributions of the
relaxations of polymer segments (of length scale shorter than
Sstrand
CL ) and the cross-linking structure of the transient

network.39,62 The unrelaxed CL structure of transient networks
for t < τrel

CL is responsible for the plateau modulus of GCL(t) at
short timescales that results in gel-like rheological character-
istics at high frequencies as can be seen clearly for the cases of
(FB, SU) and (MB, SU).

■ DISCUSSION

Our goal is to explore the dynamics and quasi-equilibrium
consequences by prescribing only the binding/unbinding
probabilities of cross-linker proteins to all available active
domains. We are exploring fewer assumptions for an important
reason: in biology we do not know the underlying features
(what subset of the polymers are active and with what available
protein cross-linkers), so we are building a modeling
framework that will allow us to learn the underlying features
from sufficient experimental data. The imposed binding and
unbinding kinetics dictate the time-averaged mean CL density
and the time interval, from an initial broken cross-linked state,
to converge to the stationary state (of mean and fluctuations of
active CLs), that is central to self-healing and design of
materials for regenerative medicine.28−38 The mean density of
active anchors, dictated by the transient binding affinities, gives
direct insight into the rheological consequences relative to the
baseline neat polymer melt. Both the recovery time and the
density of CLs are proportional to the lifetime of the CLs
(equivalently, the unbinding time). This is as expected because
SU (slow unbinding) lowers the CL breaking rate vbreak(t) and
raises the number of CLs NCL(t). Higher number of active CLs
depletes inactive CLs which suppresses the CL creation rate
vcreate(t). The convergence to equilibrium is thereby delayed
with longer CL lifetimes. Therefore, the timescale for a CL to

Figure 4. (a) Stress relaxation modulus G(t), for the baseline HPM in
black, and transiently cross-linked HPMs, from entries of Figures 2
and 3: (1, 3) (FB times, long-lived bonds) in green and (2, 1) (MB
times, short-lived bonds) in red. The upper and lower panel shows the
simulated G(t) from Figure 2 and the renormalization according to eq
2, respectively. (b) A table of the shift factor ashift.
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unbind dominates the emergent transiently cross-linked
network timescale τequ

CL , which depends much less on the
timescale to bind.
Aside from the details of the polymer chain model and chain

length, and whether the network is unentangled, entangled, or
highly entangled (which we do not explore), our model
explicitly parametrizes the timescale affinities for binding and
unbinding of active polymer domains by the cross-linker
species. This framework reveals the binding−unbinding
affinities that lead to prescribed conditions in the other
models. We show, quantitatively, how the density of active CLs
varies, according to binding and unbinding affinities. For
example, a low density of CLs arises with SB (slow binding)
and FU (fast unbinding) kinetics, and does not significantly
alter the stress relaxation modulus G(t) relative to the neat
polymer melt. This result recovers the sticky reptation model
prediction for a prescribed low concentration of transient CLs
(closed stickers). For long-lived CLs, our simulations show
that a plateau begins to emerge in G(t) for timescales below
the relaxation time of CLs. Correspondingly, a sol−gel
transition emerges. This result is consistent with the sticky
reptation result in which stickers act like permanent CLs on
timescales below their relaxation time. Thus, G(t) in our
simulations has an emerging plateau with an elevation dictated
by the density of CLs or the number of polymer strands
between CLs. Colby and collaborators reached the same
conclusion in their experimental work.44,46 Our simulations
further show that there is no structure change in G(t) on
timescales beyond the relaxation of CLs, except that the
terminal relaxation time shifts longer, consistent with the
theoretical and experimental results.44,46−48

Our simulations reveal a small yet measurable rheological
difference on very small timescales between G(t) for
transiently cross-linked polymer networks and neat homopol-
ymer melts. This was not discussed or predicted in theoretical
papers,44,46 yet was seen experimentally.44,46 For short-lived
bonds (FU kinetics), we reveal a nonmonotonicity in rheology
with the binding timescale. This prediction has not, to our
knowledge, been predicted or observed previously. As shown
and mentioned above, the critical timescales related to the
binding and unbinding kinetics of short-lived transient CLs is
comparable with, or even smaller than the monomeric
relaxation time τ0 of the neat polymer melt. We surmise that
the effect of many short-lived CLs is to enhance the
fluctuations of polymer chains, similar to an increase in system
temperature. However, if the binding kinetics is too fast,
previously bound bead pairs can rebind immediately after
breaking, resulting in an effective increase in lifetime of the
transient bonds. This result reveals the underlying kinetic basis
of the nonmonotone rheology of transiently cross-linked
polymer networks. The kinetics of short-lived bonds was
addressed in the sticky reptation model work, yet the
corresponding rheological consequences were not.
Note that the active cross-linker fluctuations are important

as well, as that feature gives insight into the underlying
fluctuations in the self-organization and structural morphology
of the transiently cross-linked polymer network. This feature,
while not expanded upon in the present study, has significant
consequences for biology as it implies a source of enhanced
thermal energy fluctuations that might very well affect the
mobility of passive and active foreign particles or pathogens.
We show that the morphology might be relatively stable and
robust, or experience large fluctuations, as revealed in Figure

2b. Our future aim, as noted above, is to use modeling with as
few assumptions as possible coupled with learning algorithms
and experimental data to narrow down the uncertainty of the
transient interactions in biological polymer networks.

■ CONCLUSIONS
In this work, we have extended the open-source, computational
MD platform LAMMPS to chart the rheological landscape
spanned by transiently cross-linked, entangled polymer net-
works. The baseline network is a homogeneous melt of Rouse-
like polymers above the entanglement concentration. Because
of rate-limiting computational cost and time, we are not able to
probe deep into the entanglement regime, although the
presented chain length and concentrations are sufficient to
capture important rheological consequences of transiently
cross-linked, entangled polymer melts. Spanning fast, inter-
mediate, and slow timescales of both binding and unbinding of
the baseline network, we simulate convergence to quasi-
equilibrium starting from an unstrained equilibrium with zero
CLs. We postprocess the simulation data, tabulating the
following statistical properties: the mean density of CLs and
fluctuations about the mean, mean CL duration, and self-
healing time (convergence time from initial configuration with
zero CLs to quasi-equilibrium). With the quasi-equilibrium
data, the Green−Kubo summation formula yields the dynamic
relaxation modulus G(t) for the HPM baseline over a 3 × 3
matrix of diverse of binding and unbinding kinetics (fast,
medium, and slow for each). The Fourier transform of G(t)
provides the dynamic storage G′(ω) and loss G″(ω) moduli
and loss tangent tan δ = G″(ω)/G′(ω). These results reveal
the rheological tuning induced by transient CLs on the CL-free
baseline network. The two most salient results from these
simulations are the following.
For sufficiently weak (short-lived) bonds, a remarkable

nonmonotonicity emerges in the rheological features versus
the affinity to form bonds. (The binding affinity is a proxy for
cross-linker concentration or the accessibility of the cross-
linkers to binding domains on the polymer chains.) We find
that the relaxation modulus, viscous, and elastic moduli all shift
above the baseline network if bonds form sufficiently fast; then
all three features reverse and fall below the baseline as bonds
form slower; and finally all features reverse direction again as
bonds form very slowly, recovering back to the baseline
rheology as bond formation timescales approach zero. This
result implies rheological tuning capability in synthetic and
biological polymer networks by controlling the concentration
of cross-linkers or by controlling encounters of a fixed
concentration of cross-linkers to attractive polymer domains.
For sufficiently strong (long-lived) bonds and sufficiently

fast bond formation, a dramatic rise in the viscous and elastic
moduli emerges at all frequencies, giving the strongest
rheological modifications of the baseline network. Further-
more, the rises in dynamic moduli are marked by a greater
amplification in the elastic moduli across the medium to high
frequencies, inducing a sol−gel transition in this broad
frequency range. These binding and unbinding conditions
and consequences are intuitively understood when monitoring
the equilibrium CL density, which is maximal when bonds
form fast and break slowly. This particular result is reminiscent
of airway mucus pathology, whereby healthy mucus undergoes
a sol−gel transition during disease progression,52 pointing to
the potential role of additional or modified transient protein
CLs in this transition.
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From a theoretical polymer physics perspective, in the last
section we sought to capture these rheological transitions
through an effective rescaling of the baseline relaxation
modulus across the 3 × 3 matrix of transiently cross-linked
entangled polymer networks. The parameters in the scaling
relation are based on the competition between the relaxation
timescales of the baseline entangled polymer network and the
CL-induced structure. By fitting the parameters in this
rescaling formula, we show that all relaxation moduli with
transient CLs approximately collapse onto the homogeneous
polymer baseline modulus. From these results for a wide range
of independent binding and unbinding affinities, one gains
quantitative and qualitative intuition into how transient CLs
tune a broad spectrum of rheological properties of entangled
polymers. These results serve as yet another guide and
complement to other coarse-grained modeling frameworks,
with diverse applications including the design of synthetic
polymer networks with transient molecular CLs, for example,
vitrimers.63−65 This study also serves as a guide to shift the
rheology of biological entangled polymers by altering existing
transient interactions or introducing new cross-linkers, for
example, mucolytics.17,19,20
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