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Summary: Drawing inferences for high-dimensional models is challenging as regular asymptotic 

theories are not applicable. This paper proposes a new framework of simultaneous estimation and 

inferences for high-dimensional linear models. By smoothing over partial regression estimates based 

on a given variable selection scheme, we reduce the problem to a low-dimensional least squares 

estimation. The procedure, termed as Selection-assisted Partial Regression and Smoothing (SPARES), 

utilizes data splitting along with variable selection and partial regression. We show that the SPARES 

estimator is asymptotically unbiased and normal, and derive its variance via a nonparametric delta 

method. The utility of the procedure is evaluated under various simulation scenarios and via 

comparisons with the de-biased LASSO estimators, a major competitor. We apply the method to 

analyze two genomic datasets and obtain biologically meaningful results. This article is protected by 

copyright. All rights reserved 

 

Key words: Confidence intervals; High-dimensional inference; Hypothesis testing; Multisample-

splitting; Selection-assisted Partial Regression and Smoothing (SPARES). 
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1.Introduction

Considertheclassicallinearmodel:

Y=Xβ0+ε (1)

whereY=(y1,y2,...,yn)
Tisthen-vectoroftheresponsevariable;X =(X1,X2,...,Xp)is

then×pdesignmatrixthatconsistsofpcovariatevectorsXj’s;X canalsobewrittenas

X =(xT1,x
T
2,..,x

T
n)
T,wherexi=(xi1,...,xip)representsthep-vectorofcovariatesforthe

ithindividual;β0=(β01,...,β
0
p)
Tisthetrueparametervectorofinterest;ε=(ε1,ε2,...,εn)

T

istherandomnoisevectorandE(ε)=0n.

Inthetraditionallow-dimensionalsettingwhenn>p,itiswellknownthatleastsquares

estimatorβ̂LS=(X
TX)−1XTYconvergestoanormaldistributioncenteredatβ0,which

providesexactestimationandinferencesthroughexplicitlycomputablep-valuesandcon-

fidenceintervals.Ontheotherhand,whenn<p,theleastsquaresestimationwouldfail

becausethesamplecovariancematrixΣ=XTX/nissingular.Howeverthen<pproblem

hasbecomeincreasinglyrelevantoverthepasttwodecadeswiththecommonavailabilityof

high-throughputdata.Thegoalisoftentofindaparsimoniousmodeltoexplaintheresponse

inthepresenceofmassivecovariates.Anumberofselectionandestimationmethodsincluding

LASSO(Tibshirani,1996),AdaptiveLASSO(Zou,2006),SCAD(FanandLi,2001),ISIS

(FanandLv,2008),amongothers,areavailable.

Morerecently,interestinthestatisticalcommunityhasshiftedtomakingreliableinferences

inhigh-dimensionalmodels.Researchershavebeentryingtotackletheproblemfromdiffer-

entangles.Onedirectionistomakeinferencesbasedontheselectedmodel,i.e.theonethat

ischosenbyagivenvariableselectionprocedure.WassermanandRoeder (2009)proposesa

multi-stageprocedurethatisbasedondatasplittingtoseparateselectionandinference;Berk

etal.(2013)providesconservativeconfidenceintervalsfortheselectedvariablesbydefining

asetofcandidatemodels;LeeandTaylor(2014);Leeetal.(2016

This article is protected by copyright. All rights reserved
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2 Biometrics,December2018

asymptoticsofthecoefficientestimates,giventheselectedmodel.Theseconddirectionis

toestimateandmakeinferencesofthelow-dimensionalparametersinthehighdimensional

models.Bellonietal.(2013,2014)proposeadoubleselectionprocedureinsteadofasingle

selectionsteptoestimateandconstructconfidenceregionsforaregressionparameterof

primaryinterest.Someotherworksproposeestimatorsandinferencesbasedonpenalized

estimation.AtypicalexampleisthebiascorrectionmethodbasedonLASSO(Zhangand

Zhang,2014;VandeGeeretal.,2014;Javanmardand Montanari,2014),whichprovides

pointestimationandconfidenceintervalsforthemodelparameters.Thereisalsoworkby

NingandLiu(2017)thatproposeshypothesistestsandconfidenceregionsbasedonthe

decorrelatedscorefunctionandteststatistic.

Theseapproacheshavetheirmeritsanddemerits. WhileWassermanandRoeder (2009);

LeeandTaylor(2014);Leeetal.(2016)aimatexactinferenceforpost-selectionestimates,

itisconfinedtotheselectedmodelfromthe“firststep.”Thus,flawsintheinitialmodel-

selectionstep,cannotberectifiedinsubsequentsteps.Thelimitationofrequiringperfect

modelselectionisimprovedinBellonietal.(2014),meanwhile,WassermanandRoeder

(2009);Meinshausenetal.(2009)recommendnotperformingselectionandestimationon

thesamedataset.Ontheotherhand,theperformanceoftheoriginalde-biasedLASSO

estimatorreliesheavilyontheaccuracyofestimatingtheprecisionmatrix,i.e.Σ−1,which

playsanundulycrucialroleintheestimationandinferencesubsequently.InJavanmardand

Montanari(2014),theyrelaxedtherequiredaccuracyofestimatingΣ−1(thematrixM in

theirpaper),insteadtheysetM astominimizetheerrortermandthevarianceofthetarget

Gaussianlimit.

Inthispaperweproposeanovelapproachtoconsistentlyestimateβ0,providep-values

forallcovariates,andcomputeconfidenceintervalsforanyfixedsubsetofparametersin

high-dimensionallinearmodels.Theapproach,coined

This article is protected by copyright. All rights reserved
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InferenceforHigh-dimensionalLinearModels 3

andSmoothing(SPARES),possessesasymptoticunbiasednessandasymptoticnormality.

Ourideatakesadvantageofthemultisample-splittingmethodinMeinshausenetal.(2009),

whichdefinesap-valueforeachpredictorfromeachsample-splittingandthenaggregates

thesep-valuestodeclareasinglep-valueperfeature.Onepossiblecriticismofthisapproach

isthatthep-valuesandtheaggregationhaveacertainarbitraryangletothem:forexample,

featuresnotselectedineachsample-splitsubsampleareallassignedap-value1.Incontrast,

ourSPARESestimatorutilizespartialregressiontoestimateβ0ineachsample-splitfollowed

byanaturalsmoothingstep.Ineachdatasplit,ourprocedureprovidesanestimateof

β0j,j=1,2,..,pregardlessofwhetheritwaschosenbytheselectionprocedure.Suchidea

ofattachingvariablejtotheselectedvariablesisalsousedinBellonietal.(2014).Thenwe

averageoverthevariationoftheselectionandsample-splittoobtainasmoothedestimator.

Forthesereasons,SPARESisnotapostmodel-selectionmethod.Furthermore,ourapproach

avoidstheneedtoestimatethehigh-dimensionalprecisionmatrix.

Ourapproachstandsoutfromthemajorityofrelatedworks(WassermanandRoeder,

2009;ZhangandZhang,2014;VandeGeeretal.,2014;JavanmardandMontanari,2014;

Bellonietal.,2014;NingandLiu,2017)inthatitisneitherrestrictedtoafixedrealizationof

theselectedmodelnorlimitedtoacertainselectionprocedure.Thesmoothingaccomplished

throughmultisample-splittingensuresthattheβj’sareasymptoticallynormalwithnegligible

biaswhilethestandarderrorscanbereadilyestimatedviaanonparametricdeltamethod

(Efron,2014).Consequently,inferencescanbemadeforeachandeveryβ0j,j=1,2,..,p

withouthavingtoconfrontthecurseofdimensionality.Asshowninthedataapplications,

ourmethodisadvantageousingivinguncertaintymeasures(suchasp-values)toallhigh

dimensionalcoefficientsatonce.

Therestofthispaperisorganizedasfollows.Section2describestheSPARESestimator

andSection3developsitstheoreticalproperties.Section4

This article is protected by copyright. All rights reserved
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4 Biometrics,December2018

throughSPARES,includingconfidenceintervalsandsignificancetests.Section5discussesthe

extensiontoasubvectorofβ0withafixeddimension.InSection6weconductsimulationsto

examinetheperformanceofSPARESandpresentcomparisonstode-biasedLASSOmethods.

Section7comprisestworealdataapplicationsandSection8summarizesthemeritofthis

workandpinpointsfutureresearch.

2. Proposed Method

Let[p]={1,2,..,p}denotethesetofintegersforanypositivep.ForavectorVoflength

p,denotetheentrycorrespondingtosubscriptj∈[p]byVjor(V)j;forasquarematrix

Σ =Σp×p,denotetheentrycorrespondingtosubscriptsj,k∈[p]byΣjkor(Σ)jkfor

clarityifnecessary;forasubsetS⊂[p],denotethesub-designmatrixXS=(Xj)j∈Sand

thesub-covariancematrixΣS =(Σjk)j,k∈S.TheprojectionmatrixofXS isdenotedas

HS=XS(X
T
SXS)

−1XTS.Theactivesetofβ
0isS0,n={j∈[p]:β

0
j=0}.

One-timeSPARE:Wefirstintroducetheestimationof β0throughSelection-assisted

PartialRegression(SPARE)onasingledata-split.GivendataDn=(X,Y)asinmodel(1)

andagenericselectionprocedureSλwithparameterλ,wefirstsplitDnintotwohalvesD1

andD2,with|D1|= n/2,|D2|= n/2,thefloorandceilingofit.Denotethesubsetof

variablesselectedbySλonD2asS=Sλ(D2).NextonD1=(X
1,Y1),thepartialregression

estimatorforβ0j,j∈[p]is

βj= (X1S∪j
T
X1S∪j)

−1X1S∪j
T
Y1

j
, (2)

whichisthecoefficientestimatecorrespondingtoX1jfromtheleastsquaresregressionofY
1

onX1S∪j.Moreover,(2)canbewrittenasβj= X1j
T
(In/2−H

1
S\j)X

1
j
−1
X1j

T
(In/2−H

1
S\j)Y

1

This article is protected by copyright. All rights reserved
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InferenceforHigh-dimensionalLinearModels 5

LetSC=[p]\S,wecanwritetheone-timeSPAREestimatorcompactlyas

β(D1,S)=





βS

βSC




=






(X1S
T
X1S)

−1X1S
T
Y1

diagX1SC
T
(In/2−H

1
S)X

1
SC

−1

X1SC
T
(In/2−H

1
S)Y

1




 . (3)

TherationaleforSPAREtoworkisthatgivenasubsetofimportantpredictorsS⊂[p]that

isclosetotheactivesetS0,n,thepartialregressionestimator(2)wouldbeafineestimator

thatisclosetothetruthβ0j,forallj∈[p].Infact,aslongasS⊃S0,n,(2)wouldbean

unbiasedestimatorforβ0j,regardlessofj∈Sornot.However,giventhelargenumberof

predictors,theone-timeSPAREestimatorishighlyvariable,andheavilydependsonthe

selectedSandthespecificsplitofdata.

SPARES:Toovercomethisdifficulty,weintroduceitssmoothedversion,theSPARES

estimator,whichisderivedfrommultisample-splittingandrepeatedapplicationsofSPARE.

ForalargeenoughBandeachb=1,2,..,B,wefirstdrawasampleofsizen/2,with

replacement,fromthefulldataanddenoteitasDb1. Whennisodd,weinterpretn/2as

n/2.LetI1={i1,i2,...,in/2},1 ik nbethecollectionofindicesoftheobservations

inDb1.Next,wecollecttheobservationsthatarenotdrawninD
b
1asD

b
2withindexset

I2=[n]\I1.ThusI1∪I2=[n]andI1∩I2=∅.NowtheapplicationofSPAREby(3)is

βb=β(Db1,S
b),whereSb=Sλ(D

b
2);thefinalstepistoaverageoverallβ

b’s,

βSPARES=
1

B

B

b=1

βb. (4)

Intermsofthecomputationalcost,eachoftheone-timeSPAREhasthesametime

complexityasonerunofLASSO(O(np2)),andthecostoftheSPARESprocedureisB

timesthat.Butwiththehelpofparallelcomputing,wecouldlargelyreducethecomputation

timebyanydesiredfactorKdependingonthecomputingtool.Thusthetimecomplexity

ofSPARESisO(Bnp2/K),amultipleofone-timeLASSOproportionaltothenumberof

re-samples.EmpiricallythetotaltimecostoftheSPARESprocedureislinearinplogn.

Intherestofthepaper,wewillalwaysuseβfortheone-timeSPAREestimatorandβ

This article is protected by copyright. All rights reserved
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6 Biometrics,December2018

theSPARESestimator.Boththeone-timeSPAREandtheSPARESpossesstheasymptotic

unbiasednessandnormality,butSPARESismuchmorestableduetothesmoothingeffect

frommultisample-splitting,whichwewillexploreindepththroughouttherestofthispaper.

3. TheoreticalResults

3.1One-timeSPARE

Wefirstestablishtheasymptoticpropertyoftheone-timeSPAREestimatorunderthe

followingassumptions.

(A1).RandomnessofData:Inmodel(1),εi⊥xi;εi’sarei.i.d.randomerrorswithmeanzero,

finitevarianceσ2andfinitethirdabsolutemomentE|εi|
3 ρ0;X =(x

T
1,...,x

T
n)
T,xi’sare

i.i.d.meanzerosub-GaussianrandomvectorsinRpwithcovariancematrixΣp×p,whose

eigenvaluesarebounded,

0<cmin λmin(Σ) λmax(Σ) cmax<∞.

xi’salsohavefinitecomponent-wisethirdabsolutemoments∀j,E|xij|
3 ρ1.

(A2).Orderof ModelParameters:Thereexistconstants0<c1 1,cβ>0suchthats0=

|S0,n|=O(n
c1),maxj|β

0
j| cβ.

(A3).SureScreeningProperty:Thereexistsasequence{λn}n 1andconstants0<η <1,

c2>2c1suchthat|Sn,λn|/n η,and

P(Sn,λn⊃S0,n) 1−o(n−c2−1) as n→∞. (5)

HereSn,λn denotestheselectedsetofvariableswithsamplesizenandtuningparameter

λn.

Remark1: ThesurescreeningpropertyismetinFanandLv(2008);FanandSong

(2010),andisguaranteedwiththerightorderoftuningparameterλusingLASSO(Bach,

2008).Morespecifically,byFanandLv(2008);FanandSong(2010

This article is protected by copyright. All rights reserved
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InferenceforHigh-dimensionalLinearModels 7

tions(A1)and(A2),thefollowingconditionsarerequiredforthesurescreeningpropertyto

hold:

•Var(Y)=O(1),andforsomeκ 0andc0,c3>0,minj∈S0|β
0
j| c0/n

κand

min
βj=0

covβ−1j Y,Xj c3;

•logp=O(nξ)forsome0<ξ<1−2κ.

When κ 1/3,thesparsityrequirementimpliedbyFanandLv(2008),s0=o(n
θ)forsome

0<θ<1−2κ,isstrongerthanthatinJavanmardandMontanari(2018),whichiss0=

o(n/(logp)2). Whenκ<1/3,thecomparisonbetweenthetwoconditionsareinconclusive.

Pleaseseeconditions1-4inFanandLv(2008)formoredetails.

In(A1),onlyamomentconditionisrequiredontheerrortermsandasub-Gaussian

distributionforthecovariates.Forcomparisons,whiletheasymptoticnormalityofthe

wholep−dimensionalde-biasedestimatorisnotguaranteedfornon-Gaussianerrors,acentral

limittheoremargumentcanbeusedtoobtainapproximateGaussianityofcomponentsof

fixeddimension(B̈uhlmannetal.,2014).Thustheinferenceforanyfixedlow-dimensional

parameterisstillvalidforthesetypesofmethodsundersub-Gaussianerrorswithfinite

momentconditions.In(A2),thereisnodirectassumptionontheorderofp,however,it

isimpliedthrough(A3),aconditionmadedirectlyontheselectionmethod.Onereason

forsuchanassumption,insteadofmorebasiconesliketheorderofporthecovariance

structureofthepredictors,isthatselectiononlyplaysanassistiveroleinourmethod;the

estimationpartisinfactlow-dimensionalandthereforedoesnotdirectlyrequiretypical

high-dimensionalconditions.

Theorem1: Givenmodel(1)andassumptions(A1)-(A3),considertheone-timeSPARE

estimatorβ=(β1,β2,..,βp)
Tasdefinedin(3).Denotem= n/2,σ2j=σ

2 X1S∪j
T
X1S∪j/m

−1

jj

This article is protected by copyright. All rights reserved
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8 Biometrics,December2018

Then∀j∈[p],asm→∞,

√
m(βj−β

0
j)/σj→N(0,1). (6)

Remark2: Notethatwecouldalwaysletthequantityofinterestin(6)tobezero

wheneverS0⊂S,whoseprobabilitygoestozeroby(A3).Thusweonlyneedtoshowthe

convergencewhentheeventS0⊂Sholds.

Theproofispresentedinthe WebAppendixA.

3.2SPARES

Giventhehighvolumeofpredictorsinthemodel(1),theone-timeestimatorisexpectedto

benoisyandunstable,especiallyforallthej/∈S0,nthatarethemajorityofthep−vector

β0.Incontrast,theSPARESestimatorismorestableasitsmoothsoverbothestimationand

selection.AstheSPARESintroducesextradependencybetweentheselectionsSb’sandthe

partialregressionestimates,thefollowingcondition,whichisstrongerthan“surescreening”,

isrequiredforthedesiredtheoreticalproperty.

(B3).SelectionConsistency:Thereexistsasequence{λn}n 1andconstants0<η<1,c2>2c1

suchthat|Sn,λn|/n η,and

P(Sn,λn=S0,n) 1−o(n−c2−1) as n→∞. (7)

Theselectionconsistencyisoftenmetundercertainsparsityconditionsdependingonthe

selectionmethod(ZhaoandYu,2006;Zhang,2010).TakeLASSOforexample,theselection

consistencypropertyisguaranteedunders0=O(n
c1)ands0logp=o(n

c3)forsome0<

c1<c3<1,alongwithirrepresentableconditionandothers.

Theorem2: Givenmodel(1)andassumptions(A1,A2,B3),considertheSPARESes-

timatorβSPARES=(β1,...,βp)
Tasdefinedin(4).Foreachj

This article is protected by copyright. All rights reserved
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InferenceforHigh-dimensionalLinearModels 9

Z0j,∆j,suchthatasn,B→∞,

√
n(βj−β

0
j)=Z

0
j+∆j, Z0j/σj→N(0,1), ∆j=op(1), (8)

whereσ2j=σ
2 Σ−1S0,n∪j jj

isbounded.

TheproofispresentedintheWebAppendixalongwithsomeusefullemmas.Thedifficulties

inderivingthetheoreticalpropertiesoftheSPARESestimatorariseprimarilyfromthe

randomnessofSb’s,theselectedsubsetsofvariablesfromsubsamplesoftheoriginaldata.It

isunclearwhetherastandardbootstraptheoremcanbeappliedtosuchrandomsetssincethe

uniformcontrolthatoneobtainsunderDonsker-typeconditionsinempiricalprocesstheory

isabsent.Consequently,assumptionsweakerthanselectionconsistencyarenoteffectivein

controllingtherandomnessoftheSb’s. Meanwhileoursimulationssuggestthevalidityof

SPARESwhenonly(A3)holdsinsteadof(B3).Underassumption(B3),theasymptotic

varianceofoursconvergestothebestvarianceofanunbiasedestimatorofβ0junderthe

reducedmodel

Y=XS0∪jβ
0
S0∪j
+ε. (9)

Suchboundissmallerthanthesemiparametricinformationboundthatinvolvesallpcovari-

ates(Bellonietal.,2014;VandeGeeretal.,2014).Neverthelessthesetsofconditionsforthe

mentionedworksandoursarequitedifferentthattheymightnotbedirectlycomparable.

4.InferencebySPARES

4.1EstimatorofStandardErrors

AsshowninTheorem(2),βjconvergestoanormaldistributionwhosevariancedepends

ontheunknownactivesetS0,n. Weproposeanimplementableapproachtoestimating

thestandarderrorofβjusingTheorem1ofEfron(2014),seealsoWageretal. (2014)

andTheorem9ofWagerandAthey (2018). WedenotetheestimatorasseBj.Fortheb
th

bootstrapdata,Db1,were-writetheindexsetasI
b
1=(ib1,ib2,...,in/2).Fori=1,2

This article is protected by copyright. All rights reserved
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10 Biometrics,December2018

defineIbi=#{ibk=i},thenumberoftimesthatthei
thobservationappearsinthebth

re-sample.ThevectorIb=(Ib1,Ib2,...,Ibn)thenfollowsamultinomialdistributionwithn/2

drawsonnoutcomeseachhavingprobability1/n,whosemeanvectorandcovariancematrix

are

Ib∼
1

2
1n,
1

2
In−

1

2n
1Tn1n (10)

where1nthe(column)vectorofn1’sandInthen×nidentitymatrix.Thenonparametric

deltamethodestimatorofthestandarderroristhengivenby:

seBj=
n

i=1

cov2ij

1/2

, (11)

where

covij=
B

b=1

(Ibi−I·i)(β
b
j−βj)/B (12)

isthebootstrapcovariancebetweenIbiandβ
b
j,andI·i=

B
b=1Ibi/B.

AsemphasizedinEfron(2014),themeritofsmoothingtheSPAREestimatoristoconvert

a“jumpy”selection-basedestimatorβbintoasmoothversionofβ.Itispointedoutin

Wageretal. (2014)thatthenonparametricdeltamethodstandarderrorestimatortendsto

bebiasedupwardswhenthenumberofbootstrapsissmall.Theyproposedanalternative

bias-correctedversionof(11):

seBU= (seB)2−
n

2B2

B

b=1

(βb−β)2
1/2

(13)

Notethat(13)convergesto(11)asB→ ∞.Theoriginalversion(11)wouldrequireB=

O(n1.5)toreduceMonteCarlonoisedowntothelevelofsamplingnoise,while(13)only

requiresB=O(n

This article is protected by copyright. All rights reserved

).Moreover,ourexperienceshowsthattheunbiasedversiondoesconverge

totheempiricalstandarderrorfasterthantheoriginalone.

 
 

  
 A
cc
ep
t
ed
   
Ar
ti
cl
e

 

 

 

 

 

 

 

 

  

 
 
 



InferenceforHigh-dimensionalLinearModels 11

4.2ConfidenceIntervalsandP-values

Followingpreviousdiscussion,theasymptotic1−αconfidenceintervalforeachβ0jisgiven

by

βj−Φ
−1(1−α/2)seBj,βj+Φ

−1(1−α/2)seBj , (14)

whereΦ−1istheinverseCDFofthestandardnormaldistribution.Thep-valueoftesting

H0:βj=0is

pj=2× 1−Φ |βj|/se
B
j . (15)

5.ExtensionofSPAREStoaSubvectorβ(1)withaFixedDimension

Itisnaturaltoextendourproceduretoasubvectorβ(1)ofβ0withafixeddimensionp1 2.

Withoutlossofgenerality,assumethat β(1)=β0
S(1)
=(β01,β

0
2,..,β

0
p1
)T with|S(1)|=p1.

Accordingly,wemodifytheSPAREestimatorin(2)tobe

βbS(1)= (XbSb∪S(1)
T
XbSb∪S(1))

−1XbSb∪S(1)
T
Yb

S(1)
, (16)

whichgivesacorrespondingSPARESestimatorforβ(1):

β(1)=
1

B

B

b=1

βbS(1). (17)

ThecorrespondingextensionofTheorem2isstatedbelow.

Theorem3: Consider model(1)underassumptions(A1,A2,B3),andafixedfinite

subsetS(1)⊂{1,2,..,p}with|S(1)|=p1.Letβ
(1)betheSPARESestimatorforβ(1)=β0

S(1)

asdefinedin(17).ThereexistrandomvectorsZ(1),∆(1),suchthatasn,B→∞,

√
n(β(1)−β(1))=Z(1)+∆(1), Σ(1)

−1/2
Z(1)→N(0,Ip1), ∆

(1)=op(1p1), (18)

andΣ(1)=σ2 Σ−1
S0,n∪S(1) S(1)

ispositivedefinite.

Remark3:

This article is protected by copyright. All rights reserved
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12 Biometrics,December2018

methodforestimatingthevariance-covariancematrixofβ(1),Σ(1)=COV
T

(1)COV(1),where

COV(1)= cov
(1)
1,cov

(1)
2,..,cov

(1)
n

T

(19)

cov
(1)
i =

B

b=1

(Ibi−I·i)(β
b
S(1)−β

(1))/B. (20)

Theextensiontoasubvectorβ(1)withafixeddimensionallowsustoderiveconfidence

regionsforasubsetofvariablesofinterestandtestforcontrastsofcertainpredictors.

6.SimulationStudies

Wedesignedallsimulationscenariosbasedonthelinearmodel(1)withX =(X1,...Xp)=

(xT1,...,x
T
n)
T,ε=(ε1,...,εn)

T,assumingxi’si.i.d.∼N(0p,Σp×p)andεi’si.i.d.∼N(0,1).A

totalof200simulateddatasetsweregeneratedforeachsimulationconfiguration.

WefirstillustratetheadvantageofusingSPARESoverone-timeSPARE. Wesetsample

sizen=200,numberofpredictorsp=300,ands0=3nonzerosignalswithΣp×pbeing

theidentitymatrix.Asshownin WebTable(1),over200replications,thebiasesofboth

approachesarenegligibleonaverage,butthestandarderrorsofSPARESaremuchsmaller

thanthoseofone-timeSPARE,whichresultsinhigherpowerandmoreaccurateinferences.

ThuswerecommendSPARESinpractice.

Insubsection6.1,weexploretheperformanceofSPARESundervarioussettings,including

differentcorrelationstructuresofX,strongandweaksignalsstrength,andstresstestswith

ultrahighdimensionality.Insubsection6.2,wecompareSPARESwithtwode-biasedLASSO

estimators,LASSO-ProfromVandeGeeretal.(2014)andSSLASSOfromJavanmardand

Montanari(2014).

6.1PerformanceofSPARESundervarioussettings

Wewillgooverthreeexamples,allofwhichassumethelinearmodel(1

This article is protected by copyright. All rights reserved

)astruth,butwith

differentparameters.
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InferenceforHigh-dimensionalLinearModels 13

Example1.Letsamplesizen=150,numberofpredictorsp=300,numberofnonzero

signalss0=5,andafixedrealizationofβ
0whereS0,n={66,97,145,166,173}wasafixed

realizationofs0drawswithoutreplacementfrom[p]andβ
0
S0,n
=(1,0.6,−1,−0.6,1). We

examinedthreecommonlyusedcorrelationstructures:identity;first-orderautoregressive

(AR(1))withρ=0.5;compoundsymmetry(CS)withρ=0.5.LASSOwasusedasthe

selectionprocedureSλ,whileλwaschosenbycross-validation.AssummarizedinTable

(1),forbothnonzerosignalsandnoisevariables,thebiasofSPARESestimatorwaswell

controlledwhiletheSEestimateswereveryclosetotheempiricalones.Consequently,the

coverageprobabilitiesofthe95%confidenceintervalswereatthenominallevel.Inaddition,

thevariableselectionfrequencybasedonp-valuesofSPARESwashigherfortruesignals

andmuchlowerfornoisevariablescomparedtoselectionbyLASSO.Noticethatforidentity

andAR(1)correlationstructures,theselectionfrequenciesofthetruesignalswereuniformly

closeto1,suggesting“surescreening”conditionwasmetandthusthebettercoverage

probabilities.ThereforethesimulationresultvalidatesourclaimthatSPARESworksunder

“surescreening”assumption.

Example2.Letn=150,p=500,and

•Example2.1:s0=15,Σp×p=diag(Σ1,...,Σ10),whereeachΣkwas50×50withanAR(1)

correlationstructure,(Σk)ij=(0.1k−0.1)
|i−j|,k=1,2,..,10.TheactivesetS0,nwasa

fixedrealizationofs0drawswithoutreplacementfrom[p],andβ
0
S0,n
wasafixedrealization

ofs0i.i.d.UniformU[0,2]variables;

•Example2.2:s0=20,Σp×p=diag(Σ1,...,Σ10),whereeachΣk:(Σk)ij=(0.3)
|i−j|.The

non-zerosignalsareassignedeffectsizesβ050k−45=0.2k,β
0
50k−15=−0.2kfork=1,2,...,10.

WeappliedSPARESwithLASSO(10-foldcrossvalidationtochoose λ)asthemodel

selectionprocedure,andreportedthesimulationaveragesofβSPARES,alongwithconfidence

intervals,meanbiases,coverageprobabilities,andtypeIerrorsfortestingH0:β
0
j

This article is protected by copyright. All rights reserved
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14 Biometrics,December2018

Theresultsaresummarizedin WebFigures(1)and(2).Forthetruesignalsj∈S0,n,

theproposedmethodworkedwellregardlessofthecorrelation,withnegligiblebiasesand

close-to-nominalcoverageprobabilities.Ontheotherhand,thebiasesfortheestimatesof

noisevariableswereenlargedwhentheywerehighlycorrelatedwithnon-zerosignals.The

estimatedcoverageprobabilitiesandtypeIerrorsdeviatedmorefromthenominallevel

consequently.ThetypeIerrorbecamenegligiblewhentheeffectsizewasover1.Coupled

withanobservationthatthebiaswaslargerforthenoisevariablesthatwerecorrelatedwith

moderatenon-zerosignals,ourtakeawaywasthatthemagnitudeofbiaswasacombination

ofselectionerrorsaswellascorrelationswithtruesignals.

Example3servesasa“stresstest”toillustratehowSPAREShandlelargedatasets

withanumberof“weaksignals”. Weletn=500,p=1000,5000and10000,ands0=

205. Withinthe205non-zerosignals,5areofsizes0.2,0.4,0.6,0.8,1,andtherest200are

fixedrandomrealizationsfromtheuniformdistributionU[(−0.2,−0.1)∪(0.1,0.2)].The

multivariatenormaldistributionwithmeanzeroandtheAR(1)correlationstructurewith

ρ=0.5isappliedtogenerateX’s.AssummarizedinTable(2),theSPARESestimator

remainsnearlyunbiasedforbothstrongandweaksignals.Thecoverageprobabilitiesof

strongsignalsareclosetothenominallevel0.95,whilethoseforweakandzerosignalsare

above0.9onaverage.ThisdemonstratesthatSPARESisratherreliableandrobustevenfor

largedatasetswithanumberofweaksignals.

6.2ComparisonswithDe-biasedLASSOEstimators

WecomparedSPARESwithdifferentversionsofde-biasedLASSOestimatorsinExample

4,wheretheactivesetS0,n⊂{1,2,..,p}wasafixedrandomrealizationwithsize|S0,n|=5,

andβ0S0,nwasafixedrealizationof5i.i.d.randomvariablesfromuniformU[0.5,

This article is protected by copyright. All rights reserved

2].The

sizeoftheactivesetisreducedto5forclearercomparisonanddisplayoftheresult.Three

correlationstructuresareconsideredforcompleteness:
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InferenceforHigh-dimensionalLinearModels 15

•Example4.1:IdentityΣp×p=Ip×p;

•Example4.2:AR(1)Σp×p:(Σ)jk=(0.8)
|j−k|;

•Example4.3:CompoundsymmetryΣp×p:(Σ)jk=0.5.

TheestimatedbiasesandcoverageprobabilitieswereshowninTable(3)and WebFigure

(3),whereLASSO-ProwasproposedinVandeGeeretal.(2014)andSSLASSOwasfrom

JavanmardandMontanari(2014).

Acrosstheboard,SPARESgavelessbiasedpointestimatesforthetruesignals,and

providedreliableconfidenceintervalsaroundthenominallevelforbothtruesignalsandnoise

variables.Incontrast,bothLASSO-ProandSSLASSOhadvisiblediscrepanciesbetweenthe

truesignalsandnoisevariables. WhileLASSO-Prohadlower-than-nominallevelcoverages

forthetruesignals,itperformedevenworseinExample4.1,probablyduetothefactthat

thenode-wiseLASSOwasnotidealwhenestimatingtheprecisionmatrixwhenΣp×pwas

anidentitymatrix.AsfarasSSLASSOwasconcerned,theconfidenceintervalsforthenoise

variablesweretooconservative,whilethecoveragesforthetruesignalsinExample4.2were

considerablylow.

Insummary,theperformanceofSPARESalignedwellwiththetheoreticalexpectations,

especiallyfortheactivesetS0,n. Wedidobserve,however,somefalse-positiveswhenthe

noisevariableswerehighlycorrelatedwiththoseintheactiveset.Nevertheless,compared

withthede-biasedLASSOmethods,SPARESshowedsubstantialimprovementbyproviding

lessbiasedestimateswithmoreaccuratecoverageprobabilitiesclosetothenominallevel.

7. DataExamples

7.1RiboflavinProductionData

Weappliedourmethodtoanalyzeadatasetonriboflavin(vitaminB2)productionbybacillus

subtilis,madepublicbyB̈uhlmannetal.(2014)andanalyzedbyMeinshausenetal.(2009

This article is protected by copyright. All rights reserved
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16 Biometrics,December2018

B̈uhlmannetal.(2014),VandeGeeretal.(2014)andJavanmardandMontanari(2014).

Thedatacontainedn=71samplesandp=4088covariates,measuringthelogarithmofthe

expressionlevelsof4088genes.Theresponsevariablewasthelogarithmoftheriboflavin

productionrate.

Werelatedtheresponsetothegeneexpressionsusingthelinearmodel(1).Wecheckedthe

collinearityamongthegenes,andtheirpairwisecorrelationsareplottedinthe WebFigure

(4). Wefurthernormalizedthegenessothattheireffectsizesarecomparable.TheLASSO

wasusedasthevariableselectionmethod,andweletB=1000bethenumberofre-samples.

AssistedbytheLASSOselection,wederivetheSPARESestimatorβ,thestandarderror

estimatesasin(11),andthep-valuesasin(15). WithastandardBonferronicorrectionto

adjustFWERtothe5%significancelevel,weidentifiedfourgenesthatweresignificantly

associatedwiththeresponse,namelyYCKEat,XHLAat,YXLDat,andYDARat.Ifthe

FWERweresetat10%,one moregene,YCGNat,wouldbeincluded.Theconfidence

intervalsforthetop5genesaredisplayedontherightpanelof WebFigure(5),withthe

pointestimatesshowninTable(4).Bycontrast,theresultsfromothermethodswereless

informative.Forexample,witha5%FWER,themultisample-splittingmethodproposedin

Meinshausenetal.(2009)identifiedYXLDat,VandeGeeretal.(2014)claimednone,and

JavanmardandMontanari(2014)onlydetectedYXLDatandYXLEat,whicharehighly

correlatedthemselves.

Ourresultshadbiologicalinterpretationsthatareconfirmedbytheliterature.Itwas

reportedthatXHLAatwasinvolvedincelllysisuponinductionofPbsX(Kunstetal.,1997),

increasingthecapabilitytoproducerecombinantextracellulardigestiveenzymesthatresults

inriboflavinproduction(7.04inManderandLiu(2010)).YCKE

This article is protected by copyright. All rights reserved

at,formallynamedasbglC,

wasalsoresponsiblefortheproductionofcertainenzyme,Aryl-phospho-beta-D-glucosidase,
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InferenceforHigh-dimensionalLinearModels 17

andhadextracellularproteinsecretoryfunctions(Schallmeyetal.,2004).YXLDat,together

withYXLEat,wasimportantfornegativeregulationofsigmaYactivity(Tojoetal.,2003).

7.2MultipleMyelomaGenomicData

Weanalyzedacancergenomicdatawith n=163multiplemyelomapatients.Ourinterest

layindetectingtheassociationbetweentheβ-2microglobulin(B2M)andgeneexpressions.

B2Misasmallmembraneproteinproducedbymalignantmyelomacells,indicatingthe

severityofdisease.IdentifyinggenesthatarerelatedtoB2Misclinicallyimportantasit

helpsconstructmolecularprognostictoolsforearlydiagnosisofdisease.

WefirstusedKEGG(Carlson,2015)toidentifygenepathwaysthatarerelatedtocancer

developmentandprogression,aswellassomeidentifiedupstreamgenesthatmayregulate

B2M.Intotal,therewerep=789uniqueprobesbelongingtothesepathways. Wetook

thelogarithmtransformationforboththeB2Mtestvalueandthegeneexpressionsasour

responseandpredictorsformodel(1). WeappliedSPARESwithLASSOastheselection

method,andB=500re-samplesweredrawnforsmoothing.

Ourmethodoffersadditionalbiologicalinsightcomparedtotheothermethods.Asshown

inTable(5),itidentifiedtwosignificantprobesat5%FWERaftertheBonferronicorrection,

namely204171at(RPS6KB1)and202076at(BIRC2).Incontrast,thetwode-biasedLASSO

estimatorsidentifiednosignificantprobes.Bothdetectedgenesarehighlyassociatedwith

malignanttumorcells:RPS6KB1,memberoftheribosomalproteinS6kinase(RPS6K)

family,altercation/mutationhasbeenrelatedtonumeroustypesofcancerincludingbreast

cancer,coloncancer,non-small-celllungcancer,andprostatecancer(Sinclairetal.,2003;

VanderHageetal.,2004;Slatteryetal.,2011;Zhangetal.,2013;Caietal.,2015

This article is protected by copyright. All rights reserved

);BIRC2,

whoseencodedproteinisamemberofinhibitorsofapoptoticproteins(IAPs)thatinhibits

apoptosisbybindingtotumornecrosisfactorreceptor-associatedfactorsTRAF1andTRAF2
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18 Biometrics,December2018

(Saleemetal.,2013),hasbeenrelatedtolungcancerandlymphoma(Wangetal.,2010;

Rahaletal.,2014).

8. Conclusion

Wehaveproposedanewframeworkofestimationandinferenceforthehigh-dimensional

linearmodels(1),andshowntheproposedSPARESestimatorisasymptoticallyunbiased

andnormal,givingaccurateandreliablecomponent-wiseinferences.Thekeyimprovement,

comparedtotheexistingworks,liesintheseaspects.SPARESconvertsthehigh-dimensional

problemofestimatingthep-vectorβ0tothelowdimensionalcasebySelection-assisted

PartialRegression.Thusweavoidthecurseofdimensionalityonestimationandinference.

SPARESisapplicabletogeneralselectionmethodsincludingLASSO,SCAD,screening,

boosting,andetc.,aslongastheypossessthedesiredselectionconsistencyproperty,which

islikelytobeloosenedtosurescreeningpropertyinpracticeassuggestedintheextensive

simulationstudy.SPARESisnotsensitivetothetuningparameterλinSλ

This article is protected by copyright. All rights reserved

,sinceitis

notdirectlyusedforestimation,butonlyinvolvedintheselection.Hence,ourmethodhas

minimalrequirementsonextramodelparametersandisalmostrobusttowardselectionof

tuningparameters.Thisframeworkcanbenaturallyextendedtoothernon-linearregression

models,suchasgeneralizedlinearmodelandCoxmodel,throughtwogeneralsteps.First,

weperformdata-splittingontheoriginaldata,andthendoselectionononehalfofthe

datafollowedbyfittinglow-dimensionalmodelontheotherhalfofthedatausingpartial

regression;Second,werepeatthefirststepmanytimesandaverageoverallestimatesto

formasmoothedestimate. Wewillreportthisworkelsewhere.
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SoftwareRimplementationofSPARESisavailableon-lineathttps://github.com/feizhe/

SPARES,alongwiththesimulationexamples.

[Table1abouthere.]

[Table2abouthere.]

[Table3abouthere.]

[Table4abouthere.]

[Table5abouthere.]
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Table1:PerformanceofSPARESundersimulationexample1withthreecorrelationstruc-
tures:Identity,AR(1)andCompoundSymmetry(CS).Thelastcolumn“-”representsthe
averagesforallnoisevariables.FreqSλistheselectionfrequencybyLASSO;FreqSPARES
istheselectionfrequencybypvaluesofSPARESwith0.1FDRcontrol;EmpiricalSEis
theempiricalstandarderror.

Indexj 66 97 145 166 173 -
β0j 1 0.6 -1 -0.6 1 0

Identity Bias(×10−3) 16 -1 -2 2 7 -1

AverageseBj 0.110 0.111 0.109 0.111 0.110 0.111
EmpiricalSE 0.117 0.109 0.104 0.113 0.124 0.109
CovProb(%) 91.5 94.0 95.0 96.0 91.5 94.8
FreqSλ 1 0.956 1 0.965 1 0.059
FreqSPARES 1 0.97 1 0.99 1 0.003

AR(1) Bias(×10−3) -6 2 7 10 -1 0

AverageseBj 0.115 0.116 0.114 0.115 0.116 0.115
EmpiricalSE 0.125 0.108 0.114 0.120 0.108 0.114
CovProb(%) 93.5 96.0 95.0 92.5 96.5 94.5
FreqSλ 0.998 0.938 1.000 0.929 1.000 0.046
FreqSPARES 1 0.925 1 0.905 1 0.001

CS Bias(×10−3) -12 -30 6 7 -14 -7

AverageseBj 0.151 0.149 0.152 0.150 0.150 0.154
EmpiricalSE 0.165 0.161 0.168 0.162 0.163 0.154
CovProb(%) 92.5 91.5 89.4 92.0 92.0 94.5
FreqSλ 0.986 0.742 0.958 0.651 0.988 0.045
FreqSPARES 1 0.775 1 0.795 1 0.005

This article is protected by copyright. All rights reserved

 
 

  
 A
cc
ep
t
ed
   
Ar
ti
cl
e

 

 

 

 

 

 

 

 

  

 
 
 



InferenceforHigh-dimensionalLinearModels 25

Table2:PerformanceofSPARESundersimulationExample3.Tablesfromtoptobottom
correspondtop=1000,5000and10000.Lasttwocolumnsareaveragesoversmallandzero
signals.

Index 36 272 376 568 915 Small 0’s
β0 0.200 0.400 0.600 0.800 1.000 0.000

p=1000

Bias 0.013 -0.006 0.014 -0.002 -0.014 0.005 0.004
AvgSE 0.093 0.093 0.093 0.093 0.093 0.093 0.093
EmpSE 0.099 0.098 0.098 0.093 0.097 0.094 0.094
CovProb 0.960 0.920 0.930 0.930 0.940 0.907 0.908
Selfreq 0.045 0.418 0.930 1.000 1.000 0.021 0.002

p=5000

Bias -0.005 0.009 0.010 0.003 0.004 0.004 0.000
AvgSE 0.093 0.093 0.095 0.094 0.094 0.094 0.094
EmpSE 0.092 0.096 0.098 0.099 0.112 0.095 0.096
CovProb 0.960 0.930 0.960 0.910 0.920 0.905 0.935
Selfreq 0.022 0.390 0.906 0.999 1.000 0.015 0.001

p=10000

Bias -0.003 0.003 0.006 0.008 -0.025 0.005 0.000
AvgSE 0.094 0.094 0.094 0.095 0.094 0.095 0.095
EmpSE 0.094 0.096 0.101 0.103 0.093 0.096 0.097
CovProb 0.950 0.940 0.930 0.930 0.950 0.902 0.939
Selfreq 0.015 0.313 0.860 0.996 1.000 0.012 0.000
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26 Biometrics,December2018

Table3:ComparisonsofSPARESwithLASSO-ProandSSLASSOunderExample4.The
rowsconsistof5truesignalsandtheaverageofzerosignals.Ineachcell,topnumberisfor
SPARES;middlenumberisforLASSO-Pro;lowernumberisforSSLASSO.

Example4.1 Example4.2 Example4.3

Index β0j Bias(×10−3) CovProb(%) Bias(×10−3) CovProb(%) Bias(×10−3) CovProb(%)

78 1.07

-1.77
-81.78
-79.33

90.5
70.5
90.5

10.43
-44.09
-101.95

92.5
86
84.5

-0.35
-38.43
-113.72

96.5
92.5
92.5

102 1.04

-1.04
-80.28
-77.72

96.5
76
93.5

9.70
-44.54
-99.66

92
87
82

2.44
-32.42
-105.60

95
89
92

242 1.19

-1.62
-89.43
-88.69

94
71.5
87.5

15.58
-47.57
-104.25

93.5
88.5
84

-4.67
-40.39
-115.51

96.5
91.5
92

359 1.43

-0.14
-75.87
-80.91

94
81
94

2.98
-41.40
-98.14

96.5
88
85

2.01
-30.61
-107.5

95
91
89

380 0.62

-3.57
-84.86
-85.73

95.5
75
89.5

0.54
-60.80
-111.11

93
88
81.5

5.88
-24.20
-99.26

91.5
86.5
90.5

- 0

-0.46
-0.40
-0.27

95
97
99.5

0.65
3.16
4.15

94.82
96.46
99.69

3.26
5.24
26.88

95.16
96.34
99.94
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InferenceforHigh-dimensionalLinearModels 27

Table4:Analysisoftheriboflavingenomicdata.βistheSPARESestimator;p-valuesare
adjustedbyBonferronicorrection(multipliedbyp).Thetop10andbottom10most/least
significantgenesaretabulated.

Gene β SE Adjustedp-value

YCKEat 0.37 0.06 <0.001
XHLAat 0.48 0.09 <0.001
YXLDat -0.53 0.11 0.01
YDARat -0.28 0.06 0.01
YCGNat -0.31 0.07 0.09
RPLJat -0.26 0.06 0.10
YQIZat -0.25 0.06 0.13
YCDHat -0.27 0.07 0.15
SPOIISAat 0.25 0.06 0.35
YRPEat -0.25 0.07 0.63
...
YXALat −2×10−4 0.09 1
XPTat −1.6×10−4 0.07 1
YOZGat −2.9×10−4 0.14 1
YOJBat 1.7×10−4 0.10 1
YBCLat −1.8×10−4 0.11 1
YJAXat 1.3×10−4 0.09 1
YOSEat 1.1×10−4 0.11 1
YUNAat 4.9×10−5 0.07 1
YISOat 1.7×10−5 0.08 1
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28 Biometrics,December2018

Table5:AnalysisoftheMultipleMyelomagenomicdata.Thetop6andbottom6most/least
significantgenesaretabulated.

Gene β SE Adjustedp

204171at(RPS6KB1) -0.20 0.042 0.002
202076at(BIRC2) -0.17 0.041 0.037
220414at -0.20 0.05 0.14
220394at -0.18 0.05 0.59
206493at -0.19 0.06 0.63
209878sat -0.17 0.05 0.69
...
207924xat 5×10−4 0.07 1
205289at −4.4×10−4 0.06 1
203591sat 4.7×10−4 0.07 1
224229sat 2.4×10−4 0.06 1
217576xat 2.5×10−4 0.07 1
201656at 2.5×10−4 0.08 1
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