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Adhesion of soft materials is a double-edged sword that can induce both advantages and
disadvantages. On-demand control of the adhesion of soft materials with external stimuli
is naturally desirable. Electrophoresis-induced hydrogel adhesion is such a technology that
induces electrically-triggered reversible adhesion and may be useful for various engineer-
ing applications. Despite the potential, the detailed mechanism is still elusive. Here, we
establish an analytical theory framework to model the electrophoresis-induced reversible
adhesion. We consider that during the electrophoresis process, free charged chains are
driven by the electric field to move across the interface to interpenetrate into the re-
spective material matrix, and form weak ionic bonds with chains with opposite charges.
We model the interpenetration of the charged polymer chains as an electrically-driven
diffusion-reaction process. The chain diffusion follows an electrically-driven reptation-like
motion, and cationic-anionic bond formation follows a bell-like chemical reaction. We pre-
dict that the electrophoresis-induced adhesion increases with the electrophoresis time and
reaches a plateau as the electrophoresis process is long enough. We theoretically study the
effects of the electric force, the polymer chain length, and the chain friction coefficient on
the hydrogel adhesion. We also predict that under reverse electrophoresis the hydrogel
adhesion decreases with the process time. Our theoretical results agree well with the ex-
periments for both electrophoresis-induced adhesion and adhesion releasing. We expect
our theoretical model may facilitate the quantitative understanding and optimization of
various methods for actively controlling the adhesion of soft materials.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The tough adhesions between similar or dissimilar soft materials can facilitate a number of applications, such as flexible
electronics (Keplinger et al., 2013; Kim et al., 2016; Larson et al., 2016; Sun et al., 2014; Wirthl et al., 2017; Yang et al., 2015),
soft actuators (Acome et al.,, 2018; Keplinger et al., 2013; Robinson et al., 2015; Yang et al., 2016), energy generators (Lee
et al,, 2018; Pu et al., 2017), biomedical dressing (Li et al.,, 2017), and advanced manufacturing (Liu et al., 2018; Yuk et al,,
2015; Yuk et al., 2016). At the same time, the adhesion between soft materials may also induce unnecessary inconvenience,
such as failures during the disassembly of soft material laminates (Ghatak and Chaudhury, 2003; Ghatak et al., 2000; Sarkar
et al,, 2005; Sarkar et al., 2004; Shull et al., 2000). It is naturally desirable to develop paradigms to on-demand control the
adhesion between soft materials: high adhesion when an external control is applied, and low adhesion when the control is
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Fig. 1. Schematics for (ab) electrophoresis-induced hydrogel adhesion and (cd) reverse electric-field-induced adhesion releasing. (b) and (d) are the
zoomed-in interpenetration regions shown in (a) and (c), respectively.

released or another external control is triggered. However, most of the existing strategies are primarily focused on adhesion
promotion, and few on on-demand switching the adhesion on-off (Kim et al., 2010; Zhao et al., 2017).

Electrophoresis enabled adhesion between charged hydrogels is such a method that can be used to on-demand control
the hydrogel adhesion through external electric fields. (Asoh, 2016; Asoh et al., 2012, 2013; Asoh and Kikuchi, 2010, 2012;
Asoh et al., 2015). Specifically, a positively-charged cationic hydrogel is laminated with a negatively-charged anionic hydrogel
with the bonding segment under an electric field (Fig. 1a). Within the bonding segment, the cationic chains are driven by
the electric field to penetrate into the hydrogel matrix with the anionic chains, and then form ionic bonds with the anionic
chains (Fig. 1b). Likewise, the anionic chains also penetrate into the cationic hydrogel matrix to form ionic bonds with
cationic chains. This chain interpenetration can enable relatively strong hydrogel adhesion. When an electric field with the
reverse direction is applied, the formed ionic bonds will be gradually dissociated, and cationic (anionic) chains diffuse out
of the anionic (cationic) hydrogel matrix; thus, the formed adhesion will be released (Fig. 1cd). Such control is simple and
elegant because the only requirement is a remotely controlled electric field. This method may find broad applications where
tough adhesion and weak adhesion are alternatively required, such as robot locomotion and flying (Graule et al., 2016),
reversible under-water adhesives (Zhao et al., 2017), reversible biomedical dressing (Li et al., 2017), and reversible advanced
manufacturing and assembly (Asoh, 2016). Despite the potential, the detailed mechanism has not been well understood. For
example, it is unknown how to model the interpenetration behavior of charged polymer chains under the external electric
field. It is also elusive how to link the interfacial polymer chain behavior to the interfacial bonding strength within the
framework of charged hydrogels.

Here, we establish an analytical theory framework for the electrophoresis enabled reversible adhesion. We model the in-
terpenetration of the charged polymer chains as an electrically-driven diffusion-reaction process. The chain diffusion follows
an electrically-driven reptation-like motion, and cationic-anionic bond formation follows a bell-like chemical reaction. We
predict that the electrophoresis-induced hydrogel adhesion increases with the electrophoresis time and reaches a plateau
as the electrophoresis process is long enough. We theoretically study the effects of the electric force, the polymer chain
length, and the chain friction coefficient on the hydrogel adhesion. We also predict that the hydrogel adhesion decreases
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Fig. 2. Chemical structures for the cationic Chitosan hydrogel and anionic PGA hydrogel. These two hydrogels are made based on a neutral Gelatin hydrogel
that was incorporated with cationic and anionic ions, respectively.

with the process time under the reverse electrophoresis. Our theoretical results agree well with the experiments for both
electrophoresis-induced hydrogel adhesion and adhesion releasing. We expect our theoretical model may facilitate the quan-
titative understanding and optimization of various methods for the reversible adhesion of soft materials.

The plan of the paper is as follows: Section 2 introduces the experimental procedures of the electrophoresis-induced
hydrogel adhesion and adhesion releasing. Section 3 first presents a model for the covalently crosslinked parent hydrogels,
and then a theoretical framework to consider the electrically-driven interpenetration of the polymer chains. Subsequently, a
theory is presented to model the interfacial strength of the bonded interface. Based on the electrophoresis-induced hydrogel
adhesion, a theory is accordingly developed to model the adhesion releasing under the reverse electrophoresis. Based on the
theoretical framework, in Section 4 we analytically elucidate the stress-strain behaviors of electrophoresis-treated hydrogel
laminates and their adhesion strengths in a function of the electrophoresis time. We then systematically examine the effects
of electric force, chain length distribution, and Rouse friction coefficient on the adhesion strength of the hydrogel laminates.
We then predict the electrophoresis-induced reduced adhesion in a function of reverse electrophoresis time. Subsequently, in
Section 5, the theoretical results are quantitatively compared with experimentally measured results. The conclusive remarks
will be given in Section 6.

2. Experimental

Gelatin aqueous solution (10 wt%) was obtained by stirring and heating on a CORNING platform for 15min at 45 °C
(Fig. 2). poly-L-y-glutamate acid sodium salt (PGA, 10 wt% of the gelatin) and Chitosan (10 wt% of the gelatin) were dis-
solved into gelatin aqueous solution respectively while stirring and heating continued for another 15 min at 45 °C. Both two
aqueous solutions were then injected into glass plates molds with 15 x 5 x 1.5 mm spacing and cured through chemically
cross-linking gelatin at 4 °C for over 1h. 0.3834g N-(3-Dimethylaminopropyl)-N’-ethylcarbodiimide hydrochloride (EDC)
were dissolved into 200 mL DI water as the dispersion medium. The cured Chitosan and PGA gels were immersed into
the EDC aqueous solution for 30 min to obtain the hydrogel samples. Note that all chemicals were commercially available
without further purification. Gelatin (Type A) from porcine skin, poly-L-y-glutamate acid sodium salt (PGA), chitosan, and
N-(3-Dimethylaminopropyl)-N’-ethylcarbodiimide hydrochloride (EDC) were all purchased from Sigma-Aldrich, USA.

The electrophoresis experiment was carried out between two copper electrodes. PGA and Chitosan hydrogels were held
in contact between the copper electrodes, with the PGA hydrogel on the cathode and the Chitosan hydrogel on the anode.
The contact area is around 1 mm x 7 mm, measured in specific experiments. A controllable voltage source was used to create
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Fig. 3. (a) A schematic to show the stress-state in the material bulk and around the interpenetration region during a shear-lag test. Flow charts to show
the calculation process of the electrophoresis-induced (b) adhesion and (c) adhesion releasing, respectively.

various electric fields. To detach the adhered hydrogels, an inverse electric field was applied on the contacted hydrogels. A
stopwatch was used to record the electrophoresis time. Note that the time of our electrophoresis experiment is relatively
short (within 60s), and we did not observe bubble formation that is expected in the water electrolysis experiment. There-
fore, we neglect the effect of water electrolysis in the following study. Instron 5942 was used to test the adhesive strength
between the PGA and Chitosan hydrogels with a small loading rate 0.01 s~!. The adhesive strength is considered as the lap
shear adhesion strength.

3. The analytical model

Two hydrogels with charges of opposite signs are taken to make contact within a small area (Figs. 1ab and 3a). The
cationic hydrogel is denoted as part A, and the anionic hydrogel as part B. An electric field is applied across the thickness for
a period of time t. Driven by the electric field, the cationic chains in part A will penetrate into part B, and the anionic chains
in part B will penetrate into part A. The penetrated chains will form ionic bonds with the oppositely-charged chains. After
the application of the electric field, an interpenetration region forms around the contact interface. Therefore, a composite
sample is formed with three segments: part A, interpenetration region, and part B. The deformation of the composite sample
will be considered in Section 3.1. The modeling of constitutive behaviors of part A and B will be presented in Section 3.2.
The modeling of the interpenetration region will be given in Sections 3.3 and 3.4. Flow charts of the theoretical calculation
processes are shown in Fig. 3bc.

The bonding of two similar hydrogel materials with opposite charges is considered. Initially, two pieces of identical gels
(Gelatin) are fabricated, and PGA and Chitosan are added to gels to make them cationic and anionic, respectively (Fig. 2).
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Therefore, there are crosslinked and uncrosslinked chains within the matrix of two hydrogels. The crosslinked chains (i.e.,
Gelatin) are bridged by covalent bonds. The uncrosslinked chains are charged over the whole chain, and one end of the chain
is linked to the backbone of the crosslinked chains (Fig. 2). We assume that the uncrosslinked chains do not contribute to
the strain energy of the hydrogel matrix. We expect that within a certain strain range, two hydrogel samples are assumed
to have the same stress-strain behavior; this point can be validated by the experimental data in Fig. 12a. The uncrosslinked
charged chains are mobile within the hydrogel matrix. Once these charged chains penetrate into the hydrogel matrix with
charged chains with opposite charges, ionic bonds will form to bridge chains, thus forming the interfacial bonding.

In this section, we will first introduce the deformation of the shear-lag sample. Then, we will introduce a polymer net-
work model for the hydrogel with a covalent polymer network. Subsequently, we will present a model to explain the electric
field assisted chain penetration across the interface. Along with the reaction term, we derive the model for the electrophore-
sis enabled adhesion of the hydrogel. Finally, with an electric field with a reverse direction, a model for the electrophoresis
enabled adhesion releasing will be constructed.

3.1. Deformation of the shear-lag sample

We consider a shear-lag test shown in Fig. 3a. We assume the thickness of the hydrogel is L, the depth normal to the
paper is Ly and the contact width is Ly. Under tensile deformation, the uniaxial stretch in part A and part B is A and shear
stretch of the interpenetration region is AH. The size of the interpenetration region is much smaller than those of part A and
part B; therefore, the stretch of the whole sample should be approximated as A. According to the force balance between the
interpenetration region and the part A/B, the uniaxial force is

F=sthLyLy = siLule (1)
where s; is the uniaxial nominal stress of the part A/B (given by Eq. (5) in Section 3.2) and 51112 is the shear stress of the
interpenetration region (given by Eq. (39) in Section 3.4.3). Eq. (1) can be rewritten as

F

Lw

Eq. (39) will be used in the discussion in Sections 4 and 5. The quantity with a dimension N/m is the shared quantity
between the shear region and uniaxial region.

=sthLy = s1L; (2)

3.2. Modeling covalent polymer networks

We model Part A/B as covalent polymer networks using the Arruda-Boyce model (Arruda and Boyce, 1993). The Arruda-
Boyce model assumes that the polymer chains feature the same length and self-organize into body-centered eight-chain
structures. The free energy density function of the deformed network is written as

W p g
Wo = Whix + NonoksT (tanh B +1In Sinh B 3)

where kg is the Boltzmann constant, T is the temperature in Kelvin, ng is the average Kuhn segment number of the chain,
Ny is the chain number per unit volume of material, 8 = L~'(A/,/fig), L~1() is the inverse Langevin function, and A is the
chain stretch. W,,;, is the mixing free energy to characterize the interaction between the polymer chains and the solvent
water. Considering the short experiment time that is much shorter than the time scale of water diffusion within the sample,
we consider W, as a constant in this problem.

To link the chain stretch to the macroscopic deformation, it follows an affined deformation model (Arruda and Boyce,
1993; Rubinstein and Colby, 2003; Treloar, 1975), so that under the material deformation with a deformation gradient F the
stretch of the chain is

I [ tr(ETF)
A= \/; B 3 @

where I; is the first invariant of the right Cauchy green tensor F'F.
If the material is incompressible and uniaxially stretched with three principal stretches (A = A, Ay = A3 = A~1/2), the
nominal stress along Adirection can be written as

(A=272) A2 + 221
= kgTNyJig—e e )1 222
$1.= kaTNovo e 3n, (5)

3.3. Uncrosslinked polymer chains

Unlike the covalent network, we assume the chain lengths of the uncrosslinked polymer chains are inhomogeneous.
Considering the inhomogeneous chain length is to model the interpenetration behavior of the uncrosslinked charged chains
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Fig. 4. (a) m types of polymer chains with different chain lengths. (b) Each type of polymer chains self-organizes into body-centered eight-chain structures,
and all these eight-chain structures interpenetrate with each other.

because the chain diffusion is dependent on the chain length. For both cationic and anionic chains, they consist of m types
of polymer chains, each with the same chain lengths (Fig. 4a). We denote the number of Kuhn segment on the ith chain is
n; (Kuhn length as b). Without loss of generality, the chain length follows a sequence law ny <nj...n;.. <np for 1 <i<m. The
numbers of ith polymer chains per unit volume of the material are le and N; for cationic and anionic gels, respectively. The
chain number follows statistical distributions as

+ _

s B = s
TENTTTT LN,

For the undeformed ith chain, the end-to-end distance is r? = /m;b. Under stretch, the deformed end-to-end distance is
r; with the corresponding chain stretch as

P (m) = (6)

r

Ai= é (7)
The free energy of the deformed ith chain is
_ Bi Bi
Wi = n'kBT<tanh Bi +1In sinh §; (8)
where B; = L~1(A;//M;). And the chain force on the deformed ith chain can thus be calculated as
aW,‘ I(BT
fl - ari - Tﬁl (9)

3.4. Electrophoresis induced hydrogel adhesion

3.4.1. Electric field assisted reptation of a charged polymer chain

Let us first consider the penetration behavior of a charged polymer chain driven by an electric field (Fig. 5). We assume
ith chain with n; Kuhn segments and n;q charges. It moves along a reptation tube to diffuse (De Gennes, 1979; de Gennes,
1971; Doi and Edwards, 1978; Rubinstein and Colby, 2003). An electric field E is applied to promote the diffusion of the
charged chain. We construct two coordinate systems: a curvilinear coordinate s along the chain reptation pathway and a
linear coordinate y along the electric field direction (Fig. 5).

We first denote molar flux along the curvilinear coordinate s as Q; (mol/m?2-s), and the molar concentration of the distal
group on the ith chain as C; (mol/m3). Without loss of generality, C; can be used to denote the chain with positive charges
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Fig. 5. Schematics to show the electrically-driven reptation of a charged polymer chain. The coordinate s is along the curvilinear contour of the newly-
growing minor chain. The coordinate y is along the horizontal projection of the curvilinear coordinate s.

or negative charges. Conservation of mass yields
aG aQ;

at as

Then we employ the Stokes-Einstein model to consider the diffusion behavior from the molecular view

(Grodzinsky, 2011). The basic idea is that the osmosis pressure gradient induced by the solute collision with the container

wall is balanced by the friction force density during the molecular movement. Along the reptation tube, the friction force
density is calculated as

g = (MU — nigE{cos 0)) (GiNay) (11)

where & is the friction coefficient per Kuhn segment, U is the velocity of the Kuhn segment, C;Ng, is molecule number per
unit material volume, n;qEcos @ is the projection of electric force along the tube local coordinate, and 6 is the angle between
the electric field and the tangential direction of local coordinate s. (cos®) is the statistical average along the whole chain.
Following the model of DNA electrophoresis (Slater and Noolandi, 1986), we can calculate
gEb
(cos@) = 6koT (12)

To assist the understanding of this paper, we present the derivation process of Eq. (10) in the Appendix A following
references (Lumpkin et al., 1985; Slater and Noolandi, 1986). Note that we here do not consider the chain as a semi-flexible
chain like the DNA chain, but still consider a Gaussian random walk model under an electric field (Appendix A). Besides, we
do not consider the free energy of the chain as that of the semi-flexible DNA chain.

The osmosis pressure is defined as (Grodzinsky, 2011)

P, = RTG (13)

(10)

where R is the universal gas constant, and the Boltzmann constant is kg = R/Ngy.
Considering the force balance between the friction force density and osmosis pressure gradient along the reptation tube,
we obtain (Grodzinsky, 2011)

S0 _ ke S — (ngU - mgE(cos6)) (GNa) (14)
as as
Note that the molar flux at the molecular view can also be expressed as (Grodzinsky, 2011)
Q=GU (15)

Therefore, from Eq. (14), we can express the molar flux as

kgT 0C;  qE({cos®)
o B G 16
QJ nié as + s 1 ( )
Note that the Rouse dynamics diffusivity of the ith chain is (De Gennes, 1979; de Gennes, 1971; Doi and Edwards, 1978;
Rubinstein and Colby, 2003).

_ keT
' ong
Combining Egs. (10), (12), (16) and (17), we obtain the equation for the electrically-driven diffusion of a charged polymer

chain as
8(:1‘ . 82C,‘ qE(cosO) 8Cl . BZC,‘ quEz 8C,

ot~ sz € 0s  '3s2  GkgTE Os

D (17)

(18)
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If no electric field is applied, Eq. (18) is reduced to
96 _p, %G
ot — ' 9s2
which is the same as the curvilinear diffusion equation we obtained in the previous paper in modeling the self-healing
mechanics of nanocomposite hydrogels (Wang et al., 2017). Here we derive the electric-assisted diffusion equation by adding
the electric field term shown in Eq. (18).

Next question is how to convert the curvilinear coordinate s and the linear penetration coordinate y (Fig. 5). Following
the model of DNA electrophoresis (Slater and Noolandi, 1986), we consider a 1D problem with

—1
shq2E?
= 1- 1= 2
Y \/Sb( 9/<§T2) (20)

Eq. (20) can further be written as

(19)

s_ ) 1)

b~ y\2 b2q2E?
1+ (E) 9k3T2

If the electric field is zero, Eq. (21) is reduced to y ~ +/sb, which is the same as that in the previous paper without the
application of the electric field (Wang et al., 2017).

3.4.2. Formation of the interpenetration region

The charged chains around the interface are driven by the electric field to penetrate into another material part (Fig. 1).
Once the distal group of the cationic chain encounters the distal group of the anionic chain, an ionic bond will form. The
formation of the ionic bond will subsequently affect the diffusion process of other chains. Therefore, the diffusion and the
distal-group reaction are strongly coupled around the interface.

Let us first consider the distal group reaction. We denote the molar concentration of the end group in the ith cationic
chain as Cl.+ (mol/m?3), and that of the ith anionic chain as ¢ (mol/m?3). When a cationic distal group encounters an anionic
distal group, they will form an ionic bond. Effectively, this reversible reaction can be denoted as Positive (P)+ Negative (N) <
Ionic bond. The forward reaction will enable the association of the ionic bond, and the reverse reaction will enable the
dissociation of the ionic bond. We further denote the molar concentrations of the dissociated distal groups as C;r 4 and G d
and the associated distal groups as Cl.+ ¢ and ;9 respectively. The chemical reaction can be effectively written as

[+D] + [-D] < [+A] + [-A] (22)

where [+D], [-D], [+A], and [-A] are dissociated cationic, dissociated anionic, associated cationic, and associated anionic
groups, respectively. We denote the forward reaction rate on the ith chain as kl.f , and the reverse reaction rate on the ith
chain as kf. These reaction rates are chain-force dependent, as the chain force would promote the dissociation of the ionic
bond (more details in Section 3.4.3). At the relaxed state, the reaction rates are reduced to those at the stress-free state kif 0
and k,.ro, respectively. The chemical kinetics can be written as (Hdnggi et al., 1990; Kramers, 1940).

acre o

ot ot
where C;’“, Ci‘a, C;’d, and Ci‘d are the molar concentration of associated cationic, associated anionic, dissociated cationic, and
dissociated anionic groups, respectively. We focus our attention on charged hydrogels with good electrophoresis-induced

adhesion capability, so that the ionic bonds can easily form under relatively mild conditions. This requirement implies that
k{o should be much smaller than kifo, ie., kiro << kifo. Under this condition, Eq. (23) is reduced as

octe  ac
ot — ot
Note that physically speaking the reversible ionic bond should continuously undergo association and dissociation. How-
ever, we here consider kiro << klf O such that the formed bond would effectively remain at the associated state until a me-
chanical or electrical force is applied. This character should be different from that of exchange reactions of dynamic covalent
bonds (He et al., 2018; Yu et al., 2016).
Integrating the distal group reaction (Eq. (24)) and the chain diffusion (Eq. (18)), we can formulate the effective diffusion-
reaction model as

0 — _
= k/ocricd — kOcrac e (23)

~ 1[0 r+rd—d
~ kl. Ci+ G (24)

ac;
at

824 pgr2p2 0G ace
=Di—3 _lg<gri% s~ Tt
(25)

G o 1 fOc+dr—d
= ~ kGG
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oty pE
l;a as keTE ~ 0s t (26)
ac;

~ 1 fOr+d—d
i ~ kGG

where n;q* and n;q~ are charge numbers of the ith cationic and anionic chains, respectively. Eqs. (25) and (26) can be
reduced as

acd 02C?  pg+2E2 oG 10 td—d
s =Dimd — S 5 — ki GG 27)
0 _ %G bg?E2 G fOrde-d
ac = DiTg — STE s i GG

We assume the diffusion and reaction only occur near the contact interface within a so-called “interpenetration region”.
We assume the width of this region is 2H with two boundaries as y = +H (Fig. 1ab). In the curvilinear coordinate, the
boundaries are s = +sy, where sy obtained from Eq. (21). We assume the boundary conditions at any time t can be expressed
as

CGri(s=—su.t) =Nt Cs=sy.t)=0 (28a)

C{d(s =sy,t) =N, led(s =—sy,t)=0 (28b)

where Nl.+ and N are the concentration of the initial dissociated ith cationic and anionic chains, respectively. Note that H
should be small enough to show the interpenetration region is only located around the interface, and at the same time, it
should be large enough to fulfill the boundary condition Eq. (28). At the beginning of the interpenetration process, the ith
cationic chain only exists in the left part of the material, and the ith anionic chain only exists in the right part (Fig. 1b).
This can be expressed as

Cri(s,t =0) = NjW(s) (29a)

Gl(s.t=0)=N[1-W(s)] (29b)

where W(s) is a step function with a definition as W(s) =1 at s>0, W(s) =0.5 at s=0, and W (s) =0 at s <O0.
With Eqs. (27)-(28), we can formulate the molar concentration of dissociated Ci*d(s, t) and lerd (s, t). The molar concen-
tration of the associated ith chain is

t
Cri(s.t) =C%s.t) %/ kIoCH (s, T)C4(s, T)dT (30)
0

The effective volume density of the active ith cationic chains ler ha(¢) and anionic chains N7 ha(¢) within the interpene-
tration region can be estimated as an average within the region s = [—sp, sy], written as,

SH
Nhe(t) = N7ha(e) = L'/ Gri(s, t)ds (31)
25H —Sy

Since ith cationic and anionic chains have the same chain length, the effective volume density of the active ith chain Ni"“
within the interpenetration region can thus be estimated as

NP(t) = N (t) + N7he(e) (32)

3.4.3. Deformation of the interpenetration region

After the electrophoresis process, the sample becomes a composite with part A region, interpenetration region and part
B region. The mechanical behaviors of part A and part B are modeled in Section 3.2. The mechanical property of the inter-
penetration region is modeled as follows.

Similar to the Arruda-Boyce model, we assume the linked active ith chains self-organize into body-centered eight-chain
structures (Fig. 4b) (Arruda and Boyce, 1993; Rubinstein and Colby, 2003; Treloar, 1975). The material follows an affined
deformation model (Arruda and Boyce, 1993; Rubinstein and Colby, 2003; Treloar, 1975), so that under the deformation
gradient F the stretch of the ith chain is

L /tr(FTF)
A= \/; - 3 53)

When the part A and part B are under a tensile load, the interpenetration region is under a shear deformation (Fig. 3a).
The deformation gradient can be expressed as

1 0
F=|[AF 1 0 (34)
0 0 1
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where AH is the shear stretch. The right Cauchy green tensor is
1 AH 0

C=FF=|[ 241 o (35)
0 0 1
The first invariant of the right Cauchy green tensor is
I = tr(C) = A 4+ 3 (36)

At the stress-free state, the volume density of the active ith chain C;(s. t) = C(s. ) ~ [3 klfOCl*"" (5. T)C(s. T)dT within
the interpenetrated region can be calculated from Eq. (30). Under deformation, the volume density of the active ith chain
within the interpenetrated region reduces to Nf". Similar to Eq. (3), the free energy density of the deformed interpenetrated
region can be formulated as

m
H _ H haa, . IBi ﬂi
W =W/ + > N n’kBT<tanh,3,- +1In Smhﬁi> (37)

i=1

I [AH? 43
— | LU I
ﬁl =L < 3Tli L 3“,‘ ) (38)

where Wn*]’ix is assumed as constant. The shear stress can be formulated as

owH L 2Nhae /mikpT BiaH
H _ _ i ! !
S12= oM Z 3 (39)

i=1

where B; is given in Eq. (38).

Another issue is that the active ith chain number will decrease as the deformation is applied. To calculate the active ith
chain volume density Nf“m (shown in Eq. (37)), we employ a Bell-like force-dependent reaction model (Bell, 1978; Ribas-
Arino and Marx, 2012). The force would promote the dissociation of the ionic bond. We denote the volume density of
the associated and dissociated ith positive chains as N;"% and N:", ith negative chains as N7 and N1, respectively.
Similar to Eq. (23), we can formulate the chemical kinetics at the deformed state as

athaa aN‘—haa
ét _ ét _ klfNiJrhadNi—had _ kirNiJrhaaNi—haa (40)

The forward reaction rate (from the dissociated state to the associated state) is kif and reverse reaction rate is kf when
the chain is stretched. Following the Bell model, we consider an energy barrier exists between the associated state and
dissociated state through a transition state (Bell, 1978; Ribas-Arino and Marx, 2012). There are energy barriers between
associated (A) and dissociated (D) states. The chain force effectively alters the potential energy landscape of the dissociation-
association reaction: The chain force lowers down the energy barrier of A — D and increases the energy barrier for D —
A. The reaction rates are governed by the energy barrier through exponential functions as (Bell, 1978; Ribas-Arino and Mar,
2012)

f_.fo _fiAX

k! = k! exp( kT ) (41a)
r_ 1,10 fiAx

ki = K] exp( kT ) (41b)

where f; is the chain force of the associated chain, kif 9 and k{o are reaction rates at the stress-free state, and Ax is the

distance along the energy landscape coordinate. Ax will be treated as a fitting parameter in the model. Note that this Bell

model considers an effective behavior and the chain force f; in Eq. (41a) is onsidered as that of the associated chain.
According to Eq. (7), the chain force is

. kgT o kgT 1 )\.HZ +3
fi="5P="5"1"\V o, (42)

In a quasi-static loading, we assume that the loading is so slow that the chemical reaction reaches the equilibrium state
at any small increment of strains. Under this loading, we consider the time-dependent terms in Eq. (40) disappear, and Eq.
(40) can be reduced as

k{N?hadehad _ kierfhaaNi—haa -0 (43)

Note that the reduction from Eqs. (40) to (43) is based on the estimation of the time scale of Eq. (40). The time scale
of Eq. (40) can be roughly estimated as 1/(kINM), where kI ~2 x 1076-1 x 10~4 m3:s~! and N/ ~10-10-10~% mol-m~3. The
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resultant time scale of Eq. (40) (e.g., 1079s) is much smaller than the time scale of each strain increase step during the
experiment (~10-3s). Also, the reduction from Eqs. (40) to (43) may only be applied to the behavior before the break-
ing of the bonded interface. However, we may only be interested in the behavior before the interface breaking. Consider-
ing the conservation N + N}tha® — N:ha apd N-had 4 N-haa — N-ha the active ith chain volume density can be calculated
as

oo MR N kPexn (-4F)
1
i VR Sl exp (5) + Jio enp (<5)

3.5. Electrophoresis induced adhesion releasing

(44)

An electric field E; is first applied to treat the sample for time t; to enable the hydrogel adhesion and then use an
electric field E, with the reverse direction to release the adhesion (Fig. 1c). When an electric field with the reverse direction
is applied, the electric force will drag the associated ionic bones open and charged chain will gradually move in the reverse
direction driven by the electric field (Fig. 1d). Therefore, the reverse electrophoresis process around the interface is also a
coupled diffusion-reaction behavior.

Following Section 3.4.2, we can write the governing equation of the reverse electrophoresis process as

ac 92CHY  bgt?E2 3G 9CH
—D: LI i i
Jar, ""9sz " 6ksTE ds ot (45a)
G
o = kI GG —kicrec
ac 9%C7Y  bg?E29C;"  9CC
=D; 5 + —
825“ s 6ksTE  Os at (45b)
s k[CrC ! —kicrec

The sign in front of the term bq+2E2/(6k3T$) is different from those in Eqgs. (25) and (26), because the electric field di-
rection is reversed. The reaction rates are affected by the electric force through Eq. (41) written as kl.f = klf 0 exp(—fiAx/kgT)
and ki = I<l.r° exp(fiAx/kgT), where the electrically-induced average chain force is
n;,q?E2b

6kgT
where the average charge value is estimated as ¢ = (q* + q~)/2. Ax is the same parameter used in Section 3.4.3. The bound-

ary conditions for Eq. (45) within the region y =[—H, H] (or s=[-sy, sy]) are the same as Eq. (28). And the initial condition
of Eq. (45) is the concentration distribution after the electrophoresis process with electric field E; for time t;.

fi = nigEx{cos0) =

(46)

4. Theoretical results
4.1. Polymer chain interpenetration

The polymer chain interpenetration behavior is modeled in Section 3.4.2. Solving Eqs. (27)-(28), we can obtain the distri-
bution of the concentration of the dissociated distal group of the cationic ith chain Ci+ d(s,t) over the curvilinear coordinate
s for various normalized electrophoresis time t = thT/(n,-Ss%) (Fig. 6a). Note that all used parameters for the calculations
are given in Table 1. Initially, the dissociated distal group of the cationic ith chains only exist at s <0. With increasing elec-
trophoresis time, the cationic ith chains interpenetrate into s> 0. Accordingly, the associated cationic ith chain form when
the dissociated cationic ith chain encounters dissociated anionic ith chain. The concentration of the associated ith chain
from Eq. (30) and the corresponding volume density of the active ith chain within the interpenetrated region can thus be
calculated from Eq. (31) and shown in Fig. 6b (The calculation is based on Nl.+ =N; =N; and g* = g7). The active ith chain
density increases with increasing electrophoresis time and gradually reaches a plateau when the electrophoresis time is long
enough.

4.2. Electrophoresis-induced hydrogel adhesion

We employ the interpenetration network model described in Section 3.3 to model the electrophoresis-induced hydro-
gel adhesion. For the sake of simplicity of analysis, we assume the m types of ith chain follow a log-normal chain-length
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Fig. 6. (a) The distribution of the concentration of the dissociated distal group of the cationic ith chain over the curvilinear coordinate for various normal-
ized electrophoresis time f = tkgT/ (ni"g‘s}i). (b) The volume density of the active cationic ith chain within the interpenetrated region as a function of the
normalized electrophoresis time f = thT/(niésf,). The calculation is based on N = N; = N; and q* = q~. The used parameters can be found in Table 1.

distribution as

P () = P (ny) =

_(lnni—lnna)2i| (47)

1
——e
;827w P |: 282

where ng and § are the mean of n; and standard deviation of Inn;, respectively. A typical chain length distribution is shown
in Fig. 7a. According to Eq. (6), we assume

N7 = aN;} (48)

where « is a coefficient to indicate the relative density ratio between the anionic chains and cationic chains. Considering
that the mechanical properties of the two hydrogels are almost the same (Fig. 12a) and applied molar amounts of Chitosan
and PGA are close, we make a bold assumption with o = 1. Also, according to the molecular structures shown in Fig. 2, we
further assume q* = g~ = q. These assumptions are just for the sake of the analysis simplicity; the analysis with other value
of le’""" and dissimilar charge values can be easily carried out based on the model shown in Section 3.

With a calculated associated chain density Nﬁh at a given electrophoresis time t (Fig. 6b), we can go through
Section 3.4.3 to calculate the shear force F with increasing shear stretch AH of the interpenetration segment (Fig. 7b). It
is noted that employing an inhomogeneous chain-length distribution has a special advantage in the determination of the
shear strength. The shear force first increases with the shear stretch and then decrease with a maximal point; because as
the shear stretch increases, the associated chains will be gradually dissociated. The shorter chains are dissociated first as
their chain forces are larger, and then longer chains. Once the active chain number decreases to a certain extent, the in-
terpenetration segment cannot sustain the applied shear force so the shear force begins to decrease. Experimentally, at this
maximal point, the interpenetration segment is ruptured, and the corresponding shear stress is the shear strength.

Considering the force balance F/Ly :s’szd = s1L; shown in Eq. (2) (Fig. 7cd), we can obtain the relationship between
the uniaxial force F/L,, and uniaxial strain ¢ of the electrophoresis-treated sample (Fig. 7e). Collecting the maximal uniax-
ial forces and converting to the shear stress 5’1’2 =F/(LwLy), we can obtain a relationship between the shear strength 5’1’2"'
and the electrophoresis time t (Fig. 7f). The predicted shear strength increases as the electrophoresis time t increases and
reaches a plateau when t is long enough. We define the equilibrium electrophoresis time teq as the electrophoresis time
corresponding to 90% of the plateau value.

4.2.1. Effect of electric force Eq

We first study the effect of the electric force Eq on the electrophoresis-induced hydrogel adhesion. According to Section 3,
we can calculate the shear strength of the interpenetration region as a function of the electrophoresis time for various
normalized electric forces Eqb/kgT (Fig. 8a). The corresponding equilibrium shear strength at the plateau and equilibrium
electrophoresis time are plotted as functions of Eqb/kgT (Fig. 8bc). It is found that the equilibrium shear strength increases
with increasing electric force because the higher electric force would drive more chains to interpenetrate into each other to
form more active chains across the interface. It is also found that the equilibrium electrophoresis time first increases with
the electric force and then decrease until a plateau at an infinitely small value. This counterintuitive phenomenon can be
understood as follows: When the electric force is small, chains move slowly across the interface; while a larger amount of
active chains are required to reach the plateau as the electric force increases; therefore, a longer electrophoresis time is
required to drive enough chains across the interface as the electric force is larger. However, when the electric fore is large
enough, the chains move quickly, and sufficient chains can move across the interface within a short time.
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Fig. 7. (a) The chain length distribution for the interpenetration region. (b) A typical shear force-shear stretch of the interpenetration region. As the
shear stretch increases, the shear force first increases and then decreases because of the dissociation of the associated chains. (cd) The shear force of the
interpenetration region (c) should be equal to the uniaxial force in the material bulk region (d). Based on the interaction of (c) and (d), the resultant
uniaxial force-uniaxial strain relationship can be obtained for the sample after the electrophoresis of various time (e). Collecting the critical points denoted
by the red cross for various electrophoresis time in (f), the relationship between the shear strength of the sample and the electrophoresis time can be
predicted. The equilibrium electrophoresis time teq is corresponding to 90% of the plateau value. The used parameters can be found in Table 1.

4.2.2. Effect of Rouse friction coefficient

Then, we study the effect of Rouse friction coefficient £ on the electrophoresis-induced hydrogel adhesion. As shown in
Eq. (27), coefficients in the diffusion term (D; = kgT/(n;€)) and the convection term (bq2E2/(6kgT)) are dependent on the
friction coefficient &. After plotting the shear strengths in functions of electrophoresis time for various friction coefficients
& (Fig. 9a), we find that the friction coefficient does not affect the equilibrium shear strength and that the equilibrium
electrophoresis time increases as the friction coefficient increases (Fig. 9b). It is because that higher friction of the chain
movement will lead to a longer time to reach the equilibrium state.
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4.2.3. Effect of chain length

Next, we study the effect of chain length on the electrophoresis-induced hydrogel adhesion. The chain length within
the interpenetration region follows a log-normal distribution. To study the effect of chain length, we here only vary the
average chain length of the chain-length distribution (Fig 10a). For various chain-length distributions, we can calculate the
shear strengths of the interpenetration region as functions of the electrophoresis time (Fig. 10b). We find that both equi-
librium shear strength and equilibrium electrophoresis time increase with increasing average chain lengths n, (Fig. 10cd).
It is because that as the average chain length increases, the effective Rouse diffusivity D; = kgT/(n;§) decreases, while the
coefficient of the electric-force induced convection bq2E?/(6kgT¢) remains. Lower chain diffusivity leads to a longer time to
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reach the equilibrium plateau. And within a longer time, more chains are driven by the electric field to cross the interface to
form active chains. Therefore, both equilibrium shear strength and equilibrium electrophoresis time increase as the average
chain length increases.

4.3. Electrophoresis-enabled adhesion releasing

After the electrophoresis process with increased hydrogel adhesion, the adhesion can be released if the electrophoresis
voltage direction is reversed. Given a reverse electric field E;, we calculate the volume density of the active ith chain within
the interpenetration region for various reverse electrophoresis time (Fig. 11a). As shown in Fig. 11a that is calculated based
on Fig. 6b, the volume density of the active ith chain decreases from an initial value as the reverse electrophoresis time
increases. We then go through the calculation in Section 3.4.3 to calculate shear force within the interpenetration region
(Fig. 11b), and then interact with the uniaxial force within the material bulk (Fig. 11c¢); and we thus obtain the sample
shear strengths for various reverse electrophoresis time (Fig. 11d). As seen from Fig. 11d, the shear strength decreases with
increase reverse electrophoresis time and then reaches a plateau when the reverse electrophoresis time is long enough.

5. Comparison with experimental results

To verify the theory, we compare the theoretical results with the experimental measurements. As a proof of concept, we
employ gelatin-Chitason hydrogel as the cationic hydrogel and gelatin-PGA hydrogel as the anionic hydrogel. The uniaxial
stress-strain behaviors of these two hydrogels are very similar below the strain 0.35 and nominal stress 12 kPa (Fig. 12a).
Fortunately, the measured shear strengths of the tested samples are almost below 12 kPa. Therefore, we approximately as-
sume that the mechanical properties of parts A and B are the same below 12kPa, and can be captured using the same
theory shown in Section 3.2.
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Fig. 11. Reverse electrophoresis induced adhesion releasing. (a) The volume density of the active cationic ith chain as a function of the normalized re-
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electrophoresis of various time. (d) The predicted shear strength as a function of reverse electrophoresis time. The used parameters can be found in Table 1.

5.1. Electrophoresis enabled adhesion

Then, we use the gelatin-Chitason and gelatin-PGA hydrogels to carry out the electrophoresis experiment. We find that
the uniaxial stress-strain curves collapse with only the maximal strength changes for various electrophoresis time. The uni-
axial force-strain curves can be roughly matched with the theoretical results shown in Fig. 12b. The spikes in the experimen-
tal force-strain curves may come from the defects on the bonding interface. The corresponding shear strength for various
electrophoresis time can also roughly matched with the theoretical calculations (Fig. 12c). The discrepancy in the short
electrophoresis time may be because that we do not consider the instantaneous adhesion between two hydrogel samples.
According to the theory, the shear strength should be equal to zero when the electrophoresis time is zero; however, the
employ two employed hydrogel samples indeed show an instantaneous adhesion around 2-3 kPa.

Besides, we vary the applied electric field from 1V/mm to 4 V/mm. We did not further increase the voltage because
higher voltage may induce relatively strong chemical reactions of the hydrogels, which we do not consider in the theo-
retical model. We find that the shear strength-electrophoresis time for various electric fields (1-4V/mm) can be roughly
matched with the theoretical calculations (Fig. 13a). Again, the initial part of the strength-time curve may not be explained
by the theory due to the instantaneous adhesion. However, the experimentally measured equilibrium shear strength can
be explained by the theoretically calculated results (Fig. 13b). Besides, the experiments can verify the theoretical trend
discussed in Section 4.2.1: the equilibrium electrophoresis time first increases with the applied electric field and then de-
creases (Fig. 13c). The measured results can roughly match the theoretical trend. The discrepancy in the low electric field
range (<2V/mm) may be due to the inevitable experimental error within 1-3s as the equilibrium electrophoresis time is
4-7s.

5.2. Reverse electrophoresis enabled adhesion releasing

After the electrophoresis process with 4 V/mm for around 40s, the shear strength of the hydrogel bonding reaches around
8.3 kPa (Fig. 12c). Then, we apply a negative electric field (-1, —2, or —4V/mm) to trigger the reverse electrophoresis process
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to release the formed adhesion. We find that the shear strength decreases as the reverse electrophoresis time increases, and
that the adhesion release is more rapid for higher reverse electrophoresis voltage (Fig. 14). Quantitatively, the theoretical
results can roughly match the experimentally measured shear strength as functions of the reverse electrophoresis time for
various reverse voltages. In the small reverse electrophoresis time-scale, the theoretically calculated results are lower than
the experimentally measured one. It shows that the decreasing of the experimentally measured interfacial bonding is slower
than the theoretically modeled. This discrepancy may come from the contribution of the chain entanglement effect in the
experiment: The electric field may first need to overcome the chain entanglement to trigger the chain to move apart, while
the chain entanglement effect is not considered in the current model (De Gennes, 1979; de Gennes, 1971; Doi and Edwards,
1978; Rubinstein and Colby, 2003).

6. Conclusive remarks

In summary, we present an analytical theory framework to model the electrophoresis enabled reversible adhesion. We
consider that during the electrophoresis process, free charged chains are driven by the electric field to move across the
interface to interpenetrate into each other material matrix, and form weak ionic bonds with chains with opposite charges.
We model the interpenetration process as a diffusion-reaction process with the chain diffusion modeled as an electrically-
driven reptation-like motion and the cationic-anionic bond formation as a bell-like chemical reaction. We can theoretically
depict the electrophoresis-induced hydrogel adhesion that is in a function of the electrophoresis time in an error-function
fashion. We also predict that the hydrogel adhesion can be released by an electrophoresis process with reverse voltages.
The theoretically calculated results can agree well with the experiments for both electrophoresis-induced hydrogel adhesion
and adhesion releasing. The present model can be extended to explain the electric-field-assisted self-healing of charged soft
polymers. The model may also provide insights into electroadhesion of soft elastomers that has been widely used in the
designs of robotics or micromechanical systems.

We also notice that the present model has a large room for future improvement. First, a number of assumptions can be
easily relaxed for more general systems. For example, we assume N;’ =N; and q* =g~ through all the calculations, but
these two conditions can be easily removed to account for the more general situations. As another example, we employ
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Fig. 14. The experimentally measured and theoretically calculated equilibrium shear strength as functions of the reverse electrophoresis time for various
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the log-normal chain-length distribution, but other chain length distributions such as normal distribution, log-logistic dis-
tribution, and Weibull distribution should also work for our model system (Wang et al., 2015). Second, we assume that the
cationic ith chains only form ionic bonds with anionic chains with the same chain length. The assumption is only for the
sake of computational simplicity. If the ith chain can be linked with the jth chain (i#j), the same chain force may induce
imbalanced chain stretch in the ith chain and jth chain; therefore, a more generic statistical average algorithm is required
to account for the effective behavior. Third, as discussed in Section 5.1, we do not consider the instantaneous adhesion of
two hydrogel samples, which contributes to the results discrepancy between the theory and experiments when the elec-
trophoresis time is short. We expect that future model can incorporate this effect into consideration.

Finally, our model only considers that a charged chain can only form one bond with the other charged chain. The process
is shown in Fig. 15ab. Within this framework, the increase of the interfacial strength over time is induced by bonding more



Table 1

Definition and value of the employed parameters. The forward and reverse reaction rates are estimated based on the study regarding the polymer chains crosslinked by ionic bonds in (Wang et al., 2017; Yu
et al., 2018). Ax is a fitting parameter to match the shear strength of the shear-lag samples. n, is another fitting parameter to match the stress-strain behaviors of the samples. n; and n, are two parameters
chosen based on the value of n,. £ is the third fitting parameter to match the time scale of the electrophoresis-induced bonding. The normalized electric forces are estimated based on the experimental data.
Future molecular dynamic simulations are demanded to determine k{ 0 klfo, Ax, and &.

Parameter Definition Figs. 6-7 Fig. 8 Fig. 9 Fig. 10 Fig. 11 Fig. 12 Fig. 13 Fig. 14 Estimation source

k{o (m3.s71) Forward reaction rate 1x10* 1x10* 1x10 1x10 1x10~* 1x10* 1x10* 1x10* (Wang et al., 2017; Yu et al.,
2018)

k0 (m3.s~1) Reverse reaction rate 2x10°6 2x10°6 2x10°6 2x10°6 2x10°6 2x10°6 2x10°6 2x10°6 (Wang et al., 2017; Yu et al.,
2018)

Ax (m) Distance along the energy 4 %1079 4x1079 4%x1079 4 %1079 4 %1079 4 %1079 4 %1079 4x1079 Fitting parameter

landscape coordinate

b (m) Kuhn segment length 52x10°10  52x107 52x10°1° 52x10°10 52x10°" 52x10°1° 52x10° 52x10°' (Wang et al, 2017; Wang et al.,
2015; Yu et al., 2018)

4 Minimum chain length 10 10 10 10 10 10 10 10 Chosen based on n,

Nm Maximum chain length 200 200 200 300 200 200 200 200 Chosen based on n,

ng Average chain length 100 100 100 50-150 100 100 100 100 Fitting parameter

8 Chain length distribution width 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 (Wang et al., 2017; Wang et al.,
2015; Yu et al.,, 2018)

& (N/m) Rouse friction coefficient 4 %1077 4 %1077 5x108—  4x107 4x 1077 4 %1077 4 %1077 4 %1077 Fitting parameter

1.2 x 1076
H/b Normalized boundary width 200 200 200 200 200 200 200 200 Chosen based on n,
E1qb[(kgT) Normalized Electric force 0.028 0.005-0.3 0.028 0.028 0.028 0.028 0.007, 0.028 Experimental data
0.014, 0.028
E>qb/(ksT) Normalized Electric force for N/A N/A N/A N/A 0.028 N/A N/A 0.007, Experimental data
adhesion-releasing 0.014, 0.028
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Fig. 15. (a-b) The process considered in the current model. (¢) Pathway 1 and (d) pathway 2 for forming additional bonds between two charged chains.

chains at their ends. A refined model may consider forming additional bonds between two charged chains. We anticipate
two possible pathways to form additional bonds (Fig. 15c¢d). In pathway 1, the end-bond remains unbroken and additional
bonds come from the charges in the middle of the chain (Fig. 15c). This pathway violates the fundamental assumption of
the reptation-like model: the chain reptates like a snake starting from the free end (De Gennes, 1979; de Gennes, 1971;
Doi and Edwards, 1978; Rubinstein and Colby, 2003). Therefore, we may not consider pathway 1. In pathway 2, two chains
move in parallel with the sequential bond breaking and forming (Fig. 15d). The whole theoretical framework should include
Fig. 15a, b, and d. Within this framework, the increase of the interfacial strength over time is induced by not only bonding
more chains but also forming more bonds within a chain. Limited by the scope of this paper, the authors have to leave this
framework for the future research.
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Appendix A

We follow Slater and Noolandi to derive the statistic average of cos 6 (Slater and Noolandi, 1986). We assume the ith
polymer chain only moves along the curvilinear tube like a snake reptation (Fig. 5). The primitive tube length is L, and the
chain is divided into n; segments with each distance 2 = L-/n;. Without the external electric field, the movement of the
chain is just a snake reptation: jumping forward or backward by €2 for each step. The primitive tube length L. is generally
considered as smaller than the contour length of the ith chain n;b; therefore, the step size is usually assumed as unknown.
To facilitate the analysis, we here make a bold assumption that L~ n;b, and then

Q~b (A1)

With the external electric field, the reptation is biased toward the electric field direction. Given any step vector 2, we
assume the vector has zero potential energy when it is perpendicular to the electric field vector E. Then the potential energy
of the step segment can be described as

U:_%qE.Q:—%qEQCOSQ (A2)

where 6 is the angle between the electric field and the step vector (0 <6 <m). The probability that a step vector has an
orientation between 0 and 6 + df is then formulated based on the potential energy as

qEQcosQ)

ZkBT (A3)

1. U 1.
G(6)do = \IJi sinfdo exp <7m) = ‘lfj sin6dO exp (
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where W is a factor to ensure

T
/ G(O)do =1 (A4)
0
The statistic average of cos® is then calculated as
[T _ qEQ  gEb
(cosh) _/0 G(9) cosHdb ~ 6T = BT (A5)
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