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ABSTRACT: 2-beam action (2-BA) spectroscopies are a recently developed class of techniques
for determining the order(s) of absorption (l-photon, 2-photon, etc.) that contribute to an
observable signal. When only a single order of absorption is present, 2-BA spectroscopies allow
for the determination of that order by obtaining data at a single value of the observable. It has
been shown previously that when two orders of absorption are present, they can be determined
unambiguously by making measurements at several values of the observable. However, this
latter approach cannot be used for single-valued observables, such as a polymerization threshold.
Here we develop a theoretical comparison between conventional methods that determine the
order(s) of absorption using logarithmic plots and 2-BA-based techniques. We also explore how
2-BA plots arising from two orders of absorption deviate from a plot with a single, non-integer
exponent. We demonstrate that these deviations can usually be used to identify the two orders of
absorption and their relative contributions to the signal based on measurements made at a single

value of the observable.



Introduction

Multiphoton absorption (MPA) is one of the most commonly used of nonlinear optical
phenomena, particularly in ultrafast optics.!* MPA is a powerful spectroscopic tool,® and is
also a key enabling technology for applications such as fluorescence microscopy,”!'®

1622 and optical data storage.>?® As a result, it is desirable to be able to

microfabrication,
characterize nonlinear absorption (NLA) processes accurately. For instance, it is often
advantageous to maximize the MPA cross section of molecules or materials to make the
nonlinear absorption process as efficient as possible. Accurate determination of an MPA cross
section requires knowledge of the order of nonlinear absorption, as well as of the nature of any
competing processes, such as excited-state absorption’’?° (ESA). Typical methods for
characterizing MPA cannot reveal the contributions of multiple absorption pathways
unambiguously.

NLA processes can be characterized either directly or indirectly. In the former case the
transmission loss of a laser beam is measured.’**? Most direct techniques detect weak MPA over
a large background signal, and so it is difficult to extract detailed information regarding complex
photophysical or photochemical processes. Indirect methods rely on the detection of some proxy
observable, such as emission or photocurrent, that is generated by MPA.33-** The most common
method of measuring the order of NLA from either direct or indirect methods is to create a
logarithmic plot of the observable as a function of irradiance. The order of NLA is determined
from the slope of such a plot. However, the accurate determination of the order of absorption
generally requires data that span two or more orders of magnitude in the irradiance.*!

Furthermore, it is common for non-integer slopes to be observed, in which case multiple orders

of absorption and/or other processes such as ESA may be present. Unless considerable dynamic



range is available, logarithmic plots cannot be used to ascertain unambiguously which processes
contribute to the observed signal or what the relative magnitudes of these contributions are.

Another approach for characterizing NLA is the Z-scan technique.**>° The Z-scan is a direct
method in which loss is measured as a function of the distance of the sample from the laser
focus. The order of MPA in a Z scan is determined by fitting the shape of the loss curve. Under
favorable conditions, it is possible to ascertain the order of a single absorption process from a Z-
scan measurement,’'™>? but the accurate determination of the influence of multiple processes is
again challenging.

A further complication arises when MPA drives an irreversible process, particularly one, such
as photopolymerization, that has an exposure threshold. Under such circumstances it is usually
not possible to make logarithmic plots, and Z-scan studies are not feasible. The usual approach to
this problem is to make measurements in a medium in which the reactivity of the excited species
is unimportant, such as an inert solvent. However, there is no guarantee that the absorption
process that is observed under such circumstances is the same as the one that leads to the
irreversible phenomenon in the medium of interest. Alternative approaches that make
measurements as a function of laser repetition rate’® and/or exposure time* can also be used to
glean insights into the order of NLA. Such methods still cannot provide an unambiguous
description of the NLA process when multiple channels are involved.

We have recently developed a class of techniques that addresses many of the shortcomings of
conventional methods for determining the effective order of NLA.>*5¢ These methods, called 2-
beam action (2-BA) spectroscopies, rely on using two temporally interleaved pulse trains to
generate an observable by nonlinear and/or linear absorption. By finding different sets of average

powers for the two pulse trains that lead to the same value of an observable, it is possible to



determine the effective order of NLA at that specific value of the observable. We have used this

53,56

technique to probe NLA-induced observables including polymerization, emission,” and

photocurrent.>*

As we have shown previously,’* one of the advantages of 2-BA spectroscopies is that when
multiple phenomena contribute to the measured exponent it is possible to determine the order
and/or nature of these phenomena. The strategy that we demonstrated for elucidating the
different contributions is to make 2-BA measurements at a range of values of the observable and
then to test the results against a model. The above approach is only applicable when 2-BA
measurements can be made at several values of an observable. There are many situations in
which 2-BA measurements can only be made over a limited range of observable values. The
extreme example of this situation is photopolymerization,™ for which there is only one value of
the observable (the threshold exposure dose).

Here we explore in more detail the relationship between the analysis of NLA via logarithmic
plots and via 2-BA spectroscopy when there are two orders of absorption involved. We
demonstrate that under these circumstances the standard equation used to fit 2-BA plots is only
approximate. We examine six different combinations of orders of absorption, and show how the
2-BA plot deviates from an “ideal” 2-BA plot with a single, non-integer exponent as the relative
contributions of the two orders are varied. Based on these results, we demonstrate how the orders

and magnitudes of the two absorption contributions can usually be distinguished even if it is only

possible to obtain data at one value of the observable.



Theory

The concept of 2-BA spectroscopy is illustrated in Figure 1A. Two temporally interleaved pulse
trains are incident upon the sample of interest at irradiances far below the saturation regime,
generating an observable signal. If the delay time between two temporally adjacent pulses is long
enough for the electronic excitation to relax completely, then the action of each pulse can be
considered in isolation. The average power of one of the pulse trains (which we will call beam 1)
required to attain a particular value of the observable is first determined. Beam 2 is then adjusted
to have a non-zero average power, and the average power of beam 1 that returns the observable
to its selected value is determined. This process is repeated until only beam 2 has non-zero

average powcer.
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Figure 1 (A) Schematic depiction of 2-beam action spectroscopy. Two temporally interleaved pulse trains with
average powers P; and P, are incident on a sample, generating an observable via linear and/or nonlinear
absorption. (B) Sets of values of P; and P, are determined that lead to the same value of the observable, and P,
is plotted as a function of P; to determine the order(s) of absorption. The dashed lines denote Pg;qq. 6 is the
angle a line from the origin to a data point makes with the x axis.

In principle, the average power at which each individual beam gives the desired value of the
observable should be identical. In practice, these average powers may vary slightly. As a result,
normalized powers are typically used in 2-BA spectroscopies, i.e. the average power of a given
beam divided by the average power at which that beam alone yields the desired value of the
observable. In this situation, for an m-photon absorption process the 2-BA data will adhere to the
relation®

P"+P'=1, (1)



where the overbar indicates a normalized average power. Thus, m can be determined by plotting
P, as a function of P; (Figure 1B). So long as only one order of absorption contributes to the
observed signal, m will correspond to the order of that process, as will the slope of a logarithmic
plot, n.

Now imagine that two different orders of absorption, j and &, where j < k, contribute to the
observed signal. We will refer to this set of exponents henceforth as (j,k). In this situation the
signal S will be given by

S(I) < Al + BI* , 2)
where [ is the irradiance and 4 and B are constants that depend on factors such as the absorption
cross sections of the different orders, the temporal shape of the laser pulses, and the quantum

yield for the observable.*?

Note that j- and k-photon transitions using the same source
wavelengths typically excite different states. In a traditional measurement, the slope of a
logarithmic plot of the signal as a function of irradiance at a given irradiance / will then be given

by

_dn(s) _ . . BI¥
T dIn() J Atk 3)

where 4j =k —.
Note that a given value of n could arise from any (j,k). The only way to identify these orders
via a logarithmic plot is to collect data over a sufficient range of irradiance. However, the range

of irradiance Al required to have the signal arise 90% from order j to 90% from order k is>*
1 / i
Al =81 74j . 4)
Thus, unless 4j is large, it is essential to cover an order of magnitude or more in irradiance to be

able to determine the orders of the absorption processes from a logarithmic plot.



In the case of 2-BA spectroscopy, the combination of two different orders of absorption leads
to a plot that follows
a(P +B)) +b(Pf +P§) =1, (5)
where @ + b = 1. This expression can be rearranged to give®*
1— Pf — B¥ = a(P) + B) — P¥ — BY) . ©)
This linearized equation can be used to determine a, and therefore b, at a single value of the

observable. However, values of @ and b can be found in principle for any (j,k).

We can interpret a as being the fraction of the absorption arising from order j, which implies

that
Al
@ = e @
By the same token,
BI¥
T AU+BIK” (®)

The ratio of the observable arising from order £ to that arising from order j is therefore

b BI®* B aj
25 _Zg4j
a AIJ'_AI : ©)

Thus, if j and k have been chosen correctly a plot of b/a as a function of /4 will be linear with a

slope of B/A and will pass through the origin.>* However, this approach requires that a be able to

be determined over a sufficient range of irradiance values.

Results and Discussion
We first consider the diagonal of a 2-BA plot, for which Py = P, = Py, (Figure 1B). The

simplest manner of determining the 2-BA exponent m, which we will call the 3-point method, is



to measure the values of P; and P, when only one beam is used and then to measure Pdiag. It

follows from Eq 1 that

= 1
Py =2 (10)
Thus, we have that
In(1/2)
= —" 11
In(Pgiag) ( )

In general, it is preferable to use more than three data points to determine m, although if the
exponent is known to be an integer then the 3-point method should generally be sufficient. This
strategy can be thought of as a variation of one developed by Wegener and coworkers to measure
the effective order of nonlinear absorption in multiphoton absorption polymerization.*’
When two orders of absorption contribute to the signal, Eq 5 leads to the relation
Plag + a(Pliag — Pliag) =3 (12)

Combining Eq 10 and Eq 12 we find that

R Rk
diag "diag

5 5k
_ PZl"L}ag_Pdiag (13)

Similarly,

5J sm
pl.  _pm
d diag
b=_"——. (14)
P5. —Pg;:
diag diag

Thus, by determining m along the diagonal it is possible to find the values of @ and b for a

specific (j,k). By the same token, if a, j, and k are known then m can be found using the relation

m = ln[ﬁzli(iag"-a(ﬁéiag_ﬂ{iag)] ) (15)

ln(pdiag)

Furthermore, Eqs 3, 8, 10, and 14 can be combined to give an expression that allows the slope n

of a logarithmic plot to be calculated from the 2-BA exponent m measured along the diagonal:



n=j+ A ——m (16)
In Figure 2 we show the dependence of n on m for the six different (j,k) examined here. The
general behavior that is observed in all cases is that » < m for values below j and above &,
whereas n > m for values between j and k. When the exponent is either j or k then n = m. For
values above k the dependence of n on m is roughly linear. Unfortunately, Eq 16 cannot be
inverted to find an expression for m as a function of n. However, as shown below, specific

expressions exist for m as a function of n for any given (j,k).

A B

Figure 2 Plots of the logarithmic plot exponent n as a function of the 2-BA exponent m for six different (j,k):
(A) sets for j = 1; (B) sets for j = 2; and (C) the set for j = 3. The symbols indicate the points at which n = m,
which occurs when only a single absorption process is present.

Although the above strategy allows for the determination of a from the value of m measured
along the diagonal, this method offers no direct means of determining what the correct (j,k)
might be. Furthermore, if @ and b are not zero, then in general the only places that data points for
a specific value of m will be equal to data points for a combination of two explicit orders of
absorption will be along the axes and on the diagonal. However, the deviation of a plot for a
single, non-integer exponent m from a plot for an explicit (j,k) can provide a substantial amount

of information about the true values of j and £.
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The simplest manner of measuring the deviation between two different 2-BA plots is to
determine the radial distance between points that are at the same angle @ from the x axis (see
Figure 1b). In the case of a plot for a single exponent m, the slope s of a line from the origin to a

data point at angle €1is given by

s=tan0=%. (17)

1

Accordingly,
P,(6) = sP,(6) . (18)

Plugging this result into Eq 1 leads to

1 )1/m (19)

Pl (8) - (1+sm
To find the coordinates of a data point at angle 6 when there are contributions from two
exponents, we begin by rewriting Eq 5 as
pk 4 pk a (pJ 4 pJ 1 _
(Pl +Pf)+—(P +P)—==0. (20)
Combining this result with Eq 18 we find that

a(1+s))
(1-a)(1+sk)

1
o - 2D

Pi(O) + AOR
The x coordinate can be determined by finding the appropriate root of this polynomial, with the y
coordinate then following from Eq 18.

As an example, we consider the case in which j = 1 and k£ = 2. The polynomial for which we

must find the root is

=2 a(1+s) = . 1 _

PL(6) + (1—a)(1+52)P1(9) (1-a)(1+s2) (22)
The relevant root of this equation is

— — 2 2 — 2

P1(8) _ a(1+s)+\/a (1+4s)2+4(1—a)(1+s2) ' (23)

2(1-a)(1+s2)
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Along the diagonal this equation becomes

+Va?-2a+2

Puiag(0) ==~ (24)
Eqgs 3 and 8 imply that
a= "A‘—J" (25)
By plugging this result into Eq 24 and then using Eq 11 we find that
m =1In(1/2)/In ("‘“2(— ::)ZM) (26)

Thus, we are able to use this approach to determine m from # for this particular (j,k). Results of a
corresponding analysis for the other five possible (j,k) with individual exponents ranging from 1
to 4 are given in the Supporting Information.

In Figure 3a we plot the difference between the (1,2) curve (from Eq 5) and the single effective
exponent curve (from Eq 1) as a function of @ for values of a ranging from 0.1 to 0.9. The
difference is symmetric about the diagonal, because the two beams are interchangeable. In all
cases the deviation is negative, i.e. the plot with a single effective exponential extends a greater
distance from the origin than the actual plot, except on the axes and on the diagonal. When a is

close to 0 or 1, there is only a small contribution from one exponent, and the deviations are
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Figure 3 The difference between Eq 5 and Eq 1 with m determined along the diagonal for a combination of
linear and quadratic components as a function of the amplitude of the linear component, a. The panels show
results for a values ranging from (A) 0.1 to 0.9; (B) -0.1 to -0.9; and (C) 1.1 to 1.9.
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relatively small. The largest deviations are observed when a = 0.5. In all cases the largest
deviation is observed at an angle that lies in the range from roughly 5° to 15°. The larger the
value of a, the smaller the angle at which the largest deviation is observed.

Although in most circumstances the contributions of two different orders of absorption are
expected to be additive, it is also possible for them to be of opposite sign. One example of this
situation would be a system in which linear absorption generates fluorescence, but 2-photon
absorption populates a dark state. We should therefore also consider values of a that are less than
zero or greater than 1. We investigate the former case in Figure 3b for values of a ranging from
-0.1 to -0.9. In this case the deviation is positive, and grows in magnitude as |a| increases. The
angle of maximum deviation also increases as |a| increases.

In Figure 3c we plot the deviation for values of a ranging from 1.1 to 1.9. We note that when
a > 1, the quantity 1 — a is negative, and so the other root of Eq 22 (with a negative sign before
the square root) is used. This range of a was chosen because the slope of a logarithmic plot is 0
when a = 2 (see Eq 25). In this case the deviation is also positive. The maximum deviation grows
with increasing a, but becomes smaller again as a approaches 2. The angle at which the

maximum deviation occurs also decreases with

0.04
. . — (1.2) (1.4)
mcreasing a. 0.03 4 — (1,3) — (2.4)
0.02 - — (23) — (34)
. . =
Plots corresponding to Figure 3 for the five | © 001 -
& 000 -
other pairs of combinations of exponents from 1 g -0.01 -
-0.02 -
to 4 are given in the Supporting Information -0.03 -
. -0.04 ' .
(Figures S1 to S5). The same general trends are 0 30 60 9
0 (degrees)
observed for these other sets of exponents. The
Figure 4 The difference between Eq 5 and Eq 1 for
deviations are negative for 0 < a < 1, and | ™ = 2.5 for each of the different (j,k) examined.
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generally positive for a < 0 and a > 1, although for large enough values of a the deviations can
become negative. The angle at which the maximum deviation occurs shifts in the same manner
as a is varied, but for fixed a the angle at which the largest deviation occurs generally becomes
larger as the exponents become larger. The magnitudes of the deviations are also dependent upon
(7,k).

It is also useful to consider how the deviations for a fixed value of m depend on (j,k). As a
representative case, in Figure 4 we plot the deviations for m = 2.5 for the six different (j,k). Two
general trends are apparent in this plot. First, the deviations are positive when j and k are both
less than m or both greater than m, and are negative when m is between j and k. Second, for
deviations of the same sign, the magnitude of the deviation grows with the ratio 4/j.

As discussed above, 2-BA spectroscopy data can generally be fit to Eq 6 for multiple (j,k). The
correct values of j and & can be determined by determining @ and b for different values of m and
finding which set of exponents is consistent with Eq 9. However, it is worthwhile to consider
whether there are conditions under which (j,k) can be determined from data obtained for a single
value of m, and what data are required to make such a determination. Making a measurement for
a single value of m requires fewer experiments than making measurements for multiple values.
Furthermore, in the case of processes with thresholds, such as photopolymerization, it is not
possible to make measurements at different values of m.

As a representative example, we consider the case in which m = 2.1. In Figure 5 we plot Eq 6
for data corresponding to (1,2). The data points are color-coded based on their angle relative to
the x axis in a 2-BA plot. Given any significant experimental uncertainty, the data could also be
fit well to (2,3), (2,4), and (3,4). Equivalent plots for (1,3) and (2,3) are shown in Figures 6 and

7, respectively. In the former case, any combination other than (1,2) might reasonably fit the

14
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Figure 5 Plots of Eq 6 using different (j,k) for data generated using (1,2) and m = 2.1. The data points are color-
coded based on their angle 6 relative to the x axis in a 2-BA plot (see legend). ¢ is the angle a line from the
origin to a data point makes with the x axis.

plots given a noise level that is typical experimentally. In the latter case, (1,3) could likely be
ruled out as well. Plots for the other three combinations of j and k for m = 2.1 are given in the
Supporting Information (Figures S6 to S8).

Although the plots of Eq 6 for the specific (j,k) of interest do not always yield a clear sense of
the appropriate sets of exponents, it should be noted that plots for other sets of exponents can be
quite revealing. For instance, in the (2,3) case, the data points for plots for (1,2) are entirely in
the second quadrant. However, in the (1,3) case, the data points for plots for (1,2) are in the first
and second quadrants. Thus, even when a plot for a given j and k£ ends up not to be linear, it can
still give insight into the actual values of (j,k). When m is not an integer, it is therefore generally
useful to make plots of Eq 6 for all six (j,k) explored here, even when not all of these (j,k) are
physically plausible.

An additional approach that can be used to analyze 2-BA data that have a non-integer m is to
plot the angles that the data points in Eq 6 make with the x axis (¢#) as a function of the angle &

derived from the 2-BA plot (see Figure 5). Such plots can complement plots of Eq 6, giving
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Figure 6 Plots of Eq 6 using different (j,k) for data generated using (1,3) and m = 2.1. The data points are color-
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insight into which orders of absorption contribute to the signal in 2-BA spectroscopies. In many

cases such plots in conjunction with plots of Eq 6 can lead to an unambiguous determination of

two different orders of absorption that contribute to 2-BA spectroscopy data. As representative

examples of this strategy, in Figure 8 we show the angular plots corresponding to the plots in

Figures 5, 6, and 7. The corresponding plots for the other combinations of j and & for m = 2.1 are
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Figure 8 The angle that plots of Eq 6 make with the x axis (¢) as a function of the 2-BA plot angle (6) for m =
2.1 and different (j,k) using the data in (A) Figure 5; (B) Figure 6; and (C) Figure 7.

given in the Supporting Information (Figure S9). In conjunction with plots of Eq 6, these angular
plots provide clear distinctions among different (j,k) in most cases, with the one exception in this
example being that it remains difficult to tell the difference between (2,3) and (2,4).

Once a non-integer value of m has been measured along the diagonal in a 2-BA spectroscopy
experiment, it is useful to make plots of Eq 6 and the associated angular plots for the different
(j,k) examined here. Such plots will reveal that angles at which 2-BA data will provide that
greatest degree of discrimination among different possible (j,k). The most useful angles for
measuring 2-BA data are typically ones at which there is a substantial deviation from linearity

observable when incorrect (j,k) are tested.

Conclusions

2-BA spectroscopies are a useful alternative to traditional logarithmic plots for determining the
order(s) of absorption that contribute to an experimental observable. A measured exponent that is
non-integral is generally indicative of a signal that is generated by two (or more) orders of
absorption. In such situations, logarithmic plots and 2-BA plots yield a different effective
exponent. We have developed a mathematical description of the relationships between these

exponents for six different pairs of absorption orders: (1,2), (1,3), (1,4), (2,3), (2,4), and (3,4).
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We have demonstrated previously how 2-BA measurements made at different values of the
observable can be used to make an unambiguous determination of which two orders of
absorption contribute to an observable.>* However, in some circumstances the observable may be
single-valued, as in the case of a photopolymerization threshold.”> Here we have presented
general principles for data analysis that, in most cases, can lead to the unambiguous
determination of the orders of absorption at a single value of the observable. The crux of this
strategy is the fact that 2-BA plots for pairs of contributions differ from “idealized” plots for a
single, non-integer exponent. The form of this deviation is dependent upon the orders of
absorption that contribute to the signal. Furthermore, analyzing 2-BA data assuming pairs of
orders of absorption other than the pair that contributes to the signal can provide a characteristic
signature of the actual orders of absorption.

Based on the results presented here, we suggest the following approach to analyzing 2-BA
data. First, for a given value of the observable, the 3-point method should be used to determine
the 2-BA exponent m via Eq 11. At this point, the expected shapes of plots of Eq 6 and plots of ¢
as a function of @ can be determined. These plots will give guidance regarding the range of
values of @ that will be most useful for distinguishing among different plausible (j,k). Additional
2-BA measurements can then be made in this range.

The ultimate success of this approach depends upon a number of factors. First, as discussed
above, in some relatively rare cases this strategy on its own will not allow for distinction
between two or three (j,k). However, practical considerations may still allow the appropriate set
to be determined under such circumstances. Second, experimental uncertainty can be a limiting
factor in such analysis. The higher the precision and accuracy of 2-BA data, the better the ability

to distinguish among different (j,k). Finally, in some cases a 2-BA signal with a non-integer
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exponent will not arise from two independent contributions. For instance, the observable may
arise from two sequential contributions (e.g., absorption followed by ESA), or more than two
contributions. Although the framework developed here does not describe such situations, in
practice the inability to describe 2-BA data within this scheme can be taken to be indicative of
the need for a more complex model. For non-cumulative observables (e.g., fluorescence and
photocurrent, as opposed to photopolymerization) one way to test for phenomena such as thermal
effects or interpulse ESA is to compare results when the beams are overlapped in space and
when they are not overlapped in space. If the data are not the same in both cases then additional
effects must be considered. We have shown previously how to model the signal in the presence
of intrapulse ESA when there is also 2-photon and 3-photon absorption,® and similar approaches

can be used for related cases.

Associated content

Supporting information: Equations for m as a function of »n and for (1,3), (1,4), (2,3), (2,4), and
(3,4), the deviations between a plot of a non-integer m and the corresponding plots for two
different integer exponents as a function of a for (1,3), (1,4), (2,3), (2,4), and (3.,4), plots of Eq 6
for the different (j,k) for data based on (1,4), (2,4), and (2,3), and angular plots for (1,4), (2,4),

and (2,3). This material is available free of charge via the Internet at http://pubs.acs.org.
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