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Frequency-Selective Multiuser Downlink Channels
Under Mismatched Coherence Conditions

Mohamed Fadel, Student Member, IEEE, and Aria Nosratinia

Abstract—Downlink transmission into frequency-selective
links experiencing different coherence bandwidths and coherence
times has obvious practical relevance, but is often addressed via
assuming for all users the coherence conditions corresponding
to the fastest, most dispersive user. This paper demonstrates
an alternative approach that directly exploits the differences
between coherence bandwidth and coherence time of users
under frequency-selective conditions, showing that it can lead to
significant new efficiencies and gains. More specifically, we study
a two-user downlink frequency-selective channel under three
broad conditions of disparity between the link qualities: when
the disparity is in coherence time, in coherence bandwidth, and
in both coherence time and coherence bandwidth. Each of the
coherence scenarios calls for a distinct treatment; for each,
we provide an analysis demonstrating the gains in achievable
rates due to exploiting coherence disparity. Numerical simulations
demonstrate the advantages of the proposed schemes.

Index Terms— Channel estimation, coherence diversity,
downlink channel, fading channel, multiuser, OFDM, product
superposition.

I. INTRODUCTION

IDEBAND wireless channels, which are important

for high data rate applications, are often frequency-
selective. Downlink frequency-selective channels in particular
are the subject of significant interest [2]-[6], and are often
analyzed via OFDM by dividing the time-frequency plane
into blocks. This facilitates resource allocation and channel
training, and is the underlying motivation of organizing trans-
mission strategies around resource blocks [T], [8].

The analysis of multiuser networks in the literature has
mostly concentrated on fading links with equal coherence time
and equal coherence bandwidth. In this paper, we analyze
a multi-user frequency-selective downlink channel where the
coherence conditions of the different links are not identical.
We show that by leveraging the differences between the
coherence conditions in frequency-selective channels, a gain
can be obtained in the transmission rate. This gain is denoted
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coherence diversity, since its source is the disparity in the
coherence conditions. To demonstrate the coherence diversity
gains, we propose to use a product superposition that allows
the signal of the less-selective receiver to disappear into the
equivalent channel seen by the more-selective receiver. This
product superposition utilizes all the available degrees of
freedom in the more-selective link and in addition transmits
simultaneously into the less-selective link without causing
interference to the more-selective one. We show that in all the
conditions where the two channels have non-identical dynam-
ical characteristics, coherence diversity applies and leads to
gains.

Mismatch in coherence conditions in multi-receiver
downlink scenarios have been considered so far only in a very
narrow set of conditions. Disparity in coherence time under
flat-fading scenario was analyzed in [9]-[16]. In particular,
in [9] and [10], a downlink channel for two users, one time-
static and time-dynamic, was investigated, and a product
superposition was used to achieve gains in the transmis-
sion rate. In [11] and [12], the degrees of freedom region
for an arbitrary number of users with different coherence
times were investigated. Product superposition was combined
with interference alignment and beamforming in [13]. The
disparity of the multi-user fading conditions in frequency-
selective channels was referred to in [14]-[16], but these works
use orthogonal transmission and utilize disparities only for
classifying low-mobility and high-mobility receivers for the
purposes of scheduling.

Our results are obtained in the framework of OFDM trans-
mission with pilots [17]-[19]. We address the case of pilots on
all sub-carriers as well as pilot interpolation. We also consider
different channel estimation techniques including frequency-
domain and time-domain estimation [19]-[21]. The effects of
the disparity of coherence conditions are studied in several
distinct cases: when frequency-selective users have different
coherence times but the same coherence bandwidth, when they
have different coherence bandwidth but the same coherence
time, and finally when they have different coherence band-
width and different coherence times. For each case, we outline
and analyze an appropriate transmission strategy that matches
the coherence conditions. In each case we show that proper
exploitation of the differences in coherence conditions of the
links gives rise to gains. These gains are further demonstrated
via numerical simulations.

The organization of this paper is as follows (please also see
Table I). Section II describes the system model, Section III
studies the disparity in coherence time, Section IV analyzes
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TABLE I
DISPARITY SCENARIOS

Selectivity None Time Frequency Both
None 9] Section IV Section III
Time [9] Section V. Section IV

Frequency | Section IV Section V Section ITI
Both Section III  Section IV~ Section III

Dynamic Rx
0
Static Rx

Fig. 1. MIMO downlink channel with coherence diversity, with one link
being more dynamic in time or frequency (or both).

disparity in coherence bandwidth, Section V considers dis-
parity in both coherence time and coherence bandwidth,
Section VI presents numerical results and discussion, and
Section VII concludes the paper.

The following notations are used in this paper: diag{a}
denotes a diagonal matrix whose entries consist of the ele-
ments of the vector a. Ips is the identity matrix, Opn s
denotes the all-zero matrix, and 1 denotes the all-one vector,
with subscripts indicating dimensions. Furthermore, & denotes
the Kronecker product. CV*M is the set of complex matrices,
E{-} represents expectation, and log is taken to the base 2.

II. SYSTEM MODEL

Consider an OFDM downlink transmission with an
M-antenna transmitter and two receivers equipped with
N1, Ny antennas and having coherence times 77 and 75,
respectively, as depicted in Fig. 1. Define Xy (t) € CM*To
to be the transmitted space-time block code at subcarrier k,
where £ = 1,2, ... is the time index of the space-time code and
T, is the number of channel uses per block. The corresponding
received signals at User 1 and User 2 are

Yia(t) =/ £ Hia(OXe(t) + Wia(t),

You(t) =/ 17 Hok (O Xk () + Wai(2),
where W () € CN*Te and Wy x(t) € CV2*Te are the
additive Gaussian noise matrices whose elements are i.i.d.
circularly symmetric with zero mean and unit variance, p rep-
resents the received SNR, and K is the number of subcarriers.

The matrices Hy x(t) € CV**™ and Ha () € CN2*M
represent the MIMO channel frequency responses at subcarrier
k of the two receivers. Assume T, = min{T},7T>}; hence the

k=1,....K, (1)
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elements of H; »(t) and Hj x(#) remain invariant during the
period T}, In the remainder of the paper, the index ¢ is omitted
for economy of notation. Define h; ;; € CL* and hy ;; € CL2
to be the impulse response vectors between transmit antenna j
and receive antenna ¢ of User 1 and User 2, having L;
and L, taps respectively. The elements of h; ;; and hg;;
are assumed to be i.i.d. zero-mean unit-variance complex-
Gaussian, modeling a rich scattering environment. The MIMO

channel impulse response matrices H; € CMI1xM apd
H; € CN2L2XM are defined as
[ hi 11 hyiar |
Hi=| -~ |
| hi vyt hy vy
[ hy 11 hy 1ar |
H; = : : . 2)
| ho vyt ha N, |

Define F € CKE*K o be the standard DFT matrix, with

ﬁexp“‘i?‘mn being the entry at row %k and column n.

The standard DFT matrix, F, relates the channel frequency
response and the channel impulse response for one antenna
for all subcarriers. To facilitate analysis, we further define
Fir € CNixMili apd Fypy € CN2*Nzl2 a5 matrices that
relate the channel frequency and impulse response for all the
antennas at one subcarrier, i.e.,

Fir
For

Frr, @ In,,
Fi.r, @ In,, 3)

where Fy, ., € C*I1 denotes the vector consisting of the first
L, elements of row k of F. Similarly, F, 1, € C'*L2 denotes
the vector consisting of the first Lo elements of row k of F.
Therefore, the MIMO channel frequency response matrices,
H; and Hy; in (1) are related as follows to the MIMO
channel impulse response matrices H, and H,, defined in (2).

H; = F:Hy,
Hy ;. = Fo i Hs. 4)

> e

The elements of h; ;; and hs ;; are i.i.d. due to rich scattering.
Thus,

E {H11kH{fk} = MFl,kF{fk =M |f1||QIN1,
E{H,Hj,} = MF3,F5, = M||f;|’Ly,,  (5)

where [|fy|> = [[Fiz,|® and [|f2> = |[Fi,z,| This
paper employs a system model without CSIT (Channel State
Information at Transmiftter), i.e., the channel matrices Hj g,
Hs x, Hi, and Hy j are unknown at the transmitter. The
transmitter only knows the channel statistics including the
number of taps L1, L2 and the coherence times 77, T5 (see [22]
and the references therein).

III. DISPARITY IN COHERENCE TIME

In this section, we investigate downlink channels that have
disparity in coherence time, where 77 < T3, meaning that
User 1 is time-dynamic and User 2 is fime-static. We model
this scenario by assuming H> ;. to be known at User 2 whereas
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H, j is assumed to be unknown at both users. The links have
the same coherence bandwidth since they have the same delay
spread (L1 = L2 = L). The conditions analyzed in this section
can occur in practical multiuser networks as shown in the
following example.

Example 1: Consider an urban environment where a macro-
cell may serve two users: one time-dynamic user that is in
a moving car and another time-static user that is sitting at
a desk. Based on the WINNER radio channel models [23],
the propagation of the time-dynamic user is C2: typical urban
macro-cell with 120 Km/h mobility and 234 ns r.m.s. delay
spread. The propagation of the time-static user is C4: outdoor
to indoor macro-cell with 5 Km/h mobility and 240 ns r.m.s.
delay spread. Hence, the coherence time of the time-dynamic
and the time-static user are 2.25 ms and 54 ms, respectively.
The coherence bandwidth of both links is approximately
85 KHz. We use the definition of coherence time T = ﬁ,
where fj; is the Doppler spread at frequency 2 GHz and that
of the coherence bandwidth B, gq% = where o, is the
delay spread [8].

In the following, Section III-A revisits the conventional
OFDM pilot-based transmission. Section III-B investigates
frequency-domain channel estimation when pilots are available
for all subcarriers. Section III-C studies frequency domain
channel estimation via pilot interpolation. Section III-D inves-
tigates time-domain channel estimation, i.e., when the channel
impulse response H; defined in (2) is estimated.

_1
500, ?

A. Conventional OFDM Downlink Transmission

In conventional OFDM downlink transmission, TDMA is
used to serve multiple users in the absence of CSIT [24]. In the
following, we calculate the channel estimate in the frequency
domain, estimation error, and achievable rate for User 1. The
transmitted space-time code of length 73 at subcarrier k is

6)

where pilot signals are sent during the first M time instances to
estimate Hy &, and Uy j € CM*(T:=M) contains the symbols
intended for User 1, and the symbols are i.i.d. Gaussian. The
corresponding received signal is

Y = {\/EHLM/%HMUM] + Wik, (D)

where p, and p; are the received SNR during pilot and symbol
transmission, respectively. The MMSE estimate of H; j is

Hip=Zuy 37 (VorHok + Wirk), (8)

where W, € CN1*M s the additive noise during the first
M time instances and

Yuy = M\/»O_T”fl”ZINl:

X, = [\/}\_JIM, Ul,k], k=1,--- K,

Sy = (Mp,||fy||*> + M) Iy,. ©)
Hence,
Hy, = Hy + \/’L_Twl,f,,k, (10)
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where
prllfall®
=_fri-0 11
LN Ty (v
Define flk to be,
2
£~ B{mAZ} - (6P + 2 ) I, (2
T
and
2 1 - 2 2 ’}’2 2
52 — T{E}: f12+ 5 =62 (13
Ok = yar TS = I+ 2= =olEl% a3
The estimation error is
Hip=Hix—Hix
1
=(1—~v)Hix— W , 14
(1—7)Hix = 1,7k (14)
and hence the estimation error covariance matrix is
S = E{H,AY, }
2 ’}‘2
— 3 (JlP -+ 2 ) Ty
Pr
M
=TIy, (15)
-
The normalized MMSE is
- 1 ~ ¥
2
- T {E } -, 16
% = N, r{ 2k s (16)

After estimating H; x, User 1 decodes U coherently
during (77 — M) time instances. The received signal during
this time is

Yisk =4/ %Hl,}cUl,k +Wisk,

where Wy 5, € CV1*(Ti—M) g the corresponding noise.
From (14),

Yise =4/ %I:II,RULR- +4/ %ﬂl,kUl,k +Wisk (18)

Based on [25], the achievable rate at subcarrier k is

Riw=1 (U11k§Y1,§,k|I:I1,k)

M ps  HicHI,
> (1-2 ) E{logdet {T kT,
—( Tl) {°g ¢ { Mt el M } :

(19)

a7

where Erﬁ is given in (16). Define the normalized estimated
channel
- H
Hi: = —LE

Ok

(20)

where gy, is given in (13). Thus, the achievable rate in 74 time
slots and K subcarriers is

1 M K ﬂlkﬂﬂ
B> = (1-2 VS E logdet {1 it W
I_K( Tl)k:l {Oge{”‘+p* M ’

(21)
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where
52
PsTk
= —. 22
Pk 1+ Péfsz ( )
According to Appendix A, the above rate is maximized when
Ty
5§ = l-a ]
ps = ( )pTl,é‘
Ty
= 23
Pr Q'PTI,T: (23)
where T1 s =11 — M, T1 - = M, and
a=—B+VB(B+1),
Ty 5T 11Ty - ||f1]|?
_ T 5T s + pIn T | f1 | 24)

 TueTulfal? (1- )

B. Product Superposition OFDM Transmission

Product superposition was first introduced in the context
of flat-fading [9]. In the following, a product superposi-
tion is introduced for frequency-selective fading channels.
We investigate the case of frequency-domain channel estima-
tion. From (6), the transmitted space-time code is

Xi = |[VMUs, Uzl (25)

where Uz = UzxUjg, and Uy € CM*M contains
symbol intended for User 2, where the symbols are i.i.d.
Gaussian and E Uz,kng} = I,.' Hence, the received
signal at User 1 at subcarrier k during the first M time
instances is

Yire =vVPrGie + Wik,

where G1x = H;xUsy is the equivalent channel seen by
User 1 that can be estimated during the first M time instances.
Following the analysis of Section III-A, The MMSE estimate
of the equivalent channel is

(26)

o

Wik,
\/P_T 1,7,k
where v, 3,62, 3,62 are given in (11), (12), (13), (15),
and (16), respectively.

During the remaining (77 — M) time instances, Us; i is
sent, and hence the received signal is

Gip=7G1x+

(27)

&
MGl,kULk +Wisk

= %Gl,kleﬂ‘ﬂ%Gl:kUl,k + Wik (28)

Therefore, for K subcarriers and T; time instances the achiev-

able rate is R as given in (21). User 2, knowing its channel,
achieves the rate [9]

M & 1 H
Ry > TR kZ::l E {logdet {IN2 + mﬂz,ksz} }:
(29)

IRecall that in Section III, no pilots are transmitted within the block for
User 2 since Ty < T5.
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where A\;? is an eigenvalue of ﬁl,kﬁfk and le,k =
[or1, psU1, &) For both conventional transmission and product
superposition, User 1 achieves the same rate in (21). The
rate of User 2 in (29) demonstrates the coherence diversity
gain that is achieved by using product superposition and the
utilization of the differences in the fading variations in the two
links.

C. Channel Estimation With Interpolation

In some systems, pilots are sent at a subset of subcarriers
and other subcarrier channels are estimated via interpolation,
utilizing the correlation of the channel across frequency [8],
[18], [26]-[33]. Channel estimation with interpolation has
been investigated in the literature via nearest neighbor, lin-
ear, and low-pass interpolation [27], [28]. In particular, [27]
considered OFDM systems and [28] considered space-time
block coding with spatial modulation. It was shown that linear
interpolation has low complexity and low-pass interpolation
has the best performance.

Two-dimensional interpolation over frequency and time has
been investigated in [18] and [29]-[32]. A two-dimensional
Wiener filter interpolation was shown to be the optimal in
terms of mean-squared error [29], [34]. An adaptive channel
estimator based on raised cosine frequency-domain interpola-
tion along with time-domain windowing was proposed in [33].

In this section, we introduce pilot-interpolated channel esti-
mation for the proposed scheme and analyze its performance.
The location of the pilots with respect to time and frequency
has been studied in [35] and [36], where it was shown that an
equidistant arrangement of pilots achieves MMSE estimation
of the channel. Assume {%, j} are subcarriers containing pilots
and A, € CN1*2N1 (0 be the interpolation matrix of Hj 4
estimation at subcarriers k. Also, define Uy; € CM*M and
Uy; € CM*M (o be two matrices that contain symbols
intended for User 2 and sent at subcarriers ¢ and j, respectively.
The transmitted space-time code is

MU U, U k=17
X, — {[\/_ 2.ky Y2k l,k]: 31} (30)
Uz Ui, k# 1,7,
where
tcl'\d’x('l"l—l'\rf)1 k= -, -
Uik € MxT z J
c¥=y k #1,3,
Uy,
U =B * 31
2,k k [Uz,,j] ) 31)

By € CM*2M j5 the interpolation matrix for the symbols
intended for User 2. The difference between the interpolation
matrices By, and A, is that the former is used by the
transmitter to design the transmitted space-time code, whereas
the latter is used at User 1 to estimate H; . User 1 estimates
the equivalent channel Gy ,

2 I:Ig'Ug' G’g‘
G']_,k:AkI:Al, 21:|:Ak[-1,_:|

15Uz G
_ Gl,z‘ Y Wl,“r,j
- FyAk I:G'l,_?:l + \/p—TAk [W],T,j] k] (32)
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and hence,
S = E{G1.G,

E{G1.GE} 0 ,2
2 Al H
v A ( [ 0 E{G: jG } I Ay

=27 (1617 + 2 ) AcA, 33
and furthermore
2 1 A
2 _ NIMTr{Ek}. (34)
The estimation error is
Gr=Gix — Gix
Ug; H, Uy, 2 Wi
=H,;,.B T —yA ’ :
LR [Uzﬁj] T [Hl,jUz j] [Wl m]
Hi; 0 Ug;
=|H;:B A :
(me a5 g ) [U”]
v Wl T.1
———A : 35
\/,0_1— k I:Wl,‘l'j:| ( )
The error covariance matrix is
H
¥ = E{ (Hl,,kBk - ’Yrk) (Hl,,kBk - ’Yrk) }
’}’2 H
+ - MAAL, (36)
Pr
where
. Hi; 0
and furthermore
o 1 =
2 _ NIMTr{Ek}. (38)

Therefore, the achievable rate is

1 M GG,

ke{ij}
K . = H
1 G1xG1
+E Z ]E{logdet{INl—i—ka} .
k=11k€{i,j}
(39
where
29
PsTk
=—F 40
Pk l—I—pac}f,’ ( )
le = le is defined in (32), and ak,crk are

given in (34) and (38), respectively. On the other hand,
User 2 decodes Us; and Uy ; sent on subcarriers 7 and j
achieving the rate

Z E {logdet {INz-i-ﬁszHgk}}-

ke{i.j}
(41)

-
&—ﬂK
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Now, we investigate the design of the matrix Bg. The
estimation error, 5%, in (35) depends on Bj. Hence, we can
maximize the achievable rate by finding the optimal By,

_ s =2
Bj = argmin &

subject to Tr {BxBj } < M, (42)

where the above constraint is used to maintain the transmission
power constraint. Using the identity Tr{XY} = Tr{YX},

2 ].
%k = N M

2
M2 (||f1||2 4 :—) ALAX }

]E{kaHLk}.

Tr{Bk U, By — B, @, — 7B
(43)

where ¢, =
Hence,

Bk = argm_in Tr {BkH‘DkBk}—TI' {Bk‘i’k}—TI' {‘I’kHBkH}
subject to Tr {BxB'} < M. (44)

]E{"}'PkHHLk} and ‘Dk =

The above optimization problem is convex and therefore is
computationally feasible.

D. Time-Domain Channel Estimation

For comparison, we first give the achievable rate in con-
ventional transmission when channel impulse response is
estimated.

1) Conventional Transmission With Time-Domain Channel
Estimation: Define Y1; € CX to be the received signal of
User 1 at receive antenna 1 = 1, --- , N;. Hence,

Ymrl,:i = delag{ [hi 13:01x(K Lyl }ij+wl,h
(45)

where X; € CK is the transmitted signal at antenna j and
W€ C¥ is the additive Gaussian noise at receive antenna i.
Therefore,

\de‘ag{ } hlz:n 1x(K— Ll)] +W1,¢-

(46)

For estimating h; ;;, at least L pilots are needed for each
transmit antenna j. Assume that LM pilots are sent at the
first L subcarriers where M pilots are sent during the first M
time instances of each subcarrier. Furthermore,

K= {‘/ml” T @7

TF 7,
is the transmitted pilot signal to estimate h; ;;, and hence the
received signal at antenna ¢ during pilot transmission is

Ymvl,’r,.ii = PTFhl,ij + WI,T,E’:

where Fj, € C**" is the submatrix consists of the first L
columns and the first L rows of F, and Wy ; ; € CE*1 is the
corresponding additive noise.

OLXI)

(48)
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The MMSE channel estimate is

huy = vorFY (o FLFE +1)7 Yire  (49)
and hence
$h = E {hu 07, |
= piF7 (p-FLFT + I)_l F.F (o, FLF] + I)_l Fr
+pFY (o FLFY +1) " Fy. (50)

The estimation error is h; ;; = h; ;; — h; 45, and hence

Sh = E {Byhf, |
= 5 +1—-2p,F¥ (p,FLFY +1)7 Fy.

Based on (4), the estimated channel, and the estimation error

are
Hix =FixgHig, Hip=FiHig,
where
hiii - hiaw
Hl:k = . ?
| hivyy - havar
hiii - hiaw
Hi, = :
| hiv1 - havgar |
Furthermore,

&2 = LTr{]E {Fl,kﬁ11kﬁkofk}}
= N_lTr {Fl,,k (INl ® iH) ka},
5t = Tr {]E {Fl,kﬁl,,kﬁkofk}}

= N—lTr {Fl,lk (INl ® i’H) ka} :

Thus, the achievable rate of the dynamic receiver is

1 H, H{,
Ry > % (1 — —) Z]E {logdet {IN1 +pp———— i

K H
1 I, .|
+ > E{logdet {INl +ka”“}}, (55)
k=L+1
where H; = %i,

-2

50
Pr = P km 21
1+ psog

and 6, 5%” are given in (54).

(5D

(32)

(33)

(54)

}

(56)
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2) Product Superposition With Time-Domain Channel Esti-
mation: In product superposition, the transmitted pilot sig-
nal is

X, = {\/mmlh £ (57)

01x L, T :/: j:
where up ; € C is a symbol intended for User 2 that is sent

by transmit antenna j. Hence, the received signal at antenna ¢
of User 1 during pilot transmission is given by

?111—,1 = p-Frhyjusj + Wl,“r,j
= VprFrg1iy+ Wiri (58)
where g;1;; = hyjjus; is the equivalent channel impulse
response seen by User 1. The MMSE estimation of the equiv-
alent channel follows the same steps as in Section III-D.1.
In particular, the estimated channel is

A -1
8157 = Vo F (0 FLFE +1)7 Yirs, (59)

and the estimation error is §;4 = 14 — &1,45. Thus,
the achievable rate of User 1 is

1 M Gl,kGquk
Ry = i7e (1 — —) Z]E {logdet {IN1 +pp———— i

H
Z E{logdet{INl—l-,Ok%}}. (60)

k=L+1

The received signal of User 2 at the pilot subcarriers,
ie,k=1,---,L,is

Yor =+prHopus + Wap, (61)
where uz = [ug1, - ,uzm] is the vector containing the

symbols intended for User 2. Define the received signal at the
L subcarriers containing pilots to be

Y2 = /p-Hauy + W, (62)
where Yy = [Y4y, -, Y2, )" A, = [HY,,--- \HE, |,
and Wy = [WE,,--- ,WEL]H. Thus the achievable rate of
User 2 is

1 5 o H
Ry > 7k {]ogdet{INz +]E{)\ 2}H LHE }} (63)

The sum-rate of the conventional transmission is R; given
in (55), whereas the sum-rate of product superposition is
R; + Rs. Thus, (63) demonstrates the gain of the proposed
product superposition.

The analysis in Section III-C and Section III-D can be
connected as follows. Since G = Hy xUsz g, (32) can be
written as,

-~ Hl zUZ i i WLT,E’
G =744 [Hl 4V, 3] T [ ] 9

From (4),

A F,H,Uy; ¥ Wi
Gir=7Ag I:Fl,.jH1U21j:| + —A; [Wl,r,j]' (65)
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By setting Uy ; = Uy ; = Uy, and By, defined in (31),

Bk‘ = [I: 0] 3 (66)

and (65) becomes

A Fii| g Y Wi
G =~A I HU —A el (67
1.k = TAk [Fl,j] 1Uz + N> Wy (67)
If Ay is selected to be the IFFT interpolation matrix, we can
obtain (59) by using (2), g1,i; = h1,5u2,;, and

21,11 - 811M

Gir=Fix (68)

g1,N;1 " B1,N M

IV. DISPARITY IN COHERENCE BANDWIDTH

In this section, we study downlink transmission under
disparity in coherence bandwidth, where User 1 is frequency-
static and User 2 is frequency-dynamic, i.e., Ly > L;. The
coherence time of both users is the same, i.e., T3 =T =T.
The coherence time T could be either short, where both
channels are time-dynamic, or long, where both channels are
time-static. In this section, we consider channel estimation
in the frequency domain without interpolation. Disparity in
coherence bandwidth can occur in practical systems as shown
in the following example.

Example 2: Consider an urban environment, where a
micro-cell is serving two users: a frequency-static user with
B1: typical urban micro-cell with 76 ns r.m.s. delay spread,
and a frequency-dynamic user with B2: bad urban micro-
cell with 480 ns rm.s. delay spread [8], [23]. Therefore,
the coherence bandwidth of the two users are 263 KHz and
41 KHz. Both users have 70 Km/h mobility leading to a
coherence time of 3.85 ms.

For simplicity, we consider H; . = H;, vk meaning that
the channel is flat-fading, whereas Hs ;, is frequency-selecive.
For product superposition, every T time instances, H; can
be estimated at subcarrier ¢ whereas Hjj needs channel
estimation at all subcarriers. Therefore, at subcarrier i, pilot
signals are sent for estimating Hs; and H;. At the other
subcarriers k # ¢, product superposition can be used to provide
gain. Hence, at subcarriers k # 4, the transmitted space-time
code is

Xi = [ VM Uy, Usa], (69)

where Ui = U xUs k. Hence, User 2 received signal at
the first M time instances is

Yorre = VprHo kUi p + Wa g,
= prGor +Wark

where Gop = Hs Uy, is the equivalent channel seen by
User 2. Following the same analysis as in Section III, the
achievable rate of User 2 over K subcarriers and during T’
time slots is

(70)

1. M E
Ry>—(1-7) ZE{logdet{IN2+

k=1

psoZ Gzﬁkéfk}
14ps62 M ’
(71
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where Gg,k = G:C'“ User 1 achievable rate is
K __ __
M H,H{
Ry > o k_%ﬁE{logdet{INl + g7 } @)

E {e{z} + 52 ’
and 5;2 is an eigenvalue of ﬁg,kﬁfk, ﬂg,k = [p-L, psUsz.].

The achievable rate of User 1, i.e., Ry given in (72), demon-
strates the gain in the sum-rate due to product superposition.

Pk (73)

V. DISPARITY IN BOTH COHERENCE TIME AND
COHERENCE BANDWIDTH

Disparity in both coherence time and coherence bandwidth
occurs when T # T3 and L; # Lo. An example of this
scenario is as follows.

Example 3: Consider an urban environment and a
micro-cell serving two users: User 1 is time-dynamic and
frequency-dynamic where it has a propagation of B2 bad
urban micro-cell, where User 2 is time-static and frequency-
static where it has a propagation of B4 outdoor fo indoor.
User 1 has 70 Km/h mobility and 480 ns r.m.s. delay spread,
whereas User 2 has 5 Km/h mobility and 49 ns r.m.s. delay
spread.

If 77 < T3 and Ly > Lo, ie., User 2 is time-static
and frequency-static, the proposed product superposition in
Section IIT and Section IV can be used, resulting in the same
achievable rates. If T3 < T5 and L{ < Lo, User 1 is time-
dynamic and frequency-static. In this case, since none of the
users is static in both time and frequency, two transmission
strategies are proposed: product superposition over coherence
time and product superposition over coherence bandwidth.
In the sequel, we assume 75 = ¢T3, where £ € N, and
furthermore Ly = 1, Ly > 1.

A. Product Superposition Over Coherence Time

The interval T5 can be divided into £ subintervals, each of
length T4. During the first subinterval, the transmitter sends
pilots during the first M time instances at subcarrier 7 so that
H; and Hy; can be estimated. Hence,

H, = pr H; + VPr Wi,
Pr +1 Pr +1
Hy, = +H,, + \/“;_Twz,f,,i. (74)

During the following (£—1) subintervals, H; needs pilots to be
estimated, whereas Hy ; does not. Therefore, the transmitted
space-time code at subcarrier ¢ during the first M time
instances is

XT,E' = \/EU'Z)

where Uy € CM*T1 contains symbols intended for User 2.
Hence, the received signal of User 1 during the first M time
instances is

(75)

Yiri=yprG1+ Wiz, (76)



where G; = H, U3 is the equivalent channel seen by User 1.
The MMSE channel estimate is

2 Pr v Pr
G, = G+ Wi i 77
1 e 1 ot 1 1,7 )
and furthermore
~2 Pr
o = , 78
T+ (78)
The estimation error is
~ A 1 N
Gi=G -G = G- YT Wi, 19
1+ pr 1+ pr
and furthermore
1
~2
o = 80
1T o (80)

The achievable rate is

) ~ CH
R, = i (1 JM) ]E{logdet {IN1 +P§G1G1 }

(K\' T, M
1 Glc{f
+ 5 _E{logdet {INlJmo;c i
k=1 ki
1\ ([T,—-M . G,GH
+( _E) K E{k’gd“’t{lfﬁ**’*T}
1 & G.GH
I A 1 1
—|—K .]E log det {INl—l—pk i }}), (81)
k=1 ki
where
A9
. P§TG
=_ "k 82
k 1+ psox’ (82)
&2, 52 are given in (78) and (80), respectively, and py is

defined in (22). The achievable rate for User 2 is

1\ M H, ,HY,
Ry > (17) 7 iE {logdet {INZ +peT} . (83)

B. Product Superposition Over Coherence Bandwidth

This case is similar to that discussed in Section IV. The
achievable rates R; and R are given in (72) and (71),
respectively.

VI. NUMERICAL RESULTS AND DISCUSSION
A. Numerical Results

The numerical results are produced via Monte Carlo
simulations. Each data point is produced by averaging
over 10,000 randomly generated samples. For each sample,
the channel coefficients and the noise are generated indepen-
dently according to the relevant probability distributions.

For disparity in coherence time investigated in Section III-B,
the performance of the proposed product superposition is
shown in Fig. 2 and Fig. 3. In particular, Fig. 2 shows the sum-
rate of the conventional transmission and the proposed product
superposition versus SNR for M = N; = Ny =4, L = 2,
K =12, and T} = 20. The gain in the sum-rate is 10 b/sec/Hz
at 20dB SNR, and the improvement is at least 50% over the
range of 0-20 dB SNR. The curves with no power optimization
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-
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Fig. 2. Sum-rate versus SNR under disparity in coherence time for frequency-
domain channel estimation without interpolation.
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Fig. 3. Sum-rate gains in a variety of system configurations, under frequency-
domain channel estimation.

use pr = ps = p and with power optimization use pr, ps
from (23). Fig. 3 demonstrates the sum-rate gain versus the
number of transmit and receive antennas for p = 20 dB,
K =8, Ny = N, = N, Ty = 11. This figure shows that our
proposed method offers gains even in a SISO configuration,
therefore it is distinct from beamforming gains.

With M =N; =Ny =4, L =2 K=12T; =20,: =1,
and j = 7, Fig. 4 demonstrates the gain in the sum-rate
for disparity in coherence time when channel estimation is
done using interpolation. The interpolation matrix Ay is piece-
wise linear, and the matrix By is the optimizer of (44). This
figure shows at least 35% improvement in sum-rate over the
range of 0-20 dB SNR. The effect of the interpolation matrix
A is shown in Fig. 5 for L = 3, where the gain is shown for
piece-wise linear, nearest-neighbor, and Wiener interpolation.
Fig. 6 and Fig. 7 demonstrate the effect of optimal, linear, and
random By.

Fig. 8 depicts performance under time domain estimation
and M =4, Ny =2, Ny =4, L =5, K =10, and T; = 8,
showing sum-rate improvement of at least 10% over the range
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Fig. 4. Sum-rate versus SNR under disparity in coherence time for frequency-
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of 0-20 dB SNR. Fig. 9 shows the product superposition gain
when the disparity is in coherence bandwidth (Section I'V) and
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Conventional transmission
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Fig. 7.

Fig. 8.
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Sum-rate versus SNR under disparity in coherence time with
time-domain channel estimation.

T T
Conventional transmission
—&— Product Superposition

p (dB)

Sum-rate versus SNR under disparity in coherence bandwidth.

whenM’=4,N1:2,N2:2,T1 :TQZT:&lel,
Lo =2, and K = 8.

Fig. 10 and Fig. 11 show the gain of product superposition
for disparity in both coherence time and coherence bandwidth
(Section V). In these two figures, User 1 is time-dynamic
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Fig. 10. Sum-rate versus SNR under disparity in both coherence time and
coherence bandwidth.
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Fig. 11. Rate region under disparity in both coherence time and coherence
bandwidth.

and frequency-static and User 2 is time-static and frequency-
dynamic. The simulation parameters are M = 4,N; =
Ny =2,L;=1,Ly =3,T1 =8, and T = 24. Fig. 10 shows
the performance of product superposition over coherence
time (Section V-A) and product superposition over coherence
bandwidth (Section V-B), and for reference also shows single-
user transmission rates to User 1 and User 2. Fig. 11 shows
the achievable rate region of orthogonal transmission and the
proposed product superposition. The achievable rate region
of product superposition is the polygon that represents time-
sharing between strategies achieving rates at its vertices.
The achieved rate pairs (R, R;) given in Section V-A and
Section V-B lead to the two corner points that increase the
product superposition rate region compared with the TDMA
region.

B. Channel Models and Relation to Contemporary Standards

In some practical communication systems, e.g. 3GPP LTE,
the size of the resource blocks of 12 subcarriers and 0.5 ms is
taken to be the same for all receivers. Some reference signals,
denoted Cell-specific Reference Signals (CRSs), are sent to be
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used by the receiver in channel estimation. In each resource
block, 4 CRSs are sent regardless of the coherence conditions
of the link. This design does not provide different number of
reference signals to different links to match their individual
coherence conditions.

In practice, wireless receivers in the same cell may have
widely varying coherence conditions, based on their individual
delay and Doppler spread [37], [38]. For instance, in an urban
environment, a macro-cell may serve two users: one high-
mobility user with 120 Km/h mobility and one low-mobility
user with 5 Km/h mobility; hence, the coherence times of
the two users are 2.25 ms and 54 ms, respectively [8], [23].
For simplicity, the analysis of multiuser networks in a large
part of the literature assumes that all fading links have equal
coherence time and equal coherence bandwidth. Moreover,
in practical communication systems, some parameters are
often designed based on the shortest coherence conditions
among users. For instance, in 3GPP LTE system, the number
of Cell-specific Reference Signals is designed to support
500 Km/h mobility [7], [8]. These have all been motivating
factors in the present study.

C. Complexity

In general, most superposition schemes have a complexity
overhead compared with orthogonal transmission, since they
allow interference that must at some point be accounted for
and/or peeled away. This is to some extent true for product
superposition, although the unique aspects of this technique
produce some distinct points of interest.

In product superposition, the added complexity is imposed
only on the less-selective user, for the following reason: prod-
uct superposition is designed so that from the viewpoint of the
inner code (more selective user), the interfering signal merges
multiplicatively with channel coefficients and thus disappears
into the channel [9]. Thus the more selective user does not
need to do anything differently compared with conventional
transmission.

The added complexity for the less selective user (called
“static user” in [9]) is due to decoding and cancelling the
signal of the more selective user. However, in the framework
presented in this paper, the added complexity only occurs in
resource blocks that contain a pilot. Overall, the complexity
of the less selective user is bounded above by twice the
complexity of the conventional transmission, although this
might be a pessimistic bound.

Finally, we note that there exist other variations of product
superposition that do not require a peeling decoder [9]. These
versions will trade off reduced complexity with slightly lower
performance. The discussion of these variations has been
omitted in this paper for the sake of brevity.

VII. CONCLUSION

This paper investigates multiuser wireless channels when
the receivers have disparity in coherence time and/or band-
width. The disparity is a source of gains that is denoted coher-
ence diversity. To explore this phenomenon, we investigated
OFDM downlink transmission for two users when the nodes
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experience differences either in coherence time, in coherence
bandwidth, or in both. In each scenario a version of product
superposition was proposed and its gains were demonstrated.
Numerical simulations were provided to demonstrate the gains
compared with the conventional transmission that uses TDMA.

APPENDIX A
POWER OPTIMIZATION OF p; AND p; IN (23)

In the following we find the optimal values of p, and ps so
that the value of p; is maximized, which in turn maximizes
the User 1 achievable rate in (21). From the energy constraint,

psTis + prThr = pTh, (84)
and hence
psTis = (1—a)pTh,

peTrr = apTy, (85)

where a € [0, 1] is the power allocation factor. Therefore,

_ psalfy|?
1+ pst

TZ
a1 - a) 72—

T T
1+ a2+ (1 — o) 22 £y 2
PTlRI2 ol —a)

= 86
(Tis—Ti7) a+p’ (59)

where
_ T1,5T1 s + pTh Ty ||

B Ty 5pT1 | f1 |2 (1 - %i) |

By taking the first and the second derivatives of p; with respect
to a, we obtain

(87)

Opr __ pT1 (a+B)(1-20)—a(l-0a) -
Oa Tis—Tir CEYOE 1

and hence

a2pk o PTl i

da? (Tl,.d‘ — TLT)(O: + ,8)4 ( - 2(& —+ ﬁ)

—2(a+f)((a+B)(1—20) —a(l—a)))

_ —2pT1
" (Tvs —Tir)(a+B)3 ((a +8)2 —o® — 208 +,r3)
—2pT1(8 + B)

= T =-Ti) @+ B &)

which shows the concavity of px. Therefore, from the KKT
conditions [39], i.e. %-‘;—" = 0, and hence the optimal « is

a=—B+ VBB ).
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