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This paper focuses on the mathematical modeling and control of an unmanned aerial system (UAS)
with a payload suspended using a cable. The motion of the payload induces disturbances on the aerial
platform and needs to be mitigated for stable operation. The solution to this control problem is presented
through the implementation of a passivity based controller, and an extended state observer based
active disturbance rejection controller. The implementation of the passivity based controller requires
the knowledge of higher time derivatives of the payload oscillations. Assuming only the swing angles
of the payload with respect to a UAS are measured, these states (primarily the angular velocity) are
estimated using a continuous-discrete Kalman Filter. Alternately since, the payload cable swing angle is
difficult to measure, an active disturbance rejection controller is designed and implemented wherein the
disturbance induced in the system due to the motion of the payload is estimated using the extended
state observer. A comparison between the passivity based controller and the extended state observer
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based active disturbance rejection controller is performed using a high fidelity numerical simulation.
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1. Introduction

The problem involving unmanned aerial vehicles for transport-
ing cable suspended payloads has been studied extensively in re-
cent years. Recent advancements in sensor technology and increase
in the computation power has led to the availability of inexpensive
aerial robots capable of performing aggressive maneuvers and dy-
namic trajectory generation and tracking. This has opened up the
possibility of deploying aerial vehicles to supply aid in disaster sit-
uations like floods and earthquakes. The cable suspended approach
is an alternative solution to the problem of transporting payload
instead of using robotic grippers attached to the aerial vehicles [1].
The primary advantages of using cable suspended payloads is re-
duced inertia, when compared to the use of robotic grippers while
still being able to lift and transport the payload [2], thus providing
better response to the change in attitude.

The problem of stabilizing the swinging payload attached to an
underactuated system has been solved using feedback lineariza-
tion [3], Interconnection and Damping Assignment Passivity Based
Control [4], [5] and nested saturation [6]. Functionally, it is sim-
ilar to the problem of stabilizing a payload attached to an over-
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head crane or an inverted pendulum with horizontal and vertical
motion [7]. The problem of trajectory generation for swing-free
maneuvers for quadcopters with cable suspended payloads was
solved using the dynamic programming approach in [8]. In [9], a
downward-facing camera was employed to estimate the state of
the payload relative to the quadcopter using an onboard computer
and a closed-loop payload control in the full three-dimensional
workspace was demonstrated. In [9] the position, velocity, and the
yaw angle of the quadcopter are obtained from a VICON system
and fused with the payload attitude, and IMU. Additionally, while
the paper solves the full problem, it is under the assumption that
the cable always remains taut. The motion planning of the load is
hence carried out so as to guarantee this condition by synthesiz-
ing a load trajectory (differentiable upto 6th order) by solving a
quadratic programming problem. The purpose of [9] is to develop
a controller that will utilize payload swings and the anticipation
of their swings with the rationale that, doing so is more energy
optimal (this and the full implication of the payload swings on op-
timality has not been shown though). In [9], since the intent is
to utilize the payload swing for a purpose, it is necessary to es-
timate the payload motion, and synthesize a load trajectory that
will accomplish the stated objectives. In the present paper, we are
primarily interested in stabilizing the quadcopter+payload motion
in hover, and also during transport of the payload, especially when
the quadcopter comes to a rest after approaching a drop location.
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References [10] and [11] also study the control of the quad-
copter and 3-D payload motion, but it is assumed that the payload
trajectory is synthesized using a VICON system and subsequently
utilized in the control law. In the present work, while the motion
of the quadcopter and the payload is restricted to the longitudinal
plane, we assume minimal information available for the implemen-
tation in the passivity based control framework (motivated by [12]
and [4]). Since the controller implementation depends upon the
knowledge of the payload swing angle and its derivatives, a state
estimator is utilized to estimate the angular velocity of the payload
assuming that the payload swing angle is measured.

Since typically, the swing angle of the payload cable is dif-
ficult to measure or requires additional sensors to estimate the
state of the payload relative to the quadcopter [9], an extended
state observer based active disturbance rejection control strategy
motivated by [13] is proposed in this work. The payload motion
is treated as a disturbance, and an extended state observer [14]
is employed to estimate the disturbances introduced in the sys-
tem due to the motion of the payload. Using these disturbance
estimates, a disturbance rejection controller is designed. The ex-
tended state observer based active disturbance rejection control
strategy relies only on the quadcopter state measurements (longi-
tudinal position, altitude, and attitude). Hence, additional sensors
are not required to estimate the state of the payload. A desired
control thrust for position tracking is derived first which leads to
the synthesis of a desired pitch attitude. A nonlinear control law is
designed to track the desired pitch angle to complete the control
design.

The paper is organized as follows. Section 2 summarizes the
complete mathematical model for a quadcopter with a cable sus-
pended payload. Section 3 presents the design methodology for the
passivity based controller and an extended state observer based ac-
tive disturbance rejection controller to control the position of the
quadcopter. Finally, section 4 demonstrates the effectiveness of the
control law in numerical simulation using representative scenarios.

2. Governing equations of motion for the quadcopter-+payload

The following assumptions are made for the dynamic analysis
of the quadcopter with a payload attached to it by a cable.

e The cable is massless and has no slack.

e The payload is approximated as a point mass.

e Aerodynamic effects acting on the payload and the quadcopter
are neglected.

e The suspension point is the same as the center of mass of the
quadcopter.

e The suspension is frictionless.

Fig. 1 describes the kinematic relations of the quadcopter with a
cable attached payload. Consider an inertial coordinate frame {I}
and a body fixed frame {B}, attached to the center of mass of
the quadcopter. The generalized coordinates q and the general-
ized velocities q are given by, q=[xq Yo 2o 6 ¢1 ¢ 6 ¥ ]T and
G=[%q o 2 O 1 ¢ 0 ¥ ]T respectively.

Let X =[xq vo zq]" denote the position of the quadcopter
in the inertial frame; [¢ 0 1//]T denote the Euler angles (roll, pitch,
and yaw); [6; ¢;]7 denotes the swing angle of the cable; mgq is the
mass of the quadcopter; m; is the mass of the payload; [ is the
length of the cable.

The position of the center of mass of the payload X; =
[x; yi z7]7 can be expressed in the inertial frame using the posi-
tion of the center of mass of the quadcopter in the inertial frame,
the payload cable swing angles and the length of the payload cable
as

Fig. 1. Description of coordinate frames associated with the quadcopter.

Xi=[xq vo zo] +Ry@R@)[0 0 —I]", 1)
where Ry (6)) and Ry (¢;) are the rotation matrices defined as
cos(¢) 0 sin(e)
Ry (¢) = 0 1 0 and
—sin(¢;) 0 cos(¢)
1 0 0
Ry ()= 0 cos(g) —sin(6)
0 sin(6) cos(6)

Using equation (1), the coordinates of the center of mass of the
payload can be expressed in terms of the quadcopter position and
the swing angle of the cable as,
x1=xq —lcos (6 sin(¢y),
yi=Yyq +Isin(@),
z1=2q —lcos (6) cos (¢r) (2)

Using equation (2), the velocity kinematics for the payload is
given as

Xi=1@.0)[% Jo Zo 6 &) 3)
where J; € R3*3 can be written as
1 0 O Isin(¢y)sin(6) —lcos(6;)cos (¢p)
Ji=|10 10 lcos (6) 0 (4)
0 0 1 Icos(¢y)sin(6) Icos(6)sin(¢y)
=[J1u1 | Ji2]
where
J11=13x3 (5)
and
Isin (¢p) sin (6;)) —Icos (6)) cos (¢y)
Jiz= I'cos (6) 0 (6)
Icos (¢) sin (6;))  1cos (6)) sin (¢y)

The body angular velocity of the quadcopter, @ = [wy, @y, a)Z]T
is related to the rate of change of Euler angles as

wx 1 0 —sin(0) ¢
wy | =] 0 cos(@) cos(®)sin(¢) 6 |. (7)
w; 0 —sin(¢) cos(#)cos(¢) v

and we denote,

1 0 —sin (0)
Jo=|10 cos(¢) cos(@)sin(p) |. (8)
0 —sin(¢) cos(0)cos(¢p)
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This relation is used in the derivation of the equations of motion
of the quadcopter with cable suspended load using the Lagrange-
Euler formulation [15,16].

The total kinetic energy of the quadcopter with a cable sus-
pended load can be partitioned as sum of the quadcopter kinetic
energy (Tq),

1 L 1 .o 1 .2 1 7
Tq=5mQxQ +§mQyQ +§szQ +§w Iow

and the kinetic energy of the cable suspended payload (T;),
1 ., 1 .5 1 .5
T)=-mx —m —mz
=3 11+2 IYI+2 121

where I is the inertia matrix of the quadcopter.

Using the Jacobians derived in eq. (4) and (8), the total kinetic
energy T (q,q) can be written in terms of generalized coordinates
as

.o 1. . 1. .
Ta.p=354" M@li=5d"[J@ MI@]q ©)
with

Mq 0352 0343

M=| 033 M; 03,3 (10)
03.3 03,2 I

Isx3 03x2 0343
J=| Ju Jiz 033 (11)
03,3 032 Jp

and
Mo+ JT M ]y I Mo, 033
M(q) = JLM ] JoM 03,3 (12)
03,3 03,2 T do

where, M =diag(mq, mq, mq) and M; = diag (m, m;, my).

The total potential energy function V (q) of the system is the
sum of the potential energy of the quadcopter and the payload
and is given as

V (q) =mqgzq +mg(zq —Icos (@) cos (¢1)) (13)

where g is the acceleration due to gravity.
Using the expressions for the kinetic and potential energy, the
Lagrangian is formulated as

L=T@q.q -V

Using the Euler-Lagrange formulation, the governing equations
for the quadcopter with cable suspended load are compactly rep-
resented as

M@g+C@q.9q+G@ = fex +dex (14)

Note, typical disturbances dgy that could be present in the
equations of motion could be those due to unmodeled interac-
tions of the payload+cable+quadcopter (due to cable mass), and
atmospheric disturbances. This paper doesn’t consider these dis-
turbances. Although, it should be mentioned that such bounded
disturbances can be accommodated using appropriate robustifyin,
terms in the control design. Also, f =[Fx Fy F; 0 0 74 Ty 7]
denotes the control input to the quadcopter in the inertial frame.
It is easily seen that

Fx 0

Fy |=R(¢.6.y)| O (15)
F, up

where, R (¢, 0, ) is the rotation matrix translating the force in-

puts from the quadcopter body frame {B} to the inertial frame {I}.
In terms of the individual thrust forces produced by the quad-

copter ( f1, f2, f3 and f4), the control inputs are determined as

ui=fitfi+fit+fa (16)
w=L(fa—f2) (17)
Ty=L(f3 - f1) (18)
T;=-Q1+Q2-Q3+ Q4 (19)

where Q1, Q2, Q3, Q4 are the moments generated by each of the
rotors and L is the arm length of the quadcopter.

3. Solution methodology (controller design)

Consider the translational dynamics of the quadcopter given in
equation (14). In general,

Xq = fx(maq.m, 1,0 ¢1. 6. 1.6, 1) + Fx
ya = fy (mq.m. 161, ¢1. 60, 1. 6. ) + Fy
Zq = fz(mq.my, 1, g, 91,¢1,9'1,¢.51,9‘1,<'51)+Fz (20)

In general, it is true that if the payload is disturbed arbitrar-
ily, the payload has both longitudinal swing and lateral motion.
In this paper, we assume the perturbations are only in the lon-
gitudinal swing. Note, pure longitudinal swing doesn’t affect the
system motion in the lateral direction, unless there is asymmetry
in the quadcopter and/or the payload attachment, or if there are
external wind disturbances. Similarly, in pure longitudinal motion,
if the quadcopter only moves in the xj-z; plane, and comes to a
stop or accelerates, the payload motion is only in the longitudinal
swing. Hence, the longitudinal plane restriction of the quadcopter
with cable suspended payload in x;-z; inertial plane is considered
to design a control solution when the motion of the payload cable
is purely in the longitudinal plane. The simplified model can be
obtained by applying constraints on the dynamic model obtained
in equation (14). Then, the system dynamics for the quadcopter
with cable suspended load in the x;-z; plane is given by

(mq +m)) (g + ) +mil (cos () ¢ —sin@di) =F-  (21)

(mq +my)%q +mil (sin (1) B? + cos (¢r) ¢1> =Fy (22)
my2¢; +mylsin (¢y) 2o — myl cos (¢y) ¥q +myglsin(g) =0 (23)
Iyywy =1y (24)
where

Fx=uqsin(9), (25)
F; =uqcos(0),

are the control inputs.

Given the combined dynamics of the quadcopter and the cable
suspended payload, control functions f; are sought such that ¢y,
and ¢y — 0 as t — oo for any initial condition errors and bounded
disturbances. Two approaches are used to solve this problem, and
the results obtained from each compared,

e Passivity Based Controller
e Extended State Observer based Active Disturbance Rejection
Controller
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Fig. 2. Control architecture of the quadcopter with cable suspended payload using passivity based controller.

3.1. Passivity Based Controller (PBC)

In this paper, we adopt a similar control strategy as in [12,
15] i.e. design a passivity based controller to stabilize the system
by controlling the overall energy of the system. Fig. 2 shows the
control architecture of the quadcopter with cable suspended pay-
load in x;-z; plane using passivity based controller. The system
is decoupled into an inner control loop to stabilize the attitude
dynamics of the quadcopter and an outer loop to stabilize the
translational dynamics of the quadcopter along with the pendu-
lum dynamics [6]. The outer loop is further decoupled to stabilize
the altitude of the quadcopter (zq ), longitudinal position of the
quadcopter (xq ) and the swing of the pendulum.

From equations (21) and (22)

_ugcos®) - myl 0 ..
0= & e O @0 +sin@0di] - (26)
_wsin®)  omlpo .
xe = mgo +my mq +my [Sln (¢l) ¢l cos (¢l) ¢l:| (27)
Using equations (23), (26), and (27),
G Sn@—0m o8
le

Substituting equation (28) in equations (26) and (27),
fe = mqg +m
~ mylcos (¢p) ¢
mqo +m
_ mylsin () $? N 1
mqg +m mq +m

X [sin @)+ e (sin () —sin (8 — 2¢1))} uq
2mgq

[cos )+ e (cos () —cos (6 — 2(]),))} uq
ZmQ

(29)

(30)

For hover conditions and small pitch angles of the quadcopter,
the attitude dynamics can be approximated using cos () ~ 1 and
sin () ~ 0 and treating 6 as the control input 6; results into fol-
lowing dynamics for Xq and Zq

50 = P [1 + 2$’Q (1 — cos (2¢y) — 6 sin (2¢,))] U
ml cos h2
__ mylcos (¢1) ¢, 31)
mqo +m
_milsin@)é g6 1
mqo +m mqo +m; mqg +m
m .
x | == (84 — 64 cos (2y) — sin ey)) | w1 (32)
2mq

Near hovering condition, u; ~ (mQ + ml) g and longitudinal dy-
namics can only be controlled by 6;. This results into the following
for XQ.

. gm
Xq =04 [g + mg (1 —cos (2¢1))]
_ mylsin 0 d° _ mygsin (2¢r)

m;+mgq 2mq

Thus, choosing the control inputs 63 and uq as

ly - TUSINODG g sin2gy

my+m m
04 = [TimnQ Q

g+ £ (1 - cos 24|

myl cos(¢y) P>
(mq +my) <g+ W + uz>

uy =

[1 + 2;"1—1(2 (1 — cos (2¢y) — Oy sin (2¢>l))]

and with

U, = —ké(ZQ —2Z4) — ké (ZQ — 251) +Zy
Uy = —k){,(XQ —2Z4) — kz (kQ - Xd) + Xq

the closed loop position tracking dynamics of the quadcopter are
reduced to,

Zg = —ké(ZQ —2Z4) — ké (2Q — 2d) +Z4
Xq = —k){,(XQ —Xq) — k"; (XQ — kd) + Xy

which ensures xo — X4 and zqg — z4. The rate of decay and other
transient characteristics of the tracking errors are controlled by
tuning the positive gains kf,, k2, k’{,, and kj. Note, while the con-
trol design assumes the quadcopter is in hover, and small angle
approximation of the pitch angle is used, the control terms in
equations (34) and (35) are nonlinear due to the presence of the
trigonometric and quadratic terms involving the payload longitudi-
nal swing angle and its derivative. These nonlinear functions serve
as feedback linearizing terms for equations (31) and (33).

Remark. Clearly, the passivity based controller shown in equa-
tions (34) and (35) requires higher derivatives of the payload swing
angle. The measurement of the swing angle and all its higher or-
der derivatives is a challenging task. Some alternatives to alleviate
these difficulties are explored in this section.

Specifically at the hover state, the dynamics of the swinging
payload can be assumed to be equivalent to the dynamics of a sim-
ple pendulum linearized about ¢; at the present instant, is given
by
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Thus, if the swing angle is measured, then using this approxi-
mation, the angular velocity as well as the acceleration of the
swinging payload can be estimated. Also, under this assumption
all higher order derivatives are successively obtained.

Note, assuming that the angle measurements for the payload
swing are available, the angular velocity of the swinging cable
can also be estimated using a Continuous-Discrete Kalman Filter
(CDKF) driven by the swing angle measurements.

In our specific implementation, the propagation is continuous
while the measurement updates happen at discrete instants (every
0.01 s). The CDKF utilizes the simplified one degree-of-freedom
dynamics:

Ad = —§A¢1 + wy(t)

where wy(t) is a zero mean white noise process with covariance
0.25 rad?/s?.
The measurement equation is

Adr= Agy+ vg(t)

The measurement error vy (t) is also assumed to be a zero-
mean white noise process with variance 0.01 rad?. Additionally,
Wy (t), and vy (t) are assumed to be uncorrelated. The derivation
of the CDKEF is straightforward and can be found in [17].

3.2. Extended State Observer (ESO) based active disturbance rejection
controller

The concept of total disturbance, its estimation, and rejection
was introduced in [14]. To understand the concept, consider a
second-order single input single output (SISO) system

y1i=y2
Vo=fW1,y2,0),t)+bu
Y=y (36)

where y is the output which is measured and controlled; u is the
control input; f (y1,y2,w(t),t) is a function of both states and
external disturbances w (t) which is to be overcome and is denoted
as the “total disturbance”.

Treating y3 = f (y1, y2, @ (t),t) as an additional state and G (t)
= f(y1,y2,w(t),t), with G (t) unknown, the plant dynamics is
re-written as

y1=y2

y2=y3+bu

y3=G()

Y=y (37)

The objective here is to control the output y using the control sig-
nal u. Here the total disturbance f (y1, y2,w (t),t) does not need
to be known and can be estimated along with the states of the
system using an extended state observer with system output y =
y1 and control signal u as the input to the observer, which is con-
structed as follows

¥1=32 - Bisi
Y2 =733 +bu— Bas2
y3=—P3s3 (38)

where B1, B2 and B3 are the observer gains; y1, y2 and j3 are the
estimates of yq, y2 and f (y1, y2, w (t),t) respectively; and si, sz,
and s3 are ESO functions that will be determined later.

Lemma 1. Given that the system modeled by equation (36) is locally
observable, the extended state observer in equation (38) for the model
in equation (36) ensures that the errors, ||y; — yill < € are uniformly
bounded as t — oo, where € > 0.

Proof. Denote the estimation errors as e; = j; — y;. The error dy-
namics is then obtained as

e1=—pis1+e2
e = — P52 +e3
e3=—p3s3 — G() (39)

Choosing all s; = e, and defining e = [e7 e e3]”, the above can be
re-written as

e=Ae+ BG (40)

-1 10 0
—B201 | and B = 0
—B300 -1
A is Hurwitz. Thus, if G(t) is bounded, i.e. |G(t)|| < 8, then the
estimation errors, e(t) are also bounded. Choosing a candidate Lya-
punov function:

where A = . For B4, 82,83 all >0,

1
V=_elPe (41)
2

where P = PT > 0 and computing the derivative of V along the
dynamics in equation (40) we obtain:

) 1
V= —EeTQe—i-eTPBG (42)

where Q = QT >0, and PA+ ATP = — Q. The solution to this
Lyapunov equation i.e. P for a chosen Q is guaranteed since A is
Hurwitz. We can further show that,

) 1 1

V<—-el(Q —al)e+ —G'B"P?BG (43)
2 20

Thus,

) 1 1
V<——el (Q—al)e+ —|B"P?B|5*
2 20

2
E_leT(Q _al)e+ Maz
2 2a
Amin (Q —al) )”rznax (P) >
§_< Jmax (P) >V+ 2a “y

where Amin(-) and Amax(-) are the minimum and maximum eigen-
values of (-) respectively. Clearly, the errors converge as per equa-
tion (44) to a residual set given by equation (44). O

Thus, using the estimate of the total disturbance y3 for com-
pensation and choosing u as

uo — y3
u=
b
with
uo = —kp (y1 — y1d) —ka (y1 — y14) + J1d

where k, > 0 and kq > 0 are the controller gains, and yi4 being
the desired value for the state y;. This reduces the plant dynamics
to
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Fig. 3. Control architecture of the quadcopter with cable suspended payload using extended state observer based active disturbance rejection controller.

y1=y2
V2 =—kp (Y1 —y1d) — ka (31 — Y14) + J1a — €3
y=wm (45)

which ensures ||y; — yi4ll is bounded (Note, e3 is bounded as
shown previously). This transforms the control problem to that of
estimation and disturbance rejection.

Fig. 3 gives the control architecture of the quadcopter with ca-
ble suspended payload using the extended state observer based
active disturbance rejection controller. The system is decoupled
into an inner control loop to stabilize the attitude dynamics of
the quadcopter and an outer loop to stabilize the translational
dynamics of the quadcopter along with the pendulum dynam-
ics. The outer loop is further decoupled to stabilize the altitude
of the quadcopter (zq), longitudinal position of the quadcopter
(xq) and the swing of the pendulum using an active disturbance
rejection controller. An extended state observer is constructed to
estimate the disturbance in the altitude dynamics and the longitu-
dinal dynamics of the quadcopter with cable suspended payload.
The input to the extended state observer includes the altitude of
the quadcopter (zq ), the longitudinal position of the quadcopter
(xq ) and the control inputs to the quadcopter. The extended state
observer estimates the disturbances which are used by the ac-
tive disturbance rejection controller to control the altitude and the
longitudinal position of the quadcopter. The active disturbance re-
jection controller is further decoupled into an altitude controller
and a longitudinal position controller, which are discussed in the
following sections.

3.2.1. Altitude controller
From equation (21)

__ugcos(f) myl

= o~ 8 o [0s@0 9 +sin@ndi] - 46)

Zq
Near hovering conditions and small pitch angle of the quad-

copter, cos (/) ~ 1 and sin (9) ~ 6. Using this assumption, eq. (46)

can be written as

uq

=——+ f,(mg.myl g ¢1. 91,9
S fz(mq.my, 1, g, ¢1, é1, 1)

Zq
where
f2(mq.my 1, g, ¢, b1, )

=—g- cos () ¢ + sin (¢r) diz]

my [
mqg +m

is the total disturbance associated with the altitude dynamics.

Let z1 = zq, z2 = zq and treating z3 = f,(mq,my, 1, g, ¢,
é1, &) as an additional state, the state equations for the altitude
dynamics can be written as,

21 =2

. uq

ZHH=—""+4+23
mqo +m

23 =G, ()

Yz=271

where z3 = G, (t) is the dynamics of the total disturbance which
is unknown; y, is the output which is measured and needs to be
controlled.

The extended state observer for the system is now constructed
as

2= —Ba(t1—y2)

Zy=234+bu—Bn (21 —y:)

Z3=—Px(21—y2)

where B;1, B2 and B3 are the observer gains; Zq, Z; and Zz3 are

the estimates of zy, z; and f; (mq.my, 1, g, ¢1, 1, i) respectively.
Using the estimate of the total disturbance z3 for compensation

and choosing uq as

ur = (uz0 — 23) (Mg +my)

with

Uz = —Kpz (21 — 210) — kaz (21 — Z14) + Z14

where kp, and kg, are the controller gains and z;4 as the desired
values for the state z;. This reduces the plant dynamics to

2] =22

2y = —kpz (21 — 214) — kaz (21 — 214) + 214 — Az3

Yz=271

where Azz = z3 — z3. The above ensures ||z; — z14|| is bounded.
The rate of decay and other transient characteristics of the tracking
errors are controlled by tuning the positive gains kp, and kg;,.
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3.2.2. Longitudinal position controller

From equation (22), the longitudinal dynamics of a quadcopter
with cable suspended payload restricted in a x;-z; inertial plane is
given as,

i sin(0) myl
- mq +m mqo +m

%o [sin (8 6 — cos (9

Near hovering condition, u; &~ (mq +m) g and longitudinal dy-
namics can only be controlled by controlling the pitch angle 6.
Treating 6 as the control input 6; which is the desired pitch angle
results into the following for Xq,

Xq = 204+ fi(mo.mi. L . d1. &)

where fx (mo.,mi, L, @1, i, 61) = — 7 [sin (¢n) ¢ — cos (9 ] s
the total disturbance.

Let X1 = xq, X = Xq and treating x3 = fy (mQ,ml,l, ¢l,<f.>l7<2’.l)
as an additional state, the state equations for the longitudinal dy-
namics can be written as,

X1 =X

X2 = 804 + X3
X3 =Gy ()
Yx=X1

where X3 = Gy (t) is the dynamics of the total disturbance which
is unknown; yy is the output which is measured and needs to be
controlled.

The extended state observer for the system is now constructed
as

X =% — B (1 — yx)
Xo =43+ g0 — B (&1 — )
;‘3 =—Ba (’Aﬁ - YX)

where By1, Bx2 and By3 are the observer gains; Xq, X, and X3 are
the estimates of x1, xo and fx (mq,my, 1, ¢, 1, ¢) respectively.

Using the estimate of the total disturbance X3 for compensation
and choosing 6, as

Odo — X
9d=M
g

with

Odo = —kpx (X1 — X10) — kax (X1 — X14) + X14

where kpy and kgy are the controller gains and x14 as the desired
values for the state x;. This reduces the plant dynamics to

5(1 =X2

Xo = —kpx (X1 — X10) — kax (X1 — X10) + X104 — AX3

Yx=X1

where Ax3 = X3 — x3. The above ensures |x; — X14|| is bounded.
The rate of decay and other transient characteristics of the tracking
errors are controlled by tuning the positive gains kpy and Kgy.

3.3. Pitch controller

The pitch control design procedure can either use 6; synthe-
sized using the passivity based controller or extended state ob-
server based active disturbance rejection controller. The pitch con-
troller can be designed using the pitch tracking error eg, which is
defined as

eg =6 — 6y
and
bg =0 — 6y

We seek a very tightly controlled pitch loop, so the pitch errors
are prescribed to converge to zero exponentially with a decay rate
of Ly. Thus, the pitch error dynamics takes the form

eg = —Agey

The desired pitch rate

wyg = —Ageg + by

ensures that eg — 0, as t — oc.
The pitch rate error (e,,) is then obtained as

ew =Wy — Wyd

The pitch rate errors are also prescribed to converge to zero
exponentially with a decay rate of A,,. Thus, the desired pitch rate
error dynamics takes the form

ew = —Awew

Thus, wy —wyg = —Awew and the control law for the pitch dynam-
ics is determined as

Ty =Iyy (—Awew + ®ya)

It is noted that the above procedure is a nested design process as
in [18].

4. Simulation results

The model and controller parameters used to demonstrate the
efficacy of both the passivity based controller and the extended
state observer based active disturbance rejection controller imple-
mented on the quadcopter with a cable suspended payload, in the
simulation environment, are tabulated in Appendix A, Tables 1-5.
The following cases are used to compare the performance of the
controllers

1. Case 1: Quadcopter in Hover Mode and the Payload is Per-
turbed

2. Case 2: Quadcopter Moving with a Constant Speed along x;
axis is commanded to go in the Hover Mode

The performance of the controllers derived using the longitu-
dinal plane restriction is compared in the simulation environment
using the mathematical model of quadcopter+payload with lon-
gitudinal plane restriction and the complete nonlinear model of
quadcopter+payload.
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4.1. Case 1: Quadcopter in hover mode and the payload is perturbed

The quadcopter is in a hovering state at the start of the sim-
ulation. The payload cable angle at the start of the simulation is
30°. Figs. 4, 5, 6 and 7 compares the performance of the passivity
based controller and the extended state observer based active dis-
turbance rejection controller. At the start of the simulation, there

Pitch Angle of the Quadcopter
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Fig. 8. Estimation of total disturbance in x direction.

are disturbances introduced in the system due to the oscillation of
the payload. The controllers try to reject these disturbances while
trying to maintain the altitude and the longitudinal position of
the quadcopter and damping the oscillations of the payload. From
Fig. 7 it can be seen that the pitch controller adjusts the pitch an-
gle of the quadcopter thus providing necessary control to regulate
the longitudinal position of the quadcopter. The pitch angle has an
oscillatory behavior and it decays to zero as the payload oscilla-
tions decay and the quadcopter goes back to the initial hover pose.

The extended state observer based active disturbance rejection
controller gives a better performance by damping the oscillations
of the payload and controlling the altitude and the longitudinal
position of the quadcopter faster than the passivity based con-
troller when implemented on both, the mathematical model of
quadcopter+payload with longitudinal plane restriction and the
complete nonlinear model of quadcopter+payload. It can be seen
from Fig. 8 and 9 that the extended state observer is able to track
the total disturbance along the x and z direction respectively. It
can be seen from Fig. 9 that the total disturbance along z direction
(TD,) converges to a value of —9.81 m/s?> when the quadcopter
goes in the hover mode, which means that when the system is sta-
bilized, the only disturbance acting on the system is acceleration
due to gravity. These estimates are used by the active disturbance
rejection controller to control the position of the quadcopter and
damp the oscillations of the slung payload. It can be seen from
Fig. 10 that the continuous-discrete Kalman filter is also able to
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Tracking Total Disturbance Using ESO in the z direction (TDz)
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Fig. 10. Comparison between the actual and the estimated angular velocity of the
payload cable using continuous-discrete Kalman filter.

track the angular velocity states of the payload cable and the pas-
sivity based controller provides a reasonable performance.

It is to be mentioned that since the payload swing motion is re-
stricted to the longitudinal plane, the ESO based controller is more
robust since the results are not any different if the implementation
is on a restricted simulation or on the full nonlinear simulation.
This is because, the ESO treats all of the RHS of the dynamics as
an input matched disturbance. Since this is not the case in the PBC,
the results vary if a restricted simulation or a full simulation are
utilized.

4.2. Case 2: Quadcopter moving with a constant speed along x; axis is
commanded to go in the hover mode

At the start of the simulation, the quadcopter is in hover mode
and the payload is in a stable configuration. The quadcopter is
commanded to follow a straight line trajectory along x; axis with
a constant speed of 10.8 kmph (3 m/s) and fixed altitude. At
50 s, the quadcopter is commanded to go back to the hover mode.
Fig. 11, 12, 13 and 14 compare the performance of the passiv-
ity based controller and the extended state observer based active
disturbance rejection controller. From Fig. 11 and 12, it can be ob-
served that the controllers are able to maintain the quadcopter
altitude as well as the trajectory along x; axis and the desired posi-
tion when commanded to go back to the hover mode. From Fig. 13,
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it can be seen that the payload is perturbed due to changes in the
quadcopter states at the start of the simulation and the controllers
stabilize the payload while the quadcopter is in motion. The pay-
load is perturbed again when the quadcopter goes back to the
hover mode and the controllers are able to stabilize the system.
The quadcopter position and velocity along x; axis is maintained
using the pitch angle. From Fig. 14, it is observed that the pitch
angle has a decaying oscillatory behavior as the controllers try to
maintain the constant speed straight line trajectory of the quad-
copter while attenuating the oscillations of the slung payload due
to the changes in the quadcopter states. When the quadcopter is
commanded to go back to the hover mode at 50 s, the controllers
try to maintain the position of the quadcopter along the x; and at-
tenuate the oscillations of the payload due to the changes in the
quadcopter states using the pitch angle. A decaying oscillatory be-
havior in the pitch angle of the quadcopter is observed again as the
payload oscillations decay and quadcopter goes back to the hover
pose.

It can be seen that the extended state observer based active dis-
turbance rejection controller gives a better performance by damp-
ing the oscillations of the payload and tracking the position of
the quadcopter faster than the passivity based controller when im-
plemented on both, the mathematical model of quadcopter+pay-
load with longitudinal plane restriction and the complete nonlinear
model of quadcopter+payload. It can be seen from Fig. 15 and 16
that the extended state observer is able to track the total distur-
bance. It can be seen from Fig. 16 that the total disturbance along
z direction (TD;) converges to a value of —9.81 m/s?> when the
translational dynamics of the quadcopter along inertial z axis (z;)
is stabilized, which means that the only disturbance acting on the
system is acceleration due to gravity. These estimates are used by
the active disturbance rejection controller to control the position
of the quadcopter and damp the oscillations of the slung payload.
It can be seen from Fig. 17 that the continuous-discrete Kalman
filter overestimates the angular velocity states of the payload ca-
ble and the passivity based controller still provides a reasonable
performance.

5. Summary and conclusions
A comprehensive mathematical model was derived for a quad-

copter with a cable suspended payload using an Euler-Lagrange
formulation. A restricted degrees of freedom system (longitudinal
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plane only) was then used to develop a passivity based controller
and an extended state observer based active disturbance rejection
controller. These were compared using a high fidelity full six de-
gree of freedom simulation environment. The passivity based con-
trol requires that the payload swing angles and the angle rates be
measured. If only the angle is measured, an estimator to synthesize
the angular velocity is needed. On the other hand, the extended
state observer estimates the “total disturbance” which includes the
payload motion using only the quadcopter states (longitudinal po-
sition, altitude, pitch angle). The synthesis of this disturbance al-
lows the design of a disturbance rejection controller while achiev-
ing the position tracking and regulation objectives. The tuning of
the parameters for the continuous-discrete Kalman filter in case of
the passivity based controller, the extended state observer, as well
as the controller requires careful consideration.

Declaration of Competing Interest
No conflict of interest.

Appendix A. Parameter values used for the simulations

Table 1

Physical parameters of quadcopter and cable-slung payload.
Parameter Value Units
Mass of the Quadcopter, mq 1.2 kg
Mass of the payload, m; 0.5 kg
Length of the Payload Cable, [ 0.7 m
Inertia of the Quadcopter, Iy 1.367 x 102 kg m?
Inertia of the Quadcopter, Iy, 1.367 x 1072 kgm?
Inertia of the Quadcopter, I,, 2.586 x 1072 kg m?
Arm Length of the Quadcopter, L 0.225 m

Table 2
Continuous-discrete extended Kalman filter parameters.

Parameter Covariance  Units
Measurement Error (Zero mean White Noise Process), vy (t)  0.01 rad?
Process Noise (Zero mean White Noise Process), w (t) 0.25 rad? /54

Table 3

Extended Kalman filter parameters.
Parameter Value
Q 1000
Bz 3Q
Bz 302
ﬁz3 Qs
Bx1 3Q
ﬂxZ 392
B Q3

Table 4

Passivity based controller gains.
Parameter Value
kpz 5
kdl 17
kpx 1
kdx 0.6
re 12

ro 5

Table 5

Active disturbance rejection controller gains.
Parameter Value
kpz 2
kaz 1
kpx 2
Kax 1
ro 10
Ao 5
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