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Abstract
We study the production of photons in amodel of three bosonic atomicmodes nonlinearly coupled to
a cavitymode. In the absence of external driving and dissipation, the energy levels at different photon
numbers assemble into the steps of an energy staircase which can be employed as guidance for
preparingmulti-photon states.We consider adiabatic photon production, driving the system through
a sequence of Landau–Zener transitions in the presence of external coherent light pumping.We also
analyse the non-equilibriumdynamics of the system resulting from the competition of the sudden
switch of coherent photon pumping and cavity photon losses, andwe find that the system approaches
a plateauwith a given number of photons, which becomesmetastable upon increasing the rate of
photon pumping.We discuss the sensitivity of the time scales for the onset of thismetastable behavior
to systemparameters and predict the value of photons attained, solving the driven-dissipative
dynamics including three-body correlations between light andmatter degrees of freedom.

1. Introduction

The last ten years havewitnessed swift progress in quantumoptics platformswhere light andmatter are strongly
coupled and can be employed to engineer a variety of quantumphenomena: examples range fromBose–Einstein
condensates coupled to optical cavity photons, where theDicke transition is engineered [1, 2], to the recent
demonstration of supersolids [3] and phases with competing order parameters in a condensate trapped at the
intersection of two optical cavities [4–7].Most of thesemodels realise scenarios wherematter and light
collectively interact as in the case of superradiant phase transitions or in ‘Dicke–Hubbard’ systems characterized
by critical points separating a superfluid from aMott insulating phase [8]. Strong light-matter coupling regimes
have also enabled the preparation of highly squeezed states of atomic ensembles by quantumnon-demolition
measurements [9, 10], photon-mediated spin interactions [11, 12] in optical cavities, photon blockade effects
[13–17] or non-classical light in cavity optomechanics platforms [18]. Recent experiments have extended
photon-mediated interactions to optical-clock atoms [19], to spin-1 atoms [20, 21], and tomulti-mode cavities
[22], which enable further advances in quantummetrology [23] and quantum simulation.

The control and the preparation ofmulti-photon states is of paramount importance for a progress towards a
many-body physics of coupled light andmatter in these platforms. Single- andmulti-photon preparation has a
long history in cavityQED [24–30], including photon generation in high quality cavities [31], the control of
single-photon states emitted by polaritons [32], as well as the conversion of collective atomic excitations into
single photonic states within optical resonators [33], encompassing quantumhomodyne tomography [34] and
preparation of photon states in the driven-dissipative dynamics of cavity arrays [35, 36].

In this workwe consider a novel cavity-QEDplatform composed of collective atomic degrees of freedom
strongly nonlinearly coupled to a cavity photon: this system can be employed to engineermulti-photon states
out of an empty cavity via adiabatic as well as with far-from-equilibriumdriving protocols. Specifically, we study
an effectivemodel of two bosonic atomicmodes interactingwith a photon; themodel results from a two-photon
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resonant process occurring in a cavity hosting an ensemble of spin-1 atomsRabi-coupled to the cavitymode. In
equilibrium conditions, the eigenstates of this system compose a ‘staircase’ structure: each level, or ‘step’, is
characterized by a different photon number which is a conserved quantity in undriven conditions. In the
presence of weak coherent photonic pumping, an adiabatic variation in time of the energy levels of the atomic
degrees of freedom allows for climbing the staircase, transiting across a sequence of level crossings, and thus
preparing a desired number of photons out of an initially empty cavity. Complementarily, we also consider the
far-from-equilibriumdynamical preparation of photons in the system, suddenly switching the coherent photon
pumping aswell as including natural sources of dissipation, such as incoherent cavity photon losses.We
highlight the formation of ametastable steady state in the late time driven-dissipative dynamics of photons, and
discuss the dependence of its life-time on systemparameters, solving the dynamics with the inclusion of three-
body correlations between light and atomic degrees of freedom.

2. Themodel

Weconsider an optical cavity supporting a photonicmode (b infigure 1) of frequency wb,Rabi coupled via the
interaction coupling g to the atoms. The three ground energy levels, e.g. Zeeman states in an atomof hyperfine
spin F=1 ([20, 21, 23]), are denotedwith +ñ∣ , -ñ∣ , ñ∣0 , and thefirst two are detuned upwards and downwards,
Δ+>0 andΔ−<0with respect to the latter, which is assumed to have amacroscopic occupation,   10 . A
couple of external lasers of frequencyωd can assist transitions from the two levels ñ∣0 and +ñ∣ to two auxiliary
levels ñ∣r and ñ∣l , respectively, with amplitudesΩl, r. The lasers are far detuned from the transitions to the
auxiliary levels byDl r. Single-atom transitions assisted by the laser r (or l) and by a cavity photon,transferring
population from the states ñ∣ to ñ∣0 (through levels ñ∣r and ñ∣l ) are off-resonant by an amount
d w w= - - D d b . However, transitions from the atomic state ñ∣0, 0 to + -ñ∣ , , involving two atoms and
assisted by a virtual photon emitted into the cavity and then rescattered, are resonant if the two detunings
compensate each other,D = -D+ - (a schematic of the energy levels and of the transitions is provided in
figure 1). This resonant transition is pivotal for the realization of the photonic staircase at the core of this work,
and the associated effectiveHamiltonian reads

 w

l

= + +

+ + +
+ + + - - -

+ - + -( )( ) ( )

† †

† † † †

H n a a a a

b b b b a a a a . 1

b

The last term embodies the photon-assisted resonance process changing simultaneously the population of the
two atomic levels ñ∣ . In equation (1)wehave reabsorbed the large occupation, 0, of the ñ∣0 level in the
couplingλ; themode ñ∣0 can therefore be treated classically, while we assume that the occupation of the levels
ñ∣ remains small. The frequencyω stands for the cavitymode frequency relative to the frequency of the lasers.

This derivation follows the lines of [37], consideringN three-level atomsRabi coupled to a singlemode
optical cavity of frequencyωb. Each atomhas an internal structure consisting of the three states +ñ∣ , ñ∣0 , -ñ∣
(orderedwith decreasing energy), and the two states ñ∣ have a different Rabi coupling constant, g±, with the
photonic cavitymode.With the energies of detunings,Δl/r and δ, larger than all the other energy scales involved
in the system, one canmicroscopically derive, via adiabatic elimination, the hamiltonian(1).Wefind that

Figure 1. Schematics of the optical transitions considered in this work: a two-photon process transferring two atoms from the level ñ∣0
(withmacroscopic occupation 0) to the levels +ñ∣ and -ñ∣ becomes resonantwhen the twodetuningsΔ+ andΔ− compensate each
other: D = -D+ -. The transition is assisted by two lasers of frequencyωd (red straight lines) and by the two cavity photons (blue
wiggled lines).
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where = D + D+ -q accounts for the quadratic Zeeman shift, and d d , assuming that the difference
between δ± (controlled by q) is smaller than their average. Following this procedure, onefinds that a+ and a− are
collective operators summing over all the single-particle excitations of theN atoms, and they therefore have
bosonic commutation relations.

3. A staircase of photons

The hamiltonian (1) conserves the number of photons in the system, º †n b bb , allowing for diagonalization in
sectors of theHilbert spacewith fixed number of photons, n.We describe, in each of these sectors, the lowest
energy state using the variational ansatz state

f y yY ñ = ñ º ñf -+ -∣ ( ) ∣ ∣ ( )† †
e e , 3n

a a Sh.c.n n

where yñ∣ is the vacuum state simultaneously annihilated by a±. The unitarymap eS transforms the operators a+
and a− as

f f

f f

= = +

= = +
+

-
+ + -

-
-

- + -

˜ ( ) ( )
˜ ( ) ( ) ( )

†

†

a a a a

a a a a
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e e sinh cosh , 4
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yielding the following expectation values
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2

The latter expressions allow to compute the energy of the system, f fáY Y ñ( )∣ ˆ ∣ ( )Hn n , on the ground state
variational ansatz, fY ñ∣ ( )n , and accordingly tofind the value of the parameter, *fn , yielding theminimumof the
energy

*
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Using this equationwe can, for instance, evaluate the population (and the coherences) of the +ñ∣ level on the
ground state *fY ñ∣ ( )n
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From equation (6), it follows that a real solution exists if

 

l +
+

<
+ -

( )
( )

( )n2 2 1
1; 8

for parameters not satisfying this relation, the system exhibits an unstable behavior. The physical interpretation
of equation (8) is that the strength of the photon-mediated interactionmust be smaller than the quadratic
Zeeman andACStark shifts for the system to be stable.

Indeed, a stability condition akin to(8)was already recognized in the context of coherent dissociation of a
molecular condensate into amultiple-mode atomic one [38–41]; if themolecularmode is highly occupied, one
can linearize theHamiltonian around the latter, and describe the process of dissociationwith anHamiltonian
formally equivalent to(1) (in our system, the role of the highly occupiedmode is taken by the level ñ∣0 ). As a
result of this, the coupling term∝λ does not conserve the number of particles created (annihilated) by a± ( 

†a )
and for couplings violating(8), the eigenvalues of(1) becomes complex [38–41] signalling an unstable character
of the dynamics (see with equation (10) below).

The procedure resulting from equation (3), is equivalent to diagonalize theHamiltonian(1) through the
Bogolyubov rotation

= + = ++ - ( )† † † †a u d v d a u d v d, , 9n n n n n n n n1, 2, 2, 1,

with *f=u coshn n and *f=v sinh ;n n the angle *fn is, as usual, determined by requiring that off-diagonal terms
proportional, for instance, to d dn n1, 2, and its hermitian conjugate vanish (the result coincides with equation (8)).
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Wecan therefore write the diagonal formof(1) in a sector withfixed number of photons, n

 
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where the ground state energy of the system reads




w
l

= + -
+

-
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( ) ( )E n

n1

2
1

4 2 1
1 . 110

2 2

2

The energyE0 draws (as a function of   º ++ -) a staircase inwhich each step is associated to a different value
of n. This is plotted in figure 2 togetherwith few excited states energies (computed from equation (10)) plotted as
dashed lines.

4. Landau–Zener (LZ) theory of the photons’ staircase

The staircase structure facilitates the preparation of a desired number of photons. In order to illustrate this
aspect, we add to the hamiltonian,H, a term, = W +( )†V b b , accounting for coherent pumping of photons into
the system at rateΩ

¢ = + W +( ) ( )†H H b b . 12

Corrections to the spectrum∝Ω are plotted infigure 3, and they can be evaluated exactly diagonalizing ¢H for
few energy levels, using as basis the eigenstates of the unperturbedHamiltonian j ñ = Y ñ ñ∣ ∣ ∣nn n (fromnowonwe
have dropped the dependence from *fn in *fY ñ∣ ( )n to lighten the notation). Our goal is to study LZ transitions
among ground state levels with different number of photons, as induced by a time-dependent control parameter,
ò(t)=Ft. It is possible to adiabatically climb the staircase without involving excited states in these transitions, if
the drive ò(t) occurs at an intermediate speed F* (see detailed discussion below).

We startwriting theHamiltonian in thebasis j ñ∣ n ,where it looks tri-diagonal since theperturbation couples states
differingonlybyonephoton; these are representedbyoff-diagonal terms in the followingmatrix representationof ¢H

å åj j d

d

á ¢ ñ = + W + áY Y ñ

+ W áY Y ñ

+

-

∣ ∣ ( ∣

∣ ) ( )

H E n

n

1

. 13

n m
n

n
n m

n m m n

n m m n

,
, 1

, 1

The overlap áY Y ñ∣n n 1 is calculated following [43] as (see also appendix)

f f

áY Y ñ= á ñ

=
-

f f


- + -



+ -  + -∣

( )
( )

( ) ( )† † † †
e e

1

cosh
. 14

n n
a a a a

n n

1
h.c. h.c.

1

n n 1

In order to gain intuition for the perturbative corrections induced by aweak photon pumping on the photon
staircase spectrum,we first consider a simple perturbative analysis in the parameters’ regimeΩ, l  . In this

Figure 2.Photons’ staircase: the ground state energy in each of the sectorswith afixed number of photons, n, is one of the steps of an
energy staircase, plotted as a function of ò. Colors denote different bosonic occupation numbers (λ=1 andω=2 in the plot). The
dotted lines are the energies of thefirst few excited states in each one of themanifolds with different values of n.
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limit, the overlap reads j j lá ñ » -+∣ ˆ∣ ( )b n 1 2n n 1
2 2 , and the ground state energies, w= -E nn

l e +( )n2 12 2. Let us nowconsider an energy levelEn, withphotonnumbern, crossingwith a levelwith energy ¢En
and ¢ = +n n 1; at their intersection, occurring at *e e ¢ n n, , a straightforward applicationof degenerate
perturbation theory inΩ, yields an energy splitting

w
l

D W + -
+

¢ 
⎛
⎝⎜

⎞
⎠⎟( )

( )E n
n

2 1 1
1

32 1
. 15n n, 2

2

2

Beyond this simple analysis, an exact numerical evaluation of the eigenvalues of the energymatrix(13), as a
function of ò, provides the energy level structure portrayed in the left panel offigure 3. A small pumping rate,Ω,
is sufficient to induce an effective energy level repulsion reshaping the staircase structure into a sequence of
avoided crossings between ground states with different photon numbers.We remark that, although the coherent
photon pumping does not commutewith the unperturbedHamiltonian(1), ¹[ ]V H, 0, its effect, for smallΩ,
is negligible for values of ò away from the crossing points *e ¢n n, , and in these regionswe can still effectively
consider n̂b a good quantumnumber.

According to this structure, an adiabatic climbing of the staircase from a state with zero photons (blue line in
the left panel offigure 3) to a state with a certain photonic population, can be designed as follows: we start from
the ground state with zero photons and given initial ò0 at time t0=0, andwe drive linearly in time the control
parameter ò(t)=Ft, with rate F; following the argument presented above, the drive can induce a transition to
the ground state with one photon as ò(t) approaches the crossing point located at  e 0,1 (see the zoomof the
crossing amongE0 andE1 in the region 5.5<ò<7: inset of left panel offigure 3).

For this LZ analysis, transitions involving excited states do not play a significant role. For instance, the
transition from a ground statewith n photons into thefirst excited states of the next photonicmanifold, such as a
transition from Y ñ∣ n to Y ñ+ + +∣† †d dn n n1, 1 2, 1 1 , or to Y ñ+ + +( ) ( ) ∣† †d dn n n1, 1

2
2, 1

2
1 , are assisted bymatrix elements of the

perturbation ¢H , which are smaller than the one connecting the two ground states. This is shown in the
appendix: equations (A5) and (A6) display thematrix elements for the transition between the ground state and
these two excited ones, and they should be comparedwith equation (14), reporting the overlap between ground
states. The overlaps involving excited states are always smaller by a factor proportional to increasing powers of

f f-+( )tanh n n1 (a quantity always smaller than one) as higher excited states are considered. In particular, as ò
grows large (i.e. ò(t) increases, while the photonicmanifolds of the staircase are explored) these overlaps are
suppressed algrebraically in 1/ò.We have numerically explored the specific case of the transition between the
ground states of the first two photonicmanifolds (n= 0 and n= 1) in the right panel offigure 3 including the
first excited state, and found that theweaker coupling to excited states discussed above, results into the
possibility to perform adiabatic transitions among ground states. Infigure 6 of the appendixwe show that the
quantitative features of this adiabatic transition remain unaltered upon inclusion of the next excited state.

The right panel offigure 3 shows that a slow rampwould favor the transition to thefirst excited state of the
manifoldwith one photon, but at intermediate ramp speeds, instead, the probability to transit into the ground
state Y ñ∣ 1 is the dominant one. As ò(t) increases further, the subsequent transitionswill basically occur between

Figure 3. Left panel: energy level repulsion at weak photon pumpingΩ=0.1; different photon numbers are indicated over the energy
curves of the staircase as a function of ò. The parametersλ=1,ω=2 are the same as infigure 2. Similar staircase structures are
observed in the current–voltage characteristic of theCoulomb blockade [42]. Inset: zoomof the avoided crossing between the energies
of the states fY ñ∣ ( )0 and fY ñ∣ ( )1 as a function of ò. Right panel: probability (as a function of the ramp speed, F) to remain in the ground
state with zero photons (blue line; = = =Pn m m0, 0, 01 2 ), to transit into the ground state with one photon (green line; = = =Pn m m1, 0, 01 2 ), to
transit into thefirst excited state of themanifoldwith one photon (red line; = = =Pn m m1, 1, 11 2 ), starting from the ground state of the
manifold with zero photons. There exists an intermediate windowof ramp speeds, * - -F F10 103 1, where the transition
occur between ground states, without involving higher excited ones (we have checked that this scenario remains basically unaltered
whenwe add the next excited state in our analysis, seefigure 6 in the appendix).When the drive is too fast (large F), the system remains
instead frozen in the ground state with zero photons, as expected.
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ground states ofmanifolds with different photon numbers (if the ramp ismoderately slow), since, as discussed in
the paragraph above, for ò?1 thematrix elements of the operator controlling the transition, ¢H , become
parametrically smaller than those connecting ground states j ñ∣ n and j ñ+∣ n 1 (see also the explicit expressions of
these overlaps in the appendix, equations (A5) and (A6)). Therefore, a sequence of LZ-like transitions allows to
climb the staircase and to achieve a target number of photons.

We observe that the jumps between the steps of the staircase characterized by different integer values of
photons (see figure 4), and explored as ò(t) is increased in time, recalls the current–voltage staircase profile
observed in the phenomenon of Coulomb blockade [42]. Although the underlyingmechanism is different, the
two cases share the feature that every step of the staircase corresponds to a state with distinctly resolved physical
properties: in our quantumoptics set-up, for intervals of ò away from avoided crossings, each step of the staircase
is associated to afixed and quantised number of photonswith negligible fluctuations.

Naturally, in the case of LZ photon preparationwe expect that dissipationwill classicalise the state of light at
late times, but the staircase structure of the photonic response (see figure 4) guarantees that, at intermediate
times, the light degree of freedomwill be found in a quantum state with awell defined number of photons and
fewfluctuations on the top of them, provided the time tf to implement the LZ ramp satisfies the condition
tf=1/κ. Furthermore, in order to have an adiabatic ramp and to remain in aweak photon pumping regime, we
require also that tf>1/λ. Since the coupling strengthλdepends on the power in the optical drivefields and on
detunings from atomic and cavity resonance, the ultimate limits are set by atomic and cavity parameters.

In particular, climbing the staircase requires large collective cooperativity  C0 , where k= G ( )C g4 2 is the
single-atom cooperativity given the atomic excited-state linewidthΓ. This requirement is derived from the
scalingwithλ of the atomic spontaneous emission rate ld kG ~ ( )Csc 0 and of Raman scattering into the

cavity at rate γ∼λκ/δ. At an optimal detuning d k~ C0 fromRaman resonance, the coupling-to-

dissipation ratio scales as l g + G ~( ) C0 . Thus, the requirementλ>κ for climbing the staircase can be
satisfied for large collective cooperativity  C 10 . Collective cooperativities  >C 100

4 are routinely
achievedwith atomic ensembles in optical cavities,making the staircase accessible to current experiments.

5.Driven-dissipative dynamics

Wenow consider the competition between coherent pumping and photon losses, occurring at rateκ and
described by the jumpoperator L=b (photon losses occurring during the intermediate processes contributing
to the two-body resonance described infigure 1 are negligible in the far resonance regime δ?1 as discussed in
[21]). In particular, wewill explore dynamics for times t?1/κ, where light becomes Poissonian as result of
decoherence, at variance with the conditions discussed at the end of the previous section (wewill still assume
large cooperativity and δ?1, though).

We consider a sudden switch of coherent pumping at times t>0 to counterbalance cavity losses.We
prepare the system in the ground state of(1)with zero photons, *fY ñ∣ ( )0 , andwe consider the time evolution
ruled by the following set of equations ofmotion for the expectation values of the ‘molecular’ degrees of
freedom: atomic coherences,  º  + - - +

† †a a a a , and populations,  º ++ + - -
† †a a a a






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



  

l l

l l

á ñ
= - á ñ - á ñ + á ñ + á ñá ñ + - á ñ á ñ + á ñ á ñ

á ñ
= - á ñ

á ñ
= á ñ + á ñ + á ñ á ñ + á ñ á ñ

-
+

+
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t
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t
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d
2 2 2 2 1 4 ,

i
d

d
,

i
d

d
4 1 4 , 16

c c

c c

Figure 4.The number of photons increases by a quantised value, as ò(t) is driven through an energy level splittingwith the optimal
speed F*, which allows direct transitions between ground states of adjacent photonicmanifolds.
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coupled to the dynamics of photons
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wherewe have assumed the atomic and photonic degrees of freedom to be in aGaussian state, andwe have
included terms describing three-body correlations between light andmatter degrees of freedom, such as
  á ñ º á ñ - á ñá ñ+ + +b b bc . The equation ofmotion for the latter reads




    k w l
á ñ

= - + á ñ + á ñ - á ñ á ñ - á ñá ñ+
+ - + + +( ) ( ) ( )b

t
b b b b

d

d
2 i i 2i . 18c

c c c

During driven-dissipative dynamics themagnitude of three-body correlations between light andmatter in
equations (16) and(17) remains small, with the consequence that the two sectors are almost dynamically
decoupled. This allows the number of photons to relax towards a steady state value, n*, while the atomic
excitations, á ñ, are still slowly growing as a consequence of the pumping. The steady-state number of photons
generated is predicted by the formula

*
* * 

k
k l lw

k w
=

W W + á ñ + á ñ
+

+ +( )
( )

( )n
b b2 Re 4 Im

2
, 19

2 2

where *á ñ+b is the asymptotic steady state value of á ñ+b . The time scales separation in the dynamics of light
andmatter degrees of freedom is at the origin of themetastability of the plateau reached at long times by á ñn . In
fact, a slow growth of á ñP (occurring while the photons’ steady state is already established), provokes a growth in
á ñ+C as well, which acts as a source in equation (18) ruling the dynamics of á ñ+bC . Therefore, the combination of
bare photon pumping controlled byΩ, and of effective pumping induced by three-body light-matter
correlations, determines at later times an increase of á ñn , which can drive the systembeyond the parameters’
region delimited by the condition in equation (8), where eigenenergies become imaginary (the associated critical
value of the interaction strengthλ in (8), is renormalised to a lower value after the inclusion of three-body light-
matter correlations).

At the time scales for the departure from themetastable steady state, also the atomic and photonic
correlations, evolving, respectively, under equations (16) and(17), experience a quick, diverging growth. The
characteristic time, tb, for the departure from themetastable photonic steady-state is proportional toΩ: in
figure 5we portrait time-resolved profiles of á ñn at increasing pumping rates,Ω, andwe illustrate the
metastability of the dynamics of á ñn asΩ becomes sufficiently large. Fitting the breakdown time tb of the
photonic plateau onefinds that tb∝ò2/λ, which can be controlled both via the quadratic Zeeman andACStark
shifts, and the occupation of themode ñ∣0 , as it can be realised by inspection of equations (2).

The inset offigure 5, displaying the average number of photons as function ofΩ, demonstrates instead that
the quantization of n typical of the staircase structure (still present when the photonic pumping is adiabatically
switched and photons generated via slow LZ transitions) is lost when pumping and dissipation are suddenly
turned on, since ground and excited states of the staircase are stronglymixed in this case.

Photon generation using ramps and LZ transitions are indeedmore efficient than the sudden switching of
photon pumping: in each one of the plateaux offigure 4 the photonic degree of freedom is in a state withfixed
and quantised number of photons, n, provided dissipation,κ, is weak enough to affect the dynamics of the
systemonly at late times (see discussion at the end of section 4). On the contrary, suddenly switching the photon
pumping results in a transient dynamics with no quantised photon number (see figure 5), which asymptotes to a
plateauwhere quantum features have been erased. Specifically, we have resolved the dynamics of ourmodel
combining aGaussian ansatz for the atoms, as done in equations (16), with a truncated ansatz for the density
matrix of the light, r rº å ñá∣ ∣n mn m nm, , with n,m=1, ...M andM=11 (see appendix). Although in the
plateaux shown infigure 5 the presence of the atomic degrees of freedom sizeably enhances the asymptotic
expectation value of á ñn compared to the decoupled (λ=0) case (and therefore the system is in a state where
light andmatter are hybridized), the light generated is classical, as we have checked by calculating the photonic
variance,D = á ñ - á ñn n n2 2 2, from the densitymatrix ansatz, ρ, found always very close to á ñn —a signature of
the classical nature of the light produced in the cavity. This occurs for times t?1/κ, when the systemhas
reached the steady state and at the same time the dissipation haswashed out any quantum feature present at
short times (see appendix).
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6. Perspectives

As a future direction, it would be interesting to study amany-body versionof the problemanalysed in thiswork,
which canbe realised, for instance, considering a one-dimensional lattice of several cavities (modeled as infigure 1),
connected one to eachother by next-neighborphotonic hoppings (in the spirit of anHubbardmodel; see for similar
ideas inquantumoptics the review in [44]). Studying the competition of this kinetic termwith the driving and
dissipationdiscussed in thiswork,wouldpave theway to a quantummany-body simulator for the preparationof
multi-photon states,whichwould benefit of the tunability properties of the photons’ staircase as a leverage for
experimental implementations. Itwouldbe, for instance, intriguing to look for driven-dissipative phase transitions
in thismany-body versionof our system following thedirectionsmentioned in the introduction.
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AppendixA.Matrix elements for the LZ transition

In this sectionof the appendixwedetail the calculation of thematrix elements of the perturbationV connecting
ground and excited states of the staircase, involved in the study of the transitions infigure 3. The squeezed ground
state(3) canbe represented in the Fockbasis of the occupationnumbers of themodes, a±, as (see for instance [43])

åf
fY ñ = ñ∣ ( ) ∣ ( )l l

1

cosh
tanh , , A1n

n l
n

l

wherefn is the squeezing angle for afixed number of photons, n.We describe the excited states of the system
using the quasiparticle creation operators †d n1, and †d n2, introduced in equation (9).We represent these operators
inverting the Bogolyubov rotation(9):

= - = - ++ - + - ( )† † † †d u a v a d v a u a, . A2n n n n n n1, 2,

Any excited state of the system can be represented as

f¢ ñ = ñ¢∣ ( ) ( ) ∣ ( )† †k k n d d, , , A3n
k

n
k

n1, 2,

with k>0 and k′>0.
In equation (12)we introduced a term accounting for coherent pumping of photons into the system at rate

Ω, = W +ˆ ( )†V b b . This term introducesmixing between the ground state in the sectorwith n photons and

Figure 5.Dynamics of the photon number, á ñn , for increasing values ofΩ. The blue (Ω=1.2), purple (Ω=1.53), orange (Ω=1.83),
curves correspond to the formation of * n 1, 2, 3 photons, respectively (in thisfigure: ò=10,ω=1,λ=0.1,κ=1).WhenΩ;
2.03 (red curve), the departure from themetastable photonic plateau (with * n 4) occurs on time scales which can be resolved. Inset:
time average, *n , of á ñn in the plateau as a function of the photonic pumping,Ω. The fit is parabolic, * a= Wn 2, withα=0.85.
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excited states in the sector with n+1 photons. In order to account for this effect, we calculate the overlap of the
excited states in the sector with n+1 photonswith the ground state of themanifoldwith n photons, f ñ∣ n .

First of all, we notice that the overlap between the excited states with k quasiparticle excitations of only one
type, and the ground state in the neighboring sector, is equal to zero for any number of excitations (k>0):

Wá + + ñ = W + á + ñ =∣( )∣ ∣ ( ) ∣ ( )†n b b k n n n d n0, 0, 1 , 0, 1 0, 0, 1 0, 0, 0. A4n
k

1,

This is a consequence of the fact that the ground state(A1) can bewritten as a superposition of states with the
same number of excitations in the (±) sectors of the Fock space of the original degrees of freedomof themodel.

The non-zero overlapswith excited states induced by the perturbation operatorV is between the state with
k quasiparticles in both (±)modes, Wá + + ñ∣( )∣†n b b k k n0, 0, 1 , , . Thefirst non-trivial overlap is

º Wá ñ∣V 0, 0, 0 1, 1, 11,1,1 .We calculate this overlap using the representation(A1)
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Analogously, we calculate the overlap

f f
f f
f f

= Wá ñ = Wá ñ = W
-
-= =∣ ∣ ( ˆ ) ( ˆ ) ∣

( ( ))
( )

( )( )
†

( )
†

V d d0, 0, 0 2, 2, 1 2
tanh

cosh
. A6n n2,2,1 0 1, 1

2
2, 1

2
1

0 1
2

0 1

In these expressions one can recognise the overlap between the ground states of adjacent photonic
manifolds, given by equation (14).

These overlaps allow to solve the LZproblem reported infigure 3(b), and to check that adding the next
excited state ñ∣2, 2, 1 , the feature of an intermediate windowof ramp speedswhere the transition occurs only
involving ground states, remains substantially unaffected. This is reported infigure 6 of this appendix.

From the expressions(A5) and(A6) and thedefinition(6), one can realise that, at large ò, they both become
parametrically small, while the overlap between ground states(14) approaches a constant, as stated in themain text.

Appendix B. CombinedGutzwiller andGaussian ansätze for driven-dissipative dynamics

In this section of the appendixwe summarise the calculation of the photon varianceΔn2, for whichwe resort to
the following ansatz for the systemdensitymatrix:

Figure 6.Parameters of the plot:λ=1,ω=2,Ω=0.1. Probability (as a function of the ramp speed, F) to remain in the ground state
with zero photons (blue line; = = =Pn m m0, 0, 01 2 ), to transit into the ground state with one photon (green line; = = =Pn m m1, 0, 01 2 ), to transit
into thefirst excited state of themanifoldwith one photon (red line; = = =Pn m m1, 1, 11 2 ), to transit into the second excited state of the
manifold with one photon (purple line; = = =Pn m m1, 2, 21 2 ) starting from the ground state of themanifoldwith zero photons. There exists
an intermediate windowof ramp speeds, * - -F F10 103 1, where the transition occur between ground states, without
involving higher excited ones.When the drive is too fast (large F), the system remains instead in the ground state with zero photons, as
expected, while at lower speeds, the system transits always into the state ñ∣2, 2, 1 .
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r r rÄ ( ), B1b a
G

where raG is aGaussian ansatz densitymatrix for the atomic degrees of freedom,while for the photonic degree of
freedomwewrite a densitymatrix in a bosonicHilbert space truncated up toM bosons:

år r= ñá∣ ∣ ( )n m , B2
n m nm,

with =n m M, 1 ,... (we useM= 11 in the following calculations). This is in spirit similar to theGutzwiller
ansatz employed in [45] for the dissipative dynamics of bosons. Inserting the ansatz (B1) in the Lindblad
equation

r r k r r= - + -˙ [ ] ( { }) ( )† †H L L L Li ,
1

2
, , B3

with L=b incoherent photon losses at rateκ, we find that the equation ofmotions for the two-point functions
of the atomic degrees of freedom follow equations (16) (with three-body correlations set to zero), with the
difference that now å rá ñ = =n

n

M
nn1
, while the equations (17) for the one and two-point functions of the photon

are replaced by theM2−1 linear systemof equations ofmotion for thematrix elements of ρb. As initial
conditions, we consider r = = ñá Ä Y ñáY( ) ∣ ∣ ∣ ∣t n n0 n n . These equations appear cumbersome for largeM, but
they can be readily derived.Here, for illustrative purposes, wewrite down the equations ofmotion for the
population of the n=0mode, ρ00, and for the first coherence, ρ01:

*



r
gr r r

r
g r

r
r r w l r r

= - W -
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2
i 2 2 . B4
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11 01 01

01
12

01
11 02 01 00

As a sanity checkwe benchmarked our predictions for á ñn in the exactly solvable case,λ=0.
The variance is then straightforwardly written in terms of thematrix elements of ρb

å år rD = á ñ - á ñ = -
= =

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ ( )n n n n n . B5

n

M

nn
n

M

nn
2 2 2

1

2

1

2

An instance of the dynamics ofD - á ñn n2 is reported infigure 7, showing that at late times,D á ñn n2 . This
circumstance is independent from the specific choice of parameters adopted.
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