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INVERTING THE LOCAL GEODESIC RAY TRANSFORM OF HIGHER RANK

TENSORS

MAARTEN V. DE HOOP ∗, GUNTHER UHLMANN † , AND JIAN ZHAI ‡

Abstract. Consider a Riemannian manifold in dimension n ≥ 3 with strictly convex boundary. We prove the
local invertibility, up to potential fields, of the geodesic ray transform on tensor fields of rank four near a boundary
point. This problem is closely related with elastic qP-wave tomography. Under the condition that the manifold can
be foliated with a continuous family of strictly convex hypersurfaces, the local invertibility implies a global result.
One can straightforwardedly adapt the proof to show similar results for tensor fields of arbitrary rank.

1. Introduction. We let M ⊂ R
3 be a bounded domain with smooth boundary ∂M and

x = (x1, x2, x3) be the Cartesian coordinates. The system of equations describing elastic waves
reads

(1.1) ρ∂2
t u = div(Cε(u)).

Here, u denotes the displacement vector and

ε(u) = (∇u + (∇u)T )/2 = (εij(u)) =
1

2

(

∂ui

∂xj
+

∂uj

∂xi

)

the linear strain tensor which is the symmetric part of ∇u. Furthermore, C = (Cijkl) = (Cijkl(x))
is the stiffness tensor and ρ = ρ(x) is the density of mass.

The stiffness tensor is assumed to have the symmetries

Cijkl = Cjikl = Cklij .

The operator div(Cε(·)) is elliptic if we additionally assume that there exists a δ > 0 such that for
any 3× 3 real-valued symmetric matrix (εij),

3
∑

i,j,k,l=1

Cijklεijεkl ≥ δ
3

∑

i,j=1

ε2ij .

If the stiffness tensor C is isotropic, we have

(1.2) Cijkl = λδijδkl + µ(δikδjl + δilδjk),

where λ, µ are called the Lamé parameters. For isotropic elasticity there are two different wave-

speeds, namely, P -wave (longitudinal wave) speed cP =
√

λ+2µ
ρ and S-wave (transverse wave) speed

cS =
√

µ
ρ . Then we can consider M as a manifold with metric c−2

P ds2 or c−2
S ds2. Correspondingly,

we can view P waves traveling along geodesics in Riemannian manifold (M, c−2
P ds2), and S waves

traveling along geodesics in (M, c−2
S ds2).

If there is an anisotropic perturbation aijkl around isotropy, that is,

Cijkl = λδijδkl + µ(δikδjl + δilδjk) + aijkl ,

the perturbation in travel time of P -waves along a geodesic γ gives the following quantity [2]:

(1.3)

∫

γ

aijkl
ρc6P

γ̇iγ̇j γ̇kγ̇ldt.
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Here γ is a geodesic in (M, c−2
P ds2). The same quantity has been derived by a different perturbation

analysis [14]. Equation (1.3) represents a geodesic ray transform of a 4-tensor bijkl =
aijkl

ρc6
P

in

(M, c−2
P ds2).
Let (M, g) be a compact Riemannian manifold with boundary ∂M . The geodesic ray transform

of a symmetric tensor field f of order m is given by

(1.4) Imf(γ) =

∫

γ

〈f(γ(t)), γ̇m(t)〉dt,

where, in local coordinates, 〈f, vm(t)〉 = fi1,··· ,imvi1 · · · vim , and γ runs over all geodesics with
endpoints on ∂M . We note, here, that the tensor b in (1.3) is not fully symmetric. Thus, we introduce
f that is the symmetrization of b, and study the geodesic X-ray transform I4f . A general tensor
with symmetry (1.2) has 21 unknowns, while a symmetric 4-tensor has 15 unknowns. Therefore we
have already lost 6 components of C in the formulation of the problem.

It is known that potential vector fields, i.e., f = dsv with v a symmetric field of order m − 1
vanishing on ∂M (m ≥ 1), are in the kernel of Im. Here, ds is the symmetric part of the covariant
derivative ∇, which will be defined in (2.6). We say that Im is s-injective if Imf = 0 implies f = dsv
with v|∂M = 0. The s-injectivity of Im has been extensively investigated, and we refer to [5, 19] for
detailed reviews.

Assuming that M is simple, when ∂M is strictly convex and any two points in M are connected
by a unique minimizing geodesic smoothly depending on the endpoints, it has been proved that I0
is injective [8, 9], and I1 is s-injective [1]. In dimension two, the s-injectivity of Im for arbitrary m
is proved in [10]. In dimension three or higher, the s-injectivity of Im,m ≥ 2 is still open. When
(M, g) has negative sectional curvature [13], or under certain other curvature conditions [3, 12, 14],
the s-injectivity has been established. Without any curvature condition, it has been proved that
the problem is Fredholm [16] (modulo potential fields) with a finite-dimensional smooth kernel. For
analytic simple metrics, the uniqueness is proved using microlocal analytic continuation. With the
Fredholm property, the uniqueness can be extended to an open and dense set of simple metrics in
Ck, k ≫ 1, containing analytic simple metrics.

In [20], Uhlmann and Vasy proved that, if ∂M is strictly convex at p ∈ ∂M in dimension
three or higher, I0f(γ), for all geodesics localized in some suitable Ω near p, determine f near
p. Furthermore, under some global convex “foliation condition”, it gives a global result via layer
stripping techniques. Then, Stefanov, Uhlmann and Vasy gave corresponding results for I1 and I2
[18]. The key point is to show the ellipticity (under a suitable gauge condition) of a different version
of the normal operator I∗mIm as a scattering pseudodifferential operator. The calculation for I1, I2,
which is already massive, is not observed to have an easy extension to Im, m ≥ 3. In this paper, we
will prove parallel results for I4 for two main reasons: (1) it arises naturally from elastic qP -wave
tomography; (2) the scheme of calculation needs to be general enough so that one can easily adapt
the procedure to prove similar results for Im with arbitrary m.

For an open set O ⊂ M , O ∩ ∂M 6= ∅, we call γ an O-local geodesic if γ is a geodesic contained
in O with endpoints in ∂M . We denote the set of O-local geodesics by MO. Note that MO is an
open subset of the set of all geodesics M. The introduction of M and MO can be found in [20]. We
define the local geodesic ray transform of f as the collection (Imf)(γ) along all geodesics γ ∈ MO,
that is, as the restriction of the geodesic ray transform to MO. We will restrict ourselves to the
problem (1.4) with m = 4 from now on.

First, we consider M as a strictly convex domain in a Riemannian manifold (M̃, g) (without
boundary), with boundary defining function ρ, such that ρ ≥ 0 on M . As in [20, 18], we first study
the invertibility of I4 in a neighborhood of a point p ∈ ∂M of the form {x̃ > −c}, c > 0. Here x̃ is
a function with x̃(p) = 0, dx̃(p) = −dρ(p). We denote Ω = Ωc = {x ≥ 0, ρ ≥ 0}, x = xc = x̃ + c.
Using the local geodesic ray transform with Ω-local geodesics, we have the local injectivity result

Theorem 1.1. With Ω = Ωc as above, there is c0 > 0 such that for c ∈ (0, c0), if f ∈ L2(Ω) is
a symmetric 4-tensor. then f = u+ dsv, where v ∈ Ḣ1

loc(Ω \ {x = 0}), while u ∈ L2
loc(Ω \ {x = 0})
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can be stably determined from I4f restricted to Ω-local geodesics in the following sense. There is
a continuous map I4f 7→ u, where for s ≥ 0, f ∈ Hs(Ω), the Hs−1 norm of u restricted to any
compact subset of Ω \ {x = 0} is controlled by the Hs norm of I4f restricted to the set of Ω-local
geodesics.

Replacing Ωc = {x̃ > −c} ∩M by Ωτ,c = {τ > x̃ > −c+ τ} ∩M , c can be taken uniform in τ
for τ in a compact set on which the strict concavity assumption on level sets of x̃ holds.

The Sobolev spaces Ḣ1
loc will be defined in Section 3. As in [18, 20], the above theorem can

be applied to obtain the following global result. Now, assume x̃ is a globally defined function with
level sets Σt = {x̃ = t} strictly concave (viewed from x̃−1(0, t)) for t ∈ (−T, 0], with x̃ ≤ 0 on the
manifold M with boundary. Assume further that Σ0 = ∂M and M \ ∪t∈(−T,0]Σt has measure 0 or
has an empty interior. Will say such an M satisfies the foliation condition.

Theorem 1.2. Suppose M is compact. The geodesic ray transform is injective and stable
modulo potentials on the restriction of symmetric 4-tensors f to x̃−1((−T, 0]) in the following sense.
For all τ > −T there is v ∈ Ḣ1

loc(x̃
−1((τ, 0])) such that f − dsv ∈ L2

loc(x̃
−1((τ, 0])) can be stably

recovered from I4f . Here for stability we assume that s ≥ 0, f is in an Hs-space, the norm on I4f
is an Hs-norm, while the norm for v is an Hs−1-norm.

The foliation condition can be satisfied even in the presence of caustics. A Riemannian manifold
(M, c−2(|x|)ds2) satisfying the Herglotz [4] and Wiechert and Zoeppritz [21] condition d

dr
r

c(r) > 0

satisfies the foliation condition. The Euclidean spheres |x| = r form a strictly convex foliation.
With the PREM (Preliminary Reference Earth Model) model for Earth, this condition is a realistic
one. We note here that it does not exclude the existence of conjugate points. More discussion on
the foliation condition can be found in [11] and the references therein.

2. Pseudodifferential property. In Ω, we can use local coordinates (x, y), with x introduced
above. We are interested in geodesics “almost tangent” to level sets of x̃.

Let γx,y,λ,ω be a geodesic in M̃ such that

γx,y,λ,ω(0) = (x, y), γ̇x,y,λ,ω(0) = (λ, ω),

with (x, y, λ, ω) ∈ R×R
n−1×R×S

n−2. We need that for x ≥ 0 and λ sufficiently small the geodesic
γx,y,λ,ω(t) stays in x ≥ 0 as long as it is in M . Thus for x = 0, λ can only be 0. This is guaranteed
if |λ| < C1

√
x, for sufficiently small C1. For convenience, we use a smaller range |λ| ≤ C2x. We

take χ to be a smooth, even, non-negative function with compact support (to be specified).
We denote

(2.1) (I4f)(x, y, λ, ω) =

∫

R

〈f(γx,y,λ,ω(t)), γ̇4
x,y,λ,ω(t)〉dt.

We note here that we are only interested in f supported in M , whence the above integration is
actually along the segment of γx,y,λ,ω in M . On u(x, y, λ, ω), we define

(L4u)(x, y) = x4

∫

χ(λ/x)u(x, y, λ, ω)gsc(λ∂x + ω∂y)⊗ gsc(λ∂x + ω∂y)

⊗ gsc(λ∂x + ω∂y)⊗ gsc(λ∂x + ω∂y)dλdω.

(2.2)

We will carry out the calculation on X = {x ≥ 0}. Here, u is a (locally defined in the support of χ)
function on the space of geodesics parametrized by (x, y, λ, ω), and gsc maps vectors to covectors;
gsc is the scattering metric of the form

(2.3) gsc = x−4dx2 + x−2h,

where h(x, y) is a standard 2-cotensor on X .
As in [18], we will show that L4I4, conjugated by an exponential weight, is in Melrose’s scattering

pseudodifferential algebra (cf. [6] for an introduction). The ellipticity of the scattering pseudodif-
ferential operator will be the main subject of this section. In local coordinates (x, y1, · · · , yn−1),
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the scattering tangent bundle scTX , has a local basis x∂x, x∂y1 , · · · , x∂yn−1 , and the dual bundle
scT ∗X correspondingly has a local basis dx

x2 ,
dy1

x , · · · , dyn−1

x . We adopt the notation Ψm,l
sc (X) for the

scattering pseudodifferential algebra introduced in [18]. We also use the notation scTX , scT ∗X and
SymkscT ∗X defined there in the following analogue of [18, Proposition 3.1]

Proposition 2.1. On symmetric 4-tensors, the operator NF = e−F/xLI4e
F/x, lies in

Ψ−1,0
sc (X ; Sym4scT ∗X, Sym4scT ∗X),

for F > 0.
Proof. This proposition is analogous to . Use the map introduced in [20],

Γ+ : SM̃ × [0,∞] → [M̃ × M̃ ; diag], Γ+(x, y, λ, ω, t) = (x, y, |y′ − y|, x′ − x

|y′ − y| ,
y′ − y

|y′ − y| ),

where (x′, y′) = γx,y,λ,ω(t). Here [M̃ × M̃ ; diag] is the blow-up of M̃ at the diagonal (x, y) = (x′, y′).
Similarly, we can also define Γ− in which (−∞, 0] takes the place of [0,∞).

We write

(γx,y,λ,ω(t), γ̇x,y,λ,ω(t)) = (Xx,y,λ,ω(t),Yx,y,λ,ω(t),Λx,y,λ,ω(t),Ωx,y,λ,ω(t)),

in coordinates (x, y, λ, ω) for lifted geodesic γx,y,λ,ω(t). We use the coordinates,

x, y,X =
x′ − x

x2
, Y =

y′ − y

x
,

as in [20], and obtain the Schwartz kernel of NF on symmetric 4-tensors (with Ŷ = Y
|Y |):

K♭(x, y,X, Y ) =
∑

±

e−FX/(1+xX)χ

(

X − α(x, y, x|Y |, xX|Y | , Ŷ )|Y |2

|Y | + xΛ̃±

(

x, y, x|Y |, x|X |
|Y | , Ŷ

)

)

[

x−1(Λ ◦ Γ−1
± )

dx

x2
+ (Ω ◦ Γ−1

± )
h(∂y)

x

]4
[

x−1(Λ′ ◦ Γ−1
± )x2∂x′ + (Ω′ ◦ Γ−1

± )x∂y′

]4

|Y |−n+1J±

(

x, y,
X

|Y | , |Y |, Ŷ
)

.

(2.4)

We denote

∇ : TmM → Tm+1M

being the connection defined componentwise as

∇kuj1,··· ,jm = uj1,··· ,jm;k

=
∂

∂xk
uj1,··· ,jm −

m
∑

p=1

Γq
k,jp

uj1,··· ,jp−1,q,jp+1,··· ,jm ,
(2.5)

where Γ is the Christoffel symbol with respect to the metric g. For u ∈ TmM , we define its
symmetrization as

S : TmM → SmM

u 7→ f,



Local geodesic ray transform of higher rank tensors 5

with

f(v1, · · · , vm) =
1

m!

∑

σ

u(vσ(1), · · · , vσ(m)),

where σ runs over all permutation group of (1, · · · ,m), and vj ∈ C∞(TM), j = 1, · · · ,m.

We define the symmetric differential ds ∈ SmM → Sm+1M to be

(2.6) ds = S∇.

and note that ds is different from the exterior differential d defined on the bundle of k-forms ΛkM .
We also define ds

F
= e−F/xdseF/x and denote its adjoint with respect to the scattering metric gsc

(not g) as δs
F
.

For convenience of calculation, we will use the basis

dx

x2
⊗ dx

x2
⊗ dx

x2
,

dx

x2
⊗ dx

x2
⊗ dy

x
,
dx

x2
⊗ dy

x
⊗ dx

x2
,
dy

x
⊗ dx

x2
⊗ dx

x2
,

dx

x2
⊗ dy

x
⊗ dy

x
,

dy

x
⊗ dx

x2
⊗ dy

x
,
dy

x
⊗ dy

x
⊗ dx

x2
,

dy

x
⊗ dy

x
⊗ dy

x

for 3-tensors, and the basis

dx

x2
⊗ dx

x2
⊗ dx

x2
⊗ dx

x2
,

dx

x2
⊗ dx

x2
⊗ dx

x2
⊗ dy

x
,

dx

x2
⊗ dx

x2
⊗ dy

x
⊗ dx

x2
,

dx

x2
⊗ dy

x
⊗ dx

x2
⊗ dx

x2
,

dy

x
⊗ dx

x2
⊗ dx

x2
⊗ dx

x2
,

dx

x2
⊗ dx

x2
⊗ dy

x
⊗ dy

x
,

dx

x2
⊗ dy

x
⊗ dx

x2
⊗ dy

x
,

dx

x2
⊗ dy

x
⊗ dy

x
⊗ dx

x2
,

dy

x
⊗ dx

x2
⊗ dx

x2
⊗ dy

x
,

dy

x
⊗ dx

x2
⊗ dy

x
⊗ dx

x2
,

dy

x
⊗ dy

x
⊗ dx

x2
⊗ dx

x2
,

dy

x
⊗ dy

x
⊗ dx

x2
⊗ dy

x
,

dy

x
⊗ dy

x
⊗ dy

x
⊗ dx

x2
,

dy

x
⊗ dx

x2
⊗ dy

x
⊗ dy

x
,

dx

x2
⊗ dy

x
⊗ dy

x
⊗ dy

x
,

dy

x
⊗ dy

x
⊗ dy

x
⊗ dy

x
,

for 4-tensors. For symmetric 3-tensors, we use the basis

dx

x2
⊗s

dx

x2
⊗s

dx

x2
, 2× dx

x2
⊗s

dx

x2
⊗s

dy

x
, 2× dx

x2
⊗s

dy

x
⊗s

dy

x
,

dy

x
⊗s

dy

x
⊗s

dy

x
;

for symmetric 4-tensors, we use the basis

dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dx

x2
, 4× dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dy

x
, 6× dx

x2
⊗s

dx

x2
⊗s

dy

x
⊗s

dy

x
,

4× dx

x2
⊗s

dy

x
⊗s

dy

x
⊗s

dy

x
,

dy

x
⊗s

dy

x
⊗s

dy

x
⊗s

dy

x
.

In the above, ⊗s denotes the symmetric product, for example, a⊗s b = S (a⊗ b).

Lemma 2.2. On symmetric 4-tensors, ds
F
δs
F
∈ Diff2,0

sc (X ; Sym4scT ∗X, Sym4scT ∗X) has princi-
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pal symbol

D(x, y, ξ, η) =









ξ + iF 0 0 0
1

4
η⊗ 3

4
(ξ + iF) 0 0

a♭ 1

2
η⊗s

1

2
(ξ + iF) 0

0 b♭ 3

4
η⊗s

1

4
(ξ + iF)

0 0 c♭ η⊗s















ξ − iF ιη 6〈a♭, ·〉 0 0

0 (ξ − iF) ιsη
4

3
〈b♭, ·〉 0

0 0 (ξ − iF) ιsη
1

3
〈c♭, ·〉

0 0 0 (ξ − iF) ιsη







=









|ξ|2 + F2 (ξ + iF)ιη 6(ξ + iF)〈a♭, ·〉 0 0
1

4
(ξ − iF)η⊗ 1

4
(η⊗)ιη + 1

4
(|ξ|2 + F2) D23 D24 0

(ξ − iF)a♭ a♭ιη + 1

2
(ξ − iF)η⊗s D33 D34 D35

0 (ξ − iF)b♭ D43 D44 D45

0 0 D53 D54 D55









with

D23 =
3

2
η ⊗ 〈a♭, ·〉+ 3

4
(ξ + iF)ιsη ,

D24 = (ξ + iF)⊗ 〈b♭, ·〉,

D33 = 6a♭〈a♭, ·〉+ 1

2
(η⊗)ιη +

1

2
(|ξ|2 + F

2),

D34 =
2

3
η ⊗ 〈b♭, ·〉+ 1

2
(ξ + iF)⊗ ιsη,

D35 =
1

6
(ξ + iF)⊗ 〈c♭, ·〉,

D43 = b♭ιsη +
3

4
(ξ − iF)η⊗s,

D44 =
4

3
b♭〈b♭, ·〉+ 3

4
(η⊗)ιsη +

1

4
(|ξ|2 + F

2),

D45 =
1

4
η ⊗ 〈c♭, ·〉+ 1

4
(ξ + iF)⊗ ιsη,

D53 = (ξ − iF)c♭,

D54 = c♭ιsη + (ξ − iF)η⊗s,

D55 =
1

3
c♭〈c♭, ·〉+ η ⊗s ιη.

The quantities a♭, b♭, c♭ are defined in the proof
Proof. we denote

f =fxxx
dx

x2
⊗s

dx

x2
⊗s

dx

x2
+ 3× fxxyi

dx

x2
⊗s

dx

x2
⊗s

dyi

x

+ 3× fxyiyj

dx

x2
⊗s

dyi

x
⊗s

dyj

x
+ fyiyjyk

dyi

x
⊗s

dyj

x
⊗s

dyk

x
.

By calculation

(∇f)xxxx = x−6∂xfxxx +O(x−7),

(∇f)xxxyi = x−6∂yifxxx +O(x−6),

(∇f)xxyix = x−5∂xfxxyi +O(x−6),

(∇f)xxyiyj = x−5∂yjfxxyi + x−6a1(fxxx) +O(x−5),

(∇f)xyiyjx = x−4∂xfxyiyj +O(x−5),

(∇f)xyiyjyk = x−4∂ykfxyiyj + x−5b1(fxxy) +O(x−4),

(∇f)yiyjykx = x−3∂xfyiyjyk +O(x−4),

(∇f)yiyjykyl = x−3∂ylfyiyjyk + x−4c1(fxyy) +O(x−3).
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Here a1, b1, c1 come from the contributions of Christoffel symbol Γ in equation (2.5). Then, we
derive

dsf =x2∂xfxxx
dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dx

x2

+ 4×
(

1

4
x∂yifxxx +

3

4
x2∂xfxxyi

)

dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dyi

x

+ 6×
(

1

2
Symy(x∂yjfxxyi) +

1

2
x2∂xfxyiyj + a♭(fxxx)

)

dx

x2
⊗s

dx

x2
⊗s

dyi

x
⊗s

dyj

x

+ 4×
(

3

4
Symy(x∂ykfxyiyj ) +

1

4
x2∂xfyiyjyk + b♭(fxxy)

)

dx

x2
⊗s

dyi

x
⊗s

dyj

x
⊗s

dyk

x

+
(

Symy(x∂ylfyiyjyk) + c♭(fxyy)
) dyi

x
⊗s

dyj

x
⊗s

dyk

x
⊗s

dyl

x
+ l.o.t..

(2.7)

In the above, Symy is defined as

Symy(vyk1 ,··· ,ykm ) =
1

m!

∑

σ

v
y
kσ(1) ,··· ,y

kσ(m) .

It follows that ds has principal symbol












ξ 0 0 0
1
4η⊗ 3

4ξ 0 0
a♭ 1

2η⊗s
1
2ξ 0

0 b♭ 3
4η⊗s

1
4ξ

0 0 c♭ η⊗s













.

The term η⊗s in the (32)-block has (iji′)-entry (corresponding to the (ij) entry of the symmetric
2-tensor on Y and the i′ entry of the 1-tensor)

1

2
(ηiδji′ + ηjδii′ ).

The term η⊗s in the (43)-block has (ijki′j′)-entry (corresponding to the (ijk) entry of the symmetric
3-tensor and the i′j′ entry of the 2-tensor)

1

6
(ηiδji′δkj′ + ηiδki′δjj′ + ηjδii′δkj′ + ηjδki′δjj′ + ηkδii′δjj′ + ηkδji′δij′ ).

The term η⊗s in the (54)-block has (ijkli′j′k′)-entry (corresponding to the (ijkl) entry of the
symmetric 4-tensor and the i′j′k′ entry of the 3-tensor)

1

24
(
∑

σ

ηiδjτ(σ(1))δkτ(σ(2))δlτ(σ(3)) +
∑

σ

ηjδiτ(σ(1))δkτ(σ(2))δlτ(σ(3))

+
∑

σ

ηkδiτ(σ(1))δjτ(σ(2))δlτ(σ(3)) +
∑

σ

ηlδiτ(σ(1))δjτ(σ(2))δkτ(σ(3))).

Here, σ runs over all permutations of (123), and τ(1) = i′, τ(2) = j′, τ(3) = k′.
We note that a♭ maps a 0-tensor (smooth function) to a symmetric 2-tensor, b♭ maps a symmetric

1-tensor to a symmetric 3-tensor, c♭ maps a symmetric 2-tensor to a symmetric 4-tensor. They are
symmetrizations of a, b, c respectively. Then the symbol of ds

F
= e−F/xdseF/x is given by













ξ + iF 0 0 0
1
4η⊗ 3

4 (ξ + iF) 0 0
a♭ 1

2η⊗s
1
2 (ξ + iF) 0

0 b♭ 3
4η⊗s

1
4 (ξ + iF)

0 0 c♭ η⊗s













.
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We use the inner product

(2.8) M(4) =













1
4× Id

6× Id
4× Id

Id













on symmetric 4-tensors, and

(2.9) M(3) =









1
3× Id

3× Id
Id









on symmetric 3-tensors. If A maps a symmetric m1-tensor to a symmetric m2-tensor, we call B the
(m2,m1)-adjoint of A if

〈By, x〉M(m1) = 〈y,Ax〉M(m2).

It is easy to check that

B = M(m1)
−1A∗M(m2).

If m1 = m2 = m, we call A is (m,m)-self-adjoint if B = A.
It follows that δs

F
has a symbol given by the (3,4)-adjoint of that of ds

F
,









ξ − iF ιη 6〈a♭, ·〉 0 0

0 (ξ − iF) ιsη
4
3 〈b♭, ·〉 0

0 0 (ξ − iF) ιsη
1
3 〈c♭, ·〉

0 0 0 (ξ − iF) ιsη









.

Remaining tedious calculations complete the proof.
Lemma 2.3. On symmetric 4-tensors, NF is elliptic at fiber infinity in scT ∗X when restricted

to the kernel of the principal symbol of δs
F
.

Proof. With the notation,

S =
X − α(Ŷ )|Y |2

|Y | , Ŷ =
Y

|Y | ,

by (2.4), the Schwartz kernel of NF at the scattering front face x = 0 is given by

e−FX |Y |−n+1χ(S)

[

S
dx

x2
+ Ŷ · dy

x

]4
[

(S + 2α|Y |)(x2∂x) + Ŷ · (x∂y)
]4

.(2.10)

On a symmetric 4-tensor of the form

f =fxxxx
dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dx

x2
+ 4fxxxy ·

dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dy

x

+ 6fxxyy ·
dx

x2
⊗s

dx

x2
⊗s

dy

x
⊗s

dy

x
+ 4fxyyy ·

dx

x2
⊗s

dy

x
⊗s

dy

x
⊗s

dy

x

+ fyyyy ·
dy

x
⊗s

dy

x
⊗s

dy

x
⊗s

dy

x
,

(2.11)
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we have

[

(S + 2α|Y |)(x2∂x) + Ŷ · (x∂y)
]4

f

=(S + 2α|Y |)4fxxxx + 4(S + 2α|Y |)3〈Ŷ , fxxxy〉+ 6(S + 2α|Y |)2〈Ŷ ⊗ Ŷ , fxxyy〉
+ 4(S + 2α|Y |)〈Ŷ ⊗ Ŷ ⊗ Ŷ , fxyyy〉+ 〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉.

On a scalar a,

[

S
dx

x2
+ Ŷ · dy

x

]4

a = aS4 dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dx

x2
+ 4aS3Ŷ · dx

x2
⊗s

dx

x2
⊗s

dx

x2
⊗s

dy

x

+6aS2Ŷ ⊗ Ŷ · dx
x2

⊗s
dx

x2
⊗s

dy

x
⊗s

dy

x
+ 4aSŶ ⊗ Ŷ ⊗ Ŷ · dx

x2
⊗s

dy

x
⊗s

dy

x
⊗s

dy

x

+aŶ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ · dy
x

⊗s
dy

x
⊗s

dy

x
⊗s

dy

x
.

Thus, under the basis of symmetric 4-tensors, we have

[

S
dx

x2
+ Ŷ · dy

x

]4
[

(S + 2α|Y |)(x2∂x) + Ŷ · (x∂y)
]4

=













S4

S3Ŷ

S2Ŷ ⊗ Ŷ

SŶ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ













⊗













(S + 2α|Y |)4
4(S + 2α|Y |)3〈Ŷ , ·〉

6(S + 2α|Y |)2〈Ŷ ⊗ Ŷ , ·〉
4(S + 2α|Y |)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉













T

.

The above matrix is (4, 4)-self-adjoint. In coordinates on the support of χ,

x, y, |Y |, X

|Y | , Ŷ ,

we can rewrite the kernel as

e−FX |Y |−n+1χ(S)













S4

S3Ŷ

S2Ŷ ⊗ Ŷ

SŶ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ













⊗













(S + 2α|Y |)4
4(S + 2α|Y |)3〈Ŷ , ·〉

6(S + 2α|Y |)2〈Ŷ ⊗ Ŷ , ·〉
4(S + 2α|Y |)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉













T

.

The principal symbol associated with K♭ defined in (2.4) is the (X,Y )-Fourier transform of

χ(S̃)|Y |−n+1















S̃4

S̃3Ŷ

S̃2Ŷ ⊗ Ŷ

S̃Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ















⊗















S̃4

4S̃3〈Ŷ , ·〉
6S̃2〈Ŷ ⊗ Ŷ , ·〉

4S̃〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉
〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉















T

,

with S̃ = X
|Y | . The equatorial sphere is

(2.12) S̃ξ + Ŷ · η = 0.



10 DE HOOP, UHLMANN, and ZHAI

Following the discussion around (3.8) in [20], we need to integrate

(2.13) χ(S̃)















S̃4

S̃3Ŷ

S̃2Ŷ ⊗ Ŷ

S̃Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ















⊗















S̃4

4S̃3〈Ŷ , ·〉
6S̃2〈Ŷ ⊗ Ŷ , ·〉

4S̃〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉
〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉















T

on this sphere.
For a symmetric 4-tensor of the form (2.11) in the kernel of the principal symbol of δs

F
, we have

by Lemma 2.2 that

ξfxxxx + 〈η, fxxxy〉 = 0,

ξfxxxy + 〈η, fxxyy〉 = 0,

ξfxxyy + 〈η, fxyyy〉 = 0,

ξfxyyy + 〈η, fyyyy〉 = 0.

(2.14)

Moreover, f is in the kernel of (2.13) if and only if

S̃4fxxxx + 4S̃3〈Ŷ , fxxxy〉+ 6S̃2〈Ŷ ⊗ Ŷ , fxxyy〉
+4S̃〈Ŷ ⊗ Ŷ ⊗ Ŷ , fxyyy〉+ 〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉 = 0.

(2.15)

Suppose a symmetric 4-tensor f satisfies (2.14) and (2.15) for (S̃, Ŷ ) such that (2.12) holds. We
will consider two cases, ξ = 0 and ξ 6= 0.
Case 1 : ξ 6= 0. If η = 0, we have directly form (2.14) that

fxxxx , fxxxy, fxxyy, fxyyy

all vanish. Then from (2.15), we have

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉 = 0.

Therefore, fyyyy = 0, since Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ spans the space of all symmetric 4-tensors with η = 0.
If η 6= 0, we calculate successively,

fxyyy = −〈η
ξ
, fyyyy〉,

〈Ŷ ⊗ Ŷ ⊗ Ŷ , fxyyy〉 = −〈η
ξ
⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉,

fxxyy = −〈η
ξ
, fxyyy〉 = 〈η

ξ
⊗ η

ξ
, fyyyy〉,

〈Ŷ ⊗ Ŷ , fxxyy〉 = 〈η
ξ
⊗ η

ξ
⊗ Ŷ ⊗ Ŷ , fyyyy〉,

fxxxy = −〈η
ξ
, fxxyy〉 = −〈η

ξ
⊗ η

ξ
⊗ η

ξ
, fyyyy〉,

〈Ŷ , fxxxy〉 = −〈η
ξ
⊗ η

ξ
⊗ η

ξ
⊗ Ŷ , fyyyy〉,

fxxxx = −〈η
ξ
, fxxxy〉 = 〈η

ξ
⊗ η

ξ
⊗ η

ξ
⊗ η

ξ
, fyyyy〉.

With S̃ = − Ŷ ·η
ξ , (2.15) gives

〈

(

Ŷ · η
ξ

)4
η

ξ
⊗ η

ξ
⊗ η

ξ
⊗ η

ξ
+ 4

(

Ŷ · η
ξ

)3
η

ξ
⊗ η

ξ
⊗ η

ξ
⊗ Ŷ + 6

(

Ŷ · η
ξ

)2
η

ξ
⊗ η

ξ
⊗ Ŷ ⊗ Ŷ

+4

(

Ŷ · η
ξ

)

η

ξ
⊗ Ŷ ⊗ Ŷ ⊗ Ŷ + Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy

〉

= 0.

(2.16)
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Now we take Ŷ = ǫη̂ + (1− ǫ2)1/2Ŷ ⊥, where Ŷ ⊥ is a unit vector orthogonal to η̂, and substituting
it into (2.16), we find that

〈

ǫ4
( |η|8

ξ8
+

4|η|6
ξ6

+
6|η|4
ξ4

+
4|η|2
ξ2

+ 1

)

η̂ ⊗ η̂ ⊗ η̂ ⊗ η̂

+ 4ǫ3(1− ǫ2)1/2
( |η|6

ξ6
+

3|η|4
ξ4

+
3|η|2
ξ2

+ 1

)

η̂ ⊗ η̂ ⊗ η̂ ⊗ Ŷ ⊥

+ 6ǫ2(1− ǫ2)

( |η|4
ξ4

+
2|η|2
ξ2

+ 1

)

η̂ ⊗ η̂ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥

+ 4ǫ(1− ǫ2)3/2
( |η|2

ξ2
+ 1

)

η̂ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥

+ (1 − ǫ2)2Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥, fyyyy

〉

= 0.

(2.17)

Taking ǫ = 0 in (2.17), we have

〈Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥, fyyyy〉 = 0.

Since Ŷ ⊥⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ spans η⊥ ⊗ η⊥ ⊗ η⊥⊗ η⊥, we conclude that fyyyy is orthogonal to every
element of η⊥ ⊗ η⊥ ⊗ η⊥ ⊗ η⊥. Taking 1st, 2nd, 3rd and 4th order derivatives of (2.17) at ǫ = 0, it
follows that fyyyy is orthogonal to

η̂ ⊗ η̂⊥ ⊗ η⊥ ⊗ η̂⊥, η̂ ⊗ η̂ ⊗ η̂⊥ ⊗ η̂⊥,

η̂ ⊗ η̂ ⊗ η̂ ⊗ η̂⊥, η̂ ⊗ η ⊗ η̂ ⊗ η̂,

respectively. We then finally conclude that fyyyy vanishes, and then the whole tensor f vanishes by
(2.14).

Case 2 : ξ = 0 (and so η 6= 0). Now (2.12) is equivalent to η · Ŷ = 0, and (2.14) reduces to

〈η̂, fxxxy〉 = 0,

〈η̂, fxxyy〉 = 0,

〈η̂, fxyyy〉 = 0,

〈η̂, fyyyy〉 = 0.

(2.18)

We differentiate (2.15) with respect to S̃ up to four times, evaluated at S̃ = 0, and find that

fxxxx = 0,

〈Ŷ , fxxxy〉 = 0,

〈Ŷ ⊗ Ŷ , fxxyy〉 = 0,

〈Ŷ ⊗ Ŷ ⊗ Ŷ , fxyyy〉 = 0,

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉 = 0.

(2.19)

Combining the identities in (2.18) and (2.19), we conclude that f = 0.

Lemma 2.4. There exists F0 > 0 such that on symmetric 4-tensors NF is elliptic at a finite set
of points in scT ∗X when restricted to the kernel of the principal symbol of δs

F
for any F > F0.

Proof. Taking χ(s) = e−s2/(2ν(Ŷ )), so χ̂(·) = c
√
νe−ν|·|2/2. We get the X-Fourier transform of
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the Schwartz kernel at the front face x = 0:

FXK♭(0, y, |Y |, ξ

|Y | , Ŷ )

=|Y |2−ne−iα(−ξ−iF)|Y |2









D4
σ

−D3
σŶ

D2
σ Ŷ ⊗ Ŷ

−Dσ Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ









⊗









(−Dσ + 2α|Y |)4

4(−Dσ + 2α|Y |)3〈Ŷ , ·〉

6(−Dσ + 2α|Y |)2〈Ŷ ⊗ Ŷ , ·〉

4(−Dσ + 2α|Y |)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉









T

χ̂((−ξ − iF)|Y |)

=c
√
ν|Y |2−neiα(ξ+iF)|Y |2









D4
σ

−D3
σŶ

D2
σŶ ⊗ Ŷ

−DσŶ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ









⊗









(−Dσ + 2α|Y |)4

4(−Dσ + 2α|Y |)3〈Ŷ , ·〉

6(−Dσ + 2α|Y |)2〈Ŷ ⊗ Ŷ , ·〉

4(−Dσ + 2α|Y |)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉









T

e−ν(ξ+iF)2|Y |2/2.

HereDσ denotes the differentiation of the argument of χ̂. Then we compute the Y -Fourier transform,
which in polar coordinates takes the form,

∫

Sn−2

∫ ∞

0

e−i|Y |Ŷ ·η|Y |2−neiα(ξ+iF)|Y |2









D4
σ

−D3
σ Ŷ

D2
σ Ŷ ⊗ Ŷ

−Dσ Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ









⊗









(−Dσ + 2α|Y |)4

4(−Dσ + 2α|Y |)3〈Ŷ , ·〉

6(−Dσ + 2α|Y |)2〈Ŷ ⊗ Ŷ , ·〉

4(−Dσ + 2α|Y |)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉









T

e−ν(ξ+iF)2|Y |2/2|Y |n−2d|Y |dŶ .

We denote

φ(ξ, Ŷ ) = ν(Ŷ )(ξ + iF)2 − 2iα(ξ + iF).

By explicitly evaluating the derivates, the above integral yields

∫

Sn−2

∫ ∞

0

e−i|Y |Ŷ ·η









i4ν4(ξ + iF)4|Y |4

i3ν3(ξ + iF)3|Y |3Ŷ

i2ν2(ξ + iF)2|Y |2Ŷ ⊗ Ŷ

iν(ξ + iF)|Y |Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ









⊗









(iν(ξ + iF) + 2α)4|Y |4

4(iν(ξ + iF) + 2α)3|Y |3〈Ŷ , ·〉

6(iν(ξ + iF) + 2α)2|Y |2〈Ŷ ⊗ Ŷ , ·〉

4(iν(ξ + iF) + 2α)|Y |〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉









T

×e−φ|Y |2/2d|Y |dŶ .

We extend the integral in |Y | to R, replacing it by a variable t, and using that the integrand is
invariant under the joint change of variables t → −t and Ŷ → −Ŷ . This gives

∫

Sn−2

∫ ∞

−∞

e−itŶ ·η









i4ν4(ξ + iF)4t4

i3ν3(ξ + iF)3t3Ŷ

i2ν2(ξ + iF)2t2Ŷ ⊗ Ŷ

iν(ξ + iF)tŶ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ









⊗









(iν(ξ + iF) + 2α)4t4

4(iν(ξ + iF) + 2α)3t3〈Ŷ , ·〉

6(iν(ξ + iF) + 2α)2t2〈Ŷ ⊗ Ŷ , ·〉

4(iν(ξ + iF) + 2α)t〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉









T

×e−φt2/2dtdŶ .

Now the t integral is a Fourier transform evaluated at −Ŷ · η, under which multiplication by t

becomes DŶ ·η. We also note that the Fourier transform of e−φ(ξ,Ŷ )t2/2 is a constant multiple of

(2.20) φ(ξ, Ŷ )−1/2e−(Ŷ ·η)2/(2φ(ξ,Ŷ )).
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Thus we are left with

∫

Sn−2

φ(ξ, Ŷ )−1/2













i4ν4(ξ + iF)4D4

Ŷ ·η

i3ν3(ξ + iF)3D3

Ŷ ·η
Ŷ

i2ν2(ξ + iF)2D2

Ŷ ·η
Ŷ ⊗ Ŷ

iν(ξ + iF)D
Ŷ ·ηŶ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ













⊗













(iν(ξ + iF) + 2α)4D4

Ŷ ·η

4(iν(ξ + iF) + 2α)3〈Ŷ , ·〉D3

Ŷ ·η

6(iν(ξ + iF) + 2α)2〈Ŷ ⊗ Ŷ , ·〉D2

Ŷ ·η

4(iν(ξ + iF) + 2α)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉D
Ŷ ·η

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉













T

×e−(Ŷ ·η)2/(2φ(ξ,Ŷ ))dŶ .

=

∫

Sn−2

φ(ξ, Ŷ )−1/2















ν4(ξ + iF)4( Ŷ ·η
φ

)4

−ν3(ξ + iF)3( Ŷ ·η
φ

)3Ŷ

ν2(ξ + iF)2( Ŷ ·η
φ

)2Ŷ ⊗ Ŷ

−ν(ξ + iF)( Ŷ ·η
φ

)Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ















⊗















(ν(ξ + iF)− 2iα)4( Ŷ ·η
φ

)4

−4(ν(ξ + iF)− 2iα)3( Ŷ ·η
φ

)3〈Ŷ , ·〉

6(ν(ξ + iF)− 2iα)2( Ŷ ·η
φ

)2〈Ŷ ⊗ Ŷ , ·〉

−4(ν(ξ + iF)− 2iα)( Ŷ ·η
φ

)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉















T

×e−(Ŷ ·η)2/(2φ(ξ,Ŷ ))dŶ .

We note that

(2.21)















ν4(ξ + iF)4( Ŷ ·η
φ

)4

−ν3(ξ + iF)3( Ŷ ·η
φ

)3Ŷ

ν2(ξ + iF)2( Ŷ ·η
φ

)2Ŷ ⊗ Ŷ

−ν(ξ + iF)( Ŷ ·η
φ

)Ŷ ⊗ Ŷ ⊗ Ŷ

Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ















⊗















(ν(ξ + iF)− 2iα)4( Ŷ ·η
φ

)4

−4(ν(ξ + iF)− 2iα)3( Ŷ ·η
φ

)3〈Ŷ , ·〉

6(ν(ξ + iF)− 2iα)2( Ŷ ·η
φ

)2〈Ŷ ⊗ Ŷ , ·〉

−4(ν(ξ + iF)− 2iα)( Ŷ ·η
φ

)〈Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , ·〉















T

is a multiple of a projection and is (4, 4)-self-adjoint. We let ν = F
−1α, with

ν(ξ + iF)− 2iα = ν(ξ − iF),

and

φ = (ξ + iF)(ν(ξ + iF)− 2iα) = ν(ξ2 + F
2).

We then denote

C4 = ν4(ξ + iF)− 2iα)4(
Ŷ · η
φ

)4 = ν4(ξ − iF)4(
Ŷ · η
φ

)4,

C3 = −ν3(ξ + iF)− 2iα)3(
Ŷ · η
φ

)3 = −ν3(ξ − iF)3(
Ŷ · η
φ

)3,

C2 = ν2(ξ + iF)− 2iα)2(
Ŷ · η
φ

)2 = ν2(ξ − iF)2(
Ŷ · η
φ

)2,

C1 = −ν(ξ + iF)− 2iα)(
Ŷ · η
φ

) = −ν(ξ − iF)(
Ŷ · η
φ

).

For a symmetric 4-tensor of the form (2.11) in the kernel of the principal symbol of δs
F
, we have

by Lemma 2.2 that

(ξ − iF)fxxxx + 〈η, fxxxy〉+ 6〈a♭, fxxyy〉 = 0,

(ξ − iF)fxxxy + 〈η, fxxyy〉+ 4〈b♭, fxyyy〉 = 0,

(ξ − iF)fxxyy + 〈η, fxyyy〉+ 〈c♭, fyyyy〉 = 0,

(ξ − iF)fxyyy + 〈η, fyyyy〉 = 0.

(2.22)
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Moreover, f is in the kernel of (2.21) if and only if

C4fxxxx + 4C3〈Ŷ , fxxxy〉+ 6C2〈Ŷ ⊗ Ŷ , fxxyy〉
+ 4C1〈Ŷ ⊗ Ŷ ⊗ Ŷ , fxyyy〉+ 〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉 = 0.

(2.23)

We now take a semiclassical point of viewm setting h = F
−1 and rescaling

ξF = F
−1ξ, ηF = F

−1η.

Using these semiclassical variables, we calculate, successively,

fxyyy = −(ξF − i)−1〈ηF, fyyyy〉,
〈Ŷ ⊗ Ŷ ⊗ Ŷ , fxyyy〉 = −(ξF − i)−1〈ηF ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉,
fxxyy = −(ξF − i)−1〈ηF, fxyyy〉+O(h) = (ξF − i)−2〈ηF ⊗ ηF, fyyyy〉+O(h),

〈Ŷ ⊗ Ŷ , fxxyy〉 = (ξF − i)−2〈ηF ⊗ ηF ⊗ Ŷ ⊗ Ŷ , fyyyy〉+O(h),

fxxxy = −(ξF − i)−1〈ηF, fxxyy〉+O(h) = −(ξF − i)−3〈ηF ⊗ ηF ⊗ ηF, fyyyy〉+O(h),

〈Ŷ , fxxxy〉 = −(ξF − i)−3〈ηF ⊗ ηF ⊗ ηF ⊗ Ŷ , fyyyy〉+O(h),

fxxxx = −(ξF − i)−1〈ηF, fxxxy〉+O(h) = (ξF − i)−4〈ηF ⊗ ηF ⊗ ηF ⊗ ηF, fyyyy〉.

we observe that

Cj = (−1)j(ξ2F + 1)−j(ξF − i)jρj , with ρ = Ŷ · ηF.

By calculation, and letting h → 0, we have by (2.22) that

〈⊗4
i=1((ξ

2
F + 1)−1ρηF + Ŷ ), fyyyy〉 = 0.

If η = 0, then

〈Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ , fyyyy〉 = 0.

Since Ŷ ⊗ Ŷ ⊗ Ŷ ⊗ Ŷ span the space of all symmetric 4-tensors, we conclude that fyyyy = 0 and
thus f = 0.

If ηF 6= 0, we take Ŷ = ǫη̂F + (1− ǫ2)1/2Ŷ ⊥, where Ŷ ⊥ is orthogonal to η̂F. Then by (2.22), we
have

〈

ǫ4
(

1 +
|ηF|2
ξ2
F
+ 1

)4

η̂F ⊗ η̂F ⊗ η̂F ⊗ η̂F

+ 4ǫ3(1− ǫ2)1/2
(

1 +
|ηF|2
ξ2
F
+ 1

)3

η̂F ⊗ η̂F ⊗ η̂F ⊗ Ŷ ⊥

+ 6ǫ2(1− ǫ2)

(

1 +
|ηF|2
ξ2
F
+ 1

)2

η̂F ⊗ η̂F ⊗ Ŷ ⊥ ⊗ Ŷ ⊥

+ 4ǫ(1− ǫ2)3/2
(

1 +
|ηF|2
ξ2
F
+ 1

)

η̂F ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥

+ (1− ǫ2)2Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥, fyyyy

〉

= 0.

(2.24)

Similar to the proof of Lemma 2.3, we take derivatives of (2.24) up to order four at ǫ = 0; it follows
that fyyyy is orthogonal to

Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥, η̂F ⊗ Ŷ ⊥ ⊗ Ŷ ⊥ ⊗ Ŷ ⊥, η̂F ⊗ η̂F ⊗ Ŷ ⊥ ⊗ Ŷ ⊥,

η̂F ⊗ η̂F ⊗ η̂F ⊗ Ŷ ⊥, η̂F ⊗ η̂F ⊗ η̂F ⊗ η̂F.
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Then, f = 0.

We conclude that for sufficiently large F > 0, one has ellipticity at all finite points.

With Lemma 2.3 and Lemma 2.4, we obtain the following proposition by similar arguments as
in the proof of [18, Proposition 3.3],

Proposition 2.5. There exists F0 > 0 such that for F > F0 the following holds. Given Ω̃, a
neighborhood of X ∩M = {x ≥ 0, ρ > 0} in X; for a suitable choice of the cutoff χ ∈ C∞

c (R) and
of M ∈ Ψ−3,0

sc (X ; Sym3scT ∗X, Sym3scT ∗X), the operator

AF = NF + ds
F
Mδs

F
, NF = e−F/xLI4e

F/x, ds
F
= e−F/xdseF/x,

is elliptic in Ψ−1,0
sc (X ; Sym4scT ∗X, Sym4scT ∗X) in Ω̃.

3. Proofs of the main results. We prove the injectivity of I4 with the gauge condition
δs
F
fF = 0 in Ω = Ωc, where fF = e−F/xf . Based on the discussion in [18, Section 4], we first need

to check the invertibility of ∆F,s. Here ∆F,s = δs
F
ds
F
is the ‘solenoidal Witten Laplacian’ which we

will show to be invertible with the desired boundary condition. The similar results for I1 and I2 are
provided in Section 4 of [18].

Lemma 3.1. There exists F0 > 0 such that for F ≥ F0 the operator ∆s
F = δs

F
ds
F
is (joint) elliptic

in Diff2,0
sc (X ; Sym3scT ∗X, Sym3scT ∗X) on symmetric 3-tensors. In fact, on symmetric 3-tensors

(3.1) δs
F
ds
F
=

1

4
∇∗

F
∇F +

3

4
ds
F
δs
F
+A+R,

where R ∈ xDiff1
sc(X ; Sym3scT ∗X, Sym3scT ∗X), A ∈ Diff1

sc(X ; Sym3scT ∗X, Sym3scT ∗X) and ∇F =
e−F/x∇eF/x, with ∇ gradient relative to gsc (not g), dF = e−F/xdeF/x the exterior derivative on sym-
metric 3-tensors, while δF is its adjoint on symmetric 3-tensors.

Proof. By calculation and Lemma 2.2, ∆s
F
has symbol









ξ2 + F
2 + 1

4 |η|2 3
4 (ξ + iF)ιη 0 0

1
4 (ξ − iF)η⊗ 3

4 (ξ
2 + F

2) + 1
2 ι

s
ηη⊗s

1
2 (ξ + iF)ιsη 0

0 1
2 (ξ − iF)η⊗s

1
2 (ξ

2 + F
2) + 3

4 ι
s
ηη⊗s

1
4 (ξ + iF)ιsη

0 0 3
4 (ξ − iF)η⊗s

1
4 (ξ

2 + F
2) + ιsηη⊗s









+









6〈a♭, ·〉a♭ 3〈a, ·〉η⊗s 3(ξ + iF)〈a♭, ·〉 0
ιsηa

4
3 〈b♭, ·〉b♭ 〈b♭, ·〉η⊗s

1
3 (ξ + iF)〈b♭, ·〉

(ξ − iF)a♭ ιsηb
♭ 〈c♭, ·〉c♭ 1

3 〈c♭, ·〉η⊗s

0 (ξ − iF)b♭ ιsηc
♭ 0









.

Here, ιsηη⊗s at (2, 2)-block has the (i′1, i
′
2)-entry

1

2
(|η|2δi′1,i′2 + ηi′1ηi′2 ).

ιsηη⊗s at (3, 3)-block has (i′1, j
′
1, i

′
2, j

′
2)-entry

1

6
(|η|2δi′1,i′2δj′1,j′2 + |η|2δi′1,j′2δj′1,i′2 + ηi′1ηi′2δj′1j′2 + ηi′1ηj′2δi′1j′2 + ηi′2ηj′1δi′1j′2 + ηj′1ηj′2δi′1i′2)
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and ιsηη⊗s at (4, 4)-block has (i′1, j
′
1, k

′
1, i

′
2, j

′
2, k

′
2)-entry

1

24

(

|η|2(δi′1i′2δj′1j′2δk′

1k
′

2
+ δi′1j′2δj′1i′2δk′

1k
′

2
+ δi′1k′

2
δj′1j′2δk′

1i
′

2

+ δi′1i′2δj′1k′

2
δk′

1j
′

2
+ δi′1j′2δj′1k′

2
δk′

1i
′

2
+ δi′1k′

2
δj′1i′2δk′

1j
′

2
)

+ ηi′1ηi′2(δj′1j′2δk′

1k
′

2
+ δj′1k′

2
δk′

1j
′

2
) + ηi′1ηj′2 (δj′1i′2δk′

1k
′

2
+ δj′1k′

2
δi′1k′

2
)

+ ηi′1ηk′

2
(δj′1j′2δk′

1i
′

2
+ δj′1i′2δk′

1j
′

2
) + ηj′1ηk′

2
(δi′1j′2δk′

1i
′

2
+ δi′1i′2δk′

1j
′

2
)

+ ηj′1ηj′2(δi′1i′2δk′

1k
′

2
+ δi′1k′

2
δi′1k′

2
) + ηk′

1
ηk′

2
(δi′1i′2δj′1j′2 + δi′1j′2δj′1i′2)

+ ηj′1ηi′2(δi′1j′2δk′

1k
′

2
+ δi′1k′

2
δj′1k′

2
) + ηk′

1
ηi′2(δj′1j′2δi′1k′

2
+ δj′1k′

2
δi′1j′2)

+ ηj′1ηj′2(δi′1k′

2
δj′1i′2 + δi′1i′2δj′1k′

2
)
)

.

We note that the gradient ∇ maps a symmetric 3-tensor to a (not symmetric) 4-tensor.
We introduce some further notation. We let A be a matrix of blocks, with

A↓×k

representing






A
...
A

















k − tuple.

Also, we write

A→×k

representing
(

A · · · A
)

.

Then we use the basis for 4-tensors (not the symmetric ones) and symmetric 3-tensors, under which
the principal symbol of ∇F relative to gsc (not g) is

























(

ξ + iF
η⊗

)

(

ξ + iF
η⊗

)

↓×3
(

ξ + iF
η⊗

)

↓×3
(

ξ + iF
η⊗

)

























.

The number of rows is 16. Thus ∇∗
F
has principal symbol,









( ξ − iF ιη )
1
3 ( ξ − iF ιη )→×3

1
3 ( ξ − iF ιη )→×3

( ξ − iF ιη )









.

Then ∇∗
F
∇F has symbol

(3.2)









ξ2 + F
2 + |η|2 0 0 0
0 ξ2 + F

2 + |η|2 0 0
0 0 ξ2 + F

2 + |η|2 0
0 0 0 ξ2 + F

2 + |η|2









.
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Similar to our calculation in the proof of Lemma 2.2, we get the principal symbol of ds
F
δs
F
on

symmetric 3-tensors,








ξ2 + F
2 (ξ + iF)ιη 0 0

1
3 (ξ − iF)η⊗ 2

3 (ξ
2 + F

2) + 1
3η ⊗ ιη

2
3 (ξ + iF)ιsη 0

0 2
3 (ξ − iF)η⊗s

1
3 (ξ + F

2) + 2
3η ⊗s ιη

1
3 (ξ + F)ιsη

0 0 (ξ − iF)η⊗s η ⊗s ιη









+









0 0 3(ξ + iF)〈d♭, ·〉 0
0 0 η〈d♭, ·〉 1

3 (ξ + iF)〈e♭, ·〉
(ξ − iF)d♭ d♭ιη 3d♭〈d♭, ·〉 1

3η ⊗s 〈e♭, ·〉
0 (ξ + iF)e♭ e♭ιsη

1
2e

♭〈e♭, ·〉









.

Here, η ⊗ ιη at the (2, 2)-block has (i′1, i
′
2)-entry

ηi′1,i′2 ,

η ⊗s ιη at the (3, 3)-block has (i′1, j
′
1, i

′
2, j

′
2)-entry

1

4
(ηi′1ηi′2δj′1j′2 + ηi′1ηj′2δi′1j′2 + ηi′2ηj′1δi′1j′2 + ηj′1ηj′2δi′1i′2)

and η ⊗s ιη at the (4, 4)-block has (i′1, j
′
1, k

′
1, i

′
2, j

′
2, k

′
2)-entry

1

18

(

ηi′1ηi′2(δj′1j′2δk′

1k
′

2
+ δj′1k′

2
δk′

1j
′

2
) + ηi′1ηj′2 (δj′1i′2δk′

1k
′

2
+ δj′1k′

2
δi′1k′

2
) + ηi′1ηk′

2
(δj′1j′2δk′

1i
′

2
+ δj′1i′2δk′

1j
′

2
)

+ ηj′1ηk′

2
(δi′1j′2δk′

1i
′

2
+ δi′1i′2δk′

1j
′

2
) + ηj′1ηj′2(δi′1i′2δk′

1k
′

2
+ δi′1k′

2
δi′1k′

2
) + ηk′

1
ηk′

2
(δi′1i′2δj′1j′2 + δi′1j′2δj′1i′2 )

+ ηj′1ηi′2 (δi′1j′2δk′

1k
′

2
+ δi′1k′

2
δj′1k′

2
) + ηk′

1
ηi′2(δj′1j′2δi′1k′

2
+ δj′1k′

2
δi′1j′2) + ηj′1ηj′2(δi′1k′

2
δj′1i′2 + δi′1i′2δj′1k′

2
)
)

.

We note that the principal symbol of δs
F
ds
F
is the same as the one of 1

4∇∗
F
∇F+

3
4d

s
F
δs
F
, which is positive

definite with a lower bound 1
4 (ξ

2 + F
2 + |η|2). Suppose a♭, b♭, c♭, d♭, d♭ have a common bound C,

then A has a bound C2 + C|η| + CF + Cξ ≤ C′(1 + ǫ−1) + ǫ(ξ2 + F
2 + |η|2). Then we can choose

F > 0 large enough, and complete the proof.
Let Ωj be a domain in M with boundary ∂Ωj transversal to ∂X . Let Ḣm,l

sc (Ωj) be the subspace
of Hm,l

sc (X) consisting of distributions supported in Ωj , and let H̄m,l
sc (Ωj) be the space of restrictions

of elements of Hm,l
sc (X) to Ωj. Thus, Ḣ

m,l
sc (Ωj)

∗ = H̄−m,−l
sc (Ωj).

Lemma 3.2. There exists F0 > 0 such that for F ≥ F0, the operator ∆F,s = δs
F
ds
F
, considered as

a map Ḣ1,0
sc → (Ḣ1,0

sc )∗ = H̄−1,0
sc , is invertible.

Proof. Since δs
F
is defined as the adjoint of ds

F
relative to the scattering metric, we have

‖ds
F
u‖2L2

sc
= 〈ds

F
u, ds

F
u〉 = 〈∆F,su, u〉

≤ ‖∆F,su‖H̄−1,0
sc

‖u‖Ḣ1,0
sc

≤ ǫ−1‖∆F,su‖2H̄−1,0
sc

+ ǫ‖u‖2
Ḣ1,0

sc
.

(3.3)

By (3.1) and (3.2), we have

(3.4) δsFd
s
F =

1

4
∇∗∇+

1

4
F
2 +

3

4
dsFδ

s
F +A+ R̃,

where A ∈ Diff1
sc(X) with

|〈Au, u〉| ≤ C‖u‖Ḣ1,0
sc

‖u‖L2
sc
+ CF‖u‖2L2

sc
,

and R̃ ∈ xDiff1
sc(X). This follows by rewriting ∇∗

F
∇F using (3.2), which modifies R in (3.1). Thus,

we have

‖dsFu‖2L2
sc

=
1

4
‖∇u‖2L2

sc
+

1

4
F
2‖u‖2L2

sc
+

3

4
‖δsFu‖2L2

sc
+ 〈Au, u〉+ 〈R̃u, u〉.
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This gives us

(3.5) ‖∇u‖2L2
sc
+ F

2‖u‖2L2
sc

≤ C‖dsFu‖2L2
sc
+ C‖x1/2u‖2L2

sc
+ C‖u‖Ḣ1,0

sc
‖u‖L2

sc
+ CF‖u‖2L2

sc
.

Then for sufficiently large F,

(3.6) ‖∇u‖2L2
sc
+ F

2‖u‖2L2
sc

≤ C‖dsFu‖2L2
sc
+ C‖x1/2u‖2L2

sc
,

where C is a constant depending on F, and thus

‖∇u‖2L2
sc
+ 〈(1− Cx)u, u〉 ≤ C‖dsFu‖2L2

sc
.

Now suppose that Ωj is contained in {x ≤ x0}. If x0 is sufficiently small, this gives

(3.7) ‖∇u‖L2
sc
+ ‖u‖L2

sc
≤ C‖dsFu‖L2

sc
.

If x0 is larger, we can still have

‖∇u‖L2
sc
+ ‖u‖L2

sc
≤ C‖dsFu‖L2

sc
+ C‖u‖L2

sc({x1≤x≤x0}),

with x1 small, and thus have (3.7) by the standard Poincaré inequality (See [15, Equation (28)] for
one forms). Then, with (3.3), and choosing ǫ > 0 small, we find that

‖u‖Ḣ1,0
sc

≤ C‖∆F,su‖H̄−1,0
sc

.

Therefore, we have proved the invertibility of ∆F,s.
Using Lemma 4.4 in [18], in parallel to the above lemmas, we obtain
Lemma 3.3. There exists F0 > 0 such that for F > F0, the operator ∆F,s = δs

F
ds
F
on symmetric

3-tensors is invertible as a map Ḣ1,r
sc → H̄−1,r

sc for all r ∈ R.
Lemma 3.4. Let Ωj be a domain contained in X as above. For F > 0 and r ∈ R,

‖u‖H̄1,r
sc (Ωj)

≤ C(‖x−rdsFu‖L2
sc(Ωj) + ‖u‖x−rL2

sc(Ωj)),

for symmetric 3-tensors u ∈ H̄1,r
sc (Ωj).

Proof. By the proof of Lemma 4.5 in [18], we only need to consider the case r = 0. Let Ω̃j be
a domain in X with C∞ boundary, transversal to ∂X , containing Ωj . We show that there exist a

continuous extension map E : H̄1,2
sc (Ωj) → Ḣ1,2

sc (Ω̃j) such that

(3.8) ‖dsFEu‖L2
sc(Ω̃j)

+ ‖Eu‖L2
sc(Ω̃j)

≤ C(‖dsFu‖L2
sc(Ωj) + ‖u‖L2

sc(Ωj)), u ∈ H̄1,0
sc (Ωj).

Once (3.8) is proved, by Lemma 3.1, with v = Eu, we have

‖∇v‖2
L2

sc(Ω̃j)
+ ‖v‖2

L2
sc(Ω̃j)

≤ C(‖dsFv‖2L2
sc(Ω̃j)

+ ‖v‖2
L2

sc(Ω̃j)
)

≤ C(‖ds
F
u‖2L2

sc(Ωj)
+ ‖v‖2L2

sc(Ωj)
).

This finally gives

‖u‖H̄1,0
sc (Ωj)

≤ C(‖ds
F
u‖2L2

sc(Ωj)
+ ‖v‖2L2

sc(Ωj)
).

The only thing remaining is to construct E. By a partition of unity, this can be reduced to the
situation where locally X = Rn, Ωj = Rn

+; see the proof of Lemma 4.5 in [18]. We only need to

analyze the extension of a symmetric 3-tensor on Rn
+ to Rn.

We let Φq(x
′, x′

n) = (x′,−qxn) for xn < 0 be a diffeomorphism from {xn < 0} to {xn > 0}. For
fijkdx

i ⊗ dxj ⊗ dxk on {x0 ≥ 0}, we define E1 to be the extension to Rn,

E1(fijkdx
i ⊗ dxj ⊗ dxk)(x′, xn) =

5
∑

q=1

CqΦ
∗
q(fijkdx

i ⊗ dxj ⊗ dxk), xn < 0
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and

E1(fijkdx
i ⊗ dxj ⊗ dxk)(x′, xn) = fijkdx

i ⊗ dxj ⊗ dxk, xn ≥ 0,

with Cq chosen so that E1 : C1(Rn
+) → C1(Rn). By calculation

Φ∗
qfijkdx

i ⊗ dxj ⊗ dxk = fijk(x
′,−qxn)dx

i ⊗ dxj ⊗ dxk, i, j, k 6= n,

Φ∗
qfijndx

i ⊗ dxj ⊗ dxn = −qfijn(x
′,−qxn)dx

i ⊗ dxj ⊗ dxn, i, j 6= n,

Φ∗
qfinndx

i ⊗ dxn ⊗ dxn = q2finn(x
′,−qxn)dx

i ⊗ dxn ⊗ dxn, i 6= n,

Φ∗
qfnnndx

n ⊗ dxn ⊗ dxn = −q3fnnn(x
′,−qxn)dx

n ⊗ dxn ⊗ dxn,

∂lΦ
∗
qfijkdx

i ⊗ dxj ⊗ dxk = ∂lfijk(x
′,−qxn)dx

i ⊗ dxj ⊗ dxk, i, j, k, l 6= n,

∂lΦ
∗
qfijndx

i ⊗ dxj ⊗ dxn = −q∂lfijn(x
′,−qxn)dx

i ⊗ dxj ⊗ dxn, i, j, l 6= n,

∂lΦ
∗
qfinndx

i ⊗ dxn ⊗ dxn = q2∂lfinn(x
′,−qxn)dx

i ⊗ dxn ⊗ dxn, i, l 6= n,

∂lΦ
∗
qfnnndx

n ⊗ dxn ⊗ dxn = −q3∂lfnnn(x
′,−qxn)dx

n ⊗ dxn ⊗ dxn, l 6= 0

∂nΦ
∗
qfijkdx

i ⊗ dxj ⊗ dxk = −q∂nfijk(x
′,−qxn)dx

i ⊗ dxj ⊗ dxk, i, j, k 6= n,

∂nΦ
∗
qfijndx

i ⊗ dxj ⊗ dxn = q2∂nfijn(x
′,−qxn)dx

i ⊗ dxj ⊗ dxn, i, j 6= n,

∂nΦ
∗
qfinndx

i ⊗ dxn ⊗ dxn = −q3∂nfinn(x
′,−qxn)dx

i ⊗ dxn ⊗ dxn, i 6= n,

∂nΦ
∗
qfnnndx

n ⊗ dxn ⊗ dxn = q4∂nfnnn(x
′,−qxn)dx

n ⊗ dxn ⊗ dxn.

The matching of the derivatives at xn = 0, which gives the C1 property, yields

C1 + C2 + C3 + C4 + C5 = 1,

C1 + 2C2 + 3C3 + 4C4 + 5C5 = −1,

C1 + 4C2 + 9C3 + 16C4 + 25C5 = 1,

C1 + 8C2 + 27C3 + 64C4 + 125C5 = −1,

C1 + 16C2 + 81C3 + 256C4 + 625C5 = 1.

The linear system, with a Vandermonde matrix, is solvable. With the Cq, q = 1, 2, · · · , 5, satisfying
the linear system above, we obtain the property E1 : C1

c (R
n
+) → C1

c (R
n) and

‖E1u‖H1(Rn) ≤ C‖u‖H1(Rn
+).

With Φ∗
q acting on 4-tensors as usual, we have

dsΦ∗
q = Φ∗

qd
s,

and thus

‖dsΦ∗
qu‖L2(Rn

−
) ≤ C‖dsu‖L2(Rn

+).

Then

‖dsE1u‖L2(Rn) ≤ C‖dsu‖L2(Rn
+)

which completes the proof.
Now we define

SF,Ωj
= Id− ds

F
∆−1

F,sδ
s
F
,

PF,Ωj
= ds

F
QF,Ωj

, QF,Ωj
= ∆−1

F,sδ
s
F
.
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In parallel to Corollaries 4.6, 4.7, 4.8 in [18], we have obtain for the Dirichlet Laplacian ∆F,s

Corollary 3.5. Let φ on C∞
c (Ωj \ ∂intΩj). Then on symmetric 3-tensors, there exists F0 > 0

such that for any F ≥ F0, φ∆
−1
F,sφ : H̄−1,k

sc → Ḣ1,k
sc is in Ψ−2,0

sc (X).

Corollary 3.6. Let φ ∈ C∞
c (Ωj \ ∂intΩj), χ ∈ C∞(Ωj) with disjoint support and with χ

constant near ∂intΩ. Let F,F0 as in Corollary 3.5. Then the operator χ∆−1
F,sφ : H̄−1,k

sc (Ωj) →
Ḣ1,k

sc (Ωj) in fact maps Hs,r
sc (X) → Ḣ1,k

sc (Ωj) for all s, r, k.

Similarly, φ∆−1
F,sχ : H̄−1,k

sc (Ωj) → Ḣ1,k
sc (Ωj) in fact maps H̄−1,k

sc (Ωj) → Hs,r
sc (X) for all s, r, k.

Corollary 3.7. Let φ ∈ C∞
c (Ωj \ ∂intΩj), χ ∈ C∞(Ωj) with disjoint support and with χ

constant near ∂intΩj. Let F,F0 as in Corollary 3.5.

Then φSF,Ωj
φ ∈ Ψ0,0

sc (X), while χSF,Ωj
φ : Hs,r

sc (X) → xkL2
sc(Ωj) and φSF,Ωj

χ : xkL2
sc(Ωj) →

Hs,r
sc (X) for all s, r, k.

We also have properties in parallel to Lemmas 4.9 to 4.13, and then arrive at the main, local,
result

Theorem 3.8. For Ω = Ωc, c > 0 small, there exists F0 > 0 large enough, such that for F > F0,
the geodesic ray transform on symmetric 4-tensors f ∈ eF/xL2

sc(Ω) satisfying δs(e−2F/xf) = 0, is
injective.

The above local theorem leads to the global result, Theorem 1.2 similar to [18, Theorem 4.19].
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