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We examine the static dielectric constant of electrolyte solutions with a polar and/or polarizable
small-molecule solvent using a classical field-theoretic approach. We compute corrections to the
dielectric constant and screening length due to intra- and inter-molecular correlations via a renor-
malized one-loop approximation, accounting for the excluded volume of both solvent and electrolyte.
In the salt-free case, we verify the one-loop theory by comparison with full numerical solutions of
the field theory. The one-loop theory predicts either a non-linear dielectric decrement or increment
with increasing salt, depending on whether the fluid correlations are dominated by the dipolar or
polarizable nature of the solvent. These contrasting regimes of non-linear dielectric behavior are
consistent with experimental trends in high- and low-dielectric constant electrolyte solutions.

The interplay between the dielectric properties of a
fluid and the structure of the charged species therein is a
topic of great interest due to its relevance in biology, elec-
trochemistry, and polymer and colloid science. On one
hand, the dielectric environment in a fluid affects the dis-
tribution of charged species and their tendency to aggre-
gate; on the other hand, the incorporation of charged ob-
jects into a fluid is known to influence its dielectric prop-
erties. A classic example of the latter is the decrease in
dielectric constant of aqueous electrolyte solutions with
increasing salt concentration [1]. Such phenomena are
not unique to water: the dielectric constant of an elec-
trolyte solution typically exhibits a monotonic but non-
linear dependence on the ion concentration [2]. In high-
dielectric constant polar solvents, a dielectric decrement
is typically observed [3] and attributed to the hydration
shell that effectively reduces the number of dipoles that
are able to orient in response to an external electric field.
In low-dielectric constant polar and non-polar solvents,
a dielectric increment is instead observed [4], which has
typically been attributed to a dielectric contribution of
ion pairs.

The properties of electrolyte solutions are often studied
using the Poisson-Boltzmann (PB) theory, which treats
ions as point-like, assumes a continuum dielectric back-
ground, considers only Coulomb interactions and, due to
its mean-field nature, ignores correlations. Modifications
to the PB theory, accounting for van der Waals interac-
tions, non-electrostatic interactions such as steric repul-
sion, and/or an explicit description of the polar solvent,
have also been considered. These theories have been suc-
cessful in explaining phenomena such as the ion distri-
bution near charged surfaces or interfaces [5-7], and the
stability of colloidal suspensions [8]. However, in concen-
trated electrolyte solutions or ionic liquids, correlations
should not be ignored. Even in pure polar liquids, cor-
relations produce important corrections to the dielectric
constant that were originally addressed in the theories

of Onsager [9] and Kirkwood [10]. Since then, many re-
searchers have applied fluctuating field theories [11-15]
and so-called dressed-ion theories [16] to address correla-
tion effects in this class of problems. Notably, the authors
of Refs. [13, 14] computed fluctuation corrections to a
dipolar PB theory using a field-theoretic loop expansion,
and showed that in order to describe the dielectric decre-
ment of aqueous electrolyte solutions, both correlation ef-
fects and steric effects should be accounted for. However,
the effects of the polarizability of the solvent and/or ions
have generally been ignored in such fluctuation theories,
with the notable exception of Ref. [12] which accounted
for the ion polarizability in a field-theoretic model of a
dielectric slab between charged plates.

Given the growing current interest in low-dielectric
constant ion-containing soft media, such as salt-doped
polymers, ionomers, and polymeric ionic liquids, it is
crucial to develop more sophisticated theoretical treat-
ments of component polarizability. In this Letter, we
demonstrate that for electrolytes in polar and polariz-
able small-molecule solvent, both phenomena of dielectric
decrement and increment can be observed when electro-
static and structural correlations are accounted for. In
our field-theoretic approach, polar solvent molecules with
dipole moment y are granted polarizability via embedded
classical Drude oscillators [17]. We also include an ex-
cluded volume interaction that enables control of the fluid
compressibility via a repulsion parameter ug. We use a
renormalized loop expansion, following the procedure of
Ref. [18], to self-consistently compute corrections to the
dielectric constant and screening length of the electrolyte
solution. QOur approach is flexible and can be modified
to treat more complicated molecules (e.g., polymers) or
boundary conditions (e.g., slab geometries), or to include
additional species or molecular architectures.

Microscopic model and field theory—The microscopic
model is described in detail in Refs. [17, 18]. We con-
sider a small-molecule solvent that has both an attached



freely-rotating fixed-magnitude dipole (with dipole mo-
ment u = ddq’, where d is the length of the rigid link
separating the partial charges +d¢’) as well as a classi-
cal Drude oscillator (with polarizability a = (d¢)?/K,
where +dq and K are the oscillator partial charges and
spring constant, respectively). This model, which we use
for computational convenience, is a semi-quantitative ap-
proximation to the more traditional model for polarizable
dipoles in which the rigid link is replaced by a spring hav-
ing a non-zero equilibrium separation. The electrolyte
species are modeled as charge-symmetric spherical ions
with valency z. Although polarizable ions may be con-
sidered in our framework, here we restrict polarizability
to the solvent only, for simplicity. In order to UV regu-
larize the field theory, we smear the density and charge
density of all species with Gaussians characterized by a
species-specific smearing range a,/, [11], where the la-
bels p and s refer to the polar/polarizable solvent and
salt, respectively.

All charges and partial charges in the system interact
via the bare Coulomb interaction, while molecules are
also subject to a contact excluded volume interaction of
strength wg. Using the standard Hubbard-Stratonovich
transformation [19], the field-theoretic partition function
in the canonical ensemble takes the form

Z. = zo/Dw/D¢ e~ Hwel (1)

where we have introduced auxiliary fields w(r) and ¢(r)
to mediate the excluded volume and Coulomb interac-
tions, respectively. The prefactor Zy contains normaliz-
ing denominators from the Hubbard-Stratonovich trans-
forms, ideal gas contributions and excluded volume self-
interaction corrections and is inconsequential here. The
Hamiltonian H[w, ¢], for a system containing n, solvent
molecules and ny = n_ cations and anions, is given in
SI units by

Hlw,¢] = o /drw(r)2 = 2;0@2 /dr [Vo(r)|?
—npInQ, [wp’ @p] —ny In Q4 [ws, @s]
—n_InQ_[bs, §s] (2)

where € is the vacuum permittivity, and the @,/ ,_ are
the respective single-molecule partition functions for a
solvent molecule, cation, and anion subject to the fluc-
tuating fields w(r) and ¢(r). The notation f,/s(r) in-
dicates that the field f(r) has been smeared via a spa-
tial convolution with the normalized Gaussian smearing

function T')/4(r) = (271'(1127/8)*3/2 exp (77”2/2(1;/8); that

is, fp/s(r) = [dr'Tps(r — ') f(r'). The single-molecule

partition functions have the forms
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where jo(z) = #2Z. In order to arrive at Egs. (3) and (4),
we have invoked a second-order multipole expansion for
both the permanent dipole and the Drude oscillator, and
integrated over the dipole orientation and spring dis-
placement vectors [17].

One-loop approzimation.—Following the procedure of
Ref. [18], we consider field fluctuations about the homo-
geneous saddle-point of H[w, ¢], and perform an expan-
sion of the @,/ 4/ to fourth order in powers of the field

fluctuations. The resulting Hamiltonian takes the gen-
eral form [20]

1 Wi _x 1 PPk
Hlw, o] = 5 zk: Tt T3 > T+ Ulw, ¢]
(5)

where we have switched to a Fourier representation. The
first two terms in Eq. (5) give the Gaussian contribution
to H[w, ¢]. Ulw, @] contains the third- and fourth-order
vertex functions which couple the fluctuation modes of
the w(r) and ¢(r) fields (a complete list of the vertex
functions is given in the Supplemental Material). The ob-
jects (wx_k)o and (PxP_x)o are propagators (Green’s
functions) for the excluded volume and Coulomb inter-
actions, respectively, in the Gaussian theory:

<UA)kUA)7k>0 _ A ﬁuOV i _ Bro
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(6)
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Egs. (6) and (7) describe the screening of the excluded
volume and Coulomb interactions in the lowest-order
(Gaussian) approximation. Here ¢, and c¢s are the num-
ber densities of solvent and salt, respectively, and the
f‘p/s(k) = exp [—a2/5k2/2} are the Fourier-transformed
smearing functions. In Eqn. (7) there are dielectric
screening effects due to the solvent, contained in the di-
electric function é(k) = 1+ cpep ' (o + Bu2/3)1:‘12,(1€), and
charge screening effects due to the salt, contained in the
Debye screening function #2(k) = 2’25:(25)82 I2(k).

Note that in the Gaussian theory, the bulk dielectric
constant is € = €(0) = 1+ cpey ' (a+ Bu?/3) and the bulk
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inverse Debye screening length is k = \/%. We

shall refer to € as the mean-field dielectric constant, as
it does not account for correlation effects. The leading
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FIG. 1. Irreducible one-loop diagrams for the corrections to
the electrostatic propagator (@x@_x). Wavy lines correspond
to (¢P)o, dashed lines to (ww)o, and circles denote the ap-
propriate vertex function. Arrows indicate momentum flows.
Note that in the renormalized one-loop theory, the internal
(@Yo propagators are replaced by ($@)1 (we leave (ww)o un-
corrected).

corrections due to correlations are obtained by comput-
ing the one-loop correction to the Gaussian electrostatic
propagator (Px@_k)o using the standard techniques of
diagrammatic perturbation theory [21, 22]. The one-loop
corrected propagator (Pk@_x)1 satisfies a Dyson equa-
tion:

(Prp-1)1 ! = (Pxp-k)o " — Zu(k), (8)

where ¥; is the electrostatic self-energy, which can
be broken up into contributions from intra- and inter-
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molecular correlations, given by the self-energy parts of
diagrams la and 1b, respectively. The intra-molecular
term (la) is due to the electrostatic attraction between
the partial charges of a solvent molecule and is non-zero
only if the solvent is polarizable (i.e., diagram la van-
ishes if & = 0). The inter-molecular term, given by dia-
gram 1b, can be further decomposed into solvent-solvent,
ion-solvent and ion-ion contributions. These correlations
are generated by a combination of electrostatic and steric
interactions, and vanish in the absence of excluded vol-
ume (if up = 0). In practice, we renormalize the one-
loop theory in Hartree fashion by replacing the factors of
(¢P)o, in the self-energies of Fig. 1, with (@), .

The corrections to (PxP_x)o can be absorbed into é(k)
and #(k) to give the renormalized é,(k) and &, (k). Ul-
timately, we are interested in the k& — 0 limits of these
renormalized screening functions, which we denote €, and
kr. The corrections to €(k) and 4(k) can be identified on
the basis that they must retain the appropriate asymp-
totic low-k behavior so as to be consistent with the Gaus-
sian theory. It is therefore appropriate to perform an ex-
pansion of ¥ (k) up to O(k*T;(k)T;(k)), where i and j
can be p or s. This results in a set of coupled one-loop
equations for é.(k) and #2(k), given by
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where the function (k) is defined in Eq. (6). The first

correction in Eq. (9) is the intra-molecular solvent term,
which reduces €,, and the second is the inter-molecular
solvent-solvent term, which increases €,.. The third term
is an ion-solvent correlation term, which can increase or
decrease €,; this term arises from the finite size of the
molecules and vanishes if the fluid is treated as a collec-
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tion of point particles and point charges. Eq. (10) gives
the correction to #2(k) due to ion-ion correlations [23].
Note that without the self-consistency condition, which
couples Eqgs. (9) and (10), the one-loop correction to & (k)
would not influence the one-loop correction to é(k). This
condition is thus crucial in order to capture the effects of
charge screening on the dielectric properties at the one-
loop level.

Pure solvent—The pure solvent case, described by
Eq. (9) with ¢5 = 0, already exhibits some interesting and
non-trivial behavior. For a purely dipolar fluid (a = 0,
u # 0), the correlations increase €, relative to € and van-
ish when ug = 0. Their effects plateau in the incom-
pressible limit (ug — 00). This excluded volume effect
for the purely dipolar fluid is consistent with recent work
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FIG. 2. a) Dependence of the dielectric constant on the repulsion parameter uo for examples of purely dipolar (blue, u = 3 D)

and polarizable (red, a, = 54 AS) fluids. The mean-field dielectric constants are also shown (dashed line) for both cases.
b) Comparison of the dielectric function é-(k) in the renormalized one-loop theory (solid lines) and complex Langevin field-
theoretic simulations (CL-FTS, points) of the same model for the purely dipolar and polarizable fluids, with excluded volume
parameters Bug = 0.04255 nm® (light colors) and Bup = 0.4255 nm® (dark colors). The dashed lines are the corresponding

Gaussian approximations. In a) and b) we use a, = 2 A.

¢) Dielectric constant as a function of salt concentration, for various

as, for electrolyte solutions of purely dipolar (blue, 4 = 3 D) and purely polarizable (red, o, = 22.5 A’ ) solvents with a, = 1.1 A
and Buo = 2.5 nm3. All of a)-c) use T = 300 K and ¢, = 10*® m~3.

by other researchers [14]; we emphasize that there is no
one-loop correction to the dielectric constant for a purely
dipolar fluid in the absence of excluded volume.

In contrast, for a non-polar fluid (u = 0, @ # 0), the
correlations overall reduce €, relative to the mean-field re-
sult, but in the incompressible limit the corrections due
to intra- and inter-molecular correlations cancel identi-
cally and €, — € from below. The dependences of €, on
ug for purely polarizable and dipolar fluids are shown in
Fig. 2a. In Fig. 2b we compare the dielectric function in
the one-loop theory to that obtained from field-theoretic
simulations of the fully fluctuating field theory (using
complex Langevin sampling [19]) of the same model, in-
dicating that the one-loop theory is remarkably accurate
for the parameters shown. The simulations clearly ver-
ify the reduction of €., in the polarizable case, by the
intra-molecular correlation term.

Electrolyte solution.—Next, we consider the predic-
tions of the one-loop theory when a monovalent (z = 1)
salt is added to the system. The addition of salt has
two effects on the dielectric constant: the first has its
origins in the charge screening of the Coulomb interac-
tion by the ion cloud, and the second is due to the ion-
solvent correlations. The former screens the electrostatic
solvent-solvent correlations to which €, is strongly sensi-
tive. This is the effect that determines the contrasting
dielectric properties of the electrolyte solution with polar
and polarizable solvents. The polar, but non-polarizable,
fluid tends to exhibit a dielectric decrement as the salt
screens the solvent-solvent correlations, whereas the non-
polar, but polarizable, fluid tends to exhibit a dielectric
increment for the same reason. Both of these cases are

shown in Fig. 2c, which plots the renormalized dielectric
constant as a function of salt concentration for a purely
dipolar or polarizable solvent, and for various salt smear-
ing ranges as. Here we use a large but finite repulsion
parameter Sug = 2.5 nm?, which corresponds to a weakly
compressible fluid. We note that the rate of increment or
decrement increases with decreasing as. The ion-solvent
correlations appear to be secondary in importance, but
their effects can be seen clearly for the polarizable sol-
vent case, where they produce an as; dependence of the
plateau in €, at large cs.

For a solvent that is both polar and polarizable, the
dielectric behavior (increment or decrement) of the elec-
trolyte solution is controlled primarily by a competition
between the dipolar and polarizable nature of the solvent.
As a simple illustration of this competition, Fig. 3a plots
the renormalized dielectric constant ¢, of electrolyte so-
lutions as a function of the salt concentration cg, for sol-
vents of varying dipole moment p (spanning the range
i = 1—5.5 D) but fixed polarizability a, = 22.5 A?
(solid lines, all other parameters also held fixed). Note
that «a,, = 4;"—60 is a polarizability volume. The dielectric
behavior changes from dielectric increment for small y to
dielectric decrement for large p, and is qualitatively con-
sistent with the range of dielectric behaviors seen exper-
imentally for electrolyte solutions with aprotic solvents
(Fig. 3b). Also plotted in Fig. 3a is €, for the same pa-
rameter set but with the solvent polarizability set to zero
(dashed lines): note that the dielectric decrement is still
captured, but the dielectric increment is not.

Discussion and conclusion.—In order to place our the-
ory in the context of the literature, we address here sev-
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FIG. 3. a) Dielectric constant as a function of salt concen-
tration according to the one-loop theory, for polarizable and
polar (solid lines) and purely dipolar (dashed lines) solvents
with varying dipole moment. Parameters are 7" = 300 K,
¢ = 10% m™2, Bug = 2.5 nm®, o, = 22.5 A%, a, = 1.1 A,
as = 0.55 A. b) Examples of experimental data for polar
solvents exhibiting dielectric decrement and increment: Nal
in propylene carbonate [3] (diamonds), Nal in dimethylac-
etamide [3] (squares), BusNCIlOy in dichloromethane [24] (cir-
cles), LiAsFg in dimethyl carbonate [4] (triangles).

eral points. In Fig. 3b we focus on aprotic polar sol-
vents, avoiding protic solvents since our current theory
does not account for the effects of hydrogen bonding,
which undoubtedly produce strong solvent-solvent cor-
relations that should not be ignored. Indeed, despite
water’s modest dipole moment (um,0 = 1.8 D), for in-
stance, it exhibits a large dielectric constant em,0 ~ 80,
presumably in part due to the correlations provided by
hydrogen bonding.

The dielectric increment in electrolyte solutions of low-
dielectric-constant solvents has often been attributed to
the response of ion pairs that readily form in the low-
permittivity environment [24, 25]. While ion pairs can-
not be ruled out in our model, the qualitative agreement
between our theory and the trends seen in experiments
suggests that the polarizability of the solvent may play a
central role in the dielectric increment. Clearly, the po-
larizability is a key parameter in our theory. The value
a, = 22.5 AS, which we use in Fig. 3, is on the high end of
those typically reported in the literature (which are rarely

larger than «,, = 20 A’ [26]). This apparent discrepancy
can be resolved by recalling that the intra-molecular cor-
relation term (diagram 1la) is caused by the electrostatic
attraction between a molecule’s partial charges. This in-
teraction provides a restoring force against the displace-
ment of the partial charges, additional to that of the
tethering spring, that reduces the effective polarizability
but is subject to electrostatic screening (by added salt,
for instance). In fact, for the non-polar case it can be

shown that diagram la is just the first term in a pertur-
bation series for the renormalized polarizability «,.. The
full series can be summed to give

o kT2 (k)
s [ reayam| Y

ar =«

In the Supplemental Materials [27] we show that a,
should have the general form of Eq. (11), using simpler
arguments that do not rely on perturbation theory. It is
the renormalized polarizability .., rather than the bare
polarizability «, which should correspond to those re-
ported in the literature.

We thank Fyl Pincus for helpful discussions. This re-
search was partially supported by the NSF DMR-CMMT
Program under award DMR-1822215, and by the NSF
MRSEC Program under Award No. DMR, 1720256. Use
was made of the computational facilities of the Center
for Scientific Computing at the CNSI and MRL: an NSF
MRSEC (DMR-1720256) and NSF CNS-1725797.

[1] J. B. Hasted, D. M. Ritson, and C. H. Collie, J. Chem.
Phys. 16, 1 (1948); F. E. Harris and C. T. O’Konski, J.
Phys. Chem. 61, 310 (1957).

[2] P. Wang and A. Anderko, Fluid Phase Equilib. 186, 103
(2001).

[3] P. Winsor and R. H. Cole, J. Phys. Chem. 86, 2486
(1982); P. Winsor and R. H. Cole, J. Phys. Chem. 86,
2491 (1982).

[4] T. Sigvartsen, B. Gestblom, E. Noreland, and J.
Songstad, Acta Chem. Scand. 43, 103 (1989); M. Del-
signore, H. Farber, and S. Petrucci, J. Phys. Chem. 89,
4968 (1985).

[5] I. Borukhov, D. Andelman, and H. Orland, Phys. Rev.
Lett. 79, 435 (1997).

[6] A. Abrashkin, D. Andelman, and H. Orland, Phys. Rev.
Lett. 99, 077801 (2007).

[7] D. Ben-Yaakov, D. Andelman, D. Harries, and R. Pod-
gornik, J. Phys.: Condens. Matter 21, 424106 (2009).

[8] B. V. Derjaguin and L. D. Landau, Acta Phys. Chim.

URSS 14, 633 (1941); E. J. W. Verwey and J. T. G.
Overbeek, Theory of the Stability of Lyophobic Colloids
(Elsevier, Amsterdam, 1948).

| L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936).

| J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939).

| Z.-G. Wang, Phys. Rev. E 81, 021501 (2010).

] V. Démery, D. Dean and R. Podgornik, J. Chem. Phys.

137, 174903 (2012).

[13] A. Levy, D. Andelman, and H. Orland, Phys. Rev. Lett.
108, 227801 (2012); A. Levy, D. Andelman and H. Or-
land, J. Chem. Phys. 139, 164909 (2013).

[14] R. M. Adar, T. Markovich, A. Levy, H. Orland, and D.
Andelman, J. Chem. Phys. 149, 054504 (2018); A. Levy,
D. Andelman, and H. Orland, 149, 109901 (2018).

[15] B. Zhuang and Z.-G. Wang, J. Chem. Phys. 149, 124108
(2018).

[16] R. Kjellander and D. J. Mitchell, Chem. Phys. Lett. 200,



76 (1992); R. Kjellander, J. Chem. Phys. 145, 124503
(2016).

[17] J. M. Martin, W. Li, K. T. Delaney, and G. H. Fredrick-
son, J. Chem. Phys. 145, 154104 (2016).

[18] D. J. Grzetic, K. T. Delaney, and G. H. Fredrickson, J.
Chem. Phys. 148, 204903 (2018).

[19] G. H. Fredrickson, The Equilibrium Theory of Inhomo-
geneous Polymers (Oxford University Press, New York,
2006).

[20] Note that we have implicitly extracted from w(r) the
homogeneous saddle-point contribution w™, although this
point has no consequence in the present work.

[21] D. J. Amit, Field Theory, the Renormalization Group,
and Critical Phenomena (World Scientific, 1984).

[22] M. Kardar, Statistical Physics of Fields (Cambridge Uni-
versity Press, 2007).

[23] The ion-ion correlation term also generates a correction
to €., which is given in the Supplemental Materials, but

this term is negligibly small.

[24] B. Gestblom and J. Songstad, Acta Chem. Scand. B41,
396 (1987).

[25] R. M. Adar, T. Markovich, and D. Andelman, J. Chem.
Phys. 146, 194904 (2017).

[26] R. Bosque and J. Sales, J. Chem. Inf. Comput. Sci. 42,
1154 (2002).

[27] See Supplemental Material for details of the one-loop
calculation, numerical details of the field-theoretic sim-
ulations, and a discussion of the effective polarizability,
which includes Refs. [28-31].

[28] D. Diichs, K. T. Delaney and G. H. Fredrickson, J. Chem.
Phys. 141, 174103 (2014).

[29] K. T. Delaney and G. H. Fredrickson, J. Phys. Chem. B
120, 7615 (2016).

[30] K. T. Delaney and G. H. Fredrickson, Comput. Phys.
Commun. 184, 2102 (2013).

[31] D. J. Griffiths, Introduction to Electrodynamics (Prentice
Hall, Inc., New Jersey, 1999).



