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ABSTRACT

Bistable vibration energy harvesters have been used to achieve strong energy harvesting performance over a wide
frequency bandwidth. Performance of bistable energy harvesters is dependent on whether the external excitation is large
enough to surpass the minimum threshold to high energy, or ‘snap through’ oscillations. Studies have indicated that
lowering the potential energy barrier via an auxiliary unit is an effective way to ensure that high energy orbits are achieved.
Recent advancements have shown that directly extracting energy from an auxiliary unit used to dynamically lower the
potential barrier of a bistable energy harvester can enhance performance. However, there remains an unexplored
opportunity for further improvement by incorporating nonlinearity into the auxiliary harvesting element. Thus, to advance
the state of the art, this research introduces an energy harvesting system composed of a bistable cantilever harvester
magnetically coupled to an auxiliary nonlinear harvesting element. An analysis of the system potential energy indicates
that the additional nonlinear characteristics of the coupled harvesting element can enable tailoring of the potential energy
profile such that quad-stability, or multi-directional bistability, can be achieved. Investigation of the quasi-static potential
energy trajectory of the proposed device indicates that the number of stable states, height of the potential energy barrier,
and snap through amplitude may all be tailored through consideration of the effective linear stiffness of the nonlinear
harvesting unit. Numerical simulations of the system dynamics indicate that the additional nonlinearity incorporated into
the coupled system improves broadband harvesting performance.

Keywords: energy harvesting, nonlinear, bistable, coupled, adaptive potential, piezoelectric, broadband, potential energy

1. INTRODUCTION

The current state of battery technology can result in high maintenance or replacement costs, environmental hazards, and
an inability to miniaturize electrical devices due to a limited power density.! With these limitations in mind, vibration
energy harvesting is being studied as a method to replace or recharge conventional batteries in a variety of applications.
Examples of applications where vibration energy harvesting is viewed as a viable power source include, but are not limited
to, structural health monitoring,?> biomedical implantable devices,* and unmanned aerial vehicles.>® Initial vibration
energy harvesting systems operated on the concept of linear resonance, and thus performed best for environments with
invariant, single-frequency excitations that can be known beforehand.! However, the performance of conventional linear
energy harvesters can degrade for many practical applications, which often operate in environments where ambient
excitations are time-varying or cover a broad frequency bandwidth. Thus, a variety of methods have been studied to
improve the robustness of performance to a broad set of external excitation conditions. Two methods that have been
demonstrated to improve system performance over a broad frequency bandwidth include multimodality,” which involves
the addition of multiple modes of harvesting that perform well under different excitation conditions, and the deliberate
introduction of nonlinearity,'®'? which leverages the wide frequency region of nonlinear response.

A particular type of nonlinearity that has been heavily investigated is bistability, since bistable energy harvesters possess
the capability to undergo high amplitude oscillations (known as interwell or snap-through oscillations) for a wide range of
external excitation conditions.'"!32! A bistable energy harvester contains two stable equilibria that are separated by a
central unstable equilibrium position that constitutes a potential energy barrier (Table 2- inset figure). When subjected to
small amplitude excitations, bistable energy harvesters undergo low-energy oscillations about one of the two stable
equilibrium positions, known as intrawell response.?? If the external excitation amplitude is large enough to overcome the
potential energy barrier which separates the two stable states, the harvester exhibits high-energy oscillations between the
two stable states known as interwell response.?? Thus, the potential energy barrier serves as a threshold that must be
surpassed by the amplitude of the external excitation to achieve interwell response. When the high-energy interwell
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response is activated, studies have shown that bistable energy harvesters outperform traditional linear harvesters for
broadband harmonic?»** and stochastic'>?® external excitation conditions. To ensure that the high-energy interwell
oscillations are attainable for the widest possible set of excitation conditions (broadband excitation conditions), methods
have been proposed to lower the potential energy barrier without reducing the distance between stable equilibrium points,
also known as the snap through amplitude (Table 2- inset figure). Static mechanisms used to achieve this goal include the
addition of stable states (e.g. tri-stable, quad-stable),?%?’ rotatable magnets,”® and extra magnets?® to the conventional
bistable harvester. These static mechanisms reduce the potential energy barrier to a level that remains constant throughout
system operation, and have been shown to facilitate interwell oscillations and improve performance over a conventional
bistable system. Alternatively, mechanisms have been developed that dynamically raise and lower the barrier during
system operation, expanding the design space of achievable potential energy characteristics and creating an adaptive
potential energy function. Active mechanisms, such as an electromagnet,®3! have been demonstrated to improve
broadband performance by dynamically changing the potential barrier height using an external power source and simple
control input. To avoid the parasitic power required by the active methods, the fixed magnet of a conventional bistable
system has been replaced by a magnet-spring linear oscillator to dynamically lower the potential energy barrier using a
passive mechanism.’*3® Apart from successfully lowering the potential energy barrier, recent advancements have
incorporated multi-degree-of-freedom (MDOF) energy harvesting into these adaptive potential systems, and have shown
that there is potential to further improve broadband performance by directly extracting additional energy from the linear
passive mechanism that is used to lower the potential energy barrier.’® However, there remains an unexplored opportunity
to advance the state of the art by incorporating nonlinearity into the passive harvesting mechanism that is utilized to lower
the potential energy barrier of a conventional bistable harvester. In this report, an energy harvesting system comprised of
a bistable cantilever that is magnetically coupled to a nonlinear clamped-clamped beam is presented. A pre-compressed
linear spring is connected in parallel to the nonlinear clamped-clamped beam to introduce an asymmetric (non-zero)
equilibrium point for the local potential energy function. The proposed system is configured in a manner such that its
adjustable potential energy profile can be exploited to synergistically lower the potential energy barrier to energetic
interwell motion and broadly enhance harvesting bandwidth through MDOF bistability. While the rich dynamics of
coupled bistable systems have been explored previously, the primary design criteria has been to obtain strong performance
in multiple frequency bands from coupled conventional symmetric bistable devices and analysis has focused on system
dynamics at distinct modal frequencies.**¢ The energy harvesting system proposed here is comprised of a conventional
symmetric bistable harvester magnetically coupled to an asymmetric nonlinear energy harvesting element, as opposed to
a conventional symmetric bistable or linear element. As a result of the unique characteristics of the asymmetric nonlinear
element, the harvesting system will not only be capable of harvesting energy in multiple frequency bands, but also better
harness MDOF interwell dynamics through a highly adaptive potential energy function.

The governing equations for the proposed system, which harvests energy via piezoelectric transducers, are derived using
the extended Hamilton’s principle and then discretized using the assumed modes method. The working principle is then
presented through a comprehensive potential energy analysis which includes investigation of the quasi-static potential
energy trajectories of the proposed system and the current state of the art across a potential energy surface. Numerical
simulations of the dynamic governing equations are then conducted to demonstrate the efficacy of the proposed device
with regards to energy harvesting over a wide excitation bandwidth. Finally, overall discussion and conclusion are
presented.

2. SYSTEM DESCRIPTION AND MATHEMATICAL MODEL
2.1 System description

The proposed system is comprised of a cantilever beam with tip magnet (magnet 1) that is axially aligned with a magnet
(magnet 2) attached to the midpoint of a clamped-clamped beam that is connected in parallel to a pre-compressed linear
spring (Figure 1a). Magnet 1 and magnet 2 contain opposing polarities, creating a repulsive magnetic force that induces
nonlinearity in the cantilever beam. The distance between magnet 1 and magnet 2 is defined as small enough such that the
repulsive magnetic force can overcome the cantilever beam’s elastic restoring force, resulting in a pitchfork bifurcation
and two stable static equilibria (bistable).?!2>340 Attached to the bistable cantilever beam are two piezoelectric transducers
for energy conversion. The clamped-clamped beam with magnet fixed to the center point (z = 0) is axially-loaded to
provide nonlinearity. This element lowers the potential energy barrier for the bistable cantilever beam as the cantilever
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Figure 1. Schematic (a) and lumped parameter model (b) of the proposed magnetically coupled energy harvester with
bistable harvesting element (harvester A) and nonlinear harvesting element (harvester B). Lumped parameter model (c) of
the current state of the art, a magnetically coupled energy harvester with bistable harvesting element (harvester A) and linear
harvesting element (harvester C).

passes through the center unstable equilibrium point (w = 0). Sufficient preload (F) is applied to the clamped-clamped
beam to induce buckling, while the pre-compressed linear spring acts to provide a balancing force in the negative x-
direction (—x) that counteracts the magnetic coupling force acting on magnet 2 in the positive x-direction (+x). The
magnitude of pre-compression of the linear spring is modulated by varying its unstretched equilibrium point, which is to
the left of the centerline of the clamped-clamped beam, using an offset parameter . Two piezoelectric transducers are
also applied to the clamped-clamped beam for energy conversion. The piezoelectric transducers attached to the cantilever
and clamped-clamped beams are connected to external resistive loads R, and R, respectively, for energy harvesting from
an external base excitation z, acting transversely to the length of the cantilever beam. In summary, the proposed energy
harvesting system is comprised of a bistable piezoelectric harvesting element (harvester A) that is magnetically coupled
to an asymmetric nonlinear piezoelectric harvesting element (harvester B). For the purpose of this investigation, the
previous work in MDOF harvesting systems with adaptive potential energy, which has focused on a bistable cantilever
harvester coupled to a linear harvesting element,*® will be treated as the current state of the art. A lumped parameter model
(Figure 1c) of a general representation of the current state of the art, comprised of a bistable harvesting element (harvester
A) magnetically coupled to a linear harvesting element (harvester C), is also provided. To be concise, the proposed energy
harvesting system (composed of harvester A and harvester B) will be referred to as PVEH, while the system representing
the current state of the art (composed of harvester A and harvester C) will be referred to as CVEH.

2.2 Mathematical model

A mathematical model of the continuous system depicted in Figure la is derived from the extended Hamilton’s
Principle,*”*® and deformations are assumed small enough such that Euler-Bernoulli beam theory?**” and theory of linear
piezoelectricity*’*° can be applied. Perfectly conductive piezoelectric layers and a uniform electric field are assumed for
all piezoelectric elements. A lumped parameter model is developed by using the assumed modes method, where the
transverse displacements of the cantilever beam (w) and the clamped-clamped beam (u) are expanded into a superposition
of N trial functions:

w0 = ) hi)a® (1a)
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where ¢;(x) and ¥;(z) are the trial functions and q;(t) and p;(t) are time-dependent generalized coordinates. For the
purpose of this discussion, it is assumed that the fundamental mode dominates response for both beams. Thus, the trial
functions used are the first modal function of the uniform cantilever beam with tip mass*® (harvester A) and that of the

unlisfg)lrgl:(:)lamped-clamped beam!®33 (harvester B). The resulting discretized governing equations of the PVEH are given
as!®21-3:40;

myG(t) +¢1q(t) + kiq(t) + Fy + 0,1 Vp1(t) = —BfZ, (1) (2a)

000 = 5 Coips(©) = 2 (2b)

myp(6) + 2 (0) + kap(6) + kap(0)° + ky(p(O) = B) + By + 0y V3o (1) = 0 (20)

Op20(t) — %CpZVpZ @® = Vp;it) (2d)

where Z, = p cos 27 f,t is the harmonic base excitation of amplitude p and frequency f,; V,1(t) is the voltage response
of harvester A; V,(t) is the voltage response of harvester B; F; and F, are the magnetic forces acting on magnet 1 and
magnet 2, respectively; By is a forcing factor that accounts for the inertial loading of the cantilever beam and proof mass
due to the external base excitation;*’* and all other terms are constants defined in Table 1. The overdot represents a time
derivative. Equations 2a and 2b represent the dynamics of harvester A, while Equations 2¢ and 2d represent the dynamics
of harvester B, with the magnetic forces F, and F, representing the coupling terms between the two harvesters. The lumped
parameter model of the PVEH associated with Equations 2a-2d is shown in Figure 1b.

For the mathematical model of the CVEH, the governing equations for harvester A (Equations 2a and 2b) and the second
harvesting circuit (Equation 2d) remain unchanged (see Equations 3a, 3b, 3d), while the parameters associated with the
nonlinearity of harvester B of the PVEH (k,,k3,5) are set to zero to represent the dynamics of linear harvester C of the
CVEH (Equation 3c).

Table 1. Definition of constants for mathematical model, potential energy analysis, and system dynamics numerical

investigation
Symbol Parameter Value Symbol Parameter Value
Harvester A (PVEH and CVEH) Harvester B (PVEH)
my Effective mass 104 g m, Effective mass 100 g
c Effective damping coefficient 0.008 Ns/m Cy Effective damping coefficient 0.008 Ns/m
ki Effective linear stiffness 41.6 N/m ko Linear stiffness, pre-compressed spring 404 N/m
Op1 Electromechanical coupling 165 uN/V ks Effective nonlinear stiffness, clamped- 200 MN/m?
clamped beam
Cp1 Capacitance 21.5nF ks Effective linear stiffness, clamped- 525 N/m
clamped beam
Ry External resistive load 200 kQ B Offset term, pre-compressed spring -0.5 mm
Harvester C (CVEH) Op2 Electromechanical coupling 940 uN/V
All parameters identical to harvester B except: Cp2 Capacitance 89.9 nF
ks =ky=p=0 R, External resistive load 200 kQ




The governing equations for the CVEH are thus given as:

myG(t) +¢1q(t) + kiq(t) + Fy + 0,1V, (t) = =Bz, (1) Ba)
1 . V.
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mp(£) + 20 (6) + kaop(£) + B, + Op,Vpa(t) = 0 (3¢
. 1. V2 (8)
0p2p(t) - ECpZVpZ(t) = R (3d)
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where V), (t) is the voltage response of harvester C and all other parameters are defined in Table 1. The lumped parameter
model of the CVEH associated with Equations 3a-3d is shown in Figure 1c. The magnetic forces acting on magnet 1 (F,)
and magnet 2 (F},) are defined by modeling magnet 1 and magnet 2 as point dipoles with magnetic moments (which give
a measure of magnetic strength) defined as?>-!:

Uy = MV, cos8(L,)é, + M,V; sin0(L,)é, (4a)
ty = —M;V58, (4b)

with 8(L;) being the rotation angle of the cantilever tip; pq, 4, being the magnetic moment vectors, M; and M, the
magnetization vectors, and V; and V, the material volumes of magnet 1 and magnet 2, respectively.>' The magnetization

vectors M; and M, can be approximated as M , = i—r, where u, = 47 X 1077 H/m is the permeability of free space and
0

B, is the residual flux density of each magnet. For this study, M; = M, = 1.2 MA/m,V; = 1.2 X 107" m’, and V, = 7.8 X
107 m®. The magnet attached to harvester A (magnet 1) is designed smaller to avoid over-rotation of the cantilever beam
tip, which can cause excess strain in the piezoelectric transducers attached at the root of the cantilever. The magnet attached
to harvester B (magnet 2) is designed larger to add inertia to the midpoint of the clamped-clamped beam and amplify
dynamic response. The magnetic forcing varies instantaneously as a function of the distance from the source of p, to the
source of p; which is given as:

o = —(5 +u(La/2)2, + [w(Lo) + 3 s 2, ©)

where s is the distance between the dipoles in their respective equilibrium states (see Figure 1a), t,,,; is the thickness of
magnet 1, w(L,) is the tip displacement of the cantilever beam, u(L,/2) is the midpoint displacement of the clamped-
clamped beam, and 8(L,) is the rotation angle of the cantilever beam tip. In this study s = 24 mm and t,,,;; = 1.6 mm. The
magnetic field By, generated by magnet 1 at the location of magnet 2 and corresponding magnetic potential energy U,,
are defined as:

Ho _Hi°T12
B, =——V 6
27 " gl ©
Ho (U1 H2 (pg " 112) (2 'T12)>
Upn=-Bi,-u =—< -3 (7
" 2 4 1213 ”7”12”2
And the equivalent magnetic forces are calculated as:

Fap) = 50 B () = 2 (8a,8b)

q q,P) = aq ' Ip q,P) = ap a,

The total output power Py, for the PVEH is the aggregate of the instantaneous power generated from harvester A (P;) and
harvester B (P,) under external excitation. Similarly, the total output power of the CVEH is the aggregate of the power
generated by harvester A (P;) and harvester C (P,). The general form of total output power is given as:

2 2 T2
P —ZP —Zlf Yoi gy 9)
tot — i~ T R

n i 0 L

i=1 i=1



where the measurement period T is defined as large enough in relation to the base excitation period (1/f, ) such that the
system is operating in a regime of steady-state behavior.
3. POTENTIAL ENERGY ANALYSIS

The total potential energy of the PVEH is defined as the summation of the magnetic potential energy (Equation 7) and the
strain energies of harvester A and harvester B:

Uharvester A Unharvester B

1 1 1 1
Upven(q,p) = Upy + §k1q2 + Ekzpz — k,Bp + E’QPZ + Zk3p4 (10)

Total potential energy of the CVEH is defined as the summation of the magnetic potential energy and the strain energies
of harvester A and harvester C:

Uharvester A Uharvester c
—_——

1 1
Ucven(q,p) = Uy + §k1q2 + Ekzpz (11)

Figure 2 depicts the potential energy surfaces for the PVEH (Figure 2a) and the CVEH (Figure 2b), as a function of the
displacements of the tip of the bistable cantilever beam w(L,) and the midpoint of the nonlinear clamped-clamped beam
u(L,/2). The solid lines placed directly onto the potential energy surfaces in Figure 2 represent the potential energy
trajectory of each system for a full cycle of motion of the bistable cantilever, and are generated by quasi-statically changing
the position of the bistable cantilever w(L,), and solving the static form of the governing equations for the corresponding
location of the clamped-clamped midpoint u(L,/2). The level lines shown below the potential energy surfaces indicate
increasing potential energy with increasing brightness. Local minima, which indicate stable system states, are enclosed in
level lines that are blue ovals. The parameters for harvester A are identical in both the PVEH and CVEH. The linear spring
constant k, and mass m, parameters for harvester C of the CVEH are determined through a parametric analysis (see
Section 4.1: CVEH performance maximization) with the objective of maximum power generation for a given set of
excitation conditions. For harvester B of the PVEH, the linear spring constant for the pre-compressed linear spring k, is
selected to match the linear spring constant of the CVEH, the linear spring stiffness of the clamped-clamped beam under
preload k, is selected such that harvester B is buckled and exhibits bistability (k, + k4 < 0), the nonlinear stiffness k5 is
selected to be in the range of representative values from similar systems, #3352 and the magnitude of the asymmetry term
B is selected to be less than the magnitude of the theoretical stable equilibria of the nonlinear clamped-clamped element

under preload (|8| < +/|k, + k4|/k3). All parameters used to generate the potential energy surfaces for the PVEH and the
CVEH are listed in Table 1.

The potential energy surface for the PVEH (Figure 2a) contains four local minima (stable states), indicating bistability in
both of the harvesting elements (harvester A and harvester B), or quad-stability for the entire system. On the other hand,
the potential energy surface for the CVEH (Figure 2b) contains just two local minima that are symmetrically aligned about
w(L,) = 0 mm, indicating bistability only in harvester A, while harvester C exhibits a monostable potential. Figure 3
contains projections of the quasi-static potential energy trajectories (solid lines on the potential energy surfaces in Figure
2) solely as a function of cantilever tip displacement w(L,) (Figure 3a) or clamped-clamped midpoint displacement
u(L,/2) (Figure 3b). Each projection corresponds to the quasi-static potential energy trajectory for an individual
harvesting subsystem. The potential energy trajectories for harvester A of the PVEH, harvester A of CVEH, and a
conventional bistable system with fixed magnet are shown in Figure 3a, while the trajectories for harvester B of the PVEH
and harvester C of the CVEH are shown in Figure 3b. The potential energy barrier, or the maximum difference in potential
energy between a stable state (local minima) and center unstable state (local maximum), and snap through amplitude, or
distance between stable states, are measured for each individual subsystem and listed in Table 2. Figure 3a contains the
potential energy trajectory pertaining to harvester A (w(L,) — direction) of both the PVEH and CVEH. It is observed that
both systems lower the potential energy barrier for the bistable cantilever (harvester A for both PVEH and CVEH) when
compared to a conventional bistable harvester with magnet 2 fixed at u(L,/2) = 0. Harvester A is bistable for both the
PVEH and CVEH; however, harvester A of the PVEH achieves a lower potential barrier height (60 pJ compared to 70 pJ
for CVEH) accompanied with a larger snap through amplitude (18.8 mm compared to 13.8 mm for CVEH). A lower
barrier height for the PVEH facilitates interwell oscillations for a larger range of excitation conditions, while a larger snap
through amplitude enables higher amplitude motion and greater power generation. In addition, Figure 3b confirms that the



PVEH, in its coupled form, achieves bistability in harvester B (blue line), while harvester C of the CVEH is confined to a
monostable potential (red line). Thus, inclusion of asymmetry and nonlinearity into harvester B of the PVEH allows the
fully coupled system to achieve MDOF bistability (quad-stability) and encourages high amplitude motion in harvester B
that is not present in the linear harvester C of the CVEH.

Next, the effect of varying the linear spring stiffness k, of the pre-compressed spring in harvester B of the PVEH is studied.
Figures 2c and 2d contain the potential energy surfaces for the PVEH with different linear spring stiffness k, values as a
function of w(L;) and u(L,/2). A k, value of 0 N/m is selected to evaluate the potential energy function for a PVEH with
no asymmetry from the pre-compressed spring, and thus the nonlinear harvesting element is effectively a conventional
symmetric bistable clamped-clamped beam with no parallel spring attachment. For a k, value of 0 N/m, four local minima
(quad-stability) still exist in the PVEH and harvester B remains bistable (Figure 2¢). However, system stable states develop
asymmetry along the u(L,/2) - direction, as the local minima that are positive in u(L,/2) have a much lower potential
energy U than the local minima that are negative in u(L,/2). For high k,= 750 N/m, the pre-compressed spring exhibits
such influence that the PVEH loses two potential energy minima, making the entire system only bistable (Figure 2d), like
the CVEH. The resulting two potential energy minima are centered around the unstretched equilibrium of the pre-
compressed spring, § =-0.5 mm. Evaluating the quasi-static potential energy trajectory of harvester A (Figure 3a) indicates
potential energy barriers in both high and zero k, configurations that are much greater than the 60 pJ barrier for the PVEH
with k, =404 N/m (190 uJ for k,= 0 N/m and 230 uJ for k,= 750 N/m). These high potential energy barriers would inhibit
energetic interwell oscillations of harvester A, thus reducing broadband power generation. Evaluating the potential energy
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Figure 2. Potential energy surfaces for (a) PVEH with k, =404 N/m; (b) CVEH with k, =404 N/m; (c¢) PVEH with k, =0
N/m; (d) PVEH with k, =750 N/m. Potential energy U given as function of displacements of cantilever beam tip w(L4)
and clamped-clamped beam midpoint u(L,/2). Solid lines on each surface represent quasi-static potential energy
trajectories for each system. Level lines below the surfaces indicate increasing potential energy U with increasing
brightness.
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Figure 3. Projection of quasi-static potential energy trajectories onto the (a) w(L1) — U plane and the (b) u(L,/2) — U plane

Table 2. Measurements for quasi-static potential energy analysis

Harvester A (Figure 3a) Harvester B (PVEH); Measurement Explanation:
H ter C (CVEH
arv(el?i;‘l re gb) ) Potential Energy Barrier and
Snap Through Amplitude for
Harvesting System Linear Snap Potential Snap Potential Bistable System
(line color in Spring Through Energy Through Energy
Figures 2,3) Stiffness, Amplitude Barrier Amplitude Barrier 2l Me;sut:::;:t;&:l;ﬁgl fiom
k, su
PVEH (Blue) 404 N/m 18.8 mm 60 pJ 1.82 mm 26 uJ
CVEH (Red) 404 N/m 13.8 mm 70 uJ «—Monostable— snap through amplitude
PVEH (Purple) 0 N/m 20.0 mm 190 pWJ 3.26 mm 893 ul U [mJ]
PVEH (Yellow) 750 N/m 17.8 mm 230 WJ «—Monostable—
Conventional oo (fixed) 16.0 mm 170 wJ «—N/A (Fixed)—
Bistable (Black potential energy barrier
dashed) disp. [mm]

of harvester B, Figure 3b shows that selecting a conventional symmetric bistable clamped-clamped element (purple line,
k, = 0 N/m) for harvester B leads to a large potential energy barrier between stable states (893 pJ compared to 26 uJ for
k,=404 N/m). This large potential barrier means that the dynamic response of harvester B would likely be confined to the
lower energy stable state centered at u(L,/2) = 1.83 mm (see inset “Stable State 2” in Figure 3b, small dark blue oval
level lines in Figure 2¢), and thus be of the small amplitude intrawell regime. On the other hand, selecting a large k, = 750
N/m (yellow line) confines oscillations of harvester B to a monostable potential. Both high and zero k, scenarios thus limit
high amplitude motion and potential broadband power generation from harvester B. Therefore, addition of asymmetry
through the pre-compressed linear spring in the nonlinear harvesting element is justified, and care must be taken to select
a k, that will enable bistability for harvesters A and B with a large snap through amplitude and low potential energy barrier
height.

In summary, the quad-stability of the PVEH can be designed to facilitate MDOF high amplitude motion by lowering the
potential energy barrier while maintaining a large snap-through amplitude in both the w(L,) and u(L,/2) directions. This
raises the possibility that high energy interwell oscillations of either harvester subsystem (A or B) may then trigger high
energy interwell oscillations of the other, which would increase harvesting performance. Moreover, the addition of two



stable states when compared to conventional adaptive potential (CVEH)* or previously studied magnetically coupled
bistable systems** 4 engenders the possibility for harvesting enhancement via rich dynamics corresponding to the
multitude of potential phase-dependent* intrawell and interwell dynamic trajectories between the four stable states.

4. SYSTEM DYNAMICS NUMERICAL INVESTIGATION

The dynamic response and energy harvesting performance of the PVEH under external excitation are evaluated by
numerical simulations of the governing equations (Equation 2). The effectiveness of the PVEH is evaluated by comparison
with dynamic simulations for the performance of the CVEH (Equation 3). The values listed in Table 1 are used for the
numerical study. A range of harmonic excitations are applied to the system, with a two-dimensional excitation domain of
2 to 12 Hz and 0.5 to 8 ms~ selected to match the frequency bandwidth and amplitude of many ambient excitations found
in practice.'>** 10 simulations are conducted for each excitation condition (frequency-amplitude pairing) and the average
power generation Pyy;_y, , from the 10 simulations is calculated. Each simulation has randomized initial conditions, with
their range covering the stable system equilibria. Aggregate power generation Puggregqte for the entire excitation
frequency-amplitude domain is then calculated for a measure of broadband harvesting performance:

Poggregate = Xf, 2p Pavg—f,p3 fo=2—12Hz; p=05-8 m/s? (13)

where f, is the excitation frequency, p is the excitation amplitude, and Pg,q_f,,, is the average power harvested for 10
simulations of a specific excitation frequency-amplitude (f, — p) pairing. The performance of the CVEH is maximized for
the prescribed excitation domain and described in Section 4.1. An equivalent PVEH is evaluated against the maximized
CVEH and discussed in Section 4.2.

4.1 CVEH performance maximization

The broadband performance of the CVEH for the chosen excitation domain is maximized through parametric analysis of
the effective mass m, and linear spring stiffness k, system parameters. Effective mass m, and linear spring stiffness k,
of harvester C of the CVEH are chosen as design variables because they have been identified as critical to system
performance in previous studies regarding the current state of the art.3>343° The parametric study indicates that the
maximum achievable system performance for the given excitation domain is Pyggregate = 333 mW for m, = 0.1 kg and
k,= 404 N/m. Figure 4 shows the aggregate power generation Pyggregqre Of the CVEH as a function of m, and k,, with
increasing brightness indicating increasing aggregate power. The region of maximum performance (yellow) is enclosed

i,/kz /m, = 18 Hz and f,,, = 6 Hz, with top performance

2m
located along f,,, = 10 Hz. This feature of the system performance indicates that Pyggregqare 1S dependent on f, of

harvester C in the CVEH.
4.2 PVEH vs. CVEH

between the lines of constant linear natural frequency f,, =

The performance of the PVEH is analyzed by adding asymmetry and nonlinearity features to the CVEH with maximized
performance developed in Section 4.1. Thus, the parameters k, = 404 N/m and m, = 0.1 kg, which maximize the
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Figure 4. Paggregate Of CVEH as a function of effective mass m, and effective linear stiffness k,. More power indicated by
increasing brightness.



performance of the CVEH, are selected for harvester B of the PVEH, to obtain a fair comparison between the two systems.
All other system parameters for the PVEH are defined as identical to the CVEH, with the exception of the additional terms
in harvester B of the PVEH associated with its asymmetric nonlinearity (k3, k4, §). Figure 5 shows the average harvested
power of both the CVEH (Figure 5a) and PVEH (Figure 5b) as a function of base excitation frequency and amplitude.
More harvested power is indicated by increasing brightness. It is evident from comparison of Figures 5a and 5b that the
PVEH (Figure 5b) exhibits strong performance over a larger region of excitation characteristics than the maximized CVEH
(Figure 5a). In fact, results of the numerical simulations show that the PVEH improves broadband performance by 25%
when compared to the CVEH with maximized harvested power (Pyggregate =417 mW for PVEH and 333 mW for CVEH).

Decomposing each system and analyzing the performance of each subsystem shows that harvester A ofthe CVEH achieves
a Pyggregate—harvester a OF 159 mW, while the identical harvester A of the PVEH achieves a P, ggregate-narvester 4 0T 200
mW, a 26% improvement. Figure 6 shows the average harvested power of harvester A of the CVEH (Figure 6a) and
harvester A of the PVEH (Figure 6b) as a function of excitation frequency and amplitude, with increasing harvested power
indicated by increasing brightness. While harvester A of both the PVEH and CVEH exhibits peak performance in a region

near the resonant frequency of the unbuckled cantilever (ﬁ,/kl /m;) (Figures 6a and 6b), harvester A of the PVEH

exhibits strong performance over a broader range of excitation conditions. This larger region of strong performance
indicates more energetic interwell dynamics for the cantilever are experienced over a broader set of excitation conditions,
which can be attributed to the lower potential energy barrier and larger snap through amplitude of harvester A of the
PVEH. The broadband average harvested powers of harvester B of the PVEH and harvester C of the CVEH are compared
in Figure 7. Harvester B of the PVEH achieves an aggregate power Puggregate—narvester g 0F217 mW, a 25% enhancement
over harvester C of the CVEH, which achieves a Pyggregate-narvester ¢ 0f 174 mW. For harvester C of the CVEH, the
excitation region of peak performance is narrow, and centered around an excitation frequency of f, =5 Hz (Figure 7a). As
outlined in a previous study,* this performance peak occurs at f, = 5 Hz because the linear natural frequency of harvester
C (fy2) 1s equal to 10 Hz, and harvester C oscillates at double the frequency of harvester A when the bistable cantilever of
harvester A undergoes interwell oscillations. Thus, a 5 Hz excitation frequency results in harvester C oscillating at its
natural frequency of 10 Hz, generating linear resonant behavior. From Figure 7b, it is evident that the excitation region of
strong performance for harvester B of the PVEH is much larger than that of harvester C of the CVEH. Since harvester B
is nonlinear, it does not rely on narrowband linear resonance phenomena to achieve strong performance, and thus can
achieve a region of significant harvested power that is more robust to excitation conditions. Therefore, incorporating the
asymmetry and nonlinearity into harvester B of the PVEH and achieving bistable dynamics in this subsystem facilitates
performance enhancement when compared to the linear harvester C of the CVEH. In summary, incorporating asymmetry
and nonlinearity into harvester B of the PVEH enhances the dynamic performance of both subsystems of the PVEH
(harvester A and harvester B) and results in substantial enhancement in harvesting capabilities.

5. CONCLUSIONS

In this study, a novel MDOF vibration energy harvester (PVEH) with magnetically coupled bistable modules that can
enhance energy harvesting performance through nonlinearity and adaptive potential energy is proposed and investigated.
A conventional bistable harvesting element is coupled to an asymmetric nonlinear harvesting element through magnetic
interaction. Analysis of the potential energy surface for the system indicates that careful design of the asymmetric nonlinear
element can facilitate development of system quad-stability, or multi-directional bistability. Investigation of the quasi-
static potential energy trajectory for the device indicates that the asymmetric nonlinear mechanism used to create this
potential energy surface enables shaping of the potential energy profiles for both system DOF. Careful selection of the
linear stiffness k, of the asymmetric nonlinear element allows for the design of potential energy trajectories for both
system DOF that maintain large bistable snap-through amplitudes while reducing the potential energy barrier to high
energy interwell oscillations. The end result is a quad-stable potential energy surface for the PVEH that is configured to
encourage MDOF high amplitude oscillations for a wide range of excitation conditions. Numerical simulations of dynamic
response to a large range of practical excitation conditions confirm that the PVEH substantially improves broadband
harvesting performance over a system representing the current state of the art (CVEH). Further analysis of the dynamic
response suggests that both harvesting elements of the PVEH exhibit highly energetic response for a wide range of
excitation conditions, and each provide significant contributions to performance enhancement. The end result is a system
with a highly tailorable potential energy profile and rich synergistic dynamics between coupled subsystems, providing
amplified peak performance and an enhanced robustness to external excitation conditions.
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Figure 5. Comparison of average power Fy;,4 harvested by entire systems (a) CVEH and (b) PVEH as a function of
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