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(Communicated by Michael Hitrik)

ABSTRACT. We characterize the kernel of the mixed ray transform on simple
2-dimensional Riemannian manifolds, that is, on simple surfaces for tensors of
any order.

1. INTRODUCTION

We provide a characterization of the kernel of the mixed ray transform on simple
2-dimensional Riemannian manifolds for tensors of any order. The key application
pertains to elastic ¢S-wave tomography [3] in weakly anisotropic media.

We let (M, g) be a smooth, compact, connected 2-dimensional Riemannian man-
ifold with smooth boundary OM. We assume that (M, g) is simple; that is, OM is
strictly convex with respect to g and exp,, : exp, YM) — M is a diffeomorphism
for every p € M. We let SM = {(x,v) € TM;||v||y = 1} be the unit sphere bundle.
We use the notation v for the outer unit normal vector field to M. We write
Oin(SM) = {(z,v) € SM;z € OM,{v,v), < 0} for the vector bundle of inward
pointing unit vectors on OM. For (z,v) € SM, ;. (t) is the geodesic starting from
x in direction v, and 7(z,v) is the time when ~, , exits M. Since (M, g) is simple
T(z,v) < oo for all (z,v) € 95, (SM), and the exit time function T is smooth in
Oin(SM) [15, Section 4.1].

We use the notation S¥M, k € N, for the space of smooth symmetric tensor
fields on M. We also use the notation S¥M x S*M, k,¢ > 1, for the space of
smooth tensor fields that are symmetric with respect to first k£ and last ¢ variables.
The mized ray transform Ly, of a tensor field f € S*M x SEM is given by the
formula

(z,v) , ‘ , ‘
(11)  Lief(z,0) :/0 Jirreovsingnnege (V@) YE) -4 @) * ()7 - - m(2)’*dt,
(.’L‘,U) Eazn(SM)v Y = Yz,

where we used the summation convention, while 7(t) is some unit length vector
field on v that is parallel and perpendicular to %(¢) and depends smoothly on
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2 M. V. DE HOOP, T. SAKSALA, AND J. ZHAI

(x,v) € 0, (SM). We note that the definition of the mixed ray transform is different
in higher dimensions, due to the freedom in the choice of 7 (see [15, Section 7.2]).
We consider the choice of 7(t) and the mapping properties of Ly ¢ in dimension 2.

We define two linear operators, the images of which are contained in the kernel of
Ly 4. For a (k x £)-tensor, fir,oingisn...je» We introduce the symmetrization operator

as
. . 1
(1'2) (Sym(llv s 7zk)f)i17m,ikj1,~-~,je = E Z fia(l)s~~'~,io'(k)j1:“~7jl7
g
where o runs over all permutations of (1,2,...,k). This operator symmetrizes

f with respect to the first k£ indices. We define the symmetrization operator
Sym(j1, ..., Jje) for the last ¢ indices analogously.

We introduce a first operator A, the image of which is contained in the kernel of
L. The operator A : S¥71M x S=1M — S¥M x S*M is defined by

(1.3)  (AW)iy,ingnege 7= Sym(in, -y ik) Sym(jns - -, o) (Gings Wis, . ingan.. g )-
Using (1.2) and (1.3) it is straightforward to verify that

(1.4) (Aw);, .. Ut () (v ) =0, v e TM,

TR J1 ey

L is any vector orthogonal to v. Therefore (1.4) implies that

Im(\) C ker(Ly ).

where v

We use the notation u;, . ;..» for the (h) component functions of the covariant
derivative Vu of the tensor field u. We define the second operator, d’ say, by the
formula

(1.5) d: SFIM x S*M — SFM x S*M,
(d/u)il,...,ikjl,‘..,jl = Sym(zh s 7ik?)uig,...,ik,jl,‘..,j[;il'
Then the following holds for any v € S¥~1M x S*M:

g ( OV - () (e - -n(t)ﬂ)

= (d"W)iy,.ipgr s V) A (@) ()T (E)e.

If ulsppr = 0 (in the sense that all component functions of w vanish at M), then
Ly ¢(d'vw) = 0 by the fundamental theorem of calculus. Thus

{du: ue S* M x S*M, u|gnr = 0} C ker(Ly.r).

Our main result shows that the kernel of Ly, is spanned by the images of these
two linear operators.

Theorem 1.1. Let (M,g) be a simple 2-dimensional Riemannian manifold. Let
feSkM x SM, k,¢>1. Then

Ly of(z,v) =0, (x,v) € 0 (SM),
if and only if
f=du+ w, weS*IMxSM, uloppr =0, we S 1M xS1M.
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2D MIXED RAY TRANSFORM 3

The key observation needed to prove this theorem is that the mixed ray trans-
form and the geodesic ray transform can be transformed to one another, for arbi-
trary k,¢ > 1, if (M, g) is a 2-dimensional simple Riemannian manifold. A similar
observation has already been obtained for the transverse ray transform by Shara-
futdinov [15, Chapter 5]. The work by Paternain, Salo, and Uhlmann [10] proved
the s-injectivity of the geodesic ray transform on simple manifolds in dimension 2.
In Theorem 1.1, we characterize the kernel of L;, ; using their results.

2. RELATION WITH ELASTIC ¢S-WAVE TOMOGRAPHY

We describe a mixed ray transform arising from elastic wave tomography. We
follow the presentation in [15, Chapter 7], wherein one can find more details. Let
(x',2?) be any curvilinear coordinate system in R?, where the Euclidean metric is

ds* = gjkdacjda:k.

The elastic wave equations

0%u;
(2.1) p 8t2j = O’jk;k = jkug"

describe the waves traveling in a 2-dimensional elastic body M C R?. Here u(z,t) =
(u',u?) is the displacement vector. The strain tensor is given by

1

gk = 5 (Ujik + Uiij),
while the stress tensor is
ojk = Cjrime'™,

where C(z) = (Cjkim) is the elastic tensor and p(z) is the density of mass. Here
el™ is obtained by raising indices with respect to the metric g;x. The elastic tensor
has the following symmetry properties:

(2.2) Cikim = Crjim = Cimgk-
We assume that the elastic tensor is weakly anisotropic; that is, it can be repre-
sented as

Cikim = AgjkGim + 1(Gj19km + GimGri) + 0Cjkim,
where X and p are positive functions called the Lamé parameters and ¢ = (¢;xim)
is an anisotropic perturbation. Here, § is a small positive real number. We note
here that 6 = 0 corresponds to an isotropic medium.
We construct geometric optics solutions to system (2.1) using the parameter
w = wp/d, where wy is a constant,

2 tm) & 5(-7,?) = U(-;n)
uj — ele § J , gjk — ewn E J , Ujk — ewn E J ,
)T )M Yoy )m

= (iw) S (iw) S (iw)

and «(z) is a real function.
We substitute the above solutions into equation (2.1), assume u(~ = &(=2) =
0(=2 = 0, and equate the terms of the order —2 and —1, respectively, in w to

obtain
At 1) (@@, V), Vo + (]| V]2 = p)u® = 0.
If we take
2 _ P
(2.3) [Velly = o
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4 M. V. DE HOOP, T. SAKSALA, AND J. ZHAI

then
(W™ Vi), =0.

The solutions u;-o) represent shear waves (S-waves), and the displacement vector u(©

is orthogonal to Vi. We denote ngy = p/u and vs = 1/ng. The characteristics of the
eikonal equation (2.3) are geodesics of the Riemannian metric n2ds? = n2g;,dz’ dx®.
We choose a geodesic 7 of metric n2ds? and apply the change of variables,

US'O) = Asnglgja

where

C
Ay = —, J?>=n2det(gjx), C isa constant.

VJpug
Then it is shown in [15, Section 7.1.5] that ¢ satisfies Rytov’s law,
D o1 .. "
(24) (F5) = =ims 0 = i Nencaans*4™ '
J

6
dr V9

where % is the covariant derivative along . We note that cgrimy*4™ is qua-
dratic in 4 and symmetric in k,m, so the solution ¢ of (2.4) depends only on the
symmetrization

1
fiktm = _Zw(cjlkm + Cjmkl)-

We assume that for every unit speed geodesic 7 : [a,b] — M (in Riemannian
manifold (M, n2ds?)) with endpoints in M, the value ¢(b) of a solution to equation
(2.4) is known as ((b) = U(y)((a), where U(y) is the solution operator of (2.4) and
C(a) is the initial value. We formulate an inverse problem.

Inverse Problem 2.1. Determine tensor field f from U(v).

We linearize this problem as in [15, Chapter 5]. Take a unit vector field £(¢) L
4(t) (with respect to metric n2ds?), which is also parallel along 7. Then e;(t) = £(¢)
and ey(t) = 4(¢) form an orthonormal frame along . In this basis, equation (2.4)
is

: 1 . .
(2.5) G = —waoclum”yw ¢t G=0.
We denote F(t) = —i#woclllm(’y(t))"yl(t)f'ym(t). Since (2.5) is a separable first-
order ordinary differential equation, its solution is

G (b) _ ef; F(t)dtgl(a).
We take the first-order Taylor expansion of the right-hand side of the equation

above to obtain ,
G =Gl ~ [ POc @

Multiplying this equation by ¢!(a), we get

26)  (G0)-Gla / F(t)¢H ()¢ (a)dt

_ / wo Friim (Y(D)C (@)CH (@) ()™ (1) dt.

a
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2D MIXED RAY TRANSFORM 5

We denote the vector field n(t) = (%(a)e;(t), (*(a) = 0, and observe that it is
parallel along v and perpendicular to 4(t). We emphasize that n(t) does not need
to solve (2.5). The right-hand side of (2.6) then takes the form

b
[ wodium a0 On' 03" @i 0.
We arrive at the inverse problem.

Inverse Problem 2.2. Determine the tensor field f from

b
Laa(f) :/ Fim (v @) ()" ()3 (£)3™ (t)dt
for all v and n L ~, where 7 is parallel along ~.

Remark 2.3. The tensor field f possesses the same symmetry properties (2.2) as
C. Therefore f € S?M x S?M. Since

Loo(f +du+ X w) = Lao(f) forany ue S'M x S2M, we S'M x S'M,
we can only recover the tensor f up to the kernel of Ly 5. Thus Inverse Problem
2.2 is a special case of Theorem 1.1.

3. CONTEXT AND PREVIOUS WORK

We note that if £ = 0 in (1.1), the operator Ly ¢ is the geodesic ray transform Iy

for a symmetric k-tensor f. It is well known that Sym(iy, ..., 4;)Vu is in the kernel
of Iy, where u is a symmetric (k — 1)-tensor with ulpq = 0. If I} f = 0 implies
f =Sym(i1,...,ir)Vu, we say that Ij is s-injective.

When (M, g) is a 2-dimensional simple manifold, Paternain, Salo, and Uhlmann
[10] proved the s-injectivity of Ij for arbitrary k. The standard way to prove s-
injectivity of Iy and I is to use an energy identity known as the Pestov identity.
If £ > 2 this identity alone is not sufficient to prove the s-injectivity. The special
case k = 2 was proved earlier [16] using the proof for boundary rigidity [14].

In dimension 3 or higher, it was proved that I is injective [7,8] and that I is
s-injective [2]. The s-injectivity of I for k > 2 is still open for simple Riemannian
manifolds. Under certain curvature conditions, the s-injectivity of Iy, k > 2, was
proved in [4,12,13,15]. Without any curvature condition, I5 has a finite-dimensional
kernel [18]. If g is in a certain open and dense subset of simple metrics in C”,r > 1,
containing analytic metrics, the s-injectivity was obtained by analytic microlocal
analysis for & = 2 [17]. Under a different assumption, namely, that M can be
foliated by strictly convex hypersurfaces, the s-injectivity was established for £ = 0
[21] and kK = 1,2 [19].

The mixed ray transform (¢ # 0, k # 0) has not been studied as extensively as
the geodesic ray transform. In dimension 2 or higher, a result similar to Theorem 1.1
was obtained under a restrictive curvature condition [15].

When k& = 0, Loy is called the transverse ray transform, also denoted by J,.
For Jy, the situations are quite different for dimension 2 and higher dimensions.
In dimension 3 or higher, J; is injective for ¢ < dim M under certain curvature
conditions [15]. However, Jy has a nontrivial kernel in dimension 2. This problem is
related to polarization tomography, for which some results are given under different
conditions [5,9,11].
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6 M. V. DE HOOP, T. SAKSALA, AND J. ZHAI

In a recent paper [6] the authors studied the s-injectivity of attenuated geodesic
ray transforms. In [6, Theorem 5] the authors proved that for a given k& € N the
family {Lg_¢¢ : £ € {0,...,k}} of mixed ray transforms determines a symmetric
tensor f € S¥M uniquely if (M, g) is a simple surface or if M is a unit disk of R?
and g is a radial metric ¢(r)e satisfying Herglotz’ nontrapping condition

i (i) >

4. PROOF OF THEOREM 1.1

Since (M, g) is a 2-dimensional simple Riemannian manifold, there exists a diffeo-
morphism ¢ from M onto a closed unit disc I of R?. If ¢’ is the pullback of metric
g under ¢~! on D, then ¢’ is conformally Euclidean, meaning that there exists a
change of coordinates after which ¢’ = he, where I is some positive function and
e is the Euclidean metric; this was shown in [1, Theorem 4] and [20, Proposition
1.3]. Therefore, there exist global isothermal coordinates (1, x2) on M so that the
metric g can be written as e2*(®)(dx? + dz?), where a(x) is a smooth real-valued
function of x.

The global isothermal coordinate structure makes it possible to define a smooth
rotation,

oc:TM —-TM, o(v):= (v, —v1),

where v = (v1,v2) in these coordinates. This map satisfies

(4.1) vlo(w) and |ully=o(v)l.
Moreover, there exists a linear map
(4.2) ®:SPM x SPM — C(SM),

((I)f)(x’ U) = fi17~-,ikj17~->jtz (x)vil e ’Uika(v)jl o 'U(’U)je'

Thus each tensor field f € S¥M x S¢M is related to a smooth function on SM via
(4.2). We note that ® is not one-to-one since ®(A\w) = 0 for any w € S*~1M x
S=1M, where ) is as in (1.3). We have the following:

Lemma 4.1. For any f € S*M x S*M it holds that

(z,v)
(43)  Lief(e0) = / () (e (1), A (D), (2,0) € Din(SM),

and
Lk7g : SkM X SZM — O°°(6MSM)
if we assume that

n0) =o(v), (z,v)€ Oin(SM).

Proof. Let (x,v) € 0;,,SM. We define nn = o(v). Let Pi(n) be the parallel transport
of n from T, M to T,  yM, t € [0, 7(x,v)]. By the property of parallel translation,
P, : T.M — T, ()M is an isometry, whence ||Pinll, = 1 and (Pn,%(t))y = 0.
Since M is 2-dimensional, the continuity of Py in ¢ with (4.1) implies that

Pﬂ] = U(’yz,u(t))-
Because the functions ® f and 7 are smooth in 0;,(SM), the function Ly, ,(f) is
smooth in 0;,(SM) due to (4.3). O
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2D MIXED RAY TRANSFORM 7

Let f € S¥M x S*M. Simplifying the notation, from here on we do not distin-
guish tensor f from function ®(f). We notice first that
(44)  fla) = (DTN g @ttty O I 0,
(x,v) € SM,

where N(j1,...,j¢) is the number of 1’s in (j1,...,7¢). We let 6 be the map that
maps 1’s in (ji,...,j¢) to 2’s and vice versa. We denote by (41, ..., j¢) the ¢-tuple
obtained from applying ¢ to (j1,...,J¢). Then we define a linear operator

(4.5) A:SEM x S*M — S*M x S*M,

(Af)i17-~7ikj17-~7je = (_l)eiN(jl’m’je)fi1,..-,ik5(j1,~-7je)'
We note that for any k,¢ > 1 we have
A(r(x)((@hdasl) ®s (@F "d2?)) ® (®%dz") ®4 (®L]_“dx2)))

= r(2)((®"dz") @, (2F"da?)) @ (@ (xdz')) @, (@ *(xdz?)))
= (1) (2)((®@"da") @, (@ "d2?)) @ (@ dat) ® (®%d2?)), 1€ C®(M),

where « is the Hodge star operator. Formula (4.5) implies that A is invertible with
the inverse

(4.6) A7l = (—1)fA.
We then point out that
(4.7) (AS)ir,oningisege (@07 =00t 0t

= (Sym Af)i17~--ikj1,<~-7jz (‘T)vil Tt Tt

The notation Symh stands for the full symmetrization of the tensor field h.
Using equations (4.4), (4.5), and (4.7), we find that

(4.8) Li,o(f) = Tese(Sym(Af)),

where Ij,, is the geodesic ray transform on symmetric tensor field h € S*¥+¢M,
defined by the formula

Tire(h)(2,0)

(z,v) . .
- / hi11<~-7ik+2 (’Yx,v (t));yx,v(t)“ Ve (t)lk+[dtv (x,v) € 3in(SM)~
0

By (4.8) and [10, Theorem 1.1] it holds that for any h € S¥M x S*M,
(4.9)  Ly(h) =0 if and only if Sym Ah = d*v, v € S¥T7IM, w|sp = 0.

In the above, d® stands for the inner derivative, that is, the symmetrization of the
covariant derivative

(4.10) d*u = Sym(Vu), € S*1M.
If Ly ¢(f) =0, then, with (4.6) and (4.9), we can write
f = (~D) A(Sym(Af)+(Af~Sym(Af))) = (~1)* A(d*u)+f+(~1) T A(Sym(Af)).
We conclude that the claim of Theorem 1.1 holds if
f+ (=D TASym(AS)) = \w,  A(d*u—d'u) = ', d'A= Ad
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8 M. V. DE HOOP, T. SAKSALA, AND J. ZHAI

for some w,w’ € S*7'M x S*"'M and u € S*t~'M. These equations will be
proved in the following subsections.

4.1. Analysis of operator ASym A. In this subsection, we prove the following
identity for any f € S¥M x S*M:

(4.11) f+ (=D TASym(Af)) = Aw  for some w € S¥7IM x SIM.
We start with a lemma that characterizes the kernel of A Sym A.

Lemma 4.2. For the linear maps

ASymA : SFM x S°M — S*M x S*M
and

X SFTIM x SIM — SFM x S'M,
the following holds:

ker(ASymA) = Im()).

Proof. We use the notation ®; for the symmetric product of tensors. We note that
the choice of isothermal coordinates implies that

(412) Aa®b) = > ((da! @5 a) ® (do' @, b) + (d2? @, a) ® (dz? @5 b)),
a®be SFIM x STTM.

Since A is a bijection, it suffices to prove that

(4.13) Im(A) = ker(Sym A).

We prove first that Im(\) C ker(Sym A). In the view of the C'*°(M)-linearity of A
and Sym A, it suffices to prove that Aw € ker(Sym A) when w is a C°°(M)-basis
tensor field of the form

h—1 k—h a—1 l—a
w=((Qda") @, (Qda*)) ® (R da) @5 (R da?)),

he{l,....k}, ae{l,... 0}

Then
(4.14)
h k—h l—a ¢
0—20(2) A\ — (_1)€—a <((® dxl) ®, (® dx2)) ® ((® dxl) R (® de))

h—1
~(Qdz") @, () da?) @ (((R) dz') @, (X)dz?))

Due to linearity of Sym and formula (4.16), which is given later in this proof, we
have Sym A(Aw) = 0. Therefore, Im(\) C ker(Sym A).
Now we prove that ker(Sym A) C Im()\). We note that any f € S*M x S*M

. M
can be written as f =)', Uy, where

Um = Tmbm,  Tm € C°(M),

k—h+1 {—a+1 a—1 )

l—a, Ao

han k—hm
(4.15) b = (R dat) @, (R) da?)) @ ((Q) dat) @ (R) da?)),

hm €{0,...,k}, am€{0,...,L}.
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2D MIXED RAY TRANSFORM 9

It is straightforward to show that for any m,m’ € {1,..., M} it holds that
(4.16)  (Sym A)by,(x) = (Sym A)b,, () if and only if hyy + am = hepr + G

Therefore, for a given m € {1,..., M}, the sum H := h,, + a,, is an important
quantity associated with the tensor wu,, from the point of view of the map Sym A.
However, for a given H € {0, ..., k+¢} there are usually several (h,a) € {0, ..., k}x
{0,...,¢} whose sum is H. Thus we define hy € {0,...,k} to be the smallest
integer such that there exists ag € {0, ..., ¢} that satisfies hyy +ay = H. We note
that for every H the pair (hy,ay) is unique.

Then we can write

o, R(H)
f = Z fH,fH = Z bH,TfH,r, bH;,« S COO(M),
H=0 r=0
hu+r k—(hu+r) L—(ag—Tr) ag—r

far=((Q) d")o, ( Q) d?))e(( Q) di')a, (K dz?)),
and the summing limit R(H) depends on k, ¢, and H. Moreover the C*(M)-
linearity of Sym A and (4.16) imply that f € ker(Sym A) if and ounly if fy €
ker(Sym A) for every H € {0,...,k+ (}.
In the following, we study the tensor fy for a given H € {0,...,k + ¢}. For
r€{l,...,R(H)} we define w, € S*"1M x S*~'M by the formula

hp+r—1 k—(hu+r) {—(ag—r)—1 apg—r
we=(( Q) dha.( @ d))e(( &K dr')@. () da?)).
Then (4.12) yields
Aw, = eza(z)(fH,r + fH,r—l)-
This implies the recursive formula
fH,r - A(672a(z)w7ﬂ) - fH,T—l'
Thus for every r € {0,..., R(H)} there exists w’. € S¥=1M x S~ M such that
(4.17) frr = w4 (=1)" fu 0.
Therefore, there exists wy € S*~'M x S*~'M such that

R(H) R(H)

fH = Z bH,er,r = )\U)H + ( Z (—1)TbH,T)fH70.

r=0 r=0
If fp € ker(Sym A) it holds by the first part of this proof that
R(H)
Sym Afy = < > (—1)"bH7r)(SymAfH70) = 0.
=0
Since Sym Afy o # 0, it follows that S5 (—1)rby . = 0, whence fir = Awp.
This implies that f = \w for some w € S¥~1M x S M.

This completes the proof of Lemma 4.2. O
By the proof of the previous lemma we can write any f € S*M x S*M in the
form
k40
(4.18) f=Mo+> rufuo, ra€CTM),
H=0
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10 M. V. DE HOOP, T. SAKSALA, AND J. ZHAI

for some w € S*~'M x S*~'M. Next, we prove that

(4.19) ASym Afgo= (=1 fuo+ v, He{0,....k+1}.
We note that
k+0—H
SymAfmo = (—1)%" ®dx ®s ( ® da:
aH R(H) hu+r k—(hg+r)
1 2
kM,Z ®dx)®5( ® dz*))
ag—r L—(ag—r)

@ (( ® da') @5 ( ® da?)

where Zf:(g) A, = (k+{)!. Using (4.17), we obtain

_ Z (ag—r)
ASym Afmo = (-1) k:+£' Z T A fH

= (—1)€fH,O + )\w.

Therefore, we have proved (4.19).
Equation (4.11) follows from Lemma 4.2 and (4.18)—(4.19).

4.2. Analysis of operator Ad®. We note that S¥*M c S*M x S¢M. Therefore,
we can extend the inner derivative d* to an operator d° : S*~1M x S*M — SkM x
S¢M and evaluate d® — d’. In this subsection, we show that for any v € S¥~1M x

SM the following equations hold:

(4.20) A(d*u — d'u) = Mw  for some w € S¥IM x S M,
(4.21) dA=Ad.

Since Ad® and Ad’ are linear it suffices to prove the claims for

®daj R ® ®daj R ®da: , reC®(M

By (1.5) and (4.5) we have
(4.22)

P k—h l—a a
Ad'u=(-1)"¢ ( <8x1 > ® ") @, ((X) dz?)) @ () dz") @ () da?))

9 k—h+1 t—a
(8 ST ) ®dx ®s ( ® dx?) ((®dm1)®(

where R, = Zfiffl Tig... ; e L0 moe {1,2}, 7y,

3eesls—1P5ts415--5lk+07 Mg

yeror s —1DsEs4 1y ey lhtl

{0,7} depending on (i1, ... ,ix4¢) and I' ; are the Christoffel symbols of metric g.
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2D MIXED RAY TRANSFORM 11

We write H = h + a and denote Em =
(4.5) and (4.10),

aom(x) — Ry Then we obtain from

R(H) hg+r k—(hmg+r)
’ k+€ ( ZA (K de)e.( Q) da?))
ag—"T e—(aH—T)
® da') @, ( ® dz?))
. H 1) hH_lJr’I" k*(hH_lJrT)
CEY B e 6 )
r=0
ag_1—"1 l—(apg—1—T)
® (( ® dz') @ ( ® d:ﬂ2))),
where Zf:( ZBR(H U= = (k + ¢)!. This yields
N (_1)47%{ R(H) _ (_l)efaHilR(H—l)
Ad’u = le Tz:(:) ((—1) Ar gH,r)—FRzW 2 ((—1) B, gH—l,r)v

where the shorthand notation gy ,, gr—1,» stand for

hyg+r krf(hHJrr) (ag—1) apg—r
gir = () dz") . ( &) ® dz') @, (X) daz?)
hg_1+4r k?_(hH—l"l‘T) l—(ag—1—7) ag—1—T

ga-1e=( & dHhe.( &Q d))e( @ dhe.( K d?)

By an analogous argument as in the proof of Lemma 4.2 we obtain a recursive
formula

G = Wi, + (—1)R(H)*TgH7R(H) for some wy . € S*TIM x ST M.

Thus for some w’, w” € S¥~1M x S*~1M it holds that

Ad'u = (—1)"~° (§19H,hhH + §29H1,h1hH1>

= (_1)Z<(_1)R(H)_h+hH_aE19H,R(H)+(_1)R(H_1)_h+l+hHI_GEQQH—l,R(H—l))

+ ',
and
P | e )
d*u = le ;) (—1)"A,(Awg,,r + (—1) 9H,R(H))
L (—1)fmen— FEY R(H-1
+ RQW (=1)"Br(Qwg—1, + (D) EHED g0 gy 1)

= (-1 ((_1)R(H)_aHE19H,R(H) + (_1)R(H_1)_aH1E29H—1,R(H—1)> +Aw”.

Since we defined

a+h=H=ayg + hg and H-1=ayg_1+hyg_1,
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12 M. V. DE HOOP, T. SAKSALA, AND J. ZHAI

the identities above imply that
A(d*u — d'u) = Mw, we SFTM x S

Therefore we have proved (4.20).
Finally, we prove equation (4.21). We note that

h k—h l—a a
dAu= (1) (El((® da') ®, (® dz?)) ® ((® da') ®, (® dz?))
B h—1 k—h+1 L—a a
+ Rg((@dxl) ®s ( ® dz?)) ® ((® da') ®, (® dx2))).

Thus (4.21) holds since the previous equation coincides with (4.22).
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