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UNIQUE RECOVERY OF PIECEWISE ANALYTIC DENSITY AND
STIFFNESS TENSOR FROM THE ELASTIC-WAVE
DIRICHLET-TO-NEUMANN MAP

MAARTEN V. DE HOOP*, GEN NAKAMURAT, AND JIAN ZHAT

Abstract. We study the recovery of piecewise analytic density and stiffness tensor of a three-
dimensional domain from the local dynamical Dirichlet-to-Neumann map. We give global uniqueness
results if the medium is transversely isotropic with known axis of symmetry or orthorhombic with
known symmetry planes on each subdomain. We also obtain uniqueness of a fully anisotropic stiffness
tensor, assuming that it is piecewise constant and that the interfaces which separate the subdomains
have curved portions. The domain partition need not to be known. Precisely, we show that a domain
partition consisting of subanalytic sets is simultaneously uniquely determined.

Key words. inverse boundary value problem, elastic waves, anisotropy

AMS subject classifications. 35R30, 35110

1. Introduction.

We study the recovery of piecewise analytic density and stiffness tensors of a
three-dimensional domain from the local dynamical Dirichlet-to-Neumann map. We
introduce a domain partition and consider anisotropy and scattering off the inter-
faces separating the subdomains in the partition. This has been considered as an
open problem in exploration seismology where anisotropy reveals critical information
on earth materials, microstructure in geological formations, and stress. The stress
inducted anisotropy is analyzed in [13, 31]

We let 2 C R? be a bounded domain with smooth boundary OQ and y =
(yt, 42, 4%) be Cartesian coordinates. We consider the following initial boundary value
problem for the system of equations describing elastic waves

pd?u = div(Ce(u)) =: Lu in Qr = Q x (0,7,
(1.1) u=f ondQx(0,T),
u(y,0) = Oru(y,0) =0 in Q

with f(y,0) = 0 and %f(y,O) = 0 for y € 09). Here, u denotes the displacement
vector and

e(u) = (Vu+ (Vu)")/2 = (ei5(u)) = % (SZ; - 68?)

the linear strain tensor which is the symmetric part of Vu. Furthermore, C =
(CUkLY = (CU*(y)) is the stiffness tensor and p = p(y) is the density of mass, which
are piecewise analytic on Q.

Here, the hyperbolic or dynamical Dirichlet-to-Neumann map (DN map) A is
given as the mapping

(1.2) Ap: f = 0ru = (Ce(u))v|oq,
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2 Unique recovery of density and stiffness tensor

where v is the solution of (1.1), Ce(u) is a 3 x 3 matrix with its (¢, j) component
(Ce(u))¥ given by (Ce(u))¥ = Zi,l:l Cklgy(u), v is the outward unit normal to
0f). Physically, dpu signifies the normal traction at 9. Its mapping property, that
is, the domain and target spaces, will be specified in Section 2. Actually, we will
consider a local DN map which is a localized version of the DN map. We are using
the (full) DN map here just for simplicity.

It is physically natural to assume that p is bounded away from 0 on  and that the
stiffness tensor C satisfies the following symmetries and strong convexity condition:
e (symmetry) Ck(z) = C7*l(z) = CMi(z) for any = € Q and 4,4, k, [;

e (strong convexity) there exists a § > 0 such that for any 3 x 3 real-valued
symmetric matrix (;5),

3 3
ikl 2
E C%¢iie >0 E CH

i,k l=1 ij=1

We first consider the following inverse boundary value problem: Can one deter-
mine C* and p (as well as all their derivatives) at the boundary from A7? This
inverse problem is referred to as the boundary determination. Concerning the unique-
ness, this question was first answered by Rachelle [23] for the isotropic case, that
is

C = (A8 + (867 + 6767)) .

Her method depends on the decoupling of S- and P- waves on the boundary. This
separation of polarizations, however, is not required for our proof.

There exist different techniques for showing the determination of coefficients of
elliptic equations. One common way is to view the DN map (for some elliptic PDE) as
a pseudodifferential operator, and to recover the material parameters at the boundary
from its symbol. This was first proposed by Sylvester and Uhlmann [27] for the
equation describing electrostatics,

V - (yVu) = 0 with conductivity 0 < v € C=(Q).

The Dirichlet-to-Neumann map is defined by
1/2 du —1/2
A, H/Z(0Q) 3 0 — 75, € H™/%(09Q),

where u is the solution of the above equation with u = ¢ on 9€Q. The symbol of A,
simply has the leading order term (the principal symbol)

o(A))(@", ") = y()'].

Here (2/,¢") € T*(092) and |£’| is the length of the cotangent vector with respect to
the metric on 99 from the Euclidean metric of R3. Tt is almost immediate to recover
7v from o(A,) [27]. The derivatives of v can be recovered from the lower order terms
of the full symbol. For elastostatics, the reconstruction was given in [18, 19] for the
isotropic case and in [21] for the transversely isotropic case. The same approach was
also applied to (time-harmonic) Maxwell’s equations [17, 26]. We remark here that
the calculation of the principal symbol of the DN map for the elastic system is quite
challenging.
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In our previous paper [8], we show that via a finite-time Laplace transform, we
can reduce the dynamical problem to an elliptic one: determine the isotropic C**
and p at the boundary from A", where A" is the DN map corresponding to the elliptic
system of equations

Muv = pv — h?div(Ce(v)) =0 in Q,
(1.3)
v = on Jf)

with a parameter h which is the reciprocal of the Laplace variable 7 > 0, and A" is
defined by

A" HY2(00) 5 ¢ — hdpv = h(Ce(v))v|oa € H'/2(09).

In general, we do not have the exact A" from Ap. However, if we view A" as a
semiclassical pseudodifferential operator with a small parameter h, we can recover the
full symbol of A" from AT. Then we expect to reconstruct the material parameters
at the boundary from the full symbol of A". We refer to the book by Zworski [33] for
an introduction to semiclassical pseudodifferential operators.

Generally, we believe that it is impossible to reconstruct a fully anisotropic elastic
tensor from the dynamical DN map. However, there are some physically important
symmetry restrictions — while allowing the presence of interfaces — that are more
general than isotropy, on the stiffness tensor, under which we can still have an explicit
reconstruction. For an introduction of these symmetries, we refer to Tanuma [29] and
Musgrave [11]. In this paper, we will first survey to what extent we can recover
anisotropy.

We will give an explicit reconstruction formula of C*“*! at part of the boundary
3 C 09, if either of the following three conditions holds:

1. ¥ is flat, C is transversely isotropic (TI) with symmetry axis normal to %
(vertically transversely isotropic VTT);

2. ¥ is flat, C is orthorhombic with one of the three (known) symmetry planes
tangential to 3;

3. ¥ is curved, C and p are constant.

In elastostatics, Nakamura, Tanuma and Uhlmann [21] gave an explicit recon-
struction scheme for the transversely isotropic stiffness tensor assuming that the sym-
metry axis is tilted, that is, not normal to the boundary (TTI), while the information
is not enough to recover the VTI case [20]. However, we can recover VTI elastic
parameters from the semiclassical symbol of A", Generally speaking, this is because
we have more information in dynamical data than in static data. We will give further
explanation in Section A.3.

For the interior determination from Ap with T large enough, uniqueness of
smooth isotropic elastic tensor and density was shown under different geometrical
conditions [24, 25, 28, 4]. We will study the interior determination of piecewise ana-
lytic parameters based on our boundary determination results,. For elliptic equations,
the boundary determination usually leads to the uniqueness of interior determination
of piecewise analytic coefficients. Kohn and Vogelius [14] first established the rela-
tion in electrostatics. A recent paper by Carstea, Honda and Nakamura [6] gives a
uniqueness theorem for piecewise constant stiffness tensors. The key in the proof is
the continuation of the local elliptic DN map (see Section 2 for the definition). If the
coefficients of elliptic equations are discontinuous, a variational argument is conve-
nient for this continuation. Tkehata [12] gave such an argument in order to construct
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the physical parameters in an inclusion. In [6], the authors adapted this variational
argument for the continuation of the local elliptic DN map. Runge’s approximation
plays an important role in the continuation of data, which is in turn guaranteed by
the Holmgren’s uniqueness theorem.

For our problem, we need to know the exact operator A", not only its full sym-
bol. To get A", basically we need to have Az for any 7”. This is possible by time
continuation of Ay, if T'is large enough, and the assumption that C, p are piecewise
analytic. Also, with the exact A", we can view it as a classical pseudodifferential
operator. Under this classical setting, we can also recover tilted transversely isotropic
(TTI) elastic parameters.

The time continuation is established with the boundary control (BC) method.
We basically follow the steps sketched by Kurylev and Lassas [15]. The BC method
was first introduced by Belishev [3]. Essentially, we need T' > 2r, where r is the ap-
proximate controllability time, and will be given in Lemma 3.1. With the assumption
of piecewise analyticity, the existence of the approximate controllability time is guar-
anteed by the unique continuation principle (UCP) for lateral Cauchy data, which is
essentially the Holmgren-John uniqueness theorem. Indeed, relaxing the analyticity of
the material parameters would require a very different method of proof. For acoustic
wave equations, a uniqueness result for the piecewise smooth case under restrictive
geometric conditions has been shown to be feasible [5].

The paper is organized in the following manner. In Section 2, we show how to
reduce the hyperbolic problem to an elliptic one, and establish the relation between the
dynamic A7 to the symbol of A", In Section 3, we study the time continuation of Ap
with piecewise analytic coefficients. In Section 4, we introduce the boundary normal
coordinates, and obtion the symbol of A" in these coordinates via a factorization of
the operator M in (1.3). Finally, in Section 5, we show the uniqueness of interior
determination for the piecewise analytic material parameters.

2. Transformation to an elliptic problem.

In this section, we show how to reduce the hyperbolic problem (1.1) to the elliptic
problem (1.3). We will give a modified exposition of what is given in [8]. Throughout
this section, we assume that C,p € L*(€2). We consider the local DN map. We
introduce an open connected smooth part ¥ C 0.

For r > 0 we let H’ (X) be the closure in H"(X) of the set

CZ () ={feC™(09Q): supp f C X},

and H~"(X) be its dual. We note that when ¥ = 9Q, H! (X) = H"(X). Then we
define the local DN map A% by

AT = C*(0, T} Hif(D) 3 f v Ce(u)vlsxior € L0, T HV2(E)),

where u solves (1.1).
We also define the local DN map A™* for the elliptic problem (1.3) by

AW HY2(S) 5 ¢ 5 hCe(v)v]y € HV2(D),

where v solves the equation (1.3). We let ¢ € Hclo/2(2), x(t) = t?, and f(z,t) =
x(t)¥(z). We take ug € H'(Q2) (by inverse trace theorem) such that ug = 1) on 99
and satisfies

div(Ce(up)) =0 in Q
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with the estimate
luollar @y < Cllbll oo s,
Then we seek a solution u of (1.1) in the form
where u1 (-, t) € L2((0,T); Hi(Q)) with
Opur (-, t) € L*((0,T); L*(2)), 0fus € L*((0,T); H1(Q))
solves the following system in the weak sense,

p0?u; — div(Ce(uy)) = F(y,t) in Qr = Q x (0,7T),
(2.1) up =0 on X =00x(0,T),
ul(yv 0) = atul(ya O) =0 in Q,

where

F(y,t) = —2pug € L*((0,T); L*(2)).
Problem (2.1) is equivalent to solving for u; € L2((0,T); Hi(Q)) with dyui(-,t) €
L2((0,T); L*(Q)), 0?uy € L*((0,T); H~(Q)) which satisfies

T T T

(2.2) —/ (pOyuy, Opv) dt +/ Bluy (-, t),v(-,t)] dt = / (F(-,t),v(-,t))dt
0 0 0

for any v € C5°([0,T]; H}(2)), where (-, -) is the L*(Q) inner product,

BMM:A&WMdWWwWE%@%

and the notation :: denotes the inner product of matrices.
It is well known (cf. [16]) that there exists a unique solution u; € L?((0,T); H (£2))
of (2.2) with dyuy € L?((0,T); L*(Q)), 02u1 € L*((0,T); H~1(2)). By possibly mod-

ifying the value of u; in a zero-measure set,
uy € CH([0, T, H1(Q)) N C°([0, T], L*())
while it satisfies the estimate
(2.3) lur (- D) 2() + 10ua (5 )l -1 (2) < ClIF |2 (0,1):L2(02)), T € [0, T]

(see [9, 16] for the details of these). Therefore,

T
/ OFuy (- t)e”THdt = / up (- t)e Tt + e T (Qur (+, T) + Tur (-, T)) in HH(Q)
0

with the estimate

[ur (-, D)l 2y + [[0cur ( Tl -1 @) <CIIF|L2(0.1):L202))
1/2
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Based on this observation consider the finite-time Laplace transform w(-, 7) of uy:

T
w(-,T) = /0 up (-, t)e” Thdt.
Then
(prw(-,7),v) + Blw(-, 7),v] = (F1,v), v € H}(Q)

with

T
F = / Fe At — e ™ (Opur (-, T) + Tus (-, T)) € HH(R),
0

that is, w satisfies the elliptic equation

prw — div(Ce(w)) = Fi,
w=20 on 0N

in the weak sense.
Now let v satisfy (1.3) with h = 1/7 and the Dirichlet data ¢ taken as

T
o =vYxi(r;T) with x1(7;T) = / t2e~Tldt
0
Then we will estimate
T
ror) = o)~ [ ulte
0

By a direct computation, y; satisfies the estimate

C
X1(7§T)Z§

for some C' > 0 independent of 7 and T'. Furthermore, z = v — ugx1(7; 1) satisfies

pr?z — div(Ce(2)) = —x1 (75 T) pr2uo,
z =0 on 0.

We observe that » = z — w and that it satisfies

prir — div(Ce(r)) = 7T (Dyus (T) + 7ur (T)) + (2Te~"T 4+ T2~ Yuy,
r=0 on Jf.

Then we have
||rp(.7 T)”HI(Q) S CTTBG_TTHw”HCléz(E)

with C' independent of 7 and T" by the standard elliptic regularity estimate.
Now consider the finite-time Laplace transform Lpu of u given as

T
Lru = / we” "tdt, with 7 > 0.
0
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Then we have
[[OLv — ‘CTaLu”H*lﬂ(Z) < OTT36_7T|‘1/)||HC1L{2(E)

or, equivalently,

_ ™ _r
||Ah’E(P _ hETATE“Xxl 1(PHH’1/2(E) <C (E) e ngHHclgz(E)

Hence,

_ T\®> =
2.4) A ARG sy ooy < C () € F

which means that for a fixed T' > 0,
AP L AT

modulo an operator mapping Hed2(X) to H=1/2(S) with estimates O(h>). Thus,
from L7, we can obtain the full symbol of A™* viewed as a semiclassical pseudodif-
ferential operator with a small parameter h.

We remark here that, in general, we could not have the full operator A™* from A%
for a finite 7', but we can get the full symbol of A"* from which we can already expect
to recover the material parameters at the boundary. Later, we will see in Section 3
that, we can get A™* from AZ%. for some T* large enough, and the material parameters
are piecewise analytic. This enables us to recover piecewise analytic densities and
stiffness tensors.

3. Time continuation of the DN map.

In this section, we show that we can obtain A% for any 7' > 0 from AZ. for a
fixed T™ large enough, assuming that the coefficients are piecewise analytic. We will
follow [15].

We assume that {2 consists of a finite number of Lipschitz subdomains D,,, o =
1,--,K. That is, Q = UX, D,, D, N Dg =0 if o # . We also assume that in each
D,, C and p are analytic up to its boundary. Since 2 is a domain, we can assume
without loss of generality that there exist smooth nonempty o1 C Dg N Doy,
a=1,---, K with ¥ = X, C 9Q. First, we prove the following global version of the
Holmgren-John uniqueness theorem.

LEMMA 3.1. There exists a finite v > 0, such that, for any t > 2r, if e €
D'((0,t) x Q) satisfies

pdie = div(Ce(e)) in Q x (0,1),

elsxjo = (Ce(e))V|sxo,

then e(L) = dre(%) = 0 in Q.
Here and in the remainder of this section we will suppress the space coordinates in
our notation.

Proof. First, we have by the standard Holmgren’s theorem (cf. [32]) that e
vanishes on Dy X [p1,t — 1] for some g1 > 0, if % > 01. For the unique continuation
across the interfaces, we follow the reasoning in [22] in the following argument. First,
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we apply an analytic continuation of C, p on D to a small neighborhood Uz of ¥s.

Use Cp,, pp, to denote the extended coefficients on Dy = Dy U Us. Now, e satisfies
pp,02e = div(Cp,e(e)) in Dy x (01,t — 01).

Since e vanishes on Dy N Dy, we can apply Holmgren’s theorem again to conclude
that e vanishes on Dy X (91 + 02,t — 01 — 02), for some g3 > 0. We need % > 01+ 02.
We can repeat the process and prove the lemma provided that r is sufficiently large. O

Let uf be the solution of (1.1) with boundary value f.

LEMMA 3.2. The pairs (uf (2r), —0uf (2r)), f € C(X x (0,2r)) are dense in
HYQ) x L*(Q).
Proof. Assume that a pair

(Oz,ﬁ) e (H&(Q) % L2(Q))I _ H—l(Q) X L2(Q)
satisfies
(o, u? (2r)) (-1 (0,13 () + (B —0ru! (2r)) 2(q) = 0

forall f € C2°(E%(0,2r)), where (-, -)(g-1(q),H1(0) is a pairing between an element
in H71(Q) and an element in H!(Q) defined as a continuous extension of the L?(Q)
inner product. It is sufficient to show that

a=p8=0.
Let e be the unique solution of
pd2e = div(Ce(e)) in  x (0,2r),
(3.1) e=0 on 90 x (0,2r),
pe(y,2r) =B, pdee(y,2r) = a in Q
with
e € C([0,2r]; L*(Q)), dre € C([0,2r]; H1(Q)).

We note that the well-posedness of the above problem was established in [16].
Upon integration by parts, we obtain

2r
0 :‘/O (<(pa,526 - diV(CE(e)), uf>(H*1(Q),H[} (Q))

— ((p07u! — div(Ce(u'))), €)1 (), 11 () dt
= (8, 0! (2r)) L2 (0) — (, u! (2)) (-1 (0,12 ()

2r
_/o ((Ce(e)v, fa—1/2(x),m1/2(x))dE

2r
- / (Ce(E))vs £ a2y 2yt

for any f € C°(X x (0,2r)), where (-, - )(g-1/2(q), m1/2(q)) is defined likewise
"y )(-1(0),H1(0)- Hence we have

2r
‘/0 <(CE(6))V7 f>(H*1/2(E)7H1/2(E))dt =0.
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This yields
elsxo,2r] = (Ce(e))vsx[o,2r) = 0.
By Lemma 3.1, we have
e(r) = dre(r) =0, on .
Thus e = 0 on 2 x [0,2r] and, hence, « = 3 =0. O
We consider a bilinear form
E(u!,u9,t) = /Qpatuf(t)[)tug(t) + Ce(u! (1)) == e(ud(t))dy.
To simplify the notation, we write E(uf,t) = E(uf,u’ ).

LEMMA 3.3. The operator Ay determines E(uf,u9,t) for f,g € CX(3 x (0,1)).
Proof. By the estimates for 0,u’,0?u’, we have

ul € O (0,0 H() N C2([0, 8] L*(92)).

Integrating by parts, we find that

O E(ult) :2/ pOZul ()0’ (t) + Ce(u? (t)) = e(du’ (t))dy
Q

=2(Ce(u’ (t))v, 3tuf(t)>(H71/2(2),Hi£2(E))
=2((ATf)(t), O (O) gr-1/2(5), 112 ()"

With the initial conditions, F(u/,0) = 0, and we can determine E(u’,t) as well as
E(ul,uf t) = i(E(qu,t) — E(u!79,1))
by polarization. O
We arrive at

THEOREM 3.4. Let T* > 2r, then A% determines A% for any T > 0.

Proof. Let 6 = T*Q_QT. It is sufficient to show A%. determines A%*M' Indeed, by
repeating the process presented below, we obtain the result.

For any f € C*([0,T* + 4], 610/2(2)), take a decomposition f = g+ h, where g €
C22([0,26), HX*(£)) and h € C°((8,T* +6), Hiy*(£)). Since we have (AR, , sh)(t) =
(AR.Y_sh)(t) with Y_sh(t) := h(t + 9) for t € [0,T*] and

AFuysf = Afuisg + AFysh,

we only need to show that A¥. determines (A%. 59)(t) for any ¢ € (T, T* + 6].
Let tg = 2r 4+ 0. By Lemma 3.2, there are g, € C°(X x (0, 2r)) such that

(3.2) lim (w9 (2r), Opu?™(21)) = (u9(to), Opu? (1))

n—oo
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in the H}(Q) x L?(Q) topology. It is straightforward to show that (3.2) is equivalent
to
(3.3) lim E(u?",to) = 0.

n—r00
Here, gn(t) = g(t) — gn(t — 9) with g,(s) = 0,—6 < s < 0. By Lemma 3.3, we
can construct g, using only AZ. to construct g, satisfying (3.2). The functions
Yn(t) := u9n(t) for t € [2r, T*] are the solutions of the initial boundary value problem,

POy, = div(Ce(y,) in Q x [2r,T7],
Ynloaxzrre) = 0, yn(2r) = u(2r), Owyn(2r) = Opu’ (2r).
We note that y(t) := u?(t + J) satisfies the same equation with initial data
y(2r) = u(to), Opy(2r) = Oru?(to).
Also by the continuous dependence of solutions on initial data, we have

Jim Ce(yn)v]nxp2rr) = Ce(W)V|ox(2rr)

in the L? topology. Hence,

(AT 59) () = Ce(ud (t))v]sxite,re45) = Ce(y(t — 6))V|sxi2r e
(3.4) = limy, 00 Ce(Yn(t — )V |5 x[2r, 7+ = liMp 00 (AR Y5 yn)(t)
= (Y_s(limy— o0 A7 gn)) (t) for t € [to, T + 6]

and we can determine (A%, 59)(t) on [T*,T* 4 6] from AZ.g,. O

4. The principal symbol of A™>.

We now analyze the principal symbol of A* as a semiclassical pseudodifferential
operator. All the calculations of semiclassical pseudodifferential symbols can be found
in [8]. We will sketch the key points in the following.

For the analysis, we need to introduce the boundary normal coordinates. Given
a boundary point py € ¥, let (x!(p’), 2%(p’)) be local coordinates of X close to py. For
any p near pp, we use the boundary normal coordinates z(p) = (z*(p’), z%(p’), z%),
where p’ is the nearest point on ¥ to p with z(p') = (z'(p),2%(p),0) and 2® =
dist(p,p’). Here the distance function dist(:,-) is respect to the Euclidean metric.
Thus, ¥ is locally represented by 2° = 0. We let (£1,&9,£3) and (11,72,7m3) Tep-
resent the same conormal vector with respect to different coordinates, (z!,z?2, %)
and (y',y?,9%), such that &,dz® = n;dy’ using the Einstein summation convention,
which will be repeatedly used in the paper. Here y denotes the Cartesian coordinates
introduced before. We introduce the coordinate mapping, F', as

and the Jacobian

(4.1) g = (gz) .

Then J%E, = n; (or equivalently, JT¢ =), and

Coved(p) = J4T% TG TICH (p) and G = J4J%60 = G
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Here, G = (Gyp) is the induced Riemannian metric for boundary normal coordinates,
x. Also,

Jal-’f}a = V;.
In the boundary normal coordinates, (1.3) attains the form

(4.2)

3
(MD)® = pG5. — h? > Vy(C®ee(D)) = 0 in {2* > 0} for 1 <a <3,
b,c,d=1
Taloi—o = P, 1<d<3,

where V,, is the covariant derivative with respect to metric G and e.4(0) = %(V vq +
Vate).
We express A’* in boundary normal coordinates as
Ah’E : 1[)(1 — hOGBCdECd(5)|E.

Here we denote & = (&',&3) = (£1,&2,&3). Then A™* is a semiclassical pseudodiffer-
ential operator with full symbol 6(Ah’z)(x’ ,&") which has the asymptotics [§]

&(A"M) =Y WA
7>0

In this expansion, \g(z’,¢’) signifies the principal symbol of A™*. We proceed with
calculating Ao (2/, &’).

We define
~ 2 ~
Qa,&) = | Y CU(a)éas 1 <a,c <3,
b,d=1
43 . EI
(4.3) R(x,¢) = <Z C3(x)ép; 1< a, ¢ < 3) )
b=1
D(z) = (0“303(90), 1<a, ¢ < 3)
and then

(4.4) M(z,&) = D(x)& + (R(z, &) + R" (2,€))& + Q(x, &) + p(2)G

is the principal symbol of M. First, we introduce the following factorization of M.
We note that M(z,€) is a positive definite matrix for z € €, £ € R*\0. Hence,
for fixed (z,¢), detD*l/QM( ,&)D71/2 = 0in &3 admits 3 roots 53 G G=1, 2,3)
with positive imaginary parts and 3 roots E (j = 1,2,3) with negative imaginary
parts. Thus,
LEMMA 4.1 ([10]). There is a unique factorization

M (2,€) = D(@) ™2 M (@, ) D(w) ™% = (& = 55 (2,€))(& = So(2,€)),
with Spec(So(x,&')) C Cy, where Spec(So(x, ")) is the spectrum of So(x,¢&'). In the

above,
—1
S, M(x 1d>( M(z 1d> ,
o(a, (fc €071 y{ €071
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where v C Cy == {¢ € C: Im( := imaginary part of ¢ > 0} is a continuous curve
enclosing all the roots (; (j =1,2,3) of det(M(z,£',()) =0 in ( € C,.
This lemma implies that the following factorization of M (z, &),

(4.5) M(z,€) = (& — S5 (2,€))D()(& — So(x,€)),

where

So(x,&') = D™V*(2)Sy(, &) DV (),

(4.6) Xo(2', &) = —i(D(2',0)So(2,0,€") + R(z',0,¢"))

by the definition of A™*.

By [8, Proposition 3.4], we obtain DX for any a = 1,2,--- from the lower
order terms A_;, j = 1,2,--- of the full symbol of A™*. In order to give an explicit
reconstruction of the material parameters at the boundary, we need to calculate the
closed form of \o(z/,¢’).

Surface impedance tensor.

We need to have the explicit closed form of the principal symbol )\y. The calcu-
lation in boundary normal coordinates would be extremely unclear. In this part, we
establish the relation between the principle symbol Ay, which is defined in boundary
normal coordinates x, and the so-called surface impedance tensor Z, which is defined
in Cartesian coordinates y. A similar discussion can be found in Section 4 of [8].

Take n to be the outer normal direction at p € 3 expressed in Cartesian coordi-
nate. Denote n = (ny,n2,n3). Let m = (my,ma, m3) be a vector (not a unit one)
normal to n. We have

(47) JiTn(p) = (Oa 0, 1)a JiTm(p> = (8(1’)) O) - (61 (p)a€2(p>a O)

with the Jacobian J = (J?), defined in (4.1), at p.
The operator M in (1.3) has principal symbol M = (M (p,n)) at p given by

Mzk p ,'7 Z ngkl ,'7 m +p51k
J,l=1

in y coordinates, and operator M in (4.2) has principal symbol M

3

Mac p’ Z abcd gbgd +pGac
b,d=1

in x coordinates. Using the transformation rules of tensors, we have
TM ™ (pm) I = TG TG 1V (p)éoka + T T pd™,
which is nothing but

JMJT = M.
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We choose ) = gn+m = (qni+my, gna+ma, qnz+ms3) so that £ = J =7 (¢gn+m) =
(&1,&2,q). Tt follows that

J M (p,&)J T = M(p,qn + m).

We obtain
M(p,qn +m) = Dg® + (R+RT)q+Q+p
with
3 L.
D(n) = Z C”klnjnl; 1<i, bk <3],
jil=1
3 L.
(4.8) Rn,m) = Z Ckmin;;1 <i, k <3,
ji=1
3 L.
Q(m) = Z C”klmjml; 1<i, k<3
ji=1

Similar to Lemma 4.1, there is a unique factorization of M, that is,
M(p,qn +m) = (¢ — 53) D(g — So), Spec(So(n,m)) C Cy,
where Sp(n, m) is independent of ¢q. Changing coordinates,
M(p,&) = IMJ" = J(q— S5)D(q — So0)J "
=(¢—JS5J ) (JDIT) (q— T TSeJT).
Hence, by the fact Spec(J~TSpJT) C C, and the uniqueness of the factorization,
So=J TSJ".
We define the surface impedance tensor Z = Z(p, m,n) by
Z(p,m,n) = —i(DSp + R").

Based on the previous arguments, we can now express the principal symbol, \g, in
terms of Z:

LEMMA 4.2. The principal symbol \o(2'(p),&’) is related to the surface impedance
tensor as

(4.9) Xo(a'(p),€') = JZ(p,m,n)J7,
where the relation between &' and n,m is defined in (4.7).

The reconstruction of the density and stiffness tensor for the principal symbol
is now simplified to a reconstruction from the surface impedance tensor. The same
applies to their derivatives.

5. Recovery of the material parameters.
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5.1. Recovery at the boundary.

In this subsection, we summarize our results on recovering of stiffness tensor and
the density at the boundary from A%. We only need to recover from the surface
impedance tensor Z for the elliptic problem introduced above. We emphasize that in
this subsection, we can take T > 0 arbitrarily.

PROPOSITION 5.1. Assume that X is flat. For the following cases, the local DN
map A% identifies (C, p) and all their derivatives on ¥ uniquely. There is an explicit
reconstruction procedure for these identifications:

1. The stiffness tensor C is transversely isotropic in a neighborhood of X, with
the symmetry axis normal to 3;
2. The stiffness tensor C is orthorhombic in a neighborhood of 3, with one of
the three (known) symmetry planes tangential to X;
The proof of the above proposition can be found in Appendix A.

REMARK 5.2. For the transversely isotropic case that the symmetric axis is
nowhere normal to X, we can also obtain the reconstruction if T is large enough. See
Proposition 5.4 in the next section.

PROPOSITION 5.3. Assume that the stiffness tensor C is homogeneous in a neigh-
borhood of 3, and ¥ has a curved part. The local DN map A% identifies (C, p) in this
netghborhood uniquely.

The proof of the above proposition can be found in Appendix B.

5.2. Recovery in the interior.
We finally consider the recovery of a piecewise analytic density and stiffness tensor
in the interior of the domain. We begin with estimate (2.4), leading to

AME = Tim hLpAFxxy (b T).
T— 00

Therefore, we can consider the fully elliptic problem if we have A%, where T > 2r
with 7 defined in Lemma 3.1 as the data, and adapt the procedure in [6] to study
the problem of recovering piecewise analytic material parameters. Once we have the
boundary determination at X, by analyticity of the coefficients in subdomain D1,
we can propagate the data to the interior interface Yo, and iterate the boundary
determination results. We will sketch the procedure below in detail.

Now, we have the exact elliptic local DN map A™*. For the TI case, if the sym-
metry axis is normal to X, we can recover the parameters on the boundary from the
semiclassical symbol of A"*. However, if the symmetry axis is not normal to ¥, this
approach would fail. Then we consider A" as a classical pseudodifferential operator,
and adapt the procedure developed in [21] for their reconstruction. (We can reduce
to the above two situations by possibly passing to further subset of X.)

PROPOSITION 5.4. Assume that C is smooth and transversely isotropic with
symmetry axis nowhere normal to 3, and assume that p is smooth. Then we have an
explicit reconstruction of p and C, as well as their derivatives on %, from the symbols
of A"v® and A% hy # hy, considered as classical pseudodifferential operators.

With all the boundary determination results developed before, we are ready to
have the uniqueness for interior determination of piecewise analytic parameters. We
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assume the domain partitioning introduced in Section 3 throughout this section. First,
by Propositions 5.1, 5.3 and 5.4, we have

ProPoOSITION 5.5. If Al(ll?m A}éfpz and on D1, Cj,p;, j = 1,2 are analytic
and one of the following conditions holds:

1. C; are TI with a known symmetry axis, that is, there exist Cartesian coordi-
nates y in Dy, such that the nonzero components of C;(y) are those listed in
Appendiz A;

2. 3 is flat, and C; are orthorhombic with one of the three (known )symmetry
planes tangential to 3, that is, there exist Cartesian coordinates y in Dy, such
that the nonzero components of C;(y) are those listed in Appendiz A;

3. ¥ s partly curved, and Cj,p;, j = 1,2 are constant in Dy;

then C1 = Ca, p1 = pa on D;.

In order to use the boundary determination results to have the uniqueness in the
interior, we need the propagation of the DN map. Let Dg, 8 =1,2 --- ,a be a chain
of subdomains of €2 such that ¥; := 3 C 9D;. Here the chain of subdomains Dg’s
means that it satisfies the following conditions: (i) Dg N Dg = 0 if § # f'; (ii) there
are nonempty smooth surfaces X5 C Dg N Dgi1, B = 1,2,--- ,a — 1. Further let
Qo = 2\ U%‘;%D_g, and Y, C 01, be open, connected and smooth. Define A}é’i‘*
similar to A}é’i with (9, X) replaced by (Qa, X,). By adapting the argument in [12],
we have the following results analogous to [6]:

THEOREM 5.6. Suppose that A Epl A Ep If on each subdomain D, Cj, pj,
7 = 1,2 are analytic up to the boundary of D, and satisfy either of the following
condztwns on Dy:

1. Cj is TI with a known symmetry axis;
2. ¥q is flat and C; are orthorhombic with one of the three symmetry planes
tangential to X, for each a;
3. ¥q 1s partly curved and D, Cj,pj, j = 1,2 are constant;
then Cl = CQ, pP1 = pP2-

We introduce the notion of subanalytic set: A C R3 is said to be subanalytic if for
any x € A, there exists an open neighorhood U of x, real analytic compact manifolds
Yij, i =1,2,1<j <N and real analytic maps ®; ; : ¥; ; — R3 such that

ANU = UL (®1,;(Y1,;) \ @2,5(Ya;)) NU.

For more details and nice properties about subanalytic sets, we refer to [14] and [6].
We note here that a polyhedron with a piecewise analytic boundary is a subanalytic
set. We also emphasize that the family of subanalytic sets is closed under finite union
and finite intersection. Moreover, for two relatively compact subanlytic subsets A and
B, the number of connected components of AN B is always finite. With this property,

(62) by two sets of subdomains

if we have two domain partitioning Q= UaD((ll) =UgD

D((ll)’s and D(;)’s such that each set of subdomains are mutually disjoint subanalytic
sets, we can consider the finer domain partitioning

Q=u,D,,

where each ﬁv is a connected component of D((ll) N Dg) for some « and 3. There-
fore, with the subanalytic property of the subdomains, we can recover the domain
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partitioning as well by adapting the argument of [6].

THEOREM 5.7. Suppose that A&E)pl = A}é’im and ¥ is curved. Let on each

subdomain Dg), C,,p; be constant for j = 1,2. Let, furthermore, Q and each Dg)

be open subanalytic subsets of R, and all the boundaries 8D((lj) \ 09 contain no open
flat subsets. Then C1 = Cs and p1 = ps.

Moreover, for isotropic elasticity, that is,

(5.1) Ok = \(§9 6™ + p(6™ 69t 4 5 57%)
we have
COROLLARY 5.8. Suppose that A}le,pl = A}le,pz and C 1is isotropic of the form

(5.1). Let on each subdomain Dgf), Aj, b, pj be analytic for j =1,2. Let, furthermore,
Q and each D((lj) be open subanalytic subsets of R3. Then A\ = Ao, 1 = po and
P1 = p2-

The first and third authors, with collaborators, proved a uniqueness and Lipschitz
stability for piecewise homogeneous isotropic elastic parameters A, u, p with time-
harmonic DN map [1]. From the uniqueness point of view, the above theorem is a
more general result with nice enough properties of domain partitioning.

Acknowledgment. M. V. de Hoop gratefully acknowledges support from the
Simons Foundation under the MATH + X program, the National Science Founda-
tion under grant DMS-1559587, and the corporate members of the Geo-Mathematical
Group at Rice University. G. Nakamura acknowledges the supports from Grant-in-
Aid for Scientific Research (15K21766 and 15H05740) of the Japan Society for the
Promotion of Science (JSPS).

Appendix A. Reconstruction of density and stiffness tensor at the
boundary from the surface impedance tensor.

We present the reconstruction scheme for the material parameters (with certain
symmetries) at the boundary from the surface impedance tensor Z introduced above.

A.1. Vertically transversely isotropic case.

We first consider the vertically transversely isotropic case. We assume that X is
flat and let the outer normal unit vector be n = (0,0, 1) with respect to the Cartesian
coordinates y = (y*,y2, y®); we assume that the axis of symmetry is aligned with this
normal. Then the nonvanishing components of the VTT stiffness tensor, C, are

(Al) Cvllll7 02222, Cv33337 01122, 01133, 02233, 02323, 01313, 01212

with relations

1111 _ 2222 1133 _ 2233
C =C C =0,

3

02323 _ 01313 01212 _ l(cllll _ 01122)
) 2 M

The strong convexity condition is equivalent to

01313 >0 01212 >0 03333 >0 (Cllll 4 01122)03333 > 2(01133)2'
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In a neighborhood of ¥, we can use boundary normal coordinates x and the Carte-
sian coordinates y identically. Using the notation in Section 4 and suppressing the
dependence on n, D, @, R take the forms

01313 0 0 0 0 01133m1
p=| o ¢3 o |, R-= 0 0 CUBm, |,
0 0 03333 Cl313m1 Cl3l3m2 0
Cllllm% + Cl?l?m% (01212 + 01122)m1m2 0
Q — (01212 + 01122)m1m2 Ol?lQm% + Ollllm% 0
0 0 C1313(m? + m3)
Writing
|m|71m2 |m|71m1 0
Pm)=| —|m|™'m; |m|7'my 0 |,
0 0 1
we find that
A 01313 0 0
D=Pm)'DPm)=| 0o ¢33 o |,
0 0 03333
R 0 0 0
R(m) =P(m)*R(m)P(m)= 1| 0 0 C133im| |,
0 01313|m| 0
) 01212|m|2 0 0
Q(m) = P(m)"Q(m)P(m) = 0 Ct'mf? 0
0 0 Cl313|m|2

We emphasize the block-diagonal structure of the above matrices, and our later
calculations will rely on this. We note that P(m) acts as a block-diagonalizer of
D, R, (@ in the above calculation. Without this block diagonalization, the calculation
of Z(m) would not be possible.

REMARK A.1. We note that the block diagonal structure is closely related to the
decoupling of surface wave modes. The 1-by-1 block corresponds to Love waves and the
2-by-2 block corresponds to Rayleigh waves. We refer to [7] for further discussions.

Exploiting the commutativity, DP(m) = P(m)D, we obtain the decomposition

So(m) = P(m)D~Y/2(A +iB)D'/?P(m)*,

where
0 0 0 a 0 O
(A.2) A= 0 0 —aq , B= 0 b 0
0 —ao 0 0 0 ¢
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with
1 (C1133 4 C1313) ||
Q] = , Qo = 7Qq,
14+~ J/OB1B3(3333
CBB|mM2 4 p  (Cl133 4 C1313)2|p 2
€= (3333 T (1 1 4)20TEI3 038 b=,
CRmZ 1, [(CY1m]2 4 )88
1313 N\ (CBBm2 £ p)0131s
Then

(A.3) Z(m) = —i(DSy+ RT) = P(m)
C1313q 0 0
0 C1313p iVOBI3C33330y — iC1313|m| | P(m)*.
0 iv/CT3IBC3333 oy — iC'1133 || (3333,
A.2. Orthorhombic case.
We assume, as before, that ¥ is flat and let the outer normal unit vector be
n = (0,0, 1) with respect to the Cartesian coordinates y = (y*, 2, y%); we assume that

the coordinate axes span the symmetry planes. Then the nonvanishing components
of C are

(A4) C«llll7 02222, 03333, 01122, 01133, 02233, 02323, 01313, 01212'

The matrices D, Q, R take the form

01313 0 0 0 0 CV11337,n1
D= 0o ¢®»3 o |, R= 0 0 C®Bmy |,
0 0 03333 OlSlSml 02323m2 0
Cllllm% 4 OlQlQm% (01212 4 01122)m1m2 0
Q — (01212 4 01122)m1m2 OlQlQm% 4 02222721% 0
0 0 Cl3l3m% + 02323m%

We have block-diagonalizing matrix as for the VTI case. For particular directions of
m, we have the following block diagonal structure. For m = (0, |m|), we find that

0 0 0
R(mlez)=( 0 0 C2%m| |,
0 02323|m| 0
01212|m|2 0 0
Q(|lmlez) = 0 C?222|m|? 0

0 0 02323|m|2
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so that
(A.5)
1313 41 0 0
Z(|mleg) = 0 23231 i/ OZ323C3333 1 — i02323|m|
0 i/TTIEEEBY — 0| 38331,
where

1 (02233 + 02323)|m| L L
1 1 y Qg =7 0,
+~1 /(232303333

1 _
o =

bt =Alel,

L [CBBIm2 4 p (2233 4 0228)2m|?
¢ = (3333 (1+~1)2C2323(C3333

CR2m2 )y | [(C22m]2 4 p)C3333
C1313 7= (C23|m|2 + p)C2323"

Similarly, for m = (Jm/,0), we obtain

(A.6)
C1313p? 0 iV/CT3IBCR333,2 — 01313 |
Z(|mle;) = 0 (2323 42 0
iV COTIB(3333 42 — (01133 || 0 (13333 .2
with

1 (01133 +Cl313)|m|
1 2 ) ag = Wzaiv
+~2 /13133333

of =

b2 — ")/262,

s [CBBm|24p  (CU188 4 01313)2|m)2
©= (3333 (1+~2)2C1313(C3333

CR2m2 )y ,  [(CHm]2 4 p)C3333
(2323 —\(CBBmP ¥ p)cBB

A.3. The reconstruction scheme.

In this section, we give a reconstruction scheme for the material parameters. The
VTI and orthorhombic cases have the same structure: We only need to consider
the ZUD(Jm|e;) element in (A.5) and the Z(V)(|jmles)), Z(*3) (jmley), ZGV (|mley),
Z33)(Im|ey) elements in (A.6). Indeed, we only need to consider the VTI case.

We first make some basic algebraic observations. We note that Z is a Hermitian
matrix, and contains 4 nonzero elements for the VTI case. However, we have a total
number of 6 unknowns to recover. This is feasible, because these elements are non-
homogeneous in m. Hence, different values for |m| give different information. It also
becomes clear why the VTT or orthorhombic elastic parameters cannot be recovered
from elastostatic data [20, 21]. In the VTI case, the surface impedance tensor for
elastostatics is homogeneous in m, and thus we can only have 4 equations for 5
parameters. Then, it is impossible to recover all the parameters.

)
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We begin with a basic
LEMMA A.2. Consider a rational function

f(t)=a+t+ib

defined on (0,00), then a,b,c can be recovered from the values of f(1), f'(1), f(1).
Proof. Tt is immediate that

/ o c " o 2c
from which we recover
2P
(1)

Then we recover

a=f(1)+f1)1+D),
and then
e = (F(1) - a)(1 + 1),
completing the reconstruction. O
Step 1. From (Z(1)(jmley)? = C'21201313|m|? + pC'313. By taking the difference
with |m| = 1 and |m| = /2, we recover
121201313 — (701)(/3e,)? — (701 (ey))?
and
pC1313 — (701)(g,))2 — 12121313,
Step 2. From Z(?)(|mley)) and Z©%)(|mley)), we recover

_ 1313 Cllll|m|2 +p _ (2(22)(|m|e2))2
C3333 CBBBBm|2 + p  (Z63)(jmley))?’

di (|m|?) :

Viewed as a rational function defined on (0, 00),

Ollll p01313 _ pcllll 0131303333
A1) = dr (1) = o + ¢ e )
C1313

and applying Lemma A.2, from the values of d(1),d’(1),d" (1) we recover

ol P | pC1313 _ poiit
03333’ sz A (131313333

The recovery of

p pcl313 _ pcllll p Cllll

fo i G TEI E Yo RN ST E WarEER)

follows immediately.
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Step 3. With these recoveries, we successively obtain p, C''313, 01212 (3333 and then

cint
Step 4. Now we have sufficient information to recover

(C111|m|2 4 p)(C3333
N\ (CBBm[2 + p)Cc

as a function of |m|. We note that

1313
(3333

01133 + Cl313)2|m|2
T+

(2(33)(|m|e2))2 _ (01313)2|m|2 +pcl313 _ (

Thus we recover

(1313
CH = (14+4(1)) \/ — G (299 (e2))? + (C1913)2 4 pC1318 — 01312,

Step 5. We proceed with recovering the partial derivatives of the material parameters.
From the the above procedure and Lemma A.2, we obtain

(o) - (220

and
A(pC™1%) = 0 (221 (e2))* — (21 (V3e2))?) ,
where 0 stands for any 0,;, j = 1,2,3. It follows that

d/(]‘) 1313\2
)

C90p+ poC™ M = 9 (221 (e)* - (209 (VEea)?).

013138[2 _ p801313 =920 <

Solving the 2-by-2 linear system, we recover dp and 9C*313,
Step 6. From the relation

01212501313 | 1313951212 _ 5 ((Z(ll)(ﬁe2))2 _ (Z(ll)(eg))Q) ,

we recover

801212 _ 1

= T (01212801313 —9 ((Z(ll)(\/iez))Q _ (Z(ll)(e2))2))

Step 7. Again, following Lemma A.2,

0 (G ) =0 (aw+ ) (14 o))

Step 8. We note that

pC1313 _ ponii oritt! P
0 ( C1313(03333 =o((d) - (3333 (1 T 01313) '
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whence

o p p i
CFB0p — pdC*» = (C*)%0 (<d(1) - 03333) (1 + 01313) MNIEE C3333> :

We recover 0C3333, Furthermore, we note that

p
03333801111 _ 01111803333 — (03333)28 (d(l) + d/(l) (1 + 01313)) ,

from which we recover OC 1.
Step 9. We recover

1313
30”%—3<“+”“”V—aﬁgw@w@»%+wﬂwﬁ+pcm3—cww>.

Step 10. We recover higher-order derivatives

amp 677101111 677101313 677103333 677101133 am01212
from 0™ Z for m = 2,3, - - -, where 9" stands for any 9,/ with |a] = m. The procedures
are similar to those for the recovery of the first-order derivatives.

Appendix B. Reconstruction of constant density and stiffness tensor
and interface curvature condition.

In this section, we assume that the density and stiffness tensor are constant. We
revisit operator M, define in (1.3),

M(m + qn) = D(n)¢® + (R(m,n) + R(m,n)")q + Q(m) + pI

where D, R, @ are all constant in y and (m, ¢) is interpreted as the Fourier dual y.
We develop the relation between the surface impedance tensor and the fundamen-
tal solution I'(y) of M, satisfying

satisfies
M(m + ¢gn)['(m + ¢qn) = I.
In this expression,

(B.1) M(m + ¢n) = (q—So(m,n):)D(q—So(m,n))
= (¢ — So(m,n) )D(q — So(m, n)),

where we use that S D—DSy = R+RT = R+ RT =5, D—DS,, Sg DSy = Q+pl =
So T'So. Here, again, Spec(Sy) C C*, Spec(Sp) € C~.
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We denote the semiclassical inverse Fourier transform F, q_lm p of I'(m + gn) by

+oo .
F 1 T(o,mn)= Lh/ e ® T'(m + qn)dq.

q—o,h
Then

D(hD, — So)]-'qighA(o m,n) =0 foro >0,

D(hD, — S’o)]-'qighA(o m,n) =0 foro <0,
while

Jim hD o Fy gy Lo, m,m) — Jim hD oF by nL(omm) =1.
From the fact that F, q_lm A ['(6,m, n) is continuous in the variable o, we conclude that
(SQ - S())]:qﬁg hF(O, m, 1’1) =1.

Recalling that
Z(m,n) = —i(DSp(m,n) + RT(m, n)),
we find that

—iD(Sp(m,n) — Sp(m,n)) = 2DIm{So(m,n)} = 2Re{Z(m,n)}.

Therefore,
Foonl(0,m,m) = (Re{Z(man)})_l-
We identify
(B.2) XT'(m,n) = /Rf‘(m + sn)ds = 2thqigh (0,m, n).

as the X-ray transform of I along n. Thus

T(y) = / e~ XT'(m, n)dm,

for any ¥y L n. We say ¥ is curved, if ¥ is locally represented by the graph of a
function 3 = (y!,y?) such that D?p does not vanish. If ¥ is curved, we know
Z(m,n) for n in a continuous curve, joining two different points, on S2. Then we
know I'(y) for y in an open subset of R3\ {0}. Since I'(y) is analytic in R3 \ {0},
we can recover I'(y), and thus T'() for all n € R3. Following [6] we then complete
the reconstruction of the stiffness tensor C and the density p. The curved boundary
condition is first introduced in [2] for the recovery of a piecewise homogeneous, fully

anisotropic conductivity.
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