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Bond-order potentials (BOPs) provide a local and physically transparent description of the interatomic
interaction. Here we describe the efficient implementation of analytic BOPs in the BOPfox program and
library. We discuss the integration of the underlying non-magnetic, collinear-magnetic and noncollinear-
magnetic tight-binding models that are evaluated by the analytic BOPs. We summarise the flow of an
analytic BOP calculation including the determination of self-returning paths for computing the moments,
the self-consistency cycle, the estimation of the band-width from the recursion coefficients, and the
termination of the BOP expansion. We discuss the implementation of the calculations of forces, stresses
and magnetic torques with analytic BOPs. We show the scaling of analytic BOP calculations with the
number of atoms and moments, present options for speeding up the calculations and outline different
concepts of parallelisation. In the appendix we compile the implemented equations of the analytic
BOP methodology and comments on the implementation. This description should be relevant for other

implementations and further developments of analytic bond-order potentials.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

A key requirement for reliable atomistic simulations is a ro-
bust description of the interatomic interaction. Density-functional
theory (DFT) calculations provide a reliable treatment of the bond
chemistry in many systems but the accessible length- and time-
scales are limited due to the computational effort. Larger systems
and/or longer time scales become accessible by coarse-graining the
electronic structure in DFT to the tight-binding (TB) approximation
and further on to the analytic bond-order potentials (BOPs) [1-5].
This leads to a transparent and intuitive framework for modelling
the interatomic interaction, including covalent bond formation,
charge transfer and magnetism.

The analytic BOPs [2,4] are closely related to the numerical
BOPs [6] as discussed in Refs. [7,8]. Both have been applied in
simulations of different materials, see Ref. [9] for an overview.
Here we describe our implementation of analytic BOPs in the
software package BOPfox [10]. BOPfox has already been used in
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several publications [8,11-26] and is being continuously extended
and optimised. We point out similarities of TB/BOP calculations
and computations carried out using other electronic structure
methods, and discuss the peculiarities of analytic BOPs in detail.
This comprehensive description of the algorithmic framework of
analytic BOPs should be of use for other implementations and
further developments of analytic BOPs.

In Section 2 we outline the program flow of TB/BOP calculations
in BOPfox. Section 3 is devoted to the discussion of the performance
with regard to scaling, speed-up and parallelisation. The full set of
equations that is evaluated during an analytic BOP calculation is
compiled in the appendix with details of the implementation and
references to the original derivations.

2. Program flow
2.1. Overview

The typical flow for computing the bond energy with a non-
magnetic analytic BOP is sketched in Fig. 1 and discussed in detail
in the following. The real-space BOP calculations can easily be
complemented by reciprocal-space TB calculations that employ
the same Hamiltonian matrix elements.
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Fig. 1. Overview of the calculation of the bond energy for a non-magnetic system
with analytic BOPs in BOPfox.

2.2. Input files

The initial stage of TB and BOP calculations in BOPfox is (i)
reading the central control file (inf ox . bx), (ii) the specified struc-
ture file (default: structure.bx)and (iii) the specified model file
with the TB/BOP parameters (default: models.bx). The presently
available TB/BOP models in BOPfox include parameters for mag-
netic calculations for Fe [19,27,28], Fe-C [29,30], for non-magnetic
calculations for V [31], Cr [31], Nb [17,31], Mo [17,31], Ta [17,31],
W [17,31,32],Ir [33], Si-N [34], and a canonical d-band model [35].
The set of TB/BOP parametrisations available in BOPfox is being
constantly extended.

2.3. Initialisation

Two neighbour-lists of the crystal structure are created by
setting up ghost cells and constructing cell linked-lists. The

implementation scales linearly with the number of atoms. The
short-ranged neighbour-list is used for the construction of the
intersite matrix elements of the Hamiltonian (Hiajﬂ in Fig. 1), in-

terference paths @gj‘)ﬁ in Fig. 1) and transfer paths (Tisfj,;n) in Fig. 1).
The second, long-range neighbour-list is used for the evaluation of

the repulsive energy.
2.4. Hamiltonian

For each pair of atoms, the Hamiltonian matrix elements Hjyjg
are constructed (Eq. (A.13)) with the specified tight-binding model
and rotated to the global coordinate system (Eq. (A.15)). TB/BOP
calculations taking into account collinear or non-collinear mag-
netism use Hamiltonians with spin-dependent onsite levels as
given in Egs. (A.17) and (A.18), respectively. The implementation
of collinear magnetism in BOPfox uses a loop over the 1 and | spin
channels. The calculations for the individual spin channels are very
similar to non-magnetic BOP calculations. The similar processes in-
volved in non-collinear magnetic calculations, collinear magnetic
calculations and non-magnetic calculations (see Appendix C) allow
reuse of large portions of the code for each type of calculation.
Switching the implementation to non-collinear magnetism is con-
trolled by a preprocessor flag in the Makefile that includes the
relevant parts of the source code.

2.5. DOS and Fermi energy

A key difference between the TB and BOP implementations is
the calculation of the local density of states (DOS) n;,(E): (i) In
analytic BOP calculations, the pairwise H,jg are used to construct
ni,(E) in real space as outlined in Appendix B.1. (ii) In TB calcula-
tions, the Hj,jp are used to generate a Hamiltonian with periodic
boundary conditions that is diagonalised in reciprocal space using
LAPACK routines [36].

The local DOS n;,(E), whether obtained using TB calculations
in reciprocal space or using BOP calculations in real space, is inte-
grated up to the Fermi energy Er. The Fermi energy is determined
by the bisection method to match the sum of electrons in all
orbitals with the total number of electrons in the system.

2.6. Self-consistency

The onsite levels Hj,;, are optimised in the self-consistency loop
(Eq. (A.30) or Eq. (A.29)) before the contributions to the binding
energy (Egs. (A.1)-(A.11)) and the forces (Eq. (C.14)) are computed.
The self-consistency condition in TB and BOP calculations is ap-
proached iteratively. The onsite levels Ei(‘f“) of step n+1in the self-
consistency loop are computed according to Egs. (A.30) and (A.29)
from nE”)(E) that was obtained for the Hamiltonian with onsite
levels E,". With the new E{""", the Hamiltonian is updated and
the new n?ff”(E) is computed. In BOPfox, the input and output
values of the onsite levels can be mixed (i) linearly, (ii) with the
Broyden method [37], (iii) with the FIRE algorithm [38] or (iv)
with molecular dynamics of onsite levels using a damped Verlet
algorithm. In all mixers, the self-consistency loop is carried out
until the specified convergence limit or maximum number of steps
is reached. The convergence of the different mixers depends on the
particular system at hand, particularly for magnetic systems [39].

2.7. Energy and force contributions

In TB, the bond energy is obtained by integrating the local
electronic DOS n;,(E) of the eigenvalues, which result from di-
agonalisation of the Hamiltonian, with the Methfessel-Paxton
scheme [40] or the improved tetrahedron method [41]. In analytic
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Fig. 2. Combination of BOPfox with ASE [47], openKIM [48] and LAMMPS [49] by
the BOPlib API.

BOPs, the bond energy is determined analytically from the local
electronic DOS n;,(E) and the Fermi energy Ef, see Appendix A.

In both TB and BOP calculations, the forces can be used for
structural relaxation and MD simulations within BOPfox. The cur-
rent implementation includes several relaxation algorithms (e.g.
damped MD, conjugate gradient [42], L-BFGS [43,44], FIRE [38]) as
well as standard MD schemes (e.g. Verlet [45], velocity Verlet [46]).

2.8. BOPfox as library: BOPlib

BOPfox provides an application programming interface (API) for
communication with external software. The API takes the system
configuration (species, positions, onsite levels, etc.) as arguments,
starts a TB/BOP calculation and returns atomic binding energies,
forces, stresses and torques. The combination of API and BOPfox
subroutines can be compiled to a static or dynamic library called
BOPIlib. With BOPIib the TB/BOP calculations can be fully integrated
with other external software as sketched in Fig. 2. In particular,
BOPfox can be addressed from ASE [47] as calculator with either
BOPfox as system call or BOPIib as linked library. BOPlib can also
be configured as KIM model to be linked to openKIM [48] and as
pair_style potential to be linked with LAMMPS [49].

3. Performance
3.1. Scalability

The computational effort of energy and force calculations with
analytic BOPs is largely dominated by the evaluation of interfer-
ence paths (Eq. (B.19)) and transfer paths (Eq. (C.6)). The theoretical
scalability of the computational effort with respect to the number
of atoms and the number of moments is discussed in a detailed
complexity analysis and systematic benchmarks in Ref. [23]. For
typical choices of the number of moments, the complexity of the
calculations increases with the number of moments to the power
of approximately 4.5. The implementation of analytic BOPs in
BOPfox reaches this theoretical scaling limit [23]. The increase in
the computational effort with the number of atoms is linear (Fig. 3)
due to the use of linear-scaling linked-cell lists and the locality of
the BOP expansion.

3.2. Speed-ups

BOPfox provides several options to accelerate the energy and
force calculations with analytic BOPs:
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Fig. 3. Linear scaling of the execution time with the number of atoms in the analytic
BOP simulations. The dashed line indicates a linear fit of the data points. Technical
details of the benchmark are given in Ref. [24].

(i) The interference paths that are determined to evaluate the
moments of the DOS are also needed to compute the bond-order
type term ®jy,jp, for the self-consistency (Eq. (A.29)) and the
forces (Eq. (C.14)). An obvious approach to improve the compu-
tational speed is therefore to store the interference paths. The
resulting increase in memory limits this optimisation to moderate
system sizes.

(ii) The self-consistency cycle involves the modification of on-
site levels E;, which necessitates the repeated computation of
new interference paths (Eq. (B.25)). This can hardly be avoided.
However, small changes in the local atomic structure typically lead
to only small changes in the self-consistent onsite levels. Hence for
relaxations and MD simulations, the computation time can be re-
duced by initialising the onsite levels to the values of the previous
step. For typical step sizes of relaxations or MD simulations, this
leads to significant speed-ups in successive self-consistent energy
or force evaluations as fewer self-consistency steps need to be
carried out.

(iii) In many cases, the interatomic interaction is dominated by
the influence of the local environment of a given atom rather than
effects due to atoms located further away. In the BOP framework,
this expected short-sightedness of the interaction corresponds to
a greater importance of the interference paths which sample the
nearby environment as compared to those that reach out to more
distant atoms. A straightforward improvement in performance is,
therefore, to introduce a maximum radius for the interference
paths. In this way the immediate neighbourhood is fully sampled,
while the paths that reach beyond a specified maximum radius are
neglected. This introduces an additional level of approximation.

3.3. Parallelisation

The computation of forces and energies using analytic BOPs is
perfectly suited for parallel execution. BOPfox provides different
concepts of parallelisation. Here we provide only an overview, the
details and performance analysis are discussed in detail in the
respective references given below. Switching between different
parallelisations is performed during compilation time with prepro-
cessor flags.

(i) The shared-memory parallelisation based on OpenMP pro-
vides a straight-forward parallelisation of the loops for computing
the interference paths (Eqs. (B.26)-(B.28)) and the transfer matri-
ces (Egs. (C.6)-(C.9)). In this implementation all operations make
use of the same arrays which are allocated for the whole simulation
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Fig. 4. Strong scaling of execution time with the number of processes for fixed
system size (top) and weak scaling of execution time with the number of processes
for fixed size of individual processes (bottom). The dashed lines indicate ideal strong
scaling and ideal weak scaling. Technical details of the benchmark are given in
Ref. [24].

cell. Therefore the maximum size of the simulation cell is limited
by the available memory.

(ii) The shared-memory parallelisation [24] based on MPI uses
a TODO list of operations that is distributed to different threads.
As for the shared-memory OpenMP parallelisation, the working
arrays are allocated for the whole simulation cell, which leads to
a memory limitation. This parallelisation approach is also suitable
and implemented for GPU processing.

(iii) The distributed-memory parallelisation [24] based on MPI
performs a domain decomposition of the simulation cell and
thereby reduces the memory required per thread of the parallel
execution. This implementation was optimised to reduce commu-
nication and to avoid redundant operations due to the overlap
of interference-paths calculations in the distributed domains. The
implementation in BOPfox reaches excellent strong scaling (Fig. 4,
top), i.e. a linear decrease of the computation time for a fixed
system size with the number of processes. At the same time it
also shows excellent weak scaling (Fig. 4, bottom), i.e. a constant
execution time for increasing system size at a constant number of
atoms per process.

(iv) The hybrid parallelisation [25] is a combination of
shared-memory and distributed-memory parallelisation that was
developed to make use of the multi-core CPU architectures and
multi-threading-capabilities of modern supercomputers. Here, the
system is decomposed into domains that are distributed to differ-
ent nodes using MPI. On each node the operations are then carried
out on the same memory using OpenMP.

4. Conclusions

Analytic BOPs provide a local and physically transparent de-
scription of the interatomic interaction. The BOPfox program
package provides an implementation of analytic BOPs for non-
magnetic, collinear-magnetic and noncollinear-magnetic calcula-
tions. It computes analytic forces, stresses and magnetic torques.
For completeness, we compiled the implemented equations of the
analytic BOPs with references to the original publications and com-
ments on the implementation in the appendix. This comprehensive
description of the algorithmic framework should prove beneficial
for a broader community of users and developers of analytic BOPs.

The implementation is highly efficient and provides linear scal-
ing of the computation time for energies and forces with the num-
ber of atoms. The different parallelisations make it possible to run
the calculations with optimum use of the hardware resources for a
given problem size. The program can be compiled as standalone
program or as library with an API for linking with an external
software.
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Appendix A. Binding energy in TB and BOP
A.1. Energy contributions

The TB and BOP calculations within BOPfox are based on the
TB bond model [5,50] that can be obtained as a second-order
expansion of the DFT energy [4]. In the absence of external fields
the total binding energy is given by

UB = Ubond + Uprom + Uion + Ues + Urep + UX . (A'l)

The covalent bond energy Upong Summarises the energy that orig-
inates from the formation of chemical bonds between the atoms.
Its onsite representation

E
Ubond = Z /

iory

" (E = Eian) i (E)E (A2)

is the integral of the local electronic DOS n;,,(E) up to the Fermi
energy Er for each orbital & and spin v of atom i with onsite level
Eis.. The equivalent intersite representation

iov#jBu

Upond = Z ,Biaujﬂunjﬂuiau
iovjBu

(A3)

is expressed in terms of the density-matrix elements njq,g,
(Eq. (B.20)) that are identical to the bond order ®;y,jg,(¢r) aside
from a factor of two for non-magnetic systems. The bond inte-
grals [4,51]

1

5 (Eim) + Ejﬁ;t) Siavjﬁ/l, (A4)

ﬁi(}tvjﬂ/t = Higvjpp —
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include the Hamiltonian matrix elements Hiq.jg,, and overlap ma-
trix elements Siyj8, [5]. The promotion energy Uprom accounts for
the redistribution of electrons across orbitals upon bond formation.
It is given by

(0) (0)
UPTOITI = ZEiow (Niozv - Niav)

ity

(A5)

with (0) indicating the non-magnetic free atom as reference and
the number of electrons

Ep
Niww = / i (E)E . (A6)

The deviation from charge-neutral atoms upon bond formation
leads to charges

0
Qicv = Nim; - N'( )

oy *

(A7)

The energies associated with charge redistribution are approxi-
mated to depend only on the total atomic charge

ai = Zq&w .

av

(A8)

The energy to charge an atom is given by the onsite ionic
energy

- 1
Uion = Eiqi + 3 Zfiiqiz (A9)
1

that is determined by the electronegativity E; and the resistance
against charge transfer J; that is related to the Hubbard U [52].
The energy Ejq; is obtained by a weighted average of the reference
onsite levels [4]

Ei = ZEI‘((S)Aqia
o

where Ag;, is the amount of charge which is gained or lost by
orbital i due to minimisation of the binding energy Up. The inter-
action of the charged atoms is given by the intersite electrostatic
energy

(A.10)

1 i#j
Ues = 5 ZU:]U%CIJ

with the Coulomb parameter Jj;. The repulsive energy Uy, includes
all further terms of the second-order expansion of DFT [5] and is
usually parametrised by empirical functions. The exchange energy
Uy due to magnetism is approximated by the typically dominating
onsite contributions

1
Ux=— Zl,»m%

with m; the magnetic moment and I; the Stoner exchange pa-
rameter of atom i. The preparation energy (Eq. 92 in Ref. [5])
vanishes in an unscreened calculation. Further contributions to the
energy due to external magnetic or electric fields can be included
[4].

(A11)

(A12)

A.2. Hamiltonian

A.2.1. Construction
For each interacting pair of atoms i and j with orbitals « and
B, the structure of the pairwise Hamiltonian Hi(jb) in the coordinate

system of the bond is given by

s jp jd
is clo 0 0O0|loc 0O O O O
clo 0 O0O|loc O O O O
ip 0|0 - 0|0 = 0 O O
() _ 0/(j0 0 |0 O = O O
Hy™ = c|lo 0 0|l O O 0 O (A.13)
0|0 - 0|0 = 0O O O
id 0|0 0 -|O0 O 7« O O
0|0 0 O|O0 O O 6§ O
0/0 0O O|O0O O O O &

for the general case of an spd-valent atom i interacting with an spd-
valent atom j. The superscript (b) indicates the coordinate system
of the bond aligned along the z axis with ordering of the p and d
orbitals as p,, px, py and ds,2_2, dy, dy;, dxz,yz, vy, TESpectively.
The values of the matrix elements o and  differ in general for
different combinations of orbitals (e.g. o (is, js) # o(ip,jp)) and
atoms (e.g. o(ip, jd) # o(id, jp)). For combinations of atoms with
fewer types of valence orbitals, the Hamiltonian reduces accord-
ingly. The values of the matrix elements Hf(f? are determined for
the interatomic distance rj; = |r;j| = |r; —r;| from the values of the
distance-dependent bond integrals Bi,;s(r;;). The functional form of
Biajp(r;j) depends on the specific TB/BOP model and is, for example,
power-law, exponential, or Goodwin-Skinner-Pettifor [53] type.
The interaction range can be smoothly forced to zero at ry by
multiplication of Bi4js(r;j) with a cosine function

fcut(rij) = % (COS (7{ |:ru_(r:;:n_dmt):|> + ]>

for reyt - deur < Tij < T'eur. For each bond, the pairwise Hamiltonian
initialised in the bond coordinate system is rotated to the global
coordinate system

(A.14)

Hij = R(0y. ¢)H, (ry)R(0y. ¢y)" (A.15)
using rotation matrices R(6j;, ¢;) with polar and azimuthal angles
0 and ¢;; determined from the orientation of the bond r; in the
global coordinate system (see Appendix D).

A.2.2. Magnetism

Magnetism enters the Hamiltonian Hy,,s, via the explicit spin-
dependence of the onsite levels Ej,,,, [4]. The spin indices u and v
span the four quadrants of neighbouring electron spin 11, 1, |1
and | |. The global onsite-level matrix of orbitals « of atom i [21]

Einr1 Ei
E, — (et Bty A16
“ (Eiau Eigy (A.16)
with onsite levels [19]
Eiauv = Hioz,uiav
1
= Hi(gi)a‘suv +Bi-ou — Elimi -~ +JiGi (A.17)

depends on the non-magnetic onsite levels H\), any external
magnetic field B;, the Pauli matrices o, the Stoner exchange
integral I; [54] and the charge g;.

In the case of collinear magnetism [19] with identical axis of
spin quantisation for all atoms the magnetic moments are parallel
or antiparallel to one another. In this case the global magnetic
moment direction can be taken to lie along the z-axis of the unit
cell. Then the 1| and |1 modifications to Hf(fj)ﬁ vanish and the
global onsite-level matrix takes a diagonal form with decoupled
M and | | modifications. Therefore, we may use separate 1 and |
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spin channels v with onsite elements

Eiao = Higy = (= 1)"Bz + S(=1)"lim; + J (A.18)
for a magnetic moment of
mi= " (Nt = Niay) - (A.19)

o

In the case of non-collinear magnetism [21], the axis of spin
quantisation is different for different atoms i. However, with a uni-
tary transformation Uj,, the diagonal form of E;, can be enforced

M(local)
(local) t E, 0
E = UlaElDlUlot = ( zao EL(local))

ior

(A.20)

by a rotation into a local coordinate system that is oriented along
the local magnetic moment. The transformation matrix U, is de-
fined [55] in terms of the angle o between the z direction in the
global space, s,, and the direction of the local magnetic moment,
Sia

cos(a) = S; - Siy (A.21)

and a vector n;, that is orthogonal to s, and s;,. A computationally
convenient way to express the transformation matrix is [21]

U. —cos<a>1 i( n)sin((x)
i — 2 o lo 2

with the identity matrix 1 and the vector of Pauli spin matrices o.

(A22)

A.2.3. Screening

The analytic BOP calculations in BOPfox employ orthogonal
TB models that can be obtained by approximate transformations
of non-orthogonal TB models. This transformation leads to an
environment dependency of the bond integrals Biqjs(r;j) in the
orthogonal TB model [56] in terms of screening by environment
atoms k with orbitals y.

The transformation to an orthogonal basis is achieved by a
Lowdin transformation [57]

[] 1/2
Hil"fﬂ slaky Hkyléslﬁj . (A-23)

The diagonal elements of the overlap matrix are one; it can there-
fore be written as

Siajp = Giajp + Oiajp - (A.24)

where O; = §;; fori # jand zero otherwise. Similarly, we can write

g1/2 1

i — (Siajﬂ — 561@]'/3 . (A.25)

The screened orthogonal Hamiltonian matrix elements are given
as [5]

[7(0)  _ 4(0)
quﬂ Hla}ﬁ
1

(0) (0)
) (Hiakyekyjﬁ + Giakv’"’kms)

1 (0)
+ Zgiozkkayh;Gléjﬁ
where the bond between atoms i and j is screened by atom k.
The matrices Oj,jp are constructed analogously to the Hamiltonian
(Eq. (A.13)) with pairwise distance-dependent parametrisations. In
BOPfox, the screening is implemented up to the linear term in G,
while & is approximated to first order as

(A.26)

Gigjp = Oigjp - (A.27)

A.3. Self-consistency

The onsite levels E;, of the different atoms i in the system are
optimised in a self-consistency loop in order to minimise the bind-
ing energy (Eq. (A.1)). The target quantity A2 that is minimised
with respect to onsite levels [4], defined by

U,
2L =AF 0

A.28
OEx (A.28)
can be expressed for the case of BOP calculations as
A = Bigia — Niw = Z g ™ — (A29)

The bond-order like term Z.n "™ that includes gradients of the

moments with respect to onsite levels is explained in detail in
Appendix C.

The corresponding minimisation target for TB calculations can
be written as

AF = By — | EQ + Z]ij (A.30)

= AEi, — Z]iajﬂqj'-
iB
Local-charge neutrality can be enforced by the alternative tar-
get quantity

A3 = NO — N, (A31)

or, implicitly, by large values of Jiyiq.
For non-collinear magnetism [21], the gradlent of the bmdmg
energy with respect to local onsite levels E'*? (Eq. (A.20)), i.

lav

oUp = (local)

local) — iaviav
gD
v

— Nigy (A32)

involves the unitary transformation

@(local - U @

laviay 1oy

(A33)

ioviay lav

Appendix B. Bond energy in analytic BOPs
B.1. Density of states

In analytic BOPs, the local density of states n;,(¢) required for
the calculation of the bond energy (Eq. (A.2)),

Nig (€ \/1 —GZng (m )Pm (B.1)

is determined analytically [2,4,5,58] using Chebyshev polynomials
of the second kind P,(¢) (see Appendix B.2), structure-dependent
expansion coefficients a( ) (see Appendix B.3), and damping fac-
tors gn, (see Appendix B. 4) The expansion of the DOS is based on a
transformation of the Hamiltonian to a tridiagonal form [59]

a® p»
p gD p@

pD 42 p3

(un|H ) = RO

with all other entries identical to zero. This Hamiltonian corre-
sponds to a one-dimensional chain with only nearest-neighbour
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Fig. B.1. Graphical representation of the recursion Hamiltonian as a one-
dimensional chain: the Lanczos chain.

matrix elements, see Fig. B.1 that can be solved by recursion [60]
using the Lanczos algorithm [61] to obtain the local DOS

Nix(E) = ——Im (B.2)

in terms of the recursion coefficients agl") and bgg”. In practice, the
recursion is terminated at some level n by making assumptions for
the values of aEZ” and bg;") for m > n.This corresponds to taking the
energy calculation to a local scheme which requires convergence
with respect to n. In BOPfox the required recursion coefficients a( )
and b Jform > n can be taken (i) as constant, (ii) as welghted
average and (iii) as oscillating.
Taking the recursion coefficients as constant values
(m) (00)

a ~=da

(m) __ p(00)
iy i s Dby, =Dbi, form>n

(B.3)
corresponds to the so-called square-root terminator as the tail of
the continued fraction can then be given analytically as a square-
root function [62]. The different approaches to obtain the values of
the asymptotic recursion coefficients agso) and bgso) in BOPfox are
summarlsed 1n Appendlx B.5.

Taking a ) and bi, " form > n as weighted averages [21] over
mpx recursmn levels
l’EC I'EC
a(‘«aPDFOX) Zm 0 wma b(approx) Zm 1 wm (B4)
1o mrng;cix ’ i mrec B
Zm 0 Wm Zm 1 Wm

withwy, = 1/[B(m2*—m)+1] can provide smoother convergence
for valuesof 8 > 1.
Oscillating values [58] for ag)

e.g., systems with band-gaps [63].

and bgg” can be chosen to treat,

B.2. Chebyshev polynomials

The Chebyshev polynomials of the second kind in Eq. (B.1) are
expressed as

m
€)= mene“ (B.5)
n=0
with
Pm+1n = 2pm(nfl) — P(m—1)n (B.6)
(unlessn < 0 orn > m when p,, = 0). They present the

basis of the expansion of nj, (Eq. (B.1)) [2]. The values of P,;(¢) are
computed iteratively

Ppyi(€) = 2€Py(€) — Pru1(€) (B.7)
with P = 1 and P; = 2¢. The phase
€ = —C0S¢p (B.8)

transforms the Chebyshev polynomials
sin(m + 1)¢
Pp(e) = ——— (B.9)
sin ¢
to sine functions with a corresponding DOS

Nig(€) = ngal.;m) sin(m + 1)¢ .

m

(B.10)

This expression can be integrated to provide analytic expressions
for the bond energy of orbital @ of atom i,

Upond,ie = bgso) ngais)(m) [)A(m+2(¢F)
m

— YoXm+1(Pr) + Xm(9F)] (B.11)
and the number of electrons
Nia(¢r) = ng% Rm1(¢r)- (B.12)
The structure-independent response functions
Xo(¢r) =0 (B.13)
1
x1(pp)=1— ﬁ + Py sin (2¢F) (B.14)
sin(m + 1)¢r sin(m — 1)
Am(r) = : (B.15)
T m+1 m-—1
with the Fermi phase
P e (B.16)
oS pp = ———— .
T

correspond to a weighting of the contribution of the structure-
dependent expansion coefficients a( ™ to the bond energy.

B.3. Expansion coefficients and moments

The expansion coefficients

ofm zpmnum

in Eq. (B.1) carry the information on the atomic structure in the
normalised moments [2]

. 1 ! I

= Z( )( 1a
<2bm ) 1=0

with terminator coefficients a!> and b’ of orbital « of atom i. The

moments provide the direct lml( between the electronic structure,
nie(E), and the atomic structure by the moments theorem [64]

(B.17)

(B.18)

W = /E”n,-a(E)dE = (ior|H"icx) (B.19)

= 2

J1B1--dn—1Bn-1

Hiajlﬂ1 Hflﬁu'zﬂz i 'anqﬂnqia

This link is schematically illustrated in Fig. B.2 for the second, third
and fourth moment: The self-returning paths of length two, three
and four in the atomic structures are linked to the root mean square
(RMS) width, the skewness and the bimodality of the electronic
DOS, respectively.

In the intersite representation (Eq. (A.3)), the information on
the individual bonds is contained in the bond order ®;,js(€) or the
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Fig. B.2. Schematic illustration of the direct link between the atomic structure
in terms of self-returning paths (top) and electronic density of states (bottom).
The second moment that is linked to the RMS width of the DOS (bottom left) is
determined by self-returning paths of length two (top, left red atom). The third
moment that relates to the skewness of the DOS (bottom middle) is given by paths
of length three (top, middle red atom) and the fourth moment that is linked to the
bimodality of the DOS (bottom right) by paths of length four (top, right red atom).

):
J ‘

density matrix nj,jg(€) that can be expressed in terms of Chebyshev
polynomials [2]

Oinjp(€) = 2ni4jp(€)

2
= 2;\/] —e2 ngU&%Pm(e) (B.20)
with Uwuﬂ defined equivalently to Eq. (B.17) as
(m) (n)
Tjp = me”‘gz;m (B.21)
and normallsed interference paths (Eq. (B.25))
(B.22)

1
. 1 ne
0 n ot
Siajp = 1§:<z>( D" g,
(2b$§o)) n=0

A relation between the moments and the atomic structure is es-
tablished in the second equality by the self-returning paths i« —
j1B1 — j2f2 — -+ = jn_1Bn_1 — ia from orbital « on atom i
along orbitals gy of atoms j, (k = 1...n—1).Each element of a self-
returning path corresponds to the pairwise Hamiltonian matrices
in the global coordinate system (Eq. (A.15)) and carries information
about the onsite level of atom i

Hivio = (ia|Hliat) = Eig (B.23)

and the interatomic interactions between the atomic orbitals on
neighbouring atoms i and j

Hiwjs = (ia|H|jB) . (B.24)

Higher moments correspond to longer paths and thus to a more far-
sighted sampling of the atomic environment. As different crystal
structures have different sets of self-returning paths of a given
length, the moments may be seen as fingerprints of the crystal
structure [22,65] and used to construct maps of structural similar-
ity [26].

The paths can be computed efficiently by realising that (1) only
the sum of all paths is relevant (Eq. (B.19)) and that (2) the sums
across the whole paths can be represented as sums along path
segments. The path segments are the interference paths
£y = (io|H"[jB) (B.25)
of length n between atom i and j. The computation of interference
paths can be simplified after realising that they can be (i) con-
structed iteratively

(n) n—1)
Siujp = Z Hiaty gkwﬁ
ky

(B.26)

for all interaction neighbours k with orbitals y, (ii) inverted in their
direction by taking the transpose

T
Ey =, (B.27)
and (iii) merged by multiplication of segments
( ) L)
s = D ko (B.28)

ky

of length 0 < | < n for all common endpoint atoms k
with orbital y. Using these properties, the summation of matrix
multiplications along the individual self-returning paths can be
decomposed to segments that represent summations of matrix
multiplications along shorter partial paths It is, therefore, not nec-
essary to determine each possible path éwt] between atoms i and j
individually, but instead sufficient to determine the set of shorter
segments that is needed for their construction. The implemen-
tation of this approach in BOPfox reaches the theoretical scaling
limits of the required execution time and is discussed in detail in
Ref. [23].

Arelation between the moments and the electronic structure is due
to the expansion coefficients aEZ) and bEZ) [66]. These coefficients
determine the electronic structure in terms of nj,, the local DOS, as
given in Eq. (B.2). The first four moments of the local DOS are given
by

W =1 (B.29)
w) = d? (B.30)
) =) b (8.31)
n = +2a0)" + dPb)” (B.32)

which is easily verified by identifying all self-returning paths of
corresponding length in Fig. B.1. Vice-versa, the recursion coeffi-
cients can be determined from the moments [67,68] for each i«
by

Z Z c 1+l+1

j=0 I=0

(B.33)

and
n

_E:E:CnnljJrlJr]
]
j=0 =0

(B.34)
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where we dropped the common index i« for readability. The coef-
ficients c]?1 are given by

0

=1,

¢'=0 ifj>norj<0orn <0,
n+1 n n—1

bn+1cj =¢y —anc —bncj

and determined iteratively.

B.4. Damping factors

The damping factors g, in Eq. (B.1), together with approxi-
mate higher expansion coefficients, were introduced to suppress
Gibbs ringing and ensure strictly positive values of the DOS [58].
Therefore the calculation of the DOS (Eq. (B.1)) with expansion
coefficients oi;m> from the moments up to m = npax (Eq. (B.17))
is expanded up to nNmax + 1 < M < nNexp with estimated higher
expansion coefficients o™ [58]

Nmax
1— €2 |:ng0[& Py (e

n(nmax)( )

i

(B.35)

The higher expansion coefficients aifxm) are obtained by recursive

calculation of the interference paths [58] along the semi-infinite
chain,

™Y =2 [&kqﬁ’”) + big™ + Bk+1§1§$i] - {;E"H) (B.36)
with
(00)
N ax — a; - b
ay = k% and b= —— (B.37)
) R
la (o3
and ‘715:) = ;“((,"). The relative importance of the higher, approxi-

mated expansion coefficients with respect to the lower, computed
ones is balanced by the damping factors g, in Eq. (B.1) that vary
smoothly from 1 to 0. In BOPfox, the Jackson kernel [69]

T
Nmax+1

; (Nmax — M + 1) cos =~ 7+ sin cot
gm - anlaX + 1

for an expansionm = 1...
mials of the second kind by

&m =gzl*n+l/g4

as described in Ref. [58].

n ax+l

(B.38)

Nmax iS adapted to Chebyshev polyno-

(B.39)

B.5. Band-width estimates

The different terminators (Eqs. (B.3) and (B.4)) of the continued
fraction (Eq. (B.2)) require the recursion coefficients a™ and b
beyond the ones that can be computed from the M, Jwithm > n
by Egs. (B 33)and (B.34). We determine approximate values ofa

and b( from estimates of the centre and the width of the DOS
g = A (B.40)
b = B (B.41)

with

A(Oo) (EtOP +Eb0tt0m) (B42)
l

B = 4 (EQ” —EX™m). (B.43)

The values of A’ and B>°’ can be estimated in BOPfox in several
ways based on the computed recursion coefficients a;, ™ and b(”) for
n levels of orbital « on atom i. The simple approx1mat10ns are (i)
the lowest computed recursion coefficients, i.e.,

(00) _ (1) (00) __ (1)
Aia l ’ Bicx - bia ’ (B44)
(ii) the highest computed recursion coefficients
AE::O) — aEZmax)’ BEZO) — bEZmax) , (B45)

(iii) averaged values [19] similar to Haydock and Johannes [70],

Nmax (1) Nmax (n)z
a m* b,
AE:,O) — Zn 0 1;1 BE(:O) — Zn_l o (B.46)
Nmax + Nmax

(iv) the average band-centre with the band-width from the highest
computed recursion level

Nmax (1)
A(OO) Zn 0 alot
“ Mmax + 1

or (v) lowest computed band-bottom and highest computed band-
top [19]

B(OO) — b(nmax)

ior ior ’

(B.47)

max( a" ) + mm( ("))
A = , (B.48)
2
max (a(”)) min ( ) + 4max (b("))
B> = . . (B.49)

Further choices are (vi) the approach of Beer et al. [71] that min-
imises the band-width with preserved moments of the DOS and
(vii) Gershogorin’s circle theorem [72] which leads to estimates of
the band-edges [58]

bottom __ (n) (n) (n+1)
EP°M™ — min (a - b, — b, )

(B.50)

(B.51)

lo

EQ? = max () + b + b)) .

For testing purposes the user can also define (viii) global values of
A and B that hold for all atoms.

B.6. Example with typical settings: bcc Ta

As an example of an analytic BOP calculation, we used the
parametrisation of Ref. [ 17] to determine the DOS of bcc Ta shown
in Fig. B.3. This non-magnetic BOP calculation with a d-band model
uses 9 moments (Eq. (B.19)), a square-root terminator (Eq. (B.3)),
the Gershogorin bandwidth estimate (Eq. (B.50)), and estimated
expansion coefficients up to moment 200 (Eq. (B.37)) that are
damped with a Jackson kernel (Eq. (B.38)). The DOS obtained by
analytic BOPs is in good agreement with the TB reference (20 x 20
x 20 k-point mesh, tetrahedron integration). In both cases, the
Fermi level is in the pseudo-gap of the bimodal DOS that is typical
for bee transition metals. The bandwidth of the DOS, as well as
the position and height of the two most prominent peaks are
well captured. The integrated DOS of analytic BOPs is in excellent
agreement with the TB reference which is the basis for reproducing
DOS-integral quantities like the bond energy.
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Fig. B.3. DOS of bcc Ta computed by reciprocal-space TB (black) and real-space BOP
(red) computed with the parametrisation of Ref. [17]. The integrated DOS of TB and
BOP (divided by a factor of five for plotting convenience) are given as dashed lines.
The dotted line marks the Fermi level.

Appendix C. Forces and torques in analytic BOPs
C.1. General binding-energy derivative

The minimisation of the binding energy in the self-consistency
cycle (see Appendix A.3) is based on the derivative of the bind-
ing energy with respect to onsite-levels Ejg,,. The computation of
forces and stresses requires the derivative of the binding energy
with respect to the position rj, while determining the torques
makes use of the derivative of the binding energy with respect to
the spin orientation s;g,, of atom j. These are all specific examples
of derivatives of the binding energy which can be written in a
generic form as derivatives with respect to a general parameter A,
[4]

T ST
=3 Y iy B
iev n=0
dEiav dUrep
— Nigy —2 4+ — 22 C1
Z gy (€1
The total derivative of the bond energy Upong (Eq. (A.3)) with

respect to A is transformed to partial derivatives with respect to
moments 1" and associated partial derivatives of the moments
with respect to A. This allows the derivative of the bond energy to
be expressed in the form of Hellmann-Feynman-type forces

AUpond - dHjg uiav
an = 2 Owim gy 2

ivjBu

with a bond-order-like term
Nmax

~ (n—1

Oiavipy = z(o?vjﬁ:)' (C3)
n=1

Inserting Ejg, for A leads to the self-consistency condition of
Eq. (A.29). Replacing A with 1 or sz yields forces and torques as
described in Appendices C.2 and C.3, respectively.

The derivatives of Upong With respect to the moments

) __ 9Ubond
iav T (n)

aluiow

(C4)

enter @iy, as weights w"™ in

n

7 (n—=1,m) — w'™

ll“l"l’nﬁtnvn - iy
ipapvy..dp_jap_1vp—1 \I=1

H; H;

iraqvrigonvy < - Hip_jop_qvp_1inanvn

(C5)

and are given in detail in Appendix C.4. This compact form leads to
an efficient recursive computation of ®;4jg by

= (n—1,m) T(n 1,m)

(m) n—1)
Ziajp iajp S

ip (C.6)

with transfer paths Ti((f.‘ ™) The transfer paths are closely related to
the interference paths (Eq. (B.19)) and exhibit similar properties
(Egs. (B.26)-(B.28)). In particular, the transfer paths can also be (i)
constructed iteratively

wt]ﬂ ZH“""V Tkw "+ la Swz]ﬂ ’ (€7)
(ii) inverted by taking the transpose

T =T (c8)
and (iii) merged by a product rule

Tap " = D Tty "Gty + Z%fik;)TkLﬂ’ " (€9)

ky

These properties of the transfer paths are the basis for the effi-
cient [23] and parallel [24,25] implementation of self-consistency,
forces and torques in analytic BOPs.

For non-collinear magnetism, the above equations are trans-
formed by rewriting the moments and weights as 2 x 2 matrices
in spin space (see Appendix A.2.2). The general derivative of the
binding energy (Eq. (C.1)) reads [21]

dU Nmax "
-y S n(w )

i n=0

dEiotu dUrep
- Nigy —— C.10
DN+ = (C.10)
oy
with
" dMiLT(") du;l(")
iy _ | da dA 11)
dA - d,bL-¢T(n) d’u¢¢(") .
(o3 (o3
dA dA
and weights that are constructed in the local frame
A(n,local)
Wl(g Jlocal) U w")UT (wiao ¢(n(,)loca1)> (C.12)
Wig,

from the global counterparts by a unitary transformation like the
onsite levels (Eq. (A.20)). The transformatlon of the bond order
term ©jq,jp, and the transfer matrices T ™ to 2 x 2 spin space
leads to the same equations as Egs. (C. ) and (C.6), respectively,
with corresponding interference paths

M(n) t(n)
;S-(ﬂ) _ Sictjﬁ Sictjﬁ
fojf "\ £ d1(n) W) |-

Sijp Siajp

(C.13)

C.2. Forces

Replacing the derivative d/dA in Eq. (C.1) with the gradient
Vi leads to the analytic forces. With self-consistent onsite levels
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dU/dE, = 0 (Eq. (A.29)), the forces on atom k in TB and BOP
calculations are given by [4,19,21]
F, = —V,Up
ia#jp
- Z Oujp ViHigia
iojp

1
—3 > (Viaip )i Gic

iojp
+ ! Z(Vkliajﬂ Jm;jgm;,
4 iojB
- VkUrep .

(C.14)

(This expression also holds for non-collinear magnetism as there
only the onsite levels are affected by the rotation [21].) In TB
calculations this expression corresponds to Hellmann-Feynman
forces [73,74] and
aUg

becomes the density matrix nj.jg (Eq. (A.3)). In analytic BOP calcu-
lations, in contrast, the approximate evaluation of the DOS means
that a self-consistent set of charges and magnetic moments does
not correspond to a stationary point in the BOP energy (as it does
in DFT or TB approaches) [4]. However, taking exact derivatives of
the energy with respect to atomic positions, this form can still be
used to represent forces [4,19] (Eq. (C.14)) and stresses [30]. The
contribution of the bond energy to the atomic virial stress is [30]

Oujp = (C.15)

Ugond = Z Oiajp VH]ﬂwt - VII-I],BI(X) i - (C.16)
ocjﬂ
C.3. Torques

Inserting the local spin direction s;, for A in the general deriva-
tive (Eq. (C.1)) leads to the torques, i.e., to the change in binding
energy due to rotation of local spin directions. The derivatives of
the rotation matrices can be taken into account by expressing the
weights in terms of their local counterparts [21]

1 1
=[5 (o L) 1 (-t

where we dropped the index (n, local) of wj, for brevity. With

(C.17)

VAVES Eify la, the derivative of the bond energy with respect
to s, is given by [21]
dUp 1

is = 5 (Tr (émma) Aiq — Iimim;
o

DNCEHIRCE)

where m; is the spin direction on atom i and o is the vector of Pauli
spin matrices. The cross product with the spin direction leads to
the magnetic torque [75] given by
dug
o % S
o dsm 103

for orbital @ on atom i where s;, x m;, = 0.

(C.18)

(C.19)

C.4. Common partial derivatives

The weights (Eq. (C.4)) can be determined analytically. To
this end, the band and onsite contributions are separated

as[19]
dUpand g [FF
e O
o; o;

v v

iy

g Eiputipn(Br) D Jiaimip(Er)
Zjﬂu N (Er) Zjﬁ s (Er)
G Zm(—l)’”fmf"mu(EF)>>
1 1
2 Zjﬂu Mg (EF)
with
WUpand = [ 9b>) . . .
d ™ = > F) o™ Rms2 = 2 mer + ]
123 m—0 123
o) g™ do™ §al>) 9™ gplee)
+ aum T 5g apm T 5 aum
: [)A(m+2 — 2€r Xmy1 + )A(rn]
9 Xm+2 _ oer 2 3 Xm+1 9 Xm
9a)  “aglea) Kmt1 T S€F T sy T ga(eo)
(00)
. po) p(m 99
au(n)
3 Xm+2 oer O Xm+1 3 Xm
* [8b<°°> T g Am T 2 ey F e
(00)
. poe) o m A0
a’u/(“)
(C.20)
where a constant terminator (Eq. (B.3)) was assumed and
9 Ep Nmax
s | e =Y (2m+1(¢F>
® m=0
do™ 9™ §al>  9og™ p> (c21)
o T gatee) gum T gpee) g

1 gm  Xm+1 0a> n d Xmy1 9bC
3a) gum " gpee) gum ) )
where we omitted the common index iav for brevity. The partial

derivatives of the expansion coefficients with respect to the mo-
ments are given by

m
Dmk (k—n)
kn)(—a'>) €22
mekaﬂ(") Zn (Zb(oo))k )( ) ( )
and with respect to the asymptotic recursion coefficients
oM m apw
a0 L Pk i)
k=0
m
_ Z Pmik
7 (2009)
< k (k—n—1)
_ (n) (_ (00)\ k==
> (k—n) (n) 1 (=) (C.23)
n=0
dom - all(k) - Dmk
. - 7y (k)
S = D P = ka oo (C24)
= =1

(Note that Eq. (C.24) corrects a misprint in Eq. A8 of Ref. [19].)
The derivatives of the response functions are given in terms of the
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Fermi phase by
0Xm _ _ OXm  0cos(¢r) (25)
9al>)  9cos(¢p) dal>
9Xm _ _ 0Xm _ 0cos(¢r) (C26)
ob>) 9 cos(¢pp) b
with partial derivatives of Egs. (B.15) and (B.16)
0 Xm _ _cos(m + 1)4);4 — cos(m — 1)¢r (c27)
d cos (¢r) 7 sin (¢r)
d cos (¢r) 1
PR (C.28)
dcos(¢r)  cos (¢r)
3 = 2po) (C.29)
The derivatives of the recursion coefficients are given by [68]
9a n+1 n n n—1
au; =bus1 )Y G Bgm —ba YD 6 Sgm (C30)
j=0 =0 j=0 =0

ab,, n — nl -1
7=? ZZC C,(S[Hm ZZC Sitjm

0
Hem j=0 1=0 j=0 =0

(C31)

This set of partial derivatives is computed (i) in every self-
consistency step to optimise the onsite-levels (Eq. (A.29)) and (ii)
in every force (Eq. (C.15)) or torque calculation (Eq. (C.19)).

Appendix D. Rotation matrices

The rotation matrices R(6, ¢) in Eq. (A.15) are constructed from
the polar and azimuthal angles 6 and ¢ between the interatomic
bond and the global coordinate system. (0 is the angle to the xy-
plane and ¢ the angle to the x-axis in the xy-plane.) For the orbital
ordering in Hj; of Eq. (A.13), the elements of the rotation matrix for
p-orbitals are given by

R(6, ¢)1.1 = cos(6)

RO, ¢)21 = —sin(9)
0,¢)31 = 0.0

R(O, ¢)1.2 = cos(¢)sin(0)

( (D.1)
(
(
(
R(6, ¢)2.2 = cos(¢)cos(8)
(
(
(

=

R, ¢)32 = —sin(¢)
R(6, ¢)1.3 = sin(¢)sin(0)
R(6, ¢)2.3 = sin(¢)cos(9)
R0, ¢)33 = cos(¢)

The matrix entries of the rotation matrix for d-orbitals are given
by

R(O, ¢)1.1 = cos?(0) — 1/2sin?(0) (D.2)
R(6, ¢)2.1 = —+/3sin(@) cos(6)

RO, ¢)31 =0

RO, $)aq = 3/4sin2(9)

R0, ¢)s1 =

R(6, )12 = ~/3cos(¢)sin(8) cos(6)

R, ¢)a2 = cos(¢)(cos*(9) — sin(8))

RO, )32 = —sin(¢)cos()

RO, $)a2 = — cos(¢)sin(d)cos(8)

RO, ¢)s,2 = sin(¢)sin()

R(6, ¢)1.3 = ~/3sin(¢)sin(6)cos(d)

R(O, ¢)2.3 = sin(¢)(cos*(A) — sin?(#))

R(6, ¢)3.3 = cos(¢p) cos(0)

R(O, ¢)a3 = —sin(¢)sin(0) cos(9)

R(6, ¢)s.3 = — cos(¢)sin(h)

RO, $)1.4 = (cos2(¢p) — sin?(¢))y/3/4sin?(0)
R0, ¢)2.4 = (cos’(¢) — sin’(¢))sin(8) cos(8)
R(6, ¢)3.4 = —2sin(¢) cos(¢p) sin(6)

R0, $)s.a = (cos*(¢) — sin®(¢))(cos*(8) + 1/2sin*(9))
RO, ¢)s.4 = —2sin(¢p)cos(p)cos(0)

R(6, ¢)1.5 = v/3sin(¢) cos(¢)sin®(6)

R(6, ¢)a.5s = 2sin(¢) cos(¢)sin(8) cos(6)
R0, $)35 = (cos*(¢) — sin(¢))sin(6)

R(6, ¢)s5 = sin(¢) cos(¢)(cos?(8) + 1)

R(0, ¢)s.5 = (cos’(¢) — sin®(¢)) cos(h)

Both rotation matrices become identity matrices for sin(¢) = 0
and sin(6) = 0. The rotation matrices for multiple orbital-types
on one atom or for different orbitals on two interacting atoms are
constructed by combinations of the above matrices.

References

[1] D.G. Pettifor, Bonding and Structure of Molecules and Solids, Oxford Science
Publications, 1995.

[2] R.Drautz, D.G. Pettifor, Phys. Rev. B 74 (2006) 174117.

[3] M.W. Finnis, Prog. Mat. Sci. 52 (2007) 133.

[4] R.Drautz, D.G. Pettifor, Phys. Rev. B 84 (2011) 214114

[5] R. Drautz, T. Hammerschmidt, M. Cak, D.G. Pettifor, Modelling Simul. Mater.
Sci. Eng. 23 (2015) 074004.

[6] A.Horsfield, A.M. Bratkovsky, M. Fearn, D.G. Pettifor, M. Aoki, Phys. Rev. B 53
(1996) 12694.

[7] T. Hammerschmidt, R. Drautz, in: J. Grotendorst, N. Attig, S. Bliigel, D. Marx
(Eds.), NIC Series 42 - Multiscale Simulation Methods in Molecular Science,
Jiilich Supercomputing Centre, 2009, p. 229.

[8] M. Cak, T. Hammerschmidt, R. Drautz, ]. Phys.: Condens. Matter 25 (2013)
265002.

[9] T.Hammerschmidt, R. Drautz, D.G. Pettifor, Int. J. Mat. Sci. 100 (2009) 1479.

[10] www.bopfox.de.

[11] T. Hammerschmidt, B. Seiser, R. Drautz, D.G. Pettifor, in: R.C. Reed, K.A.
Green, P. Caron, T.P. Gabb, M.G. Fahrmann, E.S. Huron, S.R. Woodward (Eds.),
Superalloys 2008, The Metals, Minerals and Materials Society, 2008, p. 847.

[12] Y. Chen, A.N. Kolmogorov, D.G. Pettifor, J.-X. Shang, Y. Zhang, Phys. Rev. B 82
(2010) 184104.

[13] B. Seiser, T. Hammerschmidt, A.N. Kolmogorov, R. Drautz, D.G. Pettifor, Phys.
Rev. B 83 (2011) 224116.

[14] T. Hammerschmidt, G.K.H. Madsen, J. Rogal, R. Drautz, Phys. Stat. Sol. B 248
(2011) 2213.

[15] T. Hammerschmidt, B. Seiser, M. Cak, R. Drautz, D.G. Pettifor, in: E.S. Huron,
R.C. Reed, M.C. Hardy, M.J. Mills, R.E. Montero, P.D. Portella, J. Telesman (Eds.),
Superalloys 2012, The Metals, Minerals and Materials Society, 2012, p. 135.

[16] T. Schablizki, J. Rogal, R. Drautz, Mod. Sim. Mat. Sci. Eng. 21 (2013) 0755008.

[17] M. Cak, T. Hammerschmidt, ]. Rogal, V. Vitek, R. Drautz, J. Phys.: Condens.
Matter 26 (2013) 195501.

[18] J.F. Drain, R. Drautz, D.G. Pettifor, Phys. Rev. B 89 (2014) 134102.


http://refhub.elsevier.com/S0010-4655(18)30309-6/sb1
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb1
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb1
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb2
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb3
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb4
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb5
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb5
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb5
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb6
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb6
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb6
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb7
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb7
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb7
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb7
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb7
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb8
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb8
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb8
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb9
http://www.bopfox.de
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb11
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb11
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb11
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb11
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb11
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb12
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb12
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb12
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb13
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb13
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb13
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb14
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb14
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb14
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb15
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb15
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb15
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb15
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb15
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb16
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb17
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb17
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb17
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb18

T. Hammerschmidt et al. / Computer Physics Communications 235 (2019) 221-233 233

[19] M.E. Ford, R. Drautz, T. Hammerschmidt, D.G. Pettifor, Modelling Simul. Mater.
Sci. Eng. 22 (2014) 034005.

[20] C. Teijeiro, T. Hammerschmidt, R. Drautz, G. Sutmann, in: P. Ivanyi, B.H.V.
Topping (Eds.), Proceedings of the Fourth International Conference on Parallel,
Distributed, Grid and Cloud Computing for Engineering, Civil-Comp Press,
Edinburgh, UK, 2015.

[21] M.E. Ford, R. Drautz, D.G. Pettifor, ]. Phys.: Condens. Matter 27 (2015) 086002.

[22] T.Hammerschmidt, A.N. Ladines, ]. Komann, R. Drautz, Crystals 6 (2016) 18.

[23] C. Teijeiro, T. Hammerschmidt, B. Seiser, R. Drautz, G. Sutmann, Modelling
Simul. Mater. Sci. Eng. 24 (2016) 025008.

[24] C. Teijeiro, T. Hammerschmidt, R. Drautz, G. Sutmann, Comput. Phys. Comm.
204 (2016) 64.

[25] C.Teijeiro, T. Hammerschmidt, R. Drautz, G. Sutmann, Int. ]. High Perf. Comp.
App., in print: https://dx.doi.org/10.1177/1094342017727060.

[26] J.Jenke, A.P.A. Subramanyam, M. Densow, T. Hammerschmidt, D.G. Pettifor, R.
Drautz, Phys. Rev. B (2018) in print.

[27] M. Mrovec, D. Nguyen-Manh, C. Elsdsser, P. Gumbsch, Phys. Rev. Lett. 106
(2011) 246302.

[28] G.K.H. Madsen, E. McEniry, R. Drautz, Phys. Rev. B 83 (2011) 184119.

[29] N.Hatcher, G.K.H. Madsen, R. Drautz, Phys. Rev. B 86 (2012) 155115.

[30] S.Schreiber, M. Cak, T. Hammerschmidt, R. Drautz, in preparation.

[31] Y.-S. Lin, M. Mrovec, V. Vitek, Modelling Simul. Mater. Sci. Eng. 22 (2014)
034022.

[32] M. Mrovec, R. Gréger, A.G. Bailey, D. Nguyen-Manbh, C. Elsdsser, V. Vitek, Phys.
Rev. B 75 (2007) 104119.

[33] M.J. Cawkwell, D. Nguyen-Manbh, D.G. Pettifor, V. Vitek, Phys. Rev. B 73 (2006)
064104.

[34] J. Gehrmann, D.G. Pettifor, A.N. Kolmogorov, M. Reese, M. Mrovec, C. Elsdsser,
R. Drautz, Phys. Rev. B91(2015) 054109.

[35] O.K. Andersen, W. Klose, H. Nohl, Phys. Rev. B 17 (1978) 1209.

[36] E.Anderson, Z. Bai, C. Bischof, S. Blackford, J. Demmel, ]. Dongarra, ]. Du Croz, A.
Greenbaum, S. Hammarling, A. McKenney, D. Sorensen, LAPACK Users’ Guide,
third ed., Society for Industrial and Applied Mathematics, Philadelphia, PA,
1999.

[37] C.G.Broyden, Math. Comp. 19 (1965) 577.

[38] E. Bitzek, P. Koskinen, F. Gahler, M. Moseler, P. Gumbsch, Phys. Rev. Lett. 97
(2006) 170201.

[39] P. Soin, A.P. Horsfield, D. Nguyen-Manh, Comput. Phys. Comm. 182 (2011)
1350.

[40] M. Methfessel, A.T. Paxton, Phys. Rev. B 40 (1989) 3616.

[41] P.E.Blochl, O. Jepsen, O.K. Andersen, Phys. Rev. B 49 (1994) 16223.

[42] ].C. Gilbert, J. Nocedal, SIAM J. Optim. 2 (1992) 21.

[43] C. Zhu, R.H. Byrd, P. Ly, ]. Nocedal, Tech. Report, NAM-11, EECS Department,
Northwestern University (1994).

[44] R.H.Byrd, P. Ly, J. Nocedal, C. Zhu, SIAM ]. Sci. Comput. 16 (1995) 1190.

[45] L. Verlet, Phys. Rev. 159 (1967) 98.

[46] W.C. Swope, H.C. Andersen, P.H. Berens, K.R. Wilson, ]. Chem. Phys. 76 (1982)
648.

[47] S.R.Bahn, KW. Jacobsen, Comput. Sci. Eng. 4 (2002) 56.

[48] E.B.Tadmor, R.S. Elliott, J.P. Sethna, R.E. Miller, C.A. Becker, JOM 63 (2011) 17.

[49] S. Plimpton, J. Comput. Phys. 117 (1995) 1.

[50] A.P. Sutton, M.W. Finnis, D.G. Pettifor, Y. Ohta, J. Phys. C 21 (1988) 35.

[51] E.R. Margine, D.G. Pettifor, Phys. Rev. B 89 (2014) 235134.

[52] J. Hubbard, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 276 (1963) 238.

[53] L. Goodwin, AJ. Skinner, D.G. Pettifor, Europhys. Lett. 9 (1989) 701.

[54] E.C. Stoner, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 169 (1939) 339.

[55] ]. Kiibler, K.-H. Hock, ]. Sticht, A.R. Williams, J. Phys. F: Met. Phys. 18 (1988)
469.

[56] D.Nguyen-Manh, D.G. Pettifor, V. Vitek, Phys. Rev. Lett. 85 (2000) 4136.

[57] P.-O.Lowdin, J. Chem. Phys. 18 (1950) 365.

[58] B.Seiser, D.G. Pettifor, R. Drautz, Phys. Rev. B 87 (2013) 094105.

[59] R.Haydock, Comput. Phys. Comm. 20 (1980) 11.

[60] R.Haydock, V. Heine, MJ. Kelly, J. Phys. C: Sol. Stat. Phys. 5 (1972) 2845.

[61] C.Lanczos,]. Res. Natl. Bur. Stand. 45 (1950) 225.

[62] R.Haydock, V. Heine, M.J. Kelly, J. Phys. C: Solid State Phys. 8 (1975) 2591.

[63] P.E.A. Turchi, F. Ducastelle, G. Treglia, J. Phys. C: Solid State Phys. 15 (1982)
2891.

[64] F. Cryot-Lackmann, Adv. Phys. 16 (1967) 393.

[65] P.E.A. Turchi, Mat. Res. Soc. Symp. Proc. 206 (1991) 265.

[66] M. Aoki, Phys. Rev. Lett. 71 (1993) 3842.

[67] R.Haydock, Solid Stat. Phys. 35 (1980) 215.

[68] A.P.Horsfield, Mater. Sci. Eng. B 37 (1996) 219.

[69] A. WeiRe, G. Wellein, A. Alvermann, H. Fehske, Rev. Modern Phys. 78 (2006)
275.

[70] R.Haydock, R.L. Johannes, J. Phys. F: Met. Phys. 5 (1975) 2055.

[71] N. Beer, D.G. Pettifor, in: P. Phariseau, W.M. Temmermann (Eds.), The Elec-
tronic Structure of Complex Systems, Plenum Press, New York, 1984, p. 769.

[72] S.A. Gerschogorin, Bull. Acad. Sci. URSS 6 (1931) 749.

[73] H.Hellmann, Einfithrung in die Quantenchemie, Deuticke, Leipzig, 1937.

[74] R.P. Feynman, Phys. Rev. 56 (1939) 340.

[75] T.L. Gilbert, IEEE Trans. Magn. 40 (2004) 3433.


http://refhub.elsevier.com/S0010-4655(18)30309-6/sb19
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb19
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb19
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb20
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb21
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb22
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb23
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb23
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb23
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb24
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb24
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb24
http://dx.doi.org/https://dx.doi.org/10.1177/1094342017727060
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb26
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb26
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb26
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb27
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb27
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb27
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb28
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb29
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb31
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb31
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb31
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb32
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb32
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb32
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb33
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb33
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb33
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb34
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb34
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb34
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb35
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb36
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb37
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb38
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb38
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb38
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb39
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb39
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb39
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb40
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb41
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb42
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb43
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb43
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb43
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb44
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb45
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb46
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb46
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb46
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb47
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb48
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb49
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb50
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb51
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb52
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb53
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb54
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb55
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb55
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb55
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb56
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb57
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb58
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb59
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb60
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb61
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb62
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb63
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb63
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb63
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb64
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb65
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb66
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb67
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb68
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb69
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb69
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb69
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb70
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb71
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb71
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb71
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb72
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb73
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb74
http://refhub.elsevier.com/S0010-4655(18)30309-6/sb75

	BOPfox program for tight-binding and analytic bond-order potential calculations
	Introduction
	Program flow
	Overview
	Input files
	Initialisation
	Hamiltonian
	DOS and Fermi energy
	Self-consistency
	Energy and force contributions
	BOPfox as library: BOPlib

	Performance
	Scalability
	Speed-ups
	Parallelisation

	Conclusions
	Acknowledgements
	Binding energy in TB and BOP
	Energy contributions
	Hamiltonian
	Construction
	Magnetism
	Screening

	Self-consistency

	Bond energy in analytic BOPs
	Density of states
	Chebyshev polynomials
	Expansion coefficients and moments
	Damping factors
	Band-width estimates
	Example with typical settings: bcc Ta

	Forces and torques in analytic BOPs
	General binding-energy derivative
	Forces
	Torques
	Common partial derivatives

	Rotation matrices
	References


