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Abstract 13 

Forecasting the onset of a volcanic eruption from a closed system requires understanding its 14 
stress state and failure potential, which can be investigated through numerical modeling. 15 
However, the lack of constraints on model parameters, especially rheology, may substantially 16 
impair the accuracy of failure forecasts. Therefore, it is essential to know whether large 17 
variations and uncertainties in rock properties will preclude the ability of models to predict 18 
reservoir failure. A series of 2-dimensional, axisymmetric models are used to investigate 19 
sensitivities of brittle failure initiation to assumed rock properties. The numerical experiments 20 
indicate that the deformation and overpressure at failure onset simulated by elastic models will 21 
be much lower than the viscoelastic models, when the timescale of pressurization exceeds the 22 
viscoelastic relaxation time of the host-rock. Poisson’s ratio and internal friction angle have 23 
much less effect on failure forecasts than Young’s modulus. Variations in Young’s modulus 24 
significantly affect the prediction of surface deformation before failure onset when Young’s 25 
modulus is <40 GPa. Longer precursory volcano-tectonic events may occur in weak host-rock (E 26 
<40 GPa) due to well-developed Coulomb failure prior to dike propagation. Thus, combining 27 
surface deformation with seismicity may enhance the accuracy of eruption forecast in these 28 
situations. Compared to large and oblate magma systems, small and prolate systems create far 29 
less surface-uplift prior to failure initiation, suggesting more frequent measurements are 30 
necessary. 31 

 32 

1 Introduction 33 

Ground deformation is one of the most widely used methods to evaluate and forecast 34 
volcanic unrest (Sparks, 2003). Geodetic monitoring methods, including Global Navigation 35 
Satellite System (GNSS) and Interferometric Synthetic Aperture Radar (InSAR) provide 36 
temporal surface deformation observations of active volcanoes and a glimpse into the evolution 37 
of the underlying magmatic system. Geodetic data alone cannot uniquely constrain some 38 
important parameters of magma reservoirs, like size or overpressure (e.g., Segall, 2019). The 39 
architecture and evolution of a magma reservoir may be better interpreted by combining multiple 40 
geophysical observations, such as seismology, gravity, and magnetotellurics. However, a good 41 
knowledge of reservoir geometry and deformation history does not ensure an accurate eruption 42 
forecast. Substantial surface inflation may not indicate the propensity of volcano eruption (e.g., 43 
Biggs et al., 2014; Biggs & Pritchard, 2017).  44 

Numerical volcano models provide important evaluations of ground deformation signals 45 
using stress calculations and failure predictions, which are essential to give insight into the 46 
dynamic evolution of magma systems (e.g., Grosfils, 2007; Albino et al., 2010; Gerbault et al., 47 
2012, 2018; Gregg et al., 2012, 2013; Hickey & Gottsmann, 2014; Hickey et al., 2015). 48 
Furthermore, the recent development of sequential data assimilation approaches provides near 49 
real-time estimates of overpressure and stress state of magmatic systems, which is a promising 50 
step towards forecasting volcanic unrest with advanced observations (e.g., Gregg & Pettijohn, 51 
2016; Bato et al., 2017, 2018; Zhan & Gregg, 2017; Zhan et al., 2017; Gregg et al., 2018; 52 
Albright et al., 2019). However, before an accurate forecast can be conducted, we need to 53 
understand the sensitivity of model results to different model parameters in a magmatic system, 54 
such as geometry, initial stress state, and rock properties. Among them, the effect of chamber 55 
geometry has been systematically studied by previous investigations (e.g., Mogi, 1958; Yang et 56 
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al., 1988; Segall, 2019), and the initial stress is controlled by many factors such as the 57 
deformation history and tectonics, which is beyond the scope of this paper. We focus our current 58 
effort on evaluating the impact of rock rheology, which is an important factor in magma system 59 
models, and is not well constrained. 60 

Rock properties for different volcanoes can be distinct. For example, the Young’s modulus 61 
inferred by static loading is no more than 1 GPa for Merapi volcano (Beauducel et al., 2000), 62 
while the Young’s modulus is greater than 40 GPa for volcanoes in Iceland (Grapenthin et al., 63 
2006). Even for one volcano, rock properties inferred by different approaches may not be 64 
consistent. Dynamic Young’s modulus calculated using seismic methods can be significantly 65 
higher than static Young’s modulus determined by laboratory rock tests and geodetic modeling. 66 
For example, dynamic Young’s modulus of the crust in Mt. Etna inferred by P-wave velocity can 67 
reach 100 GPa (e.g., Currenti et al., 2007), while laboratory rock tests show that Young’s 68 
modulus of a basaltic samples from Mt. Etna is < 30 GPa (Heap et al., 2010). Additionally, 69 
Young’s modulus and Poisson’s ratio can be modified by ~30% during repeating loading and 70 
unloading (Heap et al., 2010). Similarly, the viscosity of the crust varies from 1015 to 1021 𝑃𝑎 ∙ 𝑠 71 
depending on the composition and temperature (e.g., Newman et al., 2001). Considering that a 72 
systematic discussion on the effects of rock property on modeling is still absent, this study aims 73 
to test the effect of varying rock properties on modeling brittle failure around a magma reservoir.  74 

In this paper, we conduct a series of sensitivity tests using 2-dimensional, axisymmetric 75 
models to evaluate the impact of the uncertainties in assumed rheological parameters. First, we 76 
use viscoelastic models to evaluate the sensitivities of Critical Maximum Surface Uplift (CMSU) 77 
and overpressure before brittle failure onset to a variety of rheological parameters, such as 78 
viscosity, Young’s modulus, and loading rate. Then, a series of elastic models are used to test the 79 
effects of Young’s modulus, Poisson’s ratio, internal friction angle, and tensile strength on the 80 
CMSU and critical overpressure. The effects of these parameters are evaluated under different 81 
geometrical conditions including depth, size, and shape of the magma body. Of particular interest 82 
in this investigation is whether large variations and uncertainties preclude the ability of models to 83 
predict failure of a magma reservoir. Here we only consider the homogenous rock property to 84 
quantify the uncertainties from the varying values of rock properties. Heterogeneity in those 85 
properties is also important (e.g., De Natale & Pingue, 1996; Masterlark, 2007) and should be 86 
studied systematically in the future. 87 

  88 

2 Methods 89 

2.1 Model setup 90 
We use 2-dimensional, axisymmetric models (Fig. 1a) solved by finite element code 91 

COMSOL Multiphysics 5.3 to simulate the surface deformation and failure of the host-rock due 92 
to an inflating magma body with an applied overpressure (OP; e.g., Gregg at al., 2012, 2013). 93 
Overpressure is assumed along the boundary of the magma body as a force in excesses of the 94 
lithostatic stress. Roller boundary conditions are defined at the side and bottom of the model. 95 
Gravity is loaded as a body force, which is balanced by an initial hydrostatic stress (i.e., 𝜎& =96 
𝜎( = 𝜎) = 𝜌𝑔𝑧) prior to the addition of overpressure along the boundary of the spheroid (Fig. 97 
1a).  98 

 99 
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 100 

Figure 1. Model setup and failure onset. (a) The 2-dimensional axial symmetric model (20 x 20 101 

km). The left boundary is the axis of symmetry. The right and bottom boundaries are defined as 102 

roller-type boundary condition. The magma body is represented by an elliptical void along which 103 

an overpressure (OP = pressure in excess of the lithostatic pressure) boundary condition is 104 

applied. The mesh size of the model ranges from ~100 m around the chamber to ~1000 m near 105 

the right and bottom edges. (b) The failure distribution for a model with a Young’s modulus of 106 

50 GPa when the surface uplift is 3 m. The Critical Maximum Surface Uplift (CMSU) is the 107 

calucated uplift when the chamber wall rupture is initiated, and is much lower than 3 m. The 108 

shaded red area indicates Coulomb failure, while the hatched region indicates tensile failure. 109 

 110 

2.2 Rupture of the magma chamber 111 

We use the Coulomb failure criterion (Eq. 1) and the tensile failure criterion (Eq. 2) to 112 

calculate failure in the host rocks due to overpressure loading. Coulomb failure or tensile failure 113 

is triggered, when: 114 
-./-0

(
cos𝜙−

-.6-0

(	
tan𝜙−𝐶<>0     (1) 115 

or 116 

−𝜎)−𝑇<>0,     (2) 117 

where 𝜙 is the internal friction angle, 𝐶< and 𝑇< are the rock’s cohesion and tensile strength, and 118 

𝜎& and 𝜎) are maximum and minimum principal stresses (Table 1).  119 

Table 1. Model variables and parameters 120 

Name Description 

D Depth to the center of the magma chamber (-1, -3, -5, -9 km) 

R1 Half-width of the chamber (variable; km) 

R2 Half-height of the chamber (variable; km) 

OP Overpressure - pressure excess the lithostatic pressure (variable; MPa) 

d(OP)/dt Overpressure loading rate for viscous tests 
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 121 

Previous rock experiments have shown a uniform, linear relationship between uniaxial 122 

compressive strength (UCS) and Young’s modulus for worldwide andesites, basalt, tuff, and 123 

sandstone (e.g., 𝑈𝐶𝑆=2.28+4.11	𝐸	by Bradford et al., 1998; 𝑈𝐶𝑆=1.65+5.88	𝐸 by Dinçer 124 

et al., 2004). The uniaxial compressive strength is further defined by Hoek (1990) as: 125 

𝑈𝐶𝑆=	
(KLMNOP

(&/ORSP)
 .                            (3) 126 

Therefore, the cohesion of the rock is a linear function of Young’s modulus at any given internal 127 

friction angle. The internal friction angle of the rock ranges from 15° to 35° (Byerlee, 1978). 128 

Combining the empirical equation of UCS (Braford et al., 1998; Dinçer et al., 2004) and 129 

Equation (3), we can express the cohesion of rock as a function of Young’s modulus (Fig. S1a). 130 

The relationship between cohesion and Young’s modulus using different empirical equations and 131 

friction is in the same order (Fig. S1a). We use the empirical equation by Bradford et al. (1998) 132 

and the friction angle as 35° assuming rock cohesion: 133 

𝐶<=𝐸×10
/) .      (4) 134 

The tensile strength of the rock is usually 1/10 of its UCS (e.g., Jaeger et al., 2007). Therefore, 135 

we assume the tensile strength is approximately given by (Fig. S1b) 136 

 𝑇<=𝐸×0.4×10
/),     (5) 137 

where 𝐸 is the Young’s modulus applied in the model. When a magma chamber is inflating, 138 

failure tends to initiate at (1) the vertex of an oblate spheroid, and (2) near the surface of the 139 

model space above the magma chamber (Fig. S2). Then, the failure region expands and connects 140 

to form through-going failure (Fig. S2). This stage is highly path-dependent, which means the 141 

distribution of previous failure and weakness will impact generation of new fractures. 142 

Additionally, the propagation of fractures may accommodate the transport of magma if the 143 

stresses are properly oriented (i.e., dike propagation coinciding with mode-I failure). The 144 

predicted overpressure at which the through-going failure has formed (Fig. S2) may be greatly 145 

overestimated, if the accumulated damage in host-rocks is not taken into consideration. In this 146 

study, we focus on failure initiated along the magma chamber, representing chamber rupture 147 

(Fig. 1b). We calculate the overpressure and the maximum surface uplift (i.e., the maximum 148 

vertical surface displacement directly above the source center) of a volcano at its initial rupture 149 

as a function of the Critical Maximum Surface Uplift (CMSU). Brittle failure of rock is generally 150 

thought to trigger high-frequency or “volcano- tectonic” (VT) earthquakes (e.g., Roman and 151 

(5×10&,5×10<,5×10/&,5×10/(,5×10/),5×10/W	𝑀𝑃𝑎/𝑑𝑎𝑦)  

η Viscosity (2×10&\,2×10&],2×10&̂,2×10(&	𝑃𝑎∙𝑠) 

E Young’s Modulus (5, 20, 40, 60, 80 GPa) 

ν Poisson’s ratio (0.15, 0.25, 0.35) 

ρ Density of the host-rock (2700 kg/m3) 

g Gravitational acceleration (9.8 m/s2) 

C0 Cohesion of the host-rock (E / 1000; MPa) 

T0 Tensile strength of the host-rock (C0 / 2.5; MPa) 

φ Internal friction angle of the host-rock (15° ~ 35°) 

σ1 Maximum principal stress (variable; MPa) 

σ3 Minimum principal stress (variable; MPa) 

CMSU Critical maximum surface uplift (variable; m) 
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Cashman, 2006). In practice, CMSU can infer how much precursory deformation can be 152 
observed before the onset of VT earthquakes.  153 

 154 
2.3 Calculation of CMSU and critical overpressure 155 
The viscous effect is tested by a series of viscoelastic models which employ a standard 156 

linear solid rheology (after Del Negro et al., 2009). In the viscoelastic tests, viscosity varies from 157 
1015 to 1021 𝑃𝑎 ∙ 𝑠 (Newman et al., 2001) and different overpressure loading rates are assumed 158 
from 50 MPa per day to 50 MPa per 100,000 days representing unrest episodes from single-day-159 
scale to hundred-year-scale (Table 1). Each viscous model is loaded by a constant overpressure 160 
rate from an equilibrium stress state. The loading process has been evenly divided into 50 steps 161 
until the overpressure reaches 50 MPa. We choose 50 MPa as a terminal overpressure to ensure 162 
the failure occurrence. Using Eq. 1 and 2, we can determine at which step failure has been 163 
initiated along the chamber wall. Therefore, the overpressure and CMSU at that step are the 164 
critical overpressure and CMSU. The viscous tests aim to show whether and when host rock 165 
viscosity will impact failure initiation. 166 

In the elastic tests, the Young’s modulus varies from 5 GPa to 80 GPa, covering the range 167 
in uncertainty for upper crustal rocks (e.g., Aggistalis et al., 1996; Dinçer et al., 2004). Although 168 
a significantly low Young’s modulus (E<1 GPa) has been observed at Merapi volcano (e.g., 169 
Beauducel et al., 2000), it may present the effect of an unconsolidated edifice material, which is 170 
too low to represent the average upper crust. We also test three Poisson’s ratios from 0.15 to 0.35 171 
(Christensen, 1996; Gercek, 2007) and three internal friction angles from 15° to 35° (Byerlee, 172 
1978). The parameters and variables used in the models are shown in Table 1. For elastic tests, 173 
we use an approach method to calculate the CMSU and critical overpressure. First, we model the 174 
stress field with an initial overpressure (i.e., 50 MPa, but not important). Then, we calculate 175 
residual strengths along the chamber wall, which are defined by the left-hand sides (LHS) of Eq. 176 
1 and 2. In the next iteration, we either increase or decrease the overpressure to reduce the 177 
residual. We iterate this process until absolute residual strength of any point along the chamber 178 
wall is < 5% of the rock cohesion or tensile strength. It usually takes less than 10 iterations to 179 
approach the critical overpressure and CMSU at failure onset. In all tests, the critical 180 
overpressure and CMSU for both tensile and Coulomb failure are calculated to determine which 181 
type failure occurs first. 182 

All models are assumed to be homogeneous and isotropic to simplify the calculation. More 183 
sophisticated models with temperature dependent rheology and pre-existing features will be 184 
tested in future investigations. However, this simple approach is capable of providing a 185 
meaningful evaluation of when uncertainties in elastic moduli overwhelm a model’s ability to 186 
predict the failure of a magmatic system.  187 
 188 

 189 

3 Results 190 

3.1 The viscous effect 191 

We calculate the Critical Maximum Surface Uplift (CMSU) prior to the presence of the 192 
initial tensile or Coulomb failure for the models with different viscosities and Young’s moduli 193 
(Fig. S3 and S4). Since the loading rate is important in viscoelastic models, we test rates from 50 194 
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MPa / day to 50 MPa / 100,000 day to mimic a wide range of replenishment rates for magma 195 
chambers. In general, when the loading rate is low enough, the CMSUs calculated by the 196 
viscoelastic models start to deviate from the elastic models. Higher CMSUs are expected in 197 
viscous models compared to elastic models, if the characteristic time of loading (i.e., the time-198 
span for the chamber to be pressurized to 50 MPa) is larger than the viscoelastic relaxation time 199 
(Fig. S3). Models with higher viscosity (η>1019 𝑃𝑎 ∙ 𝑠) tend to behave elastically creating the 200 
same CMSU as the elastic model even if the loading rate is as low as 50 MPa per 10 years (Fig. 201 
S3). We argue that the viscous effect can be neglected if the CMSU prior to failure calculated by 202 
a viscoelastic model equals the elastic model with the same elastic moduli (Fig. S3). The 203 
deviation of the CMSU by a viscoelastic model from an elastic model is controlled by the 204 
relaxation time of host-rock and the characteristic time of loading (Fig. 2). When the 205 
characteristic time is significantly longer than the relaxation time of the model, the viscous effect 206 
cannot be neglected (Fig. 2). A rock with lower Young’s modulus or higher viscosity has a 207 
longer relaxation time, which is more likely to behave elastically under the same loading rate. 208 
Both viscoelastic and elastic models predict the same critical overpressure prior to failure onset 209 
at a given Young’s modulus, indicating that the overpressure is independent of the viscosity and 210 
loading rate (Fig. S4). The critical overpressure is only controlled by the Young’s modulus and 211 
rock strength. 212 

 213 

 214 

Figure 2. The relaxation times for the viscoelastic models. If the time span of pressurization 215 
prior to rupture of the magma chamber’s wall is shorter than the relaxation time, the viscous 216 
effect can be neglected. The Critical Maximum Surface Deformation (CMSU; Fig. S3) 217 
calculated by a viscoelastic model is larger than the CMSU calculated by an elastic model with 218 
the same Young’s modulus. The viscosity of the crust at different conditions are taken from 219 
Newman et al. (2001).   220 
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 221 
3.2 Elastic properties 222 
According to the viscoelastic tests, a linear elastic model is appropriate in cases when the 223 

loading time span from zero overpressure to reservoir failure is shorter than the relaxation time 224 
(i.e., high loading rate, > 50 MPa / 10 year). Therefore, in these conditions, the elastic moduli 225 
and brittle failure parameters become critical for forecasting failure onset. To further examine the 226 
effects of other rock properties, we conduct a series of elastic tests on Young’s modulus, rock 227 
strength which is determined by Young’s modulus, Poisson’s ratio, and internal friction angle. In 228 
particular, the depth, radius, and aspect ratio of the chamber are varied to provide a broad view 229 
of the failure predictions (Table 2; Fig. S5).  230 

 231 

Table 2. Geometric parameters and model notation 232 

Model No. Depth-to-center D (km) Half-width R1 (km) Aspect ratio R1/R2 

Viscous Test -3 1.5 3 

Elastic Elastic Test 1 
(Depth) 

   

Dp1 -1 1.5 3 

Dp2 -3 1.5 3 

Dp3 -5 1.5 3 

Dp4 -7 1.5 3 

Dp5 -9 1.5 3 

Elastic Elastic Test 2 (Size)    

Rd1 -3 0.5 3 

Rd2 -3 1.0 3 

Rd3 -3 1.5 3 

Rd4 -3 2.0 3 

Rd5 -3 2.5 3 

Elastic Elastic Test 3 (Depth 
+ Size) 

   

DR1 -1 0.74 3 

DR2 -2 1.15 3 

DR3 -3 1.50 3 

DR4 -4 1.81 3 

DR5 -5 2.09 3 

Elastic Elastic Test 4 (Aspect 
Ratio) 

   

L1 -3 1.04 1 

L2 -3 1.31 2 

L3 -3 1.50 3 

L4 -3 1.65 4 

L5 -3 1.78 5 
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 233 
 234 
Geodetic data recording the pattern of surface deformation can constrain depth and aspect 235 

ratio of the magma chamber. For example, a deeper chamber exhibits a longer wavelength signal 236 
(Fig. S5a) as illustrated elegantly by the Mogi (1958) model. The horizontal displacement is 237 
more sensitive to the aspect ratio (e.g., Dieterich and Decker, 1975; Yang et al., 1988; Fig. S5d), 238 
the vertical displacement patterns of the models with different aspect ratios are similar. 239 
Parameters like radius or total volume of the chamber cannot be constrained by the deformation 240 
patterns alone (Fig. S5b). 241 

Given the same size and shape of a chamber (Elastic Test 1), deeper magma bodies generate 242 
lower CMSU before failure onset than shallower magma bodies (Fig. 3a). Although a deeper 243 
chamber requires a higher overpressure to fail due to the more substantial confining pressure 244 
(Fig. 3b), the higher overpressure generates less detectable surface deformation. Deeper 245 
chambers also have a smaller range of CMSU for different Young’s moduli. The range of CMSU 246 
for a chamber below 7 km is less than 0.3 m, even if Young’s modulus of crust varies from 20 247 
GPa to 80 GPa, indicating that variation in Young’s modulus has a less of an effect on the 248 
accuracy of the failure forecast. Similar to the depth-dependent results, weaker host-rock 249 
generates a greater CMSU prior to failure onset. At a given depth, the variability in predicted 250 
CMSU and critical overpressure significantly decreases when Young’s modulus is greater than 251 
40 GPa, suggesting that host-rock deformation is no longer sensitive to Young’s modulus once 252 
the host-rock is strong enough (Fig. 3). The models with different Poisson’s ratio from 0.15 to 253 
0.35 have similar CMSUs and critical overpressures before failure onset (Fig. 3). Therefore, the 254 
brittle failure of the magma chamber is much more sensitive to Young’s modulus than to 255 
Poisson’s ratio. Like Poisson’s ratio, the internal friction angle has less effect on the CMSU 256 
before brittle failure for stiffer host-rocks (Fig. 4), especially when the chamber is deep. 257 
However, for the soft host-rock (E = 5 GPa), the variation in CMSU or overpressure due to the 258 
internal friction angle is still large even for a deep chamber, indicating an accurate estimation in 259 
rock properties for weak host-rock is crucial to failure prediction (Fig. 4).  260 

 261 

H2 -3 0.83 1/2 

H3 -3 0.72 1/3 

H4 -3 0.66 1/4 
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 262 

Figure 3. The effects of Young’s modulus and Poisson’s ratio on brittle failure with variations in 263 
the source depth to center (Elastic Test 1). A constant internal friction angle (φ = 25°) is 264 
assumed. (a) The Critical Maximum Surface Uplift (CMSU) for models with different magma 265 
chamber depths. The CMSU is the maximum value of the surface uplift that can be observed 266 
before any failure is initiated around the magma chamber. (b) The corresponding overpressures 267 
of the magma chamber when failure occurs. The shape of the marker indicates the Poisson’s ratio 268 
of the model. The filled or open marker shows the case that the initial failure is tensile or 269 
Coulomb, respectively, same as Figs 4-6. The color represents the assumed Young’s Modulus of 270 
the host, rock same as Figs 4-6. 271 

 272 

 273 

Figure 4. The effects of Young’s modulus and internal friction angle on Coulomb failure with 274 
variations in the source depth to center (Elastic Test 1). A constant Poisson’s ratio (ν = 0.25) is 275 
assumed. (a) The Critical Maximum Surface Uplift (CMSU) for models with different sizes of 276 
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magma chamber. (b) The corresponding overpressures of the magma chamber when failure 277 
occurs. The shape of the marker indicates the internal friction angle of the model. 278 

 279 
 For the chambers located at the same depth (Elastic Test 2), smaller chambers fail with 280 

lower CMSUs due to the higher overpressures needed to generate surface deformation (Fig. 5a). 281 
The size of the chamber also magnifies the range of the CMSU caused by the Young’s modulus, 282 
suggesting that the behavior of large magmatic systems is strongly dependent on rock properties 283 
whereas smaller chambers (R1 < 1 km) may be less sensitive (Fig. 5a). The overarching control 284 
on failure onset appears to be overpressure. Regardless of the assumed chamber geometry, the 285 
overpressure magnitude is similar at the moment of failure onset for a given Young’s modulus 286 
(Fig. 5b). All of the models in Elastic Test 2 have the same magma chamber aspect ratio (R1/R2), 287 
which leads to the same pattern of near-field stress concentration regardless of the scales of the 288 
model. Like Elastic Test 1, the Poisson’s ratio (Fig. 5) and internal friction angle (Fig. S6a and b) 289 
has little impact on the brittle failure.  290 

 291 
 292 

 293 

Figure 5. The effects of Young’s modulus and Poisson’s ratio on brittle failure with variations in 294 
the chamber size as described by the half-width (Elastic Test 2). A constant internal friction 295 
angle (φ = 25°) is assumed. (a) The Critical Maximum Surface Uplift (CMSU) for models with 296 
different size of magma chamber. R1 is the length of the long axis of the magma chamber, which 297 
is three times longer than the short axis. (b) The corresponding overpressures of the magma 298 
chamber when failure occurs. The shape of the marker indicates the Poisson’s ratio of the model. 299 

 300 
In Elastic Test 1, larger overpressures are necessary for deeper chambers to create the same 301 

amount of surface uplift, while the overpressure and size of the chamber is not distinguishable in 302 
Elastic Test 2. A deep magma chamber can also generate the same magnitude of surface uplift as 303 
the shallower chambers by enlarging the chamber instead of accumulating overpressure, but the 304 
wavelength will vary (Fig. S7; Elastic Test 3). Unlike Elastic Test 1, a deep and large chamber 305 
creates larger CMSU than a shallow and small chamber (Fig. S7c). The range of the CMSU also 306 
increases with increasing depth and size. A greater overpressure is needed to initiate failure in 307 
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models with deeper and larger chambers, simply due to higher confining pressure (Fig. S7d). 308 
The aspect ratio of an oblate spheroidal chamber with the same volume has less impact on 309 

the CMSU than the depth and radius (Elastic Test 4; Fig. 6a). A prolate (conduit-like) chamber 310 
has lower CMSU at failure, and its aspect ratio has far less effects on the CMSU compared to an 311 
oblate chamber. When the magma body is sill-like, the CMSU decrease slightly with growing 312 
aspect ratio. The CMSU is much less sensitive to aspect ratios than to depth (Fig. 3 and 4) and 313 
radius (Fig. 5) at least for oblate chambers. However, the variability of the overpressures 314 
required to initiate failure is quite large (Fig. 6b). A highly-oblate chamber (R1/R2 = 5) requires 315 
less than 25 MPa to initiate failure, while this value rises to 150 MPa for a spherical chamber 316 
whose aspect ratio is one (Fig. 6b). The critical overpressure falls back to 40 MPa when the 317 
chamber becomes prolate. Notably, the extremely high overpressure for the spherical chamber 318 
does not create a significant uplift, suggesting the stability of the whole system is sensitive to 319 
aspect ratio. Although a perfectly spherical chamber has the greatest stability, it is unlikely to 320 
exist in natural settings. 321 

 322 

 323 

Figure 6. The effects of Young’s modulus and Poisson’s ratio on brittle failure with variations in 324 
the chamber aspect ratio (Elastic Test 4). A constant internal friction angle (φ = 25°) is assumed. 325 
(a) The Critical Maximum Surface Uplift (CMSU) for models with different shapes of the 326 
magma chamber. The sensitivity of the CMSU to the aspect ratio is noticeably decreased when 327 
the magma body is conduit-like (R1/R2 < 1). (b) The corresponding overpressures of the magma 328 
chamber when failure occurs. The shape of the marker indicates the Poisson’s ratio of the model. 329 

 330 
In all elastic tests (Figs. 3-6), Young’s modulus shows the most significant effect on the 331 

development of brittle failure. The stiffer (Young’s modulus > 40 GPa) and stronger (C0 > 40 332 
MPa and T0 > 16 MPa) the host-rock (e.g., intact granite, diorite, and metamorphic rocks; Perras 333 
& Diederichs, 2014) is assumed to be, the more likely that tensile failure will initiate around the 334 
chamber boundary first, while models with a weak host rock favor Coulomb failure at the 335 
chamber wall. Because a higher cohesion is expected in stronger rocks, making their Coulomb 336 
failure envelope more difficult to reach (Fig. 7). Additionally, deeper chambers prefer Coulomb 337 
failure as the first failure onset, since tensile failure is harder to initiate due to the high confining 338 
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pressure at depth. 339 
 340 

 341 

Figure 7. Mohr circle diagrams illustrating that the initial failure type is controlled by host-rock 342 
stiffness and strength. The Mohr circles represent of the stress state at the tip of the chamber in 343 
Model Dp2 (Table 2; Depth = 3 km, R1 = 1.5 km, and R2 = 0.5 km) as shown in the inserted plot. 344 
(a) For the host-rock with relatively low Young’s Modulus (E = 20 GPa) and cohesion (20 MPa), 345 
the Mohr circle increases and touches the Coulomb failure envelop first. (b) The high cohesion 346 
(80 MPa) of the stronger rock (E = 80 GPa) allows the Mohr circle to reach tensile failure first. 347 

 348 
Although laboratory rock tests indicate that tensile strength of rocks ranges from ~1 to ~20 349 

MPa, in natural conditions, the host-rock may be fractured, causing its tensile strength greatly 350 
decreased. We compare the CMSU and critical overpressure of the models assuming T0 = E 351 
/2500 to the models with T0 = 0 (Fig. S8). The results show that using zero tensile strength 352 
makes slightly lower CMSU at tensile failure onset, indicating CMSU is not sensitive to tensile 353 
strength (Fig. S8). The critical overpressure of the models with T0 = 0 is constant for each model 354 
with the same geometry but different Young’s modulus, indicating that the critical overpressure 355 
for tensile failure is independent of Young’s modulus. 356 
 357 

4 Discussion 358 

4.1 Uncertainty derived from rock properties 359 

The results of the viscoelastic tests indicate that the overpressure at failure onset is 360 
independent of the viscosity of the host-rock (Fig. S4) and is only determined by its elastic 361 
moduli. A higher overpressure is needed to trigger failure in a stiffer and stronger system (Fig. 362 
S4 and Fig. 3-6). Whether or not the viscosity of the host-rock will impact the brittle failure 363 
forecast is determined by viscoelastic relaxation time of the crust (Fig. 2). The CMSU at failure 364 
onset for a particular elastic model will be lower than the viscous model with the same elastic 365 
moduli, only if the time scale of the pressurization episode is longer than the viscous relaxation 366 
time. Therefore, knowing the relaxation time of the system as well as the over-pressurizing rate 367 
is useful to determine if the model needs to take viscosity into consideration. Models with higher 368 
viscosities and lower Young’s moduli have longer relaxation times. For a cold crust with a 369 
viscosity larger than 1020 𝑃𝑎 ∙ 𝑠, an elastic model is sufficient to simulate the deformation and 370 
failure if the replenishment prior to the failure is < 100 years. For a quartz-bearing crust at 350°C 371 
(Newman et al., 2001), the crust will still behave elastically if the replenishment episode lasts no 372 
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more than several years. For a rhyolite close to the solidus, the viscous effect cannot be neglected 373 
if it takes more than one day to build overpressure to fail the host-rock (Fig. 2). The 374 
overpressures required for all viscoelastic models to initiate failure along the chamber wall are 375 
the same as the elastic models with the same elastic moduli (Fig. S4), since the brittle failure of 376 
the rocks is only controlled by its strength and current stress state. 377 

Among Young’s modulus, Poisson’s ratio, internal friction angle and tensile strength, 378 
Young’s modulus plays the most important role in the displacement at brittle failure onset. All 379 
tests conducted indicate that a lower Young’s modulus results in greater surface deformation 380 
(i.e., CMSU) before the host-rock starts to fail, even if the host-rock has lower compressive and 381 
tensile strengths (Fig. 3-6). The difference in CMSU between the stiffest and weakest rocks is 382 
largely dependent on the location and geometry of the magma body. This difference can be as 383 
great as several meters if the magma body is large and shallow (Fig. 3a and 5a). The accuracy of 384 
the failure forecast for a system with a low Young’s modulus is tenuous without constraining the 385 
elastic properties. However, the sensitivity of the CMSU to Young’s modulus decreases with 386 
increasing Young’s modulus, especially when assuming a proportional rock strength (Aggistalis 387 
et al., 1996; Dinçer et al., 2004). The elastic properties of the host-rock are determined by the 388 
composition and depth. Generally, the Young’s modulus of the upper crust increases with depth 389 
from ~10 GPa at the surface to ~50 GPa around 2~3 km, and up to ~100 GPa below 5~6 km 390 
(e.g., Gudmundsson, 1988). The uncertainty of Poisson’s ratio does not significantly impact the 391 
CMSU (Fig. 3, 5, and 6). Poisson’s ratio of the upper crust is more well constrained than 392 
Young’s modulus (Christensen, 1996). A poor constraint on internal friction angle will introduce 393 
large uncertainties when the Young’s modulus is < 5 GPa (Fig. 4). Therefore, if the magma body 394 
is near the surface or in the volcanic edifice, where the Young’s modulus is low, the uncertainty 395 
in its material properties will be problematic for forecasting failure initiation. This limitation may 396 
be overcome by conducting rock tests on samples from the volcano, since the near surface 397 
samples may represent the host-rock for a shallow magma body. But laboratory test results can 398 
only be scaled up to represent in-situ/outcrop scale host-rocks, if the host-rock is not strongly 399 
fractured. On the other hand, for a deep magma body, the uncertainty introduced by elastic 400 
moduli is negligible compared to the uncertainties derived from other factors such as depth (Fig. 401 
3) and radius (Fig. 4). 402 

4.2 Geometrical considerations for geodetic observations 403 

The magnitude of the surface deformation before the onset of host-rock failure (CMSU) is 404 
strongly affected by the depth (Fig. 3 and 4), size (Fig. 5), and shape (Fig. 6) of the magma body. 405 
Under the same overpressure, a deep, small, or prolate magma chamber is limited in the 406 
magnitude of vertical surface displacement it can promote before its failure. For example, the 407 
conduit inflation of Colima volcano created only ~4 cm uplift no earlier than 11 days prior to the 408 
2013 explosive eruption (Salzer et al., 2014). While, an oblate source under Sierra Negra 409 
volcano, Galápagos created ~5 m vertical displacement from 1992 until its 2005 eruption 410 
(Chadwick et al., 2006). Beside the absolute magnitude of vertical displacement, the rate of 411 
displacement is also important. For volcanoes with small CMSUs, slow deformation rates can 412 
ensure their precursory deformation being captured by weekly or monthly geodetic measurement 413 
such as InSAR (e.g., Lohman & Simons, 2005; Pinel et al., 2014). 414 

Among all of the geometric uncertainties, the error introduced by the inaccurate estimation 415 
of a magma system’s size has the greatest effect on producing a failure forecast. Unlike depth 416 
and aspect ratio, size and overpressure of a magma body can hardly be distinguished from one 417 
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another by geodetic observations alone (e.g., Mogi, 1958). Therefore, additional constraints on 418 
the dimensions of the magma plumbing system are necessary, such as seismic tomography, 419 
gravity, and/or magnetotellurics.  420 

4.3 Failure and VT-earthquakes 421 

Volcano-Tectonic (VT) earthquakes can be triggered by the brittle failure of the host-rock. 422 
A combination of seismicity and geodesy gives insight into both stress field and deformation 423 
field which increases the accuracy of forecasting volcanic unrest (e.g., Lengliné et al., 2008, 424 
Carrier et al., 2015). Our models show that, when the overpressure of the magma chamber 425 
increases gradually, stronger host-rock favors the initiation tensile failure (Fig. 8), while weaker 426 
host-rock favors Coulomb failure and the generation of shear fractures first. In the weak host 427 
rock case, more overpressure is needed to open tensional cracks for dikes, even though the 428 
occurrence of the shear fractures will greatly reduce the tensile strength of the rock (Fig. 7a). 429 
Therefore, during the period between Coulomb failure onset and tensile failure onset, the 430 
earthquake swarms are only generated by shear fractures, indicating that seismicity should be 431 
dominated by high-frequency (VT) events. Once tensile failure is initiated, it is very likely 432 
followed by dike propagation and possible eruption (White & McCausland, 2016). During dike 433 
propagation, earthquakes can be triggered by both brittle failure of host-rocks (Roman & 434 
Cashman, 2006), and magma/volatile movement in the dike, indicating low-frequency 435 
earthquakes may be observed (McNutt, 2005). Since Coulomb failure does not open a pathway 436 
for magma to move to the surface, volcanoes triggering Coulomb failure first may experience a 437 
longer period of seismic unrest until tensile failure is initiated. The numerical results show that 438 
shallow magma chambers surrounded by stronger host-rock favor tensile failure as their initial 439 
failure type, indicating those systems are likely to erupt without triggering a lot of VT 440 
earthquakes, if the speed of dike propagation is fast enough. For example, the 2008 Okmok 441 
eruption was preceded by less than 5 hours of seismicity (Larsen et al., 2009), which may be 442 
related with dike propagation after tensile failure initiated. 443 

 444 

 445 

Figure 8. The overpressure required to initiate tensile failure compared to the overpressure 446 
required to initiate Coulomb failure (OPTensile – OPCoulomb) for models with different chamber 447 
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depths (a) and half-widths (b). (a) and (b) show the results from models with internal friction = 448 
25° and Poisson’s ration = 0.25 in Elastic Test 1 and Elastic Test 2. If the difference in 449 
overpressure for the two types of failure is positive, tensile failure will occur after Coulomb 450 
failure is triggered. In this case, it is expected that shear fractures will develop generating 451 
earthquake swarms during a relatively long period prior to the onset of tensile failure and magma 452 
propagation. On the other hand, if the difference in overpressure is negative, Coulomb failure 453 
will not be triggered prior to dike propagation.  454 

 455 

4.4 Limitations 456 

Forecasting eruptions by modeling failure as an instantaneous response to the host rock 457 
stress state has three main limitations. First, the relationship between failure and eruptions is 458 
unclear. Through-going failure which connects the magma chamber to the surface has been 459 
indicated as a potential catalyst of caldera formation eruptions (e.g., Gregg et al., 2012, 2013; 460 
Cabaniss et al., 2018). However, large caldera eruption cycles may be much longer than 461 
thousands of years, far outside of the time scales in this investigation. When forecasting 462 
eruptions of a system with much shorter eruption cycles, the effect of diking events cannot be 463 
neglected. Dikes may be solidified and trapped depending on their temperature and viscosity 464 
(e.g., Delaney & Pollard, 1982; Rubin, 1995; Maccaferri et al., 2011), laying huge uncertainties 465 
between failure initiations and the ability of magma to propagate to the surface and erupt. The 466 
second shortcoming in the current models is the lack of changes in the rock properties due to 467 
failure accumulation. In this study, we focus on the initiation of the failure controlled by the pre-468 
failure stress state, which is more predictable than the stress state evolution during failure 469 
propagation. Failure introduces localization of weakness in the host-rock and is usually 470 
anisotropic (e.g., Heap et al., 2010). The first two limitations may be overcome by applying 471 
dynamic failure propagation models, which are widely used in hydrofracturing studies (e.g., 472 
Camacho & Ortiz, 1996; Fu et al., 2013). However, numerical models of dike propagation may 473 
be more complicated than hydrofracturing due to the multiphase nature of propagating magma. 474 
Another limitation is the use of homogeneous rock properties, since rock properties vary with 475 
depth and temperature, and are also affected by pre-existing structures.  A final limitation of 476 
these models, which is also fundamental to most volcano modeling approaches, is the lack of 477 
knowledge of the initial state. In the presented approach, it is assumed that there is no stress 478 
accumulation prior to the observed inflation of the magma chamber. The assumption of an intact 479 
host-rock in equilibrium before precursory deformation may greatly impact model forecasts in 480 
many systems. Studying multiple volcanic eruption cycles may help to eliminate the effect of the 481 
unknown initial state. Furthermore, healing of the host-rock is another important factor, 482 
especially under the conditions such as high temperature, confining pressure, and repeated 483 
loading (e.g., Batzle et al., 1980; Fredrich & Wong, 1986; Smith et al., 2009). Future efforts 484 
should focus particular care to evaluate the impact of the pre-deformation stress condition on 485 
forecasts of system unrest and eruption potential. 486 

5 Conclusion 487 

A suite of numerical experiments was implemented to answer what is the effect of 488 
variations in rock properties on modeled overpressure and critical maximum surface uplift 489 
(CMSU) at failure onset along the wall of magma chambers. Model results indicate that, in most 490 
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of cases, the predicted overpressure and CMSU at failure onset is sensitive to rock properties, 491 
which means without knowing rock properties can impair the accuracy of failure modeling. 492 

The overpressure of the magma chamber at failure onset is affected by the elastic properties 493 
and strength of the host-rock. Neglecting the viscous effect results in lower CMSU predictions 494 
than the calculated CMSU if the time scale of pressurization is longer than the relaxation time of 495 
the crust. The CMSU before failure onset is much more sensitive to Young’s modulus than to 496 
Poisson’s ratio or internal friction angle, especially when the Young’s modulus of the host-rock 497 
is < 20 GPa. The accuracy of host-rock stability estimates for a deep (> 5 km), small (half-width 498 
< 1 km) or prolate magma chamber are less likely to be impaired by the uncertainty from rock 499 
properties than by other uncertainties such as geometry. To forecast the unrest of small and/or 500 
prolate magma systems, frequent observations are necessary to record the subtle, and often rapid, 501 
precursory deformation prior to eruption. However, for shallow, large, or sill-like magma bodies, 502 
significant surface deformation may be observed prior to host rock failure initiation. Magma 503 
chambers surrounded by a weak host-rock (Young’s modulus < 20 GPa) will continue to inflate 504 
after triggering Coulomb failure until tensile failure is initiated and dike propagation can be 505 
catalyzed. Therefore, prolonged earthquake swarms associated with Coulomb failure may be 506 
observed, providing extra information for eruption forecast. 507 
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