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Abstract. We outline a new formalism that begins with first-principles structure calculations to describe alpha-clustering, and
ultimately leads to a description of alpha-capture reaction rates and impacts on abundance patterns from x-ray burst (XRB) nucle-
osynthesis. We utilize a symmetry-adapted basis, which allows us to extend traditional ab initio calculations into the larger model
spaces needed for the development of collectivity and clustering in nuclei. In particular, the use of symplectic symmetry allows us
to describe spatially expansive states in nuclei – including the Hoyle state of 12C, its 2+ excitation, and B(E2) transitions – with
only one or a few basis configurations. For narrow resonances, coupling to the continuum is weak and the number of competing
channels is greatly reduced, so most of the physics of the system is described through the overlap of a wave function for the com-
plete A-particle system, computed with a single symplectic configuration (consisting of several hundreds of basis states), and a
cluster basis for a single cluster partitioning. This proves to be a very powerful tool for estimating spectroscopic amplitudes, decay
widths, and nuclear reaction rates, with the ability to push toward nuclear reactions involving exotic nuclei that cannot currently be
measured. We show preliminary results for the 16O(α, γ)20Ne reaction rate, and consider the implications for abundance patterns
determined from XRB nucleosynthesis simulations.

INTRODUCTION

The recent first successful detections of gravitational waves via the Laser Interferometer Gravitational-Wave Obser-
vatory (LIGO), together with the Virgo detector near Pisa, and the concurrent observation of gravitational waves and
light emission across all wavelengths of a neutron star merger, have opened new ways to further understand astro-
physical nucleosynthesis (see [1, 2, 3] and citations therein). These detections have been a major breakthrough in
the search for r-process (rapid neutron capture) nucleosynthesis sites, and have renewed focus on understanding the
nuclear physics that underlies nucleosynthesis, with the aim to improve astrophysics models. Experimental measure-
ments for more exotic systems than ever before achievable are slated to begin within the next few years at the Facility
for Rare Isotope Beams (FRIB). In support of these objectives, there is a need for reliable and predictive theoretical
frameworks to provide a fuller understanding of these highly unstable systems that play a role in extreme astrophysical
environments.

There has been a significant effort in the last decade to develop a fully ab initio reaction theory to meet important
aspects of this demand for light nuclei (see, e.g., [4, 5, 6]). While these methods provide successful ab initio descrip-
tions of reactions, they are computationally costly, especially as heavier systems are considered. We have developed
a tool which uses high-quality ab initio wave functions to calculate narrow resonance widths, including alpha widths,
that can be applied beyond the lightest nuclei. We take advantage of a method for computing overlaps of shell-model
and cluster wave functions developed by Suzuki [7] in order to compute spectroscopic amplitudes. The spectroscopic
amplitudes are used to compute decay widths based on the R-matrix approach, and are supplied as input to reaction
rates. We compute spectroscopic amplitudes, decay widths, and reaction rates for the 16O(α, γ)20Ne reaction as a first
application of this method.
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FIGURE 1. Energy spectrum for 12C calculated using the schematic nucleon-nucleon (NN) interaction introduced in [10] within
the NCSpM, using four Sp(3,R) irreps: the 0p-0h 24.5(4 0) and 24.5(1 2), 2p-2h 26.5(6 2), and the 4p-4h 28.5(12 0) extended up to
Nmax = 20 (~Ω = 18). Grey arrows indicate BE(2) transition strengths in W.u. NCSpM results are compared to experiment [15, 16].
There are three low-lying excited 0+ states: the lowest is identified with the experimental Hoyle state (red, right), the second has
energy Ex = 7.8MeV (green, center), and the third state has energy Ex = 8.5 MeV (light blue, left). Figure adapted from [11].

THEORETICAL FRAMEWORK

Emergence of Symmetry Patterns from First Principles
Currently, there are two complementary, symmetry-based no-core shell model approaches which we employ here: the
ab initio Symmetry-Adapted No-Core Shell Model (SA-NCSM) [8, 9] and the fully microscopic No-Core Symplectic
Shell Model (NCSpM) [10, 11]. The SA-NCSM augments the ab initio no-core shell model [4, 12] with a symmetry-
adapted basis. It is within this framework that an approximate symplectic symmetry naturally emerges from realistic
interactions [9]. The NCSpM takes full advantage of this emergent symmetry through use of a symplectic basis, which,
for an analytic interaction, can be extended to extremely large model spaces. Both models are briefly described next.

The SA-NCSM is a no-core shell model that uses a realistic NN interaction (e.g., JISP16 [13], and the EM
N3LO chiral potential [14]) and a symmetry-adapted basis. In our studies, we employ either an SU(3)-coupled basis
or symplectic basis. Basis states are labelled with the deformation-related quantum numbers (λ µ), multiplicity κ, and
orbital momentum L (in addition to spin degrees of freedom) of the SU(3)(λµ)

κ
⊃ SO(3)L group chain. An Nmax cutoff

is introduced, which defines the total number of harmonic oscillator (HO) quanta included in the model space above
the minimum quanta for a given nucleus. For a given interaction and Nmax cutoff, results using the SA-NCSM are
exactly equal to those obtained in the NCSM. The SA-NCSM uses a symmetry-guided scheme to down-select a
complete Nmax model space to its most physically relevant subspace. This greatly reduces computational cost without
the loss of important physics. The SA-NCSM has revealed a remarkable result. Namely, wave functions for light
and intermediate-mass nuclei computed within the SA-NCSM reveal a highly-ordered pattern: these first-principles
calculations tend to favor large deformation and low spin [9], regardless of the realistic interaction used. This finding is
important, as one can use only a few collective basis configurations to capture most of the physics of nuclear low-lying
states in the SA-NCSM framework.

The NCSpM is a fully microscopic no-core shell model that takes advantage of these emergent patterns by rec-
ognizing that they can be associated with an approximate symmetry, namely, Sp(3,R). In the NCSpM, the model
space is organized according to the symplectic Sp(3,R) group [17, 18] and its embedded SU(3) subgroup [19, 20, 21].
This model makes use of a symplectic basis and a simple analytic interaction comprised of symplectic-preserving
operators (e.g., the HO potential and the quadrupole moment operator) with one adjustable parameter, in addition to
the symplectic-preserving kinetic energy operator. In the same complete Nmax model space, results with the same
interaction for the NCSpM and NCSM are identical. In contrast to the NCSM, where the model space is divided
into Nmax subspaces (or horizontal “slices”), the NCSpM organizes the space into irreducible representations of the
symplectic group, so-called symplectic “irreps.” Symplectic irreps can be viewed as vertical “slices” of the com-
plete model space. Each irrep includes a single shape, also called the “bandhead” [labelled σ = Nσ(λσµσ)], and the
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FIGURE 2. Schematic of the A-particle system, partitioned into two clusters comprised of (A − a)- and (a)-particles. The position
of the ith particle in the space-fixed frame (or lab frame) is ~ri. The center of mass of the A-particle system in the space-fixed frame
is ~R, while the centers of mass of the (A − a)- and (a)-particle clusters are ~R′ and ~R′′, respectively, and the separation between the
centers of mass of the two clusters is ~rA−a,a = ~R′ − ~R′′. The set of coordinates ~ζi = ~ri − ~R are defined relative to the center of mass
of the A-particle system. Since

∑
i
~ζi = 0, the coordinate ~ζA is linearly dependent on the other relative coordinates.

rotations and vibrations of that shape. Each basis state in a given symplectic irrep, written as |σnρωκLM〉, where
n = Nn(λnµn) characterizes the number of excitations above the bandhead. Then ω = Nω(λωµω) where Nω = Nn + Nσ

and {(λσµσ)× (λnµn)}ρ(λωµω), with ρ accounting for multiplicity in this coupling. The LM label the angular momentum
and its projection, and κ is multiplicity.

The energy spectrum for 12C computed using the NCSpM in a model space consisting of four symplectic irreps
extended to Nmax = 20 agrees remarkably well with experiment (Figure 1). The ground state (gs) rotational band is
reproduced by the lowest 0+ , 2+ , and 4+ states of the two 0p-0h irreps [24.5(4 0) and 24.5(1 2)], although slightly
compressed. The lowest 0+ state of the 4p-4h 28.5(12 0) symplectic irrep coincides with the experimental Hoyle state.
The third 0+ in 12C is reproduced by the lowest 0+ state of the 2p-2h 26.5(6 2) irrep. The NCSpM also reproduces
experimental results for observables which reflect collectivity in the nucleus, such as the B(E2) transition strengths,
matter rms radii, as well as electric quadrupole moments, and has been used to study giant monopole and quadrupole
resonances in nuclei (see [11]).

Cluster and Symplectic Overlaps
We consider an A-particle system partitioned into two clusters with a and A − a particles (Figure 2). The overlap
between the composite A-particle wave function, written in terms of relative coordinates ~ζi with respect to the center
of mass (CM) of the A-particle system, ΨαJπT

(A) (~ζ1 . . . ~ζA−1), and the cluster wave function written in these same relative
coordinates is:

uIMI T MT
ν (~r) =

∫
d3~ζ1 . . . d3~ζA−1[ΨαJπT

(A) (~ζ1 . . . ~ζA−1)]†

×A[{ψα
′I′π
′
T ′

(A−a) (~ζ1 . . . ~ζA−a) × ψα
′′I′′π

′′
T ′′

(a) (~ζA−a+1 . . . ~ζA−1)}IMI T MT δ(~r − ~rA−a)] (1)

where ψα
′I′π
′
T ′

(A−a) and ψα
′′I′′π

′′
T ′′

(a) denote the wave functions for the (A − a)- and (a)-particle clusters, respectively. Each
cluster carries its own spin, parity (I′π

′

and I′′π
′′

) and isospin (T ′ and T ′′). The two clusters are coupled to channel
spin I. The α, α′, and α′′ denote all additional quantum numbers needed to characterize the states, and so we use the
channel label ν = {α′α′′α; I′π

′

T ′; I′′π
′′

T ′′}. The relative position of the two clusters is denoted with the delta function
δ(~r − ~rA−a), where ~rA−a is the difference in the centers of mass of the two clusters.

The spectroscopic amplitude for this system, which defines the probability to find distinct clusters separated by
a distance ~r with relative angular momentum l, is defined as ruJπT

νIl (r) [22, 23], where:

ruJπT
νIl (r) = r

∑
MI m

CJM
IMI lm

∫
dr̂Y∗lm(r̂)uIMI T MT

ν (~r). (2)
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This can be written in terms of an overlap between a NCSpM or SA-NCSM wave function and an SU(3)-coupled
cluster wave function: First, by expanding the delta function δ(~r − ~rA−a) in HO wave functions with the HO constant
br =

√
~/µΩ, where µ is the reduced mass of the A-particle system. Second, by rewriting the labels α′, α′′ to reflect

explicit dependence on SU(3) quanta and recoupling. And third, by expanding the composite wave function in terms
of symplectic basis states, using the brief notation ω = (λ µ):

uJπT
νIl (r) =

∑
n

Rnl(r)
∑
LS ρωκ

L0S 0ρ0ω0κ0

∑
ñ0ρ̃0ω̃0 κ̃0

cñ0ρ̃0ω̃0 κ̃0Π LS I′ I′′
IlL0S 0

 L′ S ′ I′

L′′ S ′′ I′′

L S I


 L S J

l 0 l
L0 S 0 J


× 〈ω′κ′L′;ω′′κ′′L′′||ωκL〉ρ〈ωκL; (n0)l||ω0κ0L0〉ρ0

×
〈
(A)α̃σ0ñ0ρ̃0ω̃0κ̃0(L0S 0)JπT |A

{
{|(A − a)ᾱ′ω′S ′〉 × |(a)ᾱ′′ω′′S ′′〉}ρωS × |(n0)〉

}ρ0ω0κ0(L0S 0)JπT 〉
(3)

where cñ0ρ̃0ω̃0 κ̃0 is an expansion coefficient and ΠL =
√

2L + 1; the quantities in the large braces are the SU(2) 9- j
symbols for recoupling angular momenta; and the quantities 〈ω′κ′L′;ω′′κ′′L′′||ωκL〉ρ and 〈ωκL; (n0)l||ω0κ0L0〉ρ0 are
SU(3) Clebsch-Gordan coefficients, reduced via the Wigner-Eckart theorem with respect to SU(2). The final overlap
of Eq. (3) is computed using a recursive formula [7]. The simplicity of this recursion formula hinges on the fact that
the symplectic raising operator A(20) acting on the cluster state results in a simple excitation of the relative motion of
the two clusters, assuming that both clusters are frozen in their ground states and described by a single symplectic
irrep.

The spectroscopic amplitude determines the decay width for a particle with angular momentum l,

Γl(rc) = 2Pl(rc)
~2

2µrc
[ruJπT

νIl (r)]2
r=rc

. (4)

The penetrability is defined by the Coulomb barrier and depends on the spherical Coulomb-Hankel functions H+
l as

Pl(rc) = krc/H+
l (η, krc), where η = Z1Z2e2µ/~2k is the Sommerfeld parameter for clusters with charges Z1 and Z2, and

with k =
√

2µEα/~. Currently, the excitation energy Eα of the excited state with respect to the decay threshold in 20Ne
is taken from experiment. The channel radius rc is typically taken to be a distance at which the nuclear interaction is
negligible. For our purposes, the channel radius is taken to be the touching distance of the two clusters (rTD), where
the radii of the clusters are estimated with an empirical formula rc = rTD = 1.1[(A − a)1/3 + a1/3] fm.

RESULTS AND DISCUSSIONS

We compute the cluster overlap for 20Ne for the 16O + α cluster partition (reaction channel), and consider the ground
state 0+ and first excited 1- state of 20Ne. The wave functions for these states can be calculated in either ab initio
SA-NCSM or schematic NN NCSpM. We consider both options. For the overlaps, we utilize only one symplectic
irrep for each 20Ne state, namely, the most dominant (8 0) (see [24]) for the ground state and (9 0) for 1- . In addition,
only symplectic excitations in the z-directions are considered. Note that the symplectic irrep of the SA-NCSM wave
function is estimated approximately from its SU(3) structure.

For the 0+
gs state (Figure 3a), we find that the spectroscopic amplitude peaks well within the touching distance

(rTD = 4.5 fm) of the two clusters, regardless of which wave function we use for the 20Ne state. For the 1- state
(Figure 3b), results for the SA-NCSM in a full Nmax = 5 model space do not show clear clustering: the spectroscopic
amplitude has three peaks of nearly the same size all well within the touching distance of the two clusters. The α decay
width for the corresponding 1.3-MeV resonance according to Eq. (4) is Γα = 2.9 eV, compared to an experimentally
derived value of Γα = 28(3) eV [25]. Such a small decay width indicates that the system does not prefer to decay
through this channel. Including only those SU(3) configurations into the SA-NCSM model space that correspond to
the most deformed symplectic excitations of the (9 0) bandhead, an extension to Nmax = 11 is considered for the
1- wave function. The result shows a clear identification of two clusters, with the spectroscopic amplitude peaking
beyond the touching distance of the two clusters and a decay width of Γα = 63 eV. This suggests that the Nmax = 5
model space is too constricted to allow for cluster development. A NCSpM wave function for the 1- state, computed
using the irrep built on the σ = 49.5(9 0) bandhead within an Nmax = 13 model space, is considered for comparison.
This result shows a large peak at the touching distance of the two clusters, indicating the identification of distinct
clusters, and a Γα = 25 eV, which agrees with the experimental value.
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FIGURE 3. (a) Spectroscopic amplitudes for the 0+
gs state of 20Ne considering the {16O + α} cluster partition. The 20Ne wave

function is computed using the SA-NCSM in Nmax = 4 (orange, dashed) and Nmax = 10 (orange, solid) model spaces. The NCSpM
is used to compute the 20Ne wave function using the σ = 48.5(8 0) irrep extended up to Nmax = 16 (purple, solid). (b) Spectroscopic
amplitudes for the first excited 1- state of 20Ne considering the {16O + α} cluster partition. The SA-NCSM is used to compute the
1- wave function in a full Nmax = 5 SA-NCSM model space (orange, dashed), and an Nmax = 11 SA-NCSM model space that is
down-selected to include only the most deformed basis configurations (orange, solid). An NCSpM wave function for the 1- state
of 20Ne is computed using the σ = 49.5(9 0) irrep extended up to Nmax = 13 (purple, solid). The dotted grey lines indicate the
touching distance of the two clusters.
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FIGURE 4. Abundance patterns from x-ray burst (XRB) nucleosynthesis simulations, with reaction rates calculated using the
NCSpM and the SA-NCSM (“Model”; blue triangles) compared to current REACLIB [28] data (“REACLIB”; red circles), and
fixed astrophysical conditions. Abundances are sampled at t = 1000s after the simulated burst begins.

For x-ray burst (XRB) temperatures (1 GK), the Gamow window peaks almost at the energy of the 1- resonance
state, and so this contribution dominates the 16O(α, γ)20Ne reaction rate in XRBs. Using the narrow resonance approx-
imation, we compute the contribution to the 16O(α, γ)20Ne reaction rate through the 1- resonance, using our calculated
alpha-decay widths. These rates are supplied to a simple XRB nucleosynthesis simulation, based on the Xnet code
[26]. We use a simple nuclear network containing stable nuclei and proton-heavy isotopes with A ≤ 64 and fixed
astrophysical conditions for all simulations. The abundance patterns obtained using the reaction rates calculated from
the SA-NCSM wave functions with both model spaces as well as the NCSpM are precisely the same as the abundance
pattern produced by using existing experimental data (see Figure 4). This indicates that the XRB nucleosynthesis
modeled in this simulation is not sensitive to this reaction rate, despite its role in igniting the (α, p) process [27]. This
study opens the path to explore other α-induced reactions for intermediate-mass nuclei, including α + 15O, which is
the focus of work in progress and is expected to have a tremendous impact on XRB nucleosynthesis [28].

Conclusions
We show preliminary results using a new tool for estimating reaction rates using wave functions calculated using the
ab initio SA-NCSM and the fully microscopic NCSpM. The method is illustrated through calculating spectroscopic
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amplitudes for alpha clusters in the 0+ ground state and the 1- excited state of 20Ne and by estimating the alpha widths
for 16O(α, γ)20Ne reaction through the 1.3-MeV 1- resonance. We find evidence of α clustering in the 1- state, with
an enhanced spectroscopic amplitude near the touching distance of the two clusters and a calculated value of Γα = 25
eV, close to experiment. We find that such a small deviation in width has no major impact on abundances of nuclei
produced in simple simulations of XRB nucleosynthesis.
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