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In the context of multibody dissipative particle dynamics (MDPD), a closed-form
mathematical expression is developed to analytically model a complex wall. MDPD is
a modified version of dissipative particle dynamics (DPD), a particle-based mesh free
method. There have been several attempts to analytically model the influence of solid
walls and non-periodic boundary conditions in the DPD approach. However, there is a
limited number of studies for these boundary conditions associated with MDPD that
capture static and dynamic fluid-structure interactions through direct modeling of fluid-
solid particle interactions. This work, for the first time, employs an analytical model
(integral approach) for the solid wall boundary condition in MDPD that brings substantial
gain in computational efficiency and thus expands the scope of its applicability to curved or
complex walls. Furthermore, a modified model of conservative force is used in the current
investigation. The model is first normalized to address the discrepancies in wetting that
exist in the present literature and is then validated through several benchmark studies
and test cases, such as a Wenzel model. Moreover, comparisons between both the fully
numerical and the semi-analytical (integral force model) approaches are drawn. Time
efficiency, accuracy, density fluctuation in vicinity of solid wall, and limitations of the
proposed model are thoroughly discussed.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Wetting is an important phenomenon in various applications such as surfactants, spray cooling and nanolithography |1,
2]. Proper description of wetting is essential to many important problems in the modeling of fluid behavior. Droplet contact
angle on a surface is a quantitative metric of surface wettability. There are numerous experimental studies measuring liquid
contact angles on surfaces of varying chemistry and geometrical complexity [3-8]. Robust computational approaches to deal
with fluid-structure interaction for various droplet sizes and morphological characteristics of the solid surfaces are vital

[9,10].

Molecular dynamics and Monte Carlo simulations have been used to study the behavior of droplets on solid surfaces
[11-14]. While atomistic methods are very accurate when good interaction potentials are available, these methods are only
feasible at the scale about ten nanometers [14-16]. Here, a course-grained method is required to reduce the computational
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cost at larger scales. There are many different coarse-grained methods which have been used to simulate mesoscale phe-
nomena [17]. Dissipative particle dynamics (DPD) is a particle-based coarse-grained method proposed by Hoogerbrugge et
al. [18]. In this approach, each DPD particle (bead) is a cluster of several molecules of a specific fluid/solid/vapor phase
(analogous to course-grained modeling in molecular dynamics but with additional particle interactions beyond the conser-
vative terms generally applied in MD) [19]. Later, DPD was applied to simulate hydrodynamic behavior of fluid flow [20].
The main advantage of the DPD approach is in its applicability to the mesoscale regime, which lies between the atomistic
and continuum scales [21].

Multibody dissipative particle dynamics (MDPD) is a modified version of DPD which is capable of modeling fluid/fluid
and fluid/solid interfaces [22]. For example, MDPD has been used to simulate the classic problem of a sessile droplet [23].
The simulation time scale of MDPD is one to three orders of magnitude larger than conventional molecular dynamics [24].
So far, using DPD and MDPD, several interesting fluid/solid phenomena such as liquid drainage/imbibition from a tube [25],
droplet detachment from an AFM tip [26], and several other complex fluid/structure interaction cases [21,27,28] have been
investigated. However, in all of the previous studies, dealing with boundary conditions has been a challenging issue [29]. In
addition to the fundamental challenges of formulating the wall interactions, common solutions, such as incorporating forces
of frozen wall beads, add a drastic computational cost to the modeling. Since the wall particles are frozen, an equivalent
interaction formulation from the wall can be found without using the explicit wall beads and significant computational
expense can then be saved. The goal of present work is twofold: (a) to obtain a consistent set of fluid-solid interaction
parameters for a wall consisting of explicit particles, i.e., normalization, and (b) to develop a semi-analytical framework to
model the wall without the need for explicit wall particles.

In this work, a modified model for fluid-solid interaction is first discussed which can be used to model the three-phase
contact line without local density contribution [23]. The governing equations are then normalized and analytically simplified.
The model description, algorithm, fluid-solid interaction form, and normalization of the wall density number for the MDPD
method is given in section 2. In section 3, the analytical solid wall model is presented followed by validation case studies
in section 4. Computational results for one complex geometry with validation of the Wenzel law are discussed in section 5,
and they are followed by conclusions in section 6. A brief derivation of the forces using the integral approach is given in
Appendix A.

2. Model/algorithm

In MDPD simulations, the motion of particles (or beads) is governed by Newton’s second law:
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where 7, V; and I?i denote the ith bead’s position, velocity, and the net force exerted on the bead i, respectively, and t is

time. The net force is I?i which includes body force g, conservative force 1?5 , dissipative force 1?5. and random force 135. The
three interparticle components are given by [30]:
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Here, in the expression for the conservative force, rjj =7; — 7} is the position vector from the ith bead to the jth bead
with absolute distance of rjj = |F,‘j| and unit vector 6,-]- = ?ij / |?ij|. Further, A;; and B are the attractive and repulsion force
amplitudes, respectively, along with a weighting function of w¢ with two distinct cut-off radii R, and Rgy = 0.75R., where
wc (rij, R¢) = max(1 —ryj/Rc, 0). Note that Warren [19] proposed the density-dependent repulsion in the conservative force
formula empirically, with the new cut-off range R; and the local density-function given as [19]

T
pi= ZnRB Z( ’) (6)
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This model has been used in almost all prior works to model both fluid-fluid and fluid-solid interactions. In the present
work however, Eq. (3) will not be used in the fluid-solid interaction as will be discussed later in section 2.2.

In the expression for the dissipative force, vij = v; — T/j is the velocity of the ith bead relative to the jth bead. The
scalars y and ¢ are the amplitudes of dissipative and random forces, respectively, and the fluctuation-dissipation theorem
[20] requires wg (rij, Rc) = \/wp (rij, Rc) = max(1 —rij/R¢, 0) and @2 =2ykgT where kg is Boltzmann constant and T is the
absolute temperature of the system. The parameter 6;; is Gaussian white noise with unit bandwidth, and At is the time
step.
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Table 1

Parametric values for MDPD simulations.
Parameters Symbol MDPD unit
Time step 8t 0.01
Particle mass m 1.0
Cut-off distance R¢ 1.0
Repulsive interaction range Ry 0.75
Amplitude of FP y 5.61
Amplitude of FC-A Ajj —40
Amplitude of F€-B B 25
System energy kgT 1.0

2.1. Fluid modeling

In MDPD, reduced units are commonly used for all quantities. The particle mass, cut-off radius R. and system energy
are set to be one in MDPD units. The parameters in Egs. (1)-(6) for the current modeling approach are listed in Table 1 in
MDPD units. One of the many advantages of the MDPD (or DPD) method is that it is a scale-free simulation technique which
means one can choose any set of reference parameters, and the results would still hold unchanged. In the present study,
the fluid has no viscous effect because it is quasi-static (low capillary number) [26,31]. The reference length is chosen as
Lppp = 1 pm. By assuming the fluid density and surface tension in the DPD units to be d and o, respectively, the conversion
of mass and time from DPD units to physical ones are [32]

d*

Mppp = FLB’DPD (7)

o
Tppp = MDPDF (8)

where d* and o* are the physical density and surface tension of the fluid in real units (e.g., SI units) [32]. From the
parametric values provided in Table 1, the fluid properties can be calculated. The fluid density, kinematic viscosity and
surface tension are calculated as d = 6.0, ¥ = 7.45 and o = 7.31, respectively, in DPD units. For water as the fluid, the
reference scales are found to be Tppp = 1.29 x 10~7 s, and Mppp = 1.667 x 10~16 kg. These scales are conversion factors
from the DPD unit system to the physical SI unit system.

2.2. Fluid-solid interaction

Behavior of fluid is the main focus of DPD or MDPD simulations. Thus, particles representing elements of a solid structure
such as a wall are generally assumed to be frozen for simplicity [23,33-35]. The fluid-structure interaction is described by
the conservative force parameter A;; or Ay, where the subscripts “s” and “I” stand for solid and liquid phases, respectively.
The repulsive parameter B is assumed to be constant (same as fluid-fluid interaction) while the attractive parameter Ay is
assumed to vary depending on the wall wettability [24,33,3G]. The rest of the interaction parameters and/or properties for
the solid-liquid particles remain the same as the fluid-fluid ones (see Table 1).

In prior studies using MDPD, the repulsive component of conservative force (Eq. (3)) was defined as a function of local
density [22]. Local density is measured based on the number of particles, either of the same type (single-type or liquid)
or multi-type particles (i.e., liquid and solid), within the cut-off radius Ry of a given particle. In single-type local density
calculations, when the water particle approaches the wall, there is a gradual decrease in the local density for both fluid and
wall particles due to the reduction in the number of same type particles within each particles cutoff radius (see Eq. (6)) [23,
24]. In this study, multi-type particle-particle interactions have been used. Recently, the repulsive term in the conservative
force has been redefined independent of local density, i.e., a new form of conservative force is used [23]:

1?5 = Ajjwc (1ij, Ro)€ij + Bwc (1ij, Rq)€ij (9)

Using the above expression simplifies the conservative force because there is no local density of the wall in the expression
as in conventional MDPD models (see for instance Eq. (3)) [24].

In MDPD simulations using a solid wall, a bounce back scheme (see Fig. 1) is used at the solid boundary which satisfies
the no-slip condition at the wall [24]. In the bounce back scheme, the particle returns to its original path if it crosses the
solid boundary. The particle travels the same distance along this path as it would have traveled if the boundary had not
been present. As shown in Fig. 1, the velocity and force in the bounce-back scheme reverse their directions [37].

2.3. Normalization

In previous studies [22-24,28,32,38,39], the results from the simulation of a droplet on a wall depend on the density
of wall particles, which is unphysical when representing a solid wall. To have the results independent of wall density, a
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Fig. 1. Representation of bounce-back scheme.

Table 2
Wall density number ps used in prior work and the range of corresponding Ag.
Ps —Ag (or A) range Method Local density approach Reference
6.0 - MDPD Multi-type [22]
8.0 15-40 MDPD Multi-type [38]
4.0-8.0 8-23 DPD - [28]
6.88 5-40 MDPD Multi-type [39]
25 6-12 MDPD Single-type [23]
512 25-50 MDPD Multi-type [32]
6.0 8-22 MDPD Single-type [24]

normalization of the local density is needed. In prior work, many choices for the number density of the wall have been
tried resulting in inconsistent Ag. In several studies, the wall density is taken to be equal to the fluid density [21] while in
some other studies the wall number density is significantly higher than the fluid density [23].

In Table 2, wall density from some studies is shown. As can be seen from Table 2, because of different number densities
and/or local density approaches, different Ag values or ranges have been obtained in these studies. The large Ay range is a
result of variation in liquid and wall density at the interfaces. In other words, when the number density of the wall changes,
the magnitude of the force on fluid particle varies, and thus, the interaction between wall and fluid particle differs. Hence,
there has not been any consistent scale for Ag for different wettability of a surface. Figure 2a shows the effect of Ay on
the contact angle of a water droplet on a flat wall for different number densities of the solid wall particles. To calculate the
contact angle, the boundary of the droplet is found by calculating the local density of the particles throughout the droplet
(see the inset in Fig. 2a). As can be seen, the change in the Ag range due to the solid wall density number is clear and it
is in agreement with prior work in Table 2. This can be explained from Eq. (3) where increasing solid wall particle density
increases the repulsion force. Hence, smaller attraction force (in absolute value) is needed to obtain the same contact angle.
It is concluded that lower values of Ag result in the same contact angle for a wall with a higher density.

Contact angle of a droplet also changes with the number of fluid particles it contains [40]. In this study, the fluid particle
number is assigned to be around 13,000 and kept the same throughout the study. To obtain consistent results independent
of the wall density, the solid wall particles’ contribution in both local density and forces calculations are normalized. For
example, the modified liquid local density p* can be written as p* = %/‘) where p; and ps are number densities of liquid
and solid, respectively. We therefore split the summation in the local density of the liquid particle into liquid neighbors’
contribution (!) and solid neighbors’ contribution (s) as shown in Eq. (10)

_ 15 1<1_ﬂz+ﬂs<_ﬁ>2 (10)
" 2R3 2 Rd) PZ Rg

J#i S j#

Dl

Note that for simplicity the subscript “i” for the ith particle is dropped in the rest of the work, e.g., p = p; or F = F; due
to wall. In Eq. (10), the second term in the right-hand side (summation over solid neighbors) is scaled with the density
ratio of liquid and solid. In other words, the contribution of the solid wall particles in either the local density or the force
calculations will be normalized as given in Eq. (10) for any given value of ps.

Figure 2b depicts the change in the contact angle of a water droplet of a flat wall after normalization. As expected, the
contact angle for each Ay number asymptotically approaches a constant value at higher solid wall density number. Although
such an approach has been already proposed in DPD modeling [28,35], we apply it to MDPD simulations for the first time
in the present investigation. Analytical expressions derived for solid wall interaction forces on adjoining fluid particles are
discussed in the following section.
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Fig. 2. Effect of Ay on the droplet contact angle 6 on a flat surface with different solid wall density number ps in (a). After normalization, the effect of
solid wall number density ps on the droplet contact angle 6 for different Ag in (b). The inset figure shows the local density distribution contour used to
predict the contact angle using spherical cap approach in (a). (For interpretation of the references to color in this figure, the reader is referred to the web
version of this article.)
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Fig. 3. Schematic for the portion of wall particles within a cutoff radius Ry (or R.) that contributes to the force on liquid particle i for particle-particle
approach (black shaded particle) in (a) and integral approach (dark-gray area) in (b).

3. Integral approach for wall boundary

While the wall particles are frozen, these particles still take part in the calculation for the fluid particles as neighbors.
More specifically, the fluid particles that are closer to the wall have wall particles within their cut-off radius, and there is
a component of force due to these wall particles. This study focuses on imposing a force due to a wall via applying an
analytical formulation, rather than considering each pairwise interaction with the frozen wall particles. A set of algebraic
expressions (i.e., forces) for the boundary is used to represent the solid wall. This approach significantly reduces the com-
putational cost of simulations, especially for a highly dense wall. The resultant force on an MDPD particle due to the wall is
derived by integrating the force due to each individual wall particle. Note that we again split the summation terms into two
sets for liquid and for solid neighbors, and an integral approach is then used to find a closed-form expression for the wall
particle contribution (see for instance Eq. (10)) [28]. Generally, these formulae or expressions are given by the following
equations:

Rg VRI-Z
(Yy=2m [o1g(MY |rdrdz (11)
z=h r=0

where g(r) is the radial distribution function of the DPD particle, and (Y) is the integral value of Y within the cut-off
radius Ry (or R.) on the domain £2s [28,35] as shown in Fig. 3a (particle-particle interaction) and 3b (integral approach).
Note that the factor 27 represents the axi-symmetry of the domain in the 3D configuration (Fig. 3). The value Y can be
either a local density function or force component as will be discussed below. Also, because of the high wall density, the
radial distribution function g(r) is assumed to be 1.0 in this work [28].

For the local density due to the solid wall, the Y-term in Eq. (11) is replaced by Eq. (6), then the summation is replaced
by the integration. The local density due to the wall at particle i, p; s, can be expressed as

_ 5 53 54 3
Pis(6q) =01 x [0.5— ZSd + 55(1 - 58" + l_lad (12)
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Fig. 4. Comparison of the results between the particle (symbols) and integral (dash and dotted lines) approaches as function of spacing h from the solid
wall as shown in Fig. 3, conservative force components and x and z components of the dissipative forces.

where 84 = h/Ry (see Fig. 3). This term will be added to the local density for particle i which represents the wall
effect in multi-type particle density calculations. In other words, the local density for particle i is now p; = pis +
ﬁ Z’#i(l - r,-j/Rd)2 where j is the list of the DPD liquid neighbors to the particle i within the cut-off radius Rg.

For the conservative force, Eq. (9) will be integrated in the domain £2;. Due to the axisymmetric design of the geometry,
there will be only a z-component of the conservative force (i.e., forces in the x-y plane vanish, see Fig. 3b). The attractive
force in the z-direction is here named F¢4 which was originally Ajjwc(rij, RC)EU. Using Eq. (11), this force can be reduced
to

1 1 1 1
FOAQ) =2nR2Agp x | — — =62 + =8° — =¢&* 13
©)) AP x| op =5 3 3 (13)
Again, we choose 8 = h/R. (see Fig. 3). Note that the conservative repulsive force FC-8 has the same form as the attraction
force but within a cut-off radius of R4 (8 is replaced with §q = h/Ry) and with amplitude of B. For the dissipative force
components (FP-* and FP-?), the integration is repeated, with

1 1 2 1 1 1
FPX(@§) =2 — — 54+ 83 xS+ -logd) | 4+ =84 — —=&° 14
() ﬂyvprX[45 12 + ><{9+3 og()}+3 0 (14)
1 7 1 1 1
FP2(5) = — — 4+ 83 x{ = +-logd)} — =%+ —8§° 15
(6) nyvzplx[go—i- x{]8+4og()} 3 +]0 (15)

where vy and v, are the velocity components in the x- and z-directions, respectively. The random force vector is expressed
as

FP(8) = F*(8)ex + FPZ(5)e, (16)

where

FR(8) = £[\/2ks TFP*(8)ex + /2ks TFD-2(8)e;] (17)

and & is the random variable with Gaussian distribution [35]. The details of these derivations are given in Appendix A.

Now, this set of equations (Egs. (12)-(16)) can be used to simplify the numerical modeling by removing the solid wall
from the calculations. The equations are validated by comparison to the explicit particle approach and forces are compared
in Fig. 4. The model is derived for a flat wall; however, it can also be used for curved walls with large radius of curvature
as will be shown in section 6. If the radius of curvature of the wall Ry is within a certain limit (Ryq > 3R.), the model
is valid and can be used with the error being less than 5%, as will be seen in the following sections.

4. Validation

To validate our model, we simulate a droplet on a flat wall, and we generate a similar relationship between contact angle
and Ag (see Fig. 5). For this simulation, total number of fluid particles is 13,062 in both integral and particle approaches.
In particle approach, the total number of wall particles is 85,312, where the wall density is chosen to be p; = 25.0. We
compared this relationship with available literature [23], and an excellent agreement is obtained, especially at small Ag. In
our analytical approach, the equation is integrated using the value of p; = 6.0. With the analytical approach, we save more
than 50% of computational cost for this case. More details of computational savings will be discussed in section 5.

In order to evaluate the capabilities and stability of the present model, the density fluctuation in vicinity to solid wall
and thermal energy, kg T, are calculated for a droplet on a solid flat wall. The same droplet configuration used in Fig. 5 is
considered here with an Ag = —16 or 6 ~ 100°. For the density fluctuation, rectangular blocks (bins) with dimensions of
10x10x 0.1 are considered in the core of the droplet as shown in the inset in Fig. 6a. The average density number (temporal
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Fig. 5. Comparison between the contact angle using particle-particle and integral approaches for different Ag;.
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Fig. 6. Comparison between the results from the particle approach (PA) and integral approach (IA) on (a) local density fluctuations, p, in vicinity to solid
wall, (b) temporal thermal energy, kpT.
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Fig. 7. Effect of surface curvature on contact angle for the particle approach (PA) and integral approach (IA).

and spatial average) is calculated in these bins in the same fashion of molecular dynamic simulations [41-44]. As expected,
increasing the wall density number damps the density perturbation near the solid wall as shown in Fig. 6a. Moreover, the
results from the integral approach (IA) shows the minimum fluctuations around the average density (about 6.1). kg T can be
calculated form the kinetic energy for the water droplet, i.e., %kBT = % >"; Vi.v; where N is the number of DPD particles
in the water droplet. This specific energy, kg T, is shown in Fig. 6b for different wall density numbers for particle approach
(PA) and integral approach (IA). The results show an excellent agreement with the isothermal approximation of the MDPD
modeling of this system (see for instance Table 1).

Further, we use the IA to simulate a droplet on a curved surface and compare it with the PA. Contact angle on a droplet
for a curved surface can no longer be defined using Young's equation [45], i.e., the contact angle in this case is not the same
as the one on a flat plate. For a hydrophilic droplet, the contact angle on a curved surface is higher than the contact angle
for a droplet on a flat plate. By varying the radius of the curved surface to infinity, it ultimately corresponds to a flat plate
and the contact angle of the droplet converges to its contact angle of flat plate. In Fig. 7, the contact angle of a droplet for
one hydrophilic case is shown for various radii of curvature and the contact angle is different for different radii. The contact
angle is found to reach a constant value after reaching a certain radius of curvature, asymptotically converging to its value
on the flat surface.
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Fig. 9. The comparison of analytical results with theoretical equation for Wenzel law.

5. Results and discussion

The analytical model was validated and compared with the explicit all particle simulations in section 4. For the compar-
ison, a wall number density of 25 has been taken in particle simulations. In this section, the advantage and limitations of
the integral approach are given.

The CPU time reduction is expressed using the percentage E (%) as

E@ =270 100 (18)
tpa
where t is the CPU time used in the simulation, and the subscripts “PA” and “IA” stand for the particle-particle and integral
approaches, respectively.

The time consumed to obtain the results shown in Fig. 5 is used to calculate E with different solid wall density numbers
as shown in Fig. 8. As the wall density number increases, the number of wall particles participating in the computational
algorithm also increases. On the other hand, in the integral approach, the total number of particles remains the same
(liquid particle), thus computational cost remains almost unchanged. Moreover, with increasing complexity in geometry,
wall density and domain size, the particle-particle approach tends to have more computational cost when compared to the
integral model. In the integral approach, the computational cost primarily depends on liquid particle numbers, thus when
the wall complexity is increased, the integral approach is clearly the more efficient between the two approaches.

To describe the homogeneous wetting regime, the Wenzel model has been previously used [46]. According to the Wenzel
model, the contact angle on a rough surface can be estimated by

cosOy =rcos6 (19)

where 6y is the Wenzel angle, r is surface roughness ratio and 6 is the contact angel on a flat surface. Roughness ratio is
defined as

As

Aso
where Ag is area of the surface, and Ay is the projected area of the surface. A 2D geometry is taken into consideration to
validate the analytical approach for a complex wall geometry (see Fig. 9).

In Fig. 9, results from Wenzel equation validations are shown. Contact angle is depicted against Wenzel contact angle
for theoretical, numerical and semi-analytical counterparts. The analytical approach shows good agreement with both the
particle approach and theoretical approaches. This is also an extra validation of the model used in the present work. Finally,
a substantial amount of computational time has been saved in such geometries (about 45%) with ps = 25. This is because
of the highly curved wall, which adds a substantial number of extra particles compared to the flat wall.

. (20)
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6. Conclusions

In previous MDPD works, different wall densities had been used, which resulted in different ranges of Ag values (solid-
liquid interaction parameter) for wetting characterization. To solve this discrepancy in the literature, normalization is first
carried out in this work. A consistent Ay range is obtained for different surface wettability. To do so, a high wall number
density number (e.g. 25 or more) is required. The particle approach (PA) used in previous works for the wall is compu-
tationally expensive for large domains, high wall density, and complex geometry. In this work, a wall model is developed
using a combination of analytical and numerical integration, which substantially reduces the computational cost. As the wall
complexity and domain size are increased, it is shown that this model has an advantage over traditional particle approaches.
The conventional particle approach for the wall takes about 100-300% more time when compared to the presented integral
model for the same geometrical configuration. The results for the test cases are compared with those obtained from the
particle approach and they match well. Thus, the analytical wall model provided in this investigation is an accurate and
simple tool to simulate fluid-structure interaction in MDPD while saving computational time. In addition, compared with
the particle approach, there is remarkable reduction in density fluctuation in vicinity of solid wall for the integral approach.
The presented integral (derived for a flat wall) also gives accurate results for walls with sufficiently large curvature. The
minimum radius of curvature to which it can be applied accurately is ~3R.. This limitation of the model needs to be
addressed in future work.
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Appendix A. Numerical and analytical integration of wall forces

In this work, the forces due to the solid wall are derived using a combination of numerical and analytical expressions.
These equivalent forces have been used for all the simulation procedures. In the particle-particle approach, the wall is made
of particles (see Fig. 2a), which means for a fluid particle i, individual pair-wise forces resulting from each wall particle are
calculated using the Eqgs. (4), (5) and (9). The resultant force on the fluid particle due to the wall is the sum of the forces by
each individual wall particle within the cut-off radius. As the number density increases, the number of particles in the zone
within the cut-off radius for the particle i increases. Force on the fluid particle due to one wall particle is governed by [23]

?,5 = Ajjowc (1ij, Ro)éij + Boc (1ij, Rq)€ij (21)
Total conservative force on particle i due to the full wall is governed by
=Y F§ =) (Ajwc(rij. R)&; + Bax (rij, Ra)éij) (22)
Jj#i Jj#i

Ideally, the actual number density of 25.0 or more is enough to make the wall essentially continuous. This wall density
is normalized for the wall number density (i.e., p; = 6.0) as explained in section 2. For a continuous wall, the summation
changes to integration. For instance, if we express any term due to wall in the conservative attractive force term (Eq. (9)) in
the integration form then it will become

Rc ng*Z 2
=/ pi(Aijwc (rij, Re)éij)xdxdo dz (23)
z=h x=0 6=0

FC.A

where is attractive component of the conservative force. It can further be simplified and expressed as

2_22

JRE-2
=27 pAjj / ((1 - —)e,])xdxdz (24)

where 2 = x% + z2. Upon integration, Eq. (13) is obtained (Eq. (25)):

1 1 1 1
A 3 2 3 4
=2mwRA — — = =5 — =6 25
cslplx|:24 2 +3 3 ] (25)
where § = h/R.. As discussed before, the conservative attraction force has identical form but with cut-off radius R; and
amplitude B. Similarly, integrations are performed for the dissipative and random components of force, and the following
expressions are derived
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1 1 2 1 1 1
FDx(§) = -2 — — —5+83 x {2+ ~logs —54— —5° 26
(6) nyvprX[45 50t X{9+3og()}+3 30 (26)
1 7 1 1 1
FD2(5) = — — 4+ 83 x4 S logd)} — =8+ —&° 27
() ﬂyvszX[govL X{18+40g()} 3 +10 (27)
FR = £[/2ks TFD-X(8)ex + v/2ks TFD2(8)e,] (28)

where vy and v, are the particle’s velocity in the x and z directions (see Section 3).
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