TRACES FOR HOMOGENEOUS SOBOLEV SPACES IN INFINITE STRIP-LIKE
DOMAINS

GIOVANNI LEONI AND IAN TICE

ABSTRACT. In this paper we construct a trace operator for homogeneous Sobolev spaces defined on
infinite strip-like domains. We identify an intrinsic seminorm on the resulting trace space that makes
the trace operator bounded and allows us to construct a bounded right inverse. The intrinsic seminorm
involves two features not encountered in the trace theory of bounded Lipschitz domains or half-spaces.
First, due to the strip-like structure of the domain, the boundary splits into two infinite disconnected
components. The traces onto each component are not completely independent, and the intrinsic seminorm
contains a term that measures the difference between the two traces. Second, as in the usual trace theory,
there is a term in the seminorm measuring the fractional Sobolev regularity of the trace functions with
a difference quotient integral. However, the finite width of the strip-like domain gives rise to a screening
effect that bounds the range of the difference quotient perturbation. The screened homogeneous fractional
Sobolev spaces defined by this screened seminorm on arbitrary open sets are of independent interest, and
we study their basic properties. We conclude the paper with applications of the trace theory to partial
differential equations.

1. INTRODUCTION

1.1. Motivation. For an open set & C RV, m € N, and 1 < p < oo, the homogeneous Sobolev space
W™P(Q) consists of all real-valued functions u € L;. () such that all the weak derivatives of order m
belong to LP(Q). The goal of this paper is to characterize the trace operators associated to WP () in
infinite strip-like domains of the form

Q={zeRY|n (@) <an <nT(2))}, (1.1)

where n* : RN=! — R are given Lipschitz functions such that n~ < n*. Note that we do not require
n* to be bounded, which allows the domain 2 to be unbounded in the vertical z) direction in addition
to the horizontal 2’ directions.

It is well-known (see, for example, [2], [4], [15], [19], [26], [33], [36] and the references therein) that the
inhomogeneous Sobolev spaces W™P(§2) (which we recall require functions and all their weak derivatives
up to order m to belong to LP(2)) are ill-suited to study partial differential equations in unbounded
domains. This is already seen at the level of the fundamental solution to Laplace’s equation when
N > 2. Indeed, if B[0,1] C RY denotes the closed unit ball, then the function u : R\ B[0,1] — R given
by
log |z if N=2

D=V N N >3
is a solution of the homogeneous Dirichlet problem

Au=0 in RN\ B0,1]
u=0 ondB(0,1),

and while we have the inclusions u € WHP(RN\ B[0, 1])nW24(RN\ B[0, 1]) for every N/(N—1) < p < 0o
and 1 < ¢ < oo, it is clear that u ¢ L™ (RN \ B[0,1]) for any 1 <7 < co.
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To overcome this problem, the standard approach in the literature is to use weighted Sobolev spaces
(see, for example, [2], [4], [15], [22], [25], [36], [38] and the references therein). An alternate approach
to solving boundary value problems on infinite domains is to have a better understanding of the trace
operator associated to homogeneous spaces.

In the recent paper [34] Strichartz proved, among other things, a new characterization of the trace
space associated to the homogeneous Sobolev space H'(Q) := W2(Q), where @ = R x (0,7) CR?is a
horizontal strip. More precisely, he defined the fractional-type Sobolev space H'/ 2(R) of all functions

f € L (R) such that
s\
1/2 1.2
iz : <//|:c o ‘x_y‘Q S dy dy) < o0 (1.2)

and proved the following result.

Theorem 1.1 (Strichartz [34]). Let @ =R x (0,7). Then the following hold.
(1) There exists a constant ¢ > 0 such that for all u € H'(Q),

/ | Tr(u)(z1, 7) — Tr(u)(z1,0))%dz; < c/ |Vu(z)|*dz,
R

T )y + | T O ey < [ [Vt P
(2) Given f, g € HY2(R) such that f —g € L*(R), there exists u € H*(Q) such that Tr(u)(-,7) = f,
Tr(u)(-,0) = g, and

/ Vo) e < [ 17(00) = glon)ldor + el o + cloloage
for some constant ¢ > 0, independent of f and g.

The seminorm | - |7, /2(r) defined in (1.2) has an interesting characterization in terms of the Fourier
transform. Indeed, one can show that (see Theorem 2.2 in [34] and Proposition 3.16 below)

oy = [ mindleh 1EPUF e,

where f is the Fourier transform of f. This should be contrasted with the Fourier characterization of
the seminorm defining the classical fractional homogeneous Sobolev space H'/2(R):

— 2 .
By = [ =2 dnay = c [ jllfe P,

for ¢ > 0 a constant independent of f. From these expressions we see that the difference between the
seminorms is determined by the low frequencies on the Fourier side, with the seminorm on H'/2(R)
allowing for worse behavior of the low frequency modes. These expressions also suggests that H/2 (R) ;
HY 2(R), i.e. that the classical space is strictly smaller. This is indeed the case, as can be seen directly
by considering a function f € C°°(R) such that supp f' C [0,1], f(z) =1 for x > 1, and f(x) =0 for
all z < 0. An important consequence of the strict inclusion H'/?(R) G H'Y2(R) is that, in general,
functions in H'(Q) may not be extended to functions in H'(R?).

A central component of this paper consists of extending Strichartz’s theorem to the more general
case of Wm’p(Q) for m € Nand 1 < p < oo, where @ C RY for N > 2 is a horizontal strip of the form

Q:={zeRV|b” <zy<b"} (1.3)
for constants b~ < bT. In order to refer to the connected components of 9Q individually, we will write

i:{xGRNfl‘N:bi}. (1'4)
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1.2. Main results and discussion. The main thrust of the paper is to characterize the trace spaces
associated to the homogeneous Sobolev space W™P(Q) when Q is of the form (1.1) or (1.3). The trace
spaces involve a generalization of the space H'/?(R) from [34], which we call a screened homogeneous
fractional Sobolev space. These spaces are important for our trace results but are of independent interest
in a more general setting. As such, in Section 3 we define these spaces on general open sets U C RV
for 0 < s <1and 1< p < oo through the seminorm

_ » 1/p
LiooU) 3 f = | fligerw ( / / . |yy>x‘sp<+ 17y) — Fa)” dm;) € [0,0d],

where o : U — (0, 00] is a lower semi-continuous function that we call a screening function, due to the
fact that it screens the range of the difference quotient. The functions for which the seminorm is finite
comprise the space W(Sc’f)) (U). When p = 2 and o is a finite constant, variants of the screened spaces have

appeared in the analysis of weak formulations of various nonlocal elliptic equations (see [14], [16], [39]).
For general p there has been much recent interest in inhomogeneous fractional-type Sobolev spaces with
seminorms of the form

LP(U) 9f'—><//|f ‘y_xp| (|$—y|)dy$y>1/p€[0700]

for a given kernel p : [0,00) — [0,00): we refer to the seminal papers [8] and [9] and to the papers
[11], [31], [32] and the references therein for a more recent survey of this literature. When p(r) =
X[0,b) (r)r(l_s)p_N these seminorms correspond to the screened homogeneous fractional seminorm for
constant screening function ¢ = b, but our focus in this paper is the seminorm defined on LlOC(U )
rather than LP(U). To the best of our knowledge the screened homogeneous fractional spaces for
general p and ¢ have not been previously studied.

For the screened spaces we prove, among other things, Poincaré-type estimates, sequential complete-
ness, and some basic interpolation and embedding results. We also construct some sets and choices of
screening functions (see Theorems 3.11 for the precise forms) for which we have the strict inclusion

WeP(U) G Wb (U),
which shows that the screened spaces are generally strictly bigger than the standard homogeneous
fractional Sobolev spaces. We also consider the special case U = R, which is the domain most relevant
to our trace results when we swap N — N — 1. We prove that if 01,02 are both bounded above and
below, then
W RYN) = Wi (RY), (1.5)

(o1 (o2

which shows that the precise form of the bounded screening function is not important. We also establish
density of smooth functions and prove a Fourier characterization when p = 2. We have not attempted
an exhaustive study of the screened spaces and have left many basic questions open. In particular, we
believe it would be interesting to study these spaces using interpolation theory and to give an equivalent
characterization in terms of the Littlewood-Paley theory (see [3], [5], [7], [6], [20], [30], [37]).

To state our trace results, we first need some notation. We will write points € RN as z = (2/,zy) €
RV~ x R, and we will let B’(2',r) denote the open ball in RN~!  centered at 2/, and of radius r. In
RN~ with screening function given by the constant a > 0 and s = 1 — 1/p, the screened homogeneous
fractional Sobolev seminorm can be rewritten as

1/p
1’ +h/) _f(x,”p ! g
|f|W(1)1/PP RN— 1) (/RN 1//0a |h/‘p+N72 dh'dx .

We can now state our trace results. We begin with the case m =1 and 1 < p < o0.

Theorem 1.2. Let Q be as in (1.3) and let 1 < p < oco. There exists a unique linear operator

Tr: WHP(Q) — L. (99)

loc
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satisfying the following.
(1) Tr(u) = u on O for all u € WHP(Q) N CO(Q).
(2) There ezists a constant ¢ = ¢(N,p) > 0 such that

/RNI | Tr(u)(a/,b*) = Tr(u)(2', b7)Pda’ < (5 = b7)" / [Onu(@)Pdz, (16)
TN vy < < [ 1vua)pas (1.7)

for all u € W'P(Q). Here b= < bt are the constants defining Q in (1.3).
(3) The integration by parts formula

/ uoip de = — / Youdr + Y Tr(u)v; dHN 1
Q Q o0

holds for all u € W'P(Q), all ¢y € CHRN), and all i =1,...,N.

Remark 1.3. In the event that either of the traces Tr(u)(-,bT) or Tr(u)(-,b7) belongs to LP(RN™1),
the second part of Theorem 1.2 guarantees that the other trace also belongs to LP(RN~1). Since the
vertical extent of Q0 is finite, this information can be coupled with a standard Poincaré-type inequality
to guarantee that u € WYP(Q). Thus functions u € WP(Q)\W'P(Q) cannot have either trace belong
to LP(RN=1). In particular, we have the identity

Ker(Tr) = Wy (Q). (1.8)
Theorem 1.2 is complemented by the following lifting result. We recall that I'* are defined in (1.4).

Theorem 1.4. Let Q be as in (1.3), a > 0, and 1 < p < co. Suppose that f+ ¢ L%OC(RN_I) are such
that

Lo @) =@ <. (19)
|f ‘ 1 1/pp RN 1) < OO, ‘f+’W(1—)1/p,p(RN_l) < Q. (110)
Then there exists u € WP(Q) such that Tr(u) = f* on TF and
p < RO AN S SWANT 4 / —|P + P
Jivutpa < e [ 5P A+ T
or some constant ¢ = c(a,b™ — b~ ,N,p) > 0. Moreover, the map (f, — u 1S linear.
f bt —b, N 0. M h f fr [

Remark 1.5. It is important to observe that in Theorem 1.4 the functions f are not assumed to be
individually in LP(RN™Y), but their difference is.

Remark 1.6. Notice that in Theorem 1.2 the screening function is the constant b™ — b~ > 0, but in
Theorem 1.4 the screening function is any constant a > 0. This discrepancy is accounted for by (1.5)
(see Theorem 8.13), which shows that these screening functions define the same space and give rise to
equivalent seminorms.

Theorems 1.2 and 1.4 show that for horizontal strips the trace space of the homogeneous space
Wl’p(Q) is strictly larger than the trace space of the inhomogeneous space WP(Q2). Indeed, by a
classical result of Gagliardo [18], the trace space of W1P(Q) is given by the fractional Sobolev space
W=1/PP(9Q), or equivalently, by the Besov space B1 1/p’p(8Q) (see also [1], [12], [21], [23], [24], [29]).
The norm defining W'=1/P?(9Q) is

1/p
y)I - -
I smmiony = Waoiony + ([ [ TR a1y a1 )

The class of pairs satisfying (1.9) and (1.10) gives rise to a new interesting type of space. At the end of
Section 3 we study some of its properties.
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By synthesizing our trace and lifting results with our results about the screened spaces in RNV~!
we also prove Proposition 4.1, which shows that there exist functions u € Wie (©) that do not admit
extensions to W1P(RY). In particular, this shows that there is no bounded extension operator available
for WP (Q).

Theorems 1.2 and 1.4 can be extended to domains of the form (1.1), and we do so in Theorems 5.1 and
5.4 below. The main difference is that conditions (1.9) and (1.10) should now be replaced, respectively,
by

dx’ < oo,

/ |fH) = f ()P
ry-1 (T (2) —n~(a7))P!

+,./ N _ (NP
RN=1J B (0,a(n* (")~ (27))) R/ [P

Note that we allow n* — 1~ to be unbounded, and we do not assume that n™ — 1~ is bounded away
from zero, so the extension from (1.3) to (1.1) is non-trivial.

Next we consider the case p = 1 and m = 1. In [18] (see also [12], [23]) Gagliardo proved that for
open bounded domains 2 C RY with Lipschitz continuous boundary the trace space of W11(Q) is given
by L'(0Q) (see also the recent paper of Mironescu [27] for a simpler proof). We can prove the following
analogous result.

Theorem 1.7. Let Q be as in (1.3). There exists a unique linear operator
Tr: WHY(Q) — L}, (09)

satisfying the following.

(1) Tr(u) = u on N for all u € WHH(Q) N CO(Q). _
(2) There ezists a constant ¢ = ¢(N) > 0 such that for every 0 < & < bt —b~ and every u € Wh1(Q),

/ |Tr(u)(:v’,b+)—Tr(u)(:v’,b_)|dx'§/|6Nu(w)|dx, (1.11)
RN-1 Q

! ! pE — 1r\u l’/ + .’El u\x .’El .
iffé’s/wl‘m“)“ L) = Ta(u) (!, b)) d s/mrv ()] da, (1.12)

where Q. :=RN=1x ((b=,b~ +¢) U (bT —¢,b")). In particular,

lim sup / | Tr(u)(z' 4+ W, bF) — Tr(u) (', b5)| dz’ = 0.
RN-1

e—0t |n/|<e

(3) The integration by parts formula
/ uo;y dx = —/ Youdr + / q/;Tr(u)VZ deNfl
Q Q o0

holds for all u € WH'(Q), all € CLRN), and alli =1,... N.
Theorem 1.7 is complemented by the following lifting result.

Theorem 1.8. Let Q be as in (1.3). Suppose that f¥ € L- (RN71) are such that

loc
Lo 576 = @)l < . (1.13)
lim sup / |fE (" + 1) — fE (") da’ = 0. (1.14)
20" |p/|<e JRN -1
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Then there exists u € WH(Q) such that Tr(u) = f= on TF (as defined in (1.4)), and

/ V()| de < +e / FHa) — £ ()| da!
Q RN-1

¢ sup / |[f (@ + 1) — f(2")|da' + ¢ sup / lfT (2" + 1) — fH(2')| da’
RN-1 RN-1

|h’|<e0 |R'|<eo
for some g9 > 0 and some constant ¢ = c¢(a,b*,b~, N) > 0. Moreover, the map (f~, f*) — u is linear.

Observe that functions f* € L'(RY~1) satisfy (1.13) and (1.14) but one can construct non-integrable
functions f* € LL (RY~1) satisfying (1.13) and (1.14). We have not been able to extend Theorems 1.7
and 1.8 to more general domains of the form 1.1. In particular, it is not clear what would be the analog
of condition (1.14).

Next we consider the case m > 2 and 1 < p < oo. For simplicity we present here only the case m = 2
and refer to Section 4.4 for the general case m > 2. The main difference with the case m = 1 is that
in the higher order case the difference Tr(u)(-,b") — Tr(u)(-,b~) does not have to belong to LP(RN~1).
This makes the proof of the lifting theorems significantly more involved.

Given a function v € W?2P(Q), we have that dju € W' (Q) for every i = 1,...,N and thus
by Theorem 1.2 there exists Tr(d;u). By a density argument, it can be shown that Tr(u)(-,b%) €
I/Vﬁ)f(RN_l) and that for every i = 1,..., N — 1, 9; Tr(u)(-,b*) = Tr(0;u)(-,b*). Thus, to characterize
the trace space of W2P (), it suffices to study Tr(u) and the trace of the normal derivative Tr(dnu).

Theorem 1.9. Let 2 be as in (1.3) and let 1 < p < co. Then there ezists a constant ¢ = ¢(N,p) > 0
such that for every u € WP (Q) and for everyi=1,..., N,

[ 1T @0~ T )P’ < 67— [ (ol (115)
RN-1 Q
bt — b~ p
/ Tr(u)(z’,b") — Tr(u)(z’,67) — (Tr(Oyu)(2’,b") + Tr(Oyu)(2',b7)) da’
RN—I (116)
<0 =) [ Rl
and
) (-, b)) c 2u(z)Pdx. .
ORI gy < [T (1.17)

Theorems 1.9 can be extended to domains of the form (1.1): see Theorems 5.5 and 5.7 below for the
cases m = 2 and m > 2, respectively.
The previous theorem is complemented by the following lifting result.

Theorem 1.10. Let Q2 be as in (1.3), a > 0, and 1 < p < co. Suppose that fgt c I/Vli’f(RN_l) and
fli € LP (RN=1) are such that

loc

L (V@) =Vl @OP + 15 ) = £ ) e’ <,

bt — b |P

dx’ < oo,
5 X (0.}

fo (@) = fo (@) = (f (@) + f1 ()

+ +
|V\If(] |W<1a*)1/PaP(RN_1) < 00, |f1 |W(1CL*)1/PVP(RN_1) < 00,
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where ¥, := (d1,...,0n_1). Then there exists u € W?P(Q) such that Tr(u) = f5, Tr(Onu) = fi° on
I't, and

2
/Q|V u(z)Pdr < C/RNl
o [ VT~ g @OP + @) — @) e

+C‘V||f0’ (1)1/“7(]RN 1 +C|V|\f0| (1>l/pp(RN 1)+ ’f1| (l)l/pp(RN 1 +C‘f1| <1‘1)1/;;;)(11{1\, )

+ — 4 ., b+—b7p ’
fo (@) = fo (@) = (fi' (@) + fi (7)) ——| da

for some constant ¢ = c(a,b* — b=, N,p) > 0. Moreover, the map (fy , fo, fi, fi) = u is linear.

The extension of Theorem 1.10 to domains of the form (1.1) seems to be quite complicated. We refer
to Remark 5.6 below for more details on the technical difficulties one encounters. We have also been
unable to prove Theorems 1.9 and 1.10 in the case p = 1. For bounded Lipschitz domains Q C RY we
have that the image of the trace operator

w€ W2HQ) > Tra(u) = <Tr(“)’ o <gz>>

is the space Bj"'(8Q) x L'(09), where the Besov space By is defined via second-order difference
quotients in RY and via local coordinates on boundaries (see, for instance, [23]). We are aware of only
two complete proofs of this result: one in a classical paper of Uspenskii [38], and one in a recent paper
of Mironescu and Russ [28]. In particular, in the latter the authors use an equivalent norm for Bi’l,
which relies on the Littlewood—Paley decomposition (see [23]). The adaptation of the proofs in [38] and
[28] to W21 (Q) seems quite challenging.

We conclude this introduction with an application of our results to the existence of solutions to
the Dirichlet problem for the p-Laplacian in unbounded domains of the form (1.3). In Section 6 we
prove analogous results when € is of the form (1.1) and study the Neumann problem and more general
second-order quasilinear elliptic equations.

Theorem 1.11. Let Q be as in (1.3), let a > 0, let 1 < p < oo, and let g € LP (Q;RY) and f*+ €
Li (RN=1). Then the Dirichlet problem

loc

— p—2 —
{ d1V(|Vu| Vu) =divg in (Q, (1.18)

u=f* onlji

admits a solution in WYP(Q) if and only if f* satisfy (1.9) and (1.10). In either case, there exists a
constant ¢ = c¢(a, N,p) > 0 such that

/Q|Vu(x)|pd:v < c/ |g(x)‘P/dx+c/N (@) — f ()P da’

+C‘f | (1)1/pp(RN + |f ’ 1 1/PP(RN 1)

(1.19)

1.3. Plan of paper. In Section 2 we record notational conventions used throughout the paper as well
as prove some useful preliminary results. In Section 3 we define the general screened homogeneous
fractional Sobolev spaces and study their basic properties. These spaces play a key role in our trace
results, but they are of independent interest and have intriguing properties. In Section 4 we develop
the trace and lifting results when € is of the form (1.3). This section contains the proofs of Theorems
1.2, 1.4, 1.7, 1.8, 1.9, and 1.10. In Section 5 we study the trace and lifting results when 2 is of the
form (1.1). Section 6 contains a number of applications of our results to quasilinear partial differential
equations, including the proof of Theorem 1.11.
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2. PRELIMINARIES

In this section we collect a number of preliminary results that will be of use throughout the paper.
We begin with some notational conventions, then we develop some facts about mollifiers, and then we
develop an elementary calculus result that plays a key role in our trace spaces. We conclude with a
discussion of seminormed spaces.

2.1. Notational conventions. We now record our notational conventions.

Integers and multi-indices: We write N = {1,2,...} for the set of positive integers and Ng = NU {0}
for the non-negative integers. For a multi-index a € N} we write |a| = a; + -+ + ay. We often write
aeNYasa=(,ay) € Névfl x Ny to distinguish the horizontal part, o/, from the vertical part ay.

Measures: In what follows £V stands for the Lebesgue measure in RY and H* is the k—dimensional
Hausdorff measure. We denote by B(x,r) and B[z, r] the open and closed balls in R"V centered at x and
radius r, respectively. We write ay for the Lebesgue measure of the N-dimensional unit ball B(0,1)
and By for the V! measure of the unit sphere S¥~1 := 9B(0, 1).

Derivatives: Given k € N we denote by V¥ the vector of all partial derivatives 0% for multi-indices
a € NYY with |a| = k. We also define

Vou = u. (2.1)

Horizontal and vertical variables: For x = (x1,...,2x5) € RN, N > 2, we write z = (2/,2x) €
RN-! x R, where 2/ := (x1,...,xx_1). We denote by B’(2/,7) the (N — 1)-dimensional open ball
centered at 2/ € RV~! and radius r > 0, and we write

V” = (81, e ,8]\]_1)

for the horizontal gradient. Similarly, given £ € N we denote by fo the vector of all partial derivatives
9* for multi-indices o = (a/,0) € N)' ™! x Ny with |a| = k. We define

Vou = u. (2.2)
Mollifiers: Given a function ¢ : RN — R and € > 0 we define
1 T
¢ea) = o (2). (2.3)

Note that if ¢ is integrable, then a change of variables shows that
¢e(x)de = | ¢(y)dy.
RN RN

Lipschitz functions: Given a function n : RY — R we set
me) —ny
[7]o,1 := sup {M |2,y €RY, z # y}
|z -yl
to be the Lipschitz seminorm of . We say 7 is Lipschitz if and only if |n|p1 < oco.

2.2. Special mollifiers. In our analysis we will make heavy use of mollifiers. Here we construct a
special family of mollifiers and develop some auxiliary results. We begin by constructing mollifiers
satisfying special moment conditions. In what follows we assume that N > 2.

Proposition 2.1. Let k,m € N be given. There exists a function ¢ € CT*(RN™1) such that supp ¢ C
B'(0,1),

/ o(z')dz’ =1, and / (@) Yp(x')dx' =0 for 1 <|a| < k. (2.4)
RN-1

RN-1
Proof. Assume that ¢ : RV=! — R is given by

o(z) = {¢(|3’3I|) for |2/| <1

0 for |2/| > 1,
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for a function ¢ € C™ ([0, 1]) to be chosen. Then, using spherical coordinates, we may compute

1
/ () *p(2') da’ = / pN =2t (2 %p(r2") dHN 72 (2 )dr
B/(0,1) 0 oB’(0,1)

1 1
= (/ (z')o‘d’HN_2(z')> / TN_2+|O‘|¢(T) dr =: Qa/ TN_2+|Q‘¢(T) dr
8B'(0,1) 0 0

where here we note that if N = 2 then H¥~2 = H" denotes counting measure and dB(0,1) = {—1,1}.
Note that @, = 0 except when o = 28, so we may reduce to studying the case when |a| is even.
Without loss of generality we can assume that k = 2.

Now we make the ansatz that ¢ is given by

o(r) = (1= r*)"p(r?)

for ¢p € C™([0,1]). This forces ¢U)(1) = 0 for 0 < j < m, and so our function ¢ has all derivatives up
to order m vanish at B’(0,1), which guarantees that ¢ € CT(RV1).
It remains to enforce the moment conditions. In terms of ¢, the first of these is

1 1
/ rN_2¢(r) dr = ,
0 aN—1

1
O:/ rN=2 2 g (pydr for j=1,..., 1.
0

Plugging in our ansatz for ¢ and making a change of variable s = 72 then shows that our moment
conditions for 3 reduce to

and the second is

/ ,llj N 3/2( *S)m—i_lds
aN—-1

and
/ (s /2'”( —5)m+1ds for 1 <j <.
Let X = span(l, ,52,...,s) be the polynomials (restricted to [0,1]) of degree at most I. Define
Y = span(s,s?,...,s'). We endow X with the inner product
/ C N 3 /2( _3)m+1d3,

which is an inner-product since the weight function sV—3)/ 2(1 — s)™*! is nonnegative and integrable
(since N > 2) on [0, 1] and vanishes only at the endpoints.
We then rewrite our moment conditions as

1 .
(Ly) = and (s/,9) =0 for j=1,...,1
an_1

In order to enforce the latter condition we assume that ¢ € Y+, which is possible since dim(Y 1) = 1.
We can then find ¢ € Y satisfying (1,%) = 1/ax_1 if and only if 1+ # 0, where 1+ € Y= is the
orthogonal projection of 1 onto Y. Now, 1+ = 0 is equivalent to 1 € Y, which is impossible since if
this were to hold then Y = X. Thus 1+ # 0, and we are guaranteed the existence of 1 € X C C™([0,1])
satisfying all the moment conditions. O

Next we identify a special structure for derivatives of mollifiers.
Proposition 2.2. Let ¢ € CT(RN™Y). Then for every multi-index o € N) with 1 < |a| < m, there
exists a function Y* € C?““'(RN*), with

/ W) dy =0, (2.5)
RN—I
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such that for every ',y € RN and zx > 0,

o0~ 1 x’—y’) 1 (x’—y’)
= a . 2.6
dz <x%‘1(p < TN ) x‘ﬁHN_lw TN (2:6)

Proof. We proceed by finite induction on |a| € {1,...,m}. Throughout the proof we will use the
notation (2.3) with e = zy.

We begin with the base case, || = 1, which means that a = e; for some ¢ = 1,...,N. Then for
i=1,...,N—1,

0 / Ny 1 -y _ 1 ei (] /
oz, (S%N (x Y )) = @@Sﬁ ( - = *ngm (=" —y)
for ¢ (y') := dip(y'), while for i = N we have

o (pay (o =) = o [~ =1 () - wp (20 20

TN x IN TN
1
= an N (x" =)
for N (y') := —(N — D)p(y') — Ve (¢) - y/. The change of variables 2’ := I/%Nyl reveals that for any

f € LY(RYN~1) we have that

Lo donte =ha = [ sae,

and so for every ¢ = 1,..., N we have that
1 ei( )y gt — L Cd N g / 9 S e
- 7 d —_ €; _ d — _ d
TN RN—1¢ (=) dz TN JRN-1 e (@ y)dy RN-1 8%(%61\7 (x y)) 4
a / / /
= — dy' =0. (2.7
ox; /RN_1('0$N (:c y) Y (2.7)

Consequently, (2.5) holds for |a| = 1, which completes the proof of the base case.
Next assume that the result is true for all 3 € N with |3| =k, 1 <k <m — 1, and let a € N}’ with
la| = k + 1. Write @ = 3+ ¢;, where |5| =k and i € {1,...,N}. Then

0~ o o°
oy (Pon (2 =) = Oz, 0P (Pon (2 =)

Lo (1 ey
B 0x; x'ﬁHN*l TN ’

where in the last equality we have used the induction hypothesis. We now distinguish two cases. If
ie{l,...,N —1}, then

0* ;o 1 (:U’—y’) 1 <$’—y’>
—_— T — = F = « ,
Oz (%CN ( y)) x\]eHN i TN x|]$|+N—1w TN

where ¢*(y/) := 9;4°(y'). Note that in this case we trivially have the identity [px_, ¥*(y')dy’ =0. On
the other hand, if ¢ = IV, then

o ' L =y e A=
W(%N(xy))zw[qmﬂvnw(xmy)wpﬁ(x y)x y]

TN TN
1
= ngN (93/ - y’),
TN

where ¥(y/) == —(|8| + N — )¢ (y') = V,@? (/) - y/. Writing
VP () -y = divy (y9©) — (N - 1)y
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and using the induction hypothesis then shows that
/ V) dyf :/ —[Blv° (') dy' = 0.
RN-1 RN-1
Thus, the result holds for «, and so by finite induction this completes the proof. O

Finally, we prove an estimate for a special type of convolution.

Proposition 2.3. Let 0 < a < b and let ¢ € L°(RN~1) be such that supp ¢ C B'(0,ab™!) and

/ o(y')dy = 0. (2.8)
RN-1

Let1 <p<ooand f € LIOC(]RN_l), and consider the function v : RVN=1 x (0,b) — R defined by

1 A |
v(@) = /R e (xxNy ) dy.
Y Jon-

Then there exists a constant ¢ = c(a,b, N, p, ||¢||r=) > 0 such that

/ x)[Pdx < c/ / fE)P dy'dx’
RN—lx(Ob RN-1.JBr(ar ) |7 —y\Ner 2 .

Proof. In view of (2.8), we can rewrite

_ 1 N ! ' —y /
o) = o [ )= s (S ) v
Since supp ¢ C B'(0,ab™!), we have
@] o N N do/
Il N ARy I

Raising both sides to the power p and using Holder’s inequality, we obtain
Cw(N—l)(p—l)

Pl < S [ (e R I
C

= ") — f() Py
T VO~ TG

Integrating both sides over RV ~! x (0, ) and using Tonelli’s theorem shows that
b
c
[ wwpdrse [ [t | 1) - F&)Pay de s
RN-1x(0,b) RN-1J0o B/(z',xyab—1)
b
1
— N = ()P ————dz ndy dz’
‘ /R v o 16 ) /b|| rrdondyds

B RN-1 "(x',a) x_y‘N—’—pQ ’

which is the desired bound. OJ

2.3. High-order integration by parts on intervals. We now record an elementary calculus result
that will play a key role in our trace analysis.

Proposition 2.4. Given a function f € C™([0,b]), for b > 0 and m € N, we have that

(_kll)k(f(k)(b)_i_(_1)k+1f(k)(0)) (12’) _1 / fFom (—t)mldt. (2.9)

—_

3

e
i

0
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In particular, for m = 2,

b
1) = £0) - (10 + 7Oy = [ 70 (5 ~1) ar, (2.10)

Proof. To prove the identity we simply apply the fundamental theorem of calculus and then integrate
by parts m-times:

ro-10)= [ roa=— [ rw(5-1) @
o+ rony+ [0 () -1) a

! / b 1 1 b 2 1 b " b ? _
— @+ oy - - o) (3) 5 [ 7w (5-) ar=
m—1 - k m—1

N CDM L p(R) b ! P myn (0
=3 e O (3) + gy | 1m0 (5-0) e
O

2.4. Seminormed spaces. Here we recall a few useful facts about seminormed spaces (we refer to
Taylor’s book [35] for a more thorough discussion). Given a real vector space X, a seminorm is a function
q: X — [0,00) with the properties that ¢(z + y) < g(z) + q(y) for all z,y € X and q¢(tx) = |t|q(z) for
every t € R and = € X. Note that ¢(0) = 0, but in general the subspace K := {x € X |¢(z) = 0} may
contain more than the zero vector. The family of balls {x € X |q(z) < r}, for r > 0, is a local base for
a topology that turns X into a locally convex topological vector space. Note that, following [35], we do
not require locally convex spaces to be Hausdorff.
A sequence {x, }nen in X is a Cauchy sequence if for every € > 0, there exists n. € N such that

q(xp — ) <€

for all n,m > n.. We say that X is sequentially complete if every Cauchy sequence converges in X, that
is, if for every Cauchy sequence {x,, }nen there exists € X such that every € > 0, there exists n. € N
such that

q(zn —x) <e

for all n > n.. Since X is not Hausdorff in general, the limit x will not be unique. Indeed, if x,, — =
and z € K, then z,, = x + z as well.

One can prove (see for instance Theorem 3.8-C in [35]) that a linear functional 7' : X — R is
continuous if and only if there exists a constant ¢ > 0 such that

|T(x)| < cq(z) for all x € X. (2.11)

We write
X' ={T: X — R| T is continuous}
for the linear space of continuous linear functionals. For a linear map T : X — R we define
1T x == sup{|T(z)| | q(x) <1} € [0, 00]. (2.12)
The following lemma records some essential properties of this map.

Lemma 2.5. The following hold.
(1) A linear map T : X — R is continuous if and only if ||T|x < co. Moreover, if T € X', then

T (x)| < q(z)||T||x for all x € X. (2.13)

(2) || - ||x» defines a norm on X'.
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Proof. We begin with the proof of the first item. The “only if” part is obvious thanks to (2.11). Suppose,
then, that || T||x’ < oo. By the positive homogeneity of g, for every x € X\ K we have that y = x/q(z)
satisfies ¢(y) = 1, and so the linearity of T implies that

T(x)] = q(2)|T(y)] < q(@)|IT]|x-

It remains to consider the case x € K. In this case 0 = ¢(sz) < 1 for every s > 0, and hence
s|T(x)| = |T'(sx)| < ||T||x for every s > 0. Sending s — oo then shows that T'(x) = 0, and thus that
|T(x)] = 0= q(x)|T||x. We have now shown that (2.13) holds, which in particular guarantees that T
is continuous. This completes the proof of the first item.

To prove the second item, we first note that X’ 3 T+ ||T|| xs clearly defines a seminorm, so it suffices
to prove that ||T||x, = 0 implies that 7' = 0. If | T]|x, = 0, then (2.13) implies that T'(x) = 0 for all
z € X, and so T'= 0. This proves the second item. ]

It is often convenient to use a seminormed space X to produce a normed space; to do so, we take the
quotient over the subspace K. More precisely, we define an equivalence relation ~ on X by setting, for
z,y € X, x ~yif x —y € K. Then the quotient vector space X/K is defined to be the set

X/K = {la]] x € X},

where [z] := {y € X | x ~ y}, endowed with the vector space structure afz] + S[y] := [ax + By|. The
quotient space X/K is a normed space when endowed with the norm

2]l x/x = a(). (2.14)
In view of (2.14), it follows that a sequence {[z,|}nen in X/K is a Cauchy sequence if and only if
{Zn}nen is a Cauchy sequence in X. Thus, the completeness of X/K is equivalent to the sequential
completeness of X.

Observe that if T : X — R is continuous and if x ~ y, then z = y + z for some z € K. The estimate
(2.11) guarantees that 7'(z) = 0, and so T'(x) = T'(y). Thus, the functional T} : X/K — R given by

T([z]) :=T(x)
is well-defined, linear and continuous, and by (2.12) and (2.14),
1Tl (x/ry = sup{[Ta([D] | ]l x/r < 1}
= sup{|T(z)|| q(z) <1} = [|T]|x/ < oo.
Conversely, if T} : X/K — R is linear and continuous, then
Ty (D] < I Tullx/ry el x e = 1Tl xmcya()
for all x € X. Thus, if we define the functional 7' : X — R via T'(x) := Ti([z]), then the previous
inequality implies that
1T xr = sup{|T1([=z])| [ q(z) < 1} < | T1l[(x/xy
and so Lemma 2.5 guarantees that 7T is continuous. This shows that

1Tl (x/ky = ITx7,
that is, that there is an isometric isomorphism between the topological dual X’ of X and the topological
dual (X/K) of X/K.

In particular, if X/K is reflexive and {zy, }nen is a bounded sequence in X, i.e. there exists ¢ > 0
such that g(z,) < ¢ for all n € N, then (2.14) tells us that ||[z,]||x/x < ¢ for all n € N. It follows by
Kakutani’s theorem (see, for instance, Theorem 3.17 of [10]) that there exists a subsequence {[zy, |} kren
and [z] € X/K such that [z,,] — [z]. That is,

T ([zn,]) = T1([2])

for every T7 € (X/K)'. In view of the previous discussion, this is equivalent to saying that
T(xy,) — T(x)

for every T' € X'. By slight abuse of notation, we will write this as z,, — .



14 GIOVANNI LEONI AND IAN TICE

3. SCREENED HOMOGENEOUS FRACTIONAL SOBOLEV SPACES

In this section we introduce and study the properties of a class of screened homogeneous fractional
Sobolev spaces. These spaces play an essential role in the main trace theory results of the paper, but
they are interesting in their own right.

3.1. Homogeneous Sobolev spaces. Before introducing the screened spaces we recall the usual ho-
mogeneous Sobolev spaces, starting with the spaces of integer order. Given an open set U C RV, m € N,
and 1 < p < oo, the homogeneous Sobolev space Wmp (U) is defined as the space of all real-valued
functions u € L}, (U) whose distributional derivatives of order m belong to LP(U). The space W™ (U)
is endowed with the seminorm

u = [Vl Loy, (3.1)
where we recall that V™ is the vector of all partial derivatives 9% for multi-indices o € N(J)V with
|a| = m. In view of the discussion in Section 2.4, the seminorm (3.1) turns W"?(U) into a locally
convex topological vector space. Also, a linear functional T : Wmp (U) — R is continuous if and only if
there exists a constant ¢ > 0 such that

T(uw)| < e[Vl ey (3.2)

for all w € W™P(U). Moreover, ||V™ul| rp@) = 0 if and only if u is a polynomial of degree less than or
equal to m — 1 in each connected component of U.

Let Pp—1 denote the set of functions on U that agree on each connected component of U with a
polynomial from RY into R of degree less than or equal to m—1. Then the quotient space WP (U) /Pp_1
is a Banach space with the norm

H[U]HWm,p(U)/pm,l = ||vmu||Lp(U)-
When m = 1, the family Py is just the family of functions that are constant in each connected component
of U, and by slight abuse of notation we write W (U)/R in place of Wh?(U)/Py.
The homogeneous spaces can be extended to non-integer order 0 < s < 1 by use of the seminorm

[u(y) — ul@)|P e
[ulyirsn @y = </U v Ty—apren W) (3:3)

For 1 < p < ooand 0 < s <1 the seminormed homogeneous fractional Sobolev space Ws’p(U) consists
of those functions u € L (U) for which |u|WS,p(U) < o0. As above, we can use this space to generate

a Banach space Ws’p(U )/R by quotienting out by the functions that are constant in each connected
component. The inhomogeneous fractional Sobolev space W*P(U) is given by WP(U) = LP(U) N
WP (U) with norm | fllwse@y = [ flle@) + [flwse@), which makes the space Banach. We refer to
[1], [5], [6], [7], [12], [13], [21], [23], [24], [29], [30], [37] for an exhaustive survey of what is known about
these spaces.

In order to prove our trace results we will need to employ a version of the fundamental theorem of
calculus. We now record a result that will allow us to employ such a tool in the spaces W™P(U).

Theorem 3.1. Let U C RN be an open set, m € N, and 1 < p < oo. If u € W™P(U), then u has
a representative u that is absolutely continuous together with all its derivatives of order up to m — 1
on LN 1-a.e. line segments of U that are parallel to the coordinate azes and whose classical partial
derivatives of order m belong to LP(U). Moreover the classical partial derivatives of order m of u agree
LN -a.e. with the weak derivatives of u.

Proof. The proof is a modification of Theorem 11.45 from the book [23], and as such we will refer
frequently to other results from the book. Throughout the proof we use the following notational con-
vention: given z, € RN and z; € R we write (a},x;) € RY for the vector obtained by placing z; in the
ith component and the components of x, in the remaining N — 1 components. Then for a set E C RY,
we write

Eyi={x; eR: (v}, 7;) € E}.
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Moreover, if v : U — R is Lebesgue integrable, with a slight abuse of notation, if Uz; is empty, we set

/ v(a}, z;) dx; := 0,
Uf):

/
[

so that by Fubini’s theorem

/Uv(x)dx:/RNl(/Uz v(xg,xi)dxi)dx;. (3.4)

Assume now that u € W™P(U). Consider a sequence of standard mollifiers {¢.}c~o and for every
e > 0 define u; := u* ¢, in U := {z € U : dist(x,0U) > ¢}. By Lemma 11.25 in [23] we have that

e—0t

lim / V™ e () — V()P da = 0.
Ue
It follows by Fubini’s theorem and (3.4) that for all i = 1,..., N,

lim (/ V™ ue (2}, 2;) — V" u(xh, ;) ||P dmi) dz;, =0,
e—=0t JrRN-—1 (Ue)

where (Us),, = {z; € R: (2}, ;) € Uc}, and so we may find a subsequence {e, }nen such that for all
i=1,...,N and for LV ! ae. 2/ € RN -1

lim V™ ue, (25, 2;) — V™ u(z}, 2;)||P dx; = 0. (3.5)

n—o0 ([]E ) ,
We set uy, := u., and define the sets
E:={zeU: lim u,(z) exists in R},
n—o0
Eiy:={zxcU: lim dlu,(r) exists in R}
n—oo
fori=1,...,Nandl=1,...,m — 1. We then define u,v;; : U — R via

lim w,(z) ifxeFE,
ﬂ(;p) = n—00
0 otherwise,

lim dlu,(z) ifz € By,

vi(x) == { n—00

0 otherwise.

By standard properties of mollifiers (see for instance Theorem C.16 in [23]) we have that {u,}nen
converges pointwise to u at every Lebesgue point of u, so the set E contains every Lebesgue point of u.
It follows from Corollary B.119 in [23] that £V (U \ E) = 0, and so @ is a representative of u. Similarly,
{0k }nen converges pointwise to dlu at every Lebesgue point of dlu and £V (U \ E;;) = 0 for every
n=1,...,m—1.
It remains to prove that w has the desired properties. To this end we define
N m—1
F=En()[) B

i=1 I=1

By Fubini’s theorem and (3.4) for every ¢ = 1,..., N we have that

/ (/ HVmu(x;,a:i)dea:i> dr’; < oo
RN—I Ua:’.

7

and

/ LY {wi € Uy« (2 ) ¢ FY)da, =0,
RN-1 K
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and so we may find a set N; C RV~1 with LV71(N;) = 0, such that for all z; € RN~1\ N; for which
Um; is nonempty we have that

/ V™ u(z}, 2;)||Pdz; < oo
Y,
and (3.5) holds for all i = 1,..., N and (2}, ;) € F for L a.e. z; € Uy
Fix any such «} and let I C U be a maxnnal interval. Fix tg € I such that (@}, to) € F and let t € I.
For all n large, the interval of endpomts t and tg is contained in (U, ),s and so, since u, € C*(U,, ),
by Taylor’s formula, '

m—1

1 ! _
Un(ilj;,t) = (CCZ;tO + ; k"a Un(.Tl,tQ)(t*to) + (Tn_l)‘/to (t—s)m lﬁzmun(:v;,s) dS,

and

m—j—1
j k
fun(at, ) = Bhun(wioto) + 3 0 et to) ¢~ 1)t
+ ; /t(t — 8)" I My, (), 8) ds

CoErEyYA el )

for all j = 1,...,m — 1. Since (2,t9) € F, we have u,(z},ty) — u(z},t9) € R and 0Fu,(z},to) —

vik(zl,to) € Rfor all k=1,...,m — 1. On the other hand, by (3.5),

t
lim (t — 8)™ (M up (2}, 8) — O u(z), s))| ds = 0.

n—oo tO
Hence as n — o0,
m—1 1 1 ¢
Un(l‘;,t) — E(l‘;,to) + *' i k(xl,t())(t — to) + 71' / (t S)m 1am (x 8) ds
k=1 (m_ ) to
and
m—j—1 L
j / / / k 1 m—j—1aqm !
N uy (25, 8) — i j(xh, to) + Z Evi7k+j(xi, to)(t —to)" + m=j=1) (t—s) M u(xy, 8) ds
k=1 ’ * Jio

for all j = 1,...,m — 1. Note that by the definition of F and w, this implies, in particular, that
(zf,t) e EN ﬂﬁzl E;; and

— — 1 1 ! m—1agm
u(x),t) = Z o )(t —to)* + (m—l)‘/t (t — s)™Lomu(xl, s) ds,
k=1 0
and
m—j—1 1 t )
vi (@, t) = v j (2}, o) + Z gvi,k-s—j(x;,to)(t —to)* + == /t (t — s)™ I omu(al, s) ds
! Ui

for all t € I and for all j = 1,...,m — 1. Hence, by Theorem 3.16 in [23], the function @(x, -) is of class
C™~! and its derivative of order m — 1 is absolutely continuous in I with &wu(z},t) = v; j(},t) for all
t € I and O"u(z},t) = OMu(xl,t) for L' ae. t € I. O
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3.2. Screened homogeneous fractional Sobolev spaces: definitions and basic properties. In
this subsection we define some new fractional Sobolev spaces and study their functional properties. We
are primarily interested in these spaces due to their role in our trace results, but they are of independent
interest due to their intriguing properties. As such, we have chosen to define them on general open sets
in RY rather than on the set appropriate for the trace theory, RV~

We begin by defining the spaces. Let U C RY be open. We say that a function o : U — (0, 00] is
a screening function on U if o is lower semi-continuous, in which case for each x € U we define the
measurable set

H(z) = B(0,0(x))N(—z+U),

where —z +U = {z € RN | 2z = —z + y for some y € U}. Here we understand that B(z,00) = RY.
Given a screening function o : U — (0,00], 1 < p < o0, and 0 < s < 1, we define the screened
homogeneous fractional Sobolev space W(‘;’?)?(U) to be the space of all functions f € Ll (U) such that

1/p
flx+h) = f(z)]P
’f’W(sa,z; : (/ / |h’8p+N dhd.’I) < Q.

The quantity | - \Ws,p(U) is only a seminorm since any constant function will have seminorm zero. Note
(o)

1/p
(y) — f(@)P

) dydzx .
‘f’W (//xa(r)ﬂU |y_x|sp+N

Comparing this to (3.3) makes evident three important features. First, it justifies our choice of the
moniker screening function: o screens the difference quotient from values of y far away from z. Second,
it shows that we recover the standard fractional Sobolev space for any screening function satisfying
o > diam(U) on U. In particular, W(So’g)(U ) = W#*P(U). Third, this form of the seminorm establishes

that |f’W(5*’)’(U) < |f|WS,p(U) and hence that

loc

that we can rewrite

WHP(U) C W(ff)’(U).

We will show later in Theorem 3.11 that in general this inclusion may be strict.
We now begin our study of the screened spaces by proving that |f ‘VV(S”;(U) = 0 if and only if f is

constant in each connected component.
Proposition 3.2. Suppose that U C RY is open. Let o : U — (0,00] be a screening function, 1 < p <
00, and 0 < s < 1. Gwen f € LY (U), we have that \f\W(s,gf(U) =0 if and only if f is equivalent to a

constant in each connected component of U.

Proof. Obviously, if f equals a constant almost everywhere in U, then |f ‘W(s,;l))(U) = 0. Suppose, then,
that |f ‘W(S”)’(U) = 0. We will prove that f is equivalent to a constant. Assume initially that U is

connected.
Since ’f’W(S,z)J(U) = 0, there exists a Lebesgue measurable set £ C U with LV(E) = 0 such that if

x € U\ E, then
1)~ F)P
dh = 0.
/H(x) |h|sp N

In turn, f(z +h) — f(x) = 0 for LV a.e. h € H(x), which implies that f is equivalent to a constant in
the set B(x,o(x)) NU whenever x € U \ E.

Fix zyp € U \ E and let ¢ denote the constant that f is equivalent to in the set B(zg,o(xg)) N U.
Define the set

S ={x € U | there exists § > 0s.t. f=ca.e. in B(z,d) CU}.



18 GIOVANNI LEONI AND IAN TICE

By construction we have that o € .S. We claim that, in fact, S = U. Once this is established, it follows
that f = c a.e. in U, which completes the proof when U is connected.

Suppose that = € S. Then there exists § > 0 such that f = c a.e. in B(z,0) CU. If y € B(x,§/2),
then B(y,d/2) C B(x,d), and so f = c a.e. in B(y,0/2) C U. Thus B(z,d§/2) C S, and we conclude
that S is open.

Suppose now that {z,},en is a sequence in S such that z, — = € U as n — oo. Set R € (0,00)

according to
)1 if o(z) = o0
k= {0'(1,‘)/2 if o(x) < o0. (3.6)

Note that x € o7 1((R,00]) by construction, but o is lower semi-continuous, so the set o~ !((R, cc])
is open. Consequently, we may choose 0 < r < R such that B(z,r) € o 1((R,00]) C U. Since E
is a null set, there must exist y € B(x,r)\E. Then, by construction, |[x —y| < r < R < o(y), and
hence € B(y,o(y)) NU. From the above analysis, we know that f is equivalent to a constant b in
B(y,o(y))NU, and hence f is equivalent to b in B(x, d) for some § > 0. However, for n € N sufficiently
large we have that z,, € B(z,0), and since x,, € S we conclude that b = ¢. Hence x € S, and we deduce
that S is relatively closed in U.

We have now shown that S C U is nonempty, open, and relatively closed. Since U is connected, we
conclude that S = U, which completes the proof of the claim. Now, in the general case when U is not
connected, we let {Uy}aca denote the connected components of U. Since | f|W{;§(U) = 0, we also know

that |f \W(sd,,; Ua) = 0 for each aw € A. The above analysis then shows that f is equivalent to a constant

in each U,, which completes the proof in the general case.
O

We next turn our attention to proving a Poincaré-type inequality for the screened spaces. We refer
to [9] and [31] for similar inequalities in the non-screened case. We begin with a lemma.

Lemma 3.3. Let U C RY be open and let o : U — (0,00] be a screening function. For each x € U
there exists 0 < ry < o(x) such that B(x,2r;) C U and 2r, < o(y) for all y € B(x,ry).

Proof. Let R € (0,00) be given by (3.6). Then x € 0~ 1((R,00]), and since o is lower semi-continuous

we can pick s > 0 such that B(z,s) € o !'((R,00]). Set r, = imin{s, R} € (0,0(z)). Clearly

B(z,2r,) C U. For y € B(x,r;) C B(x,s) C 0 1((R,0]) we then have that 2r, < R < o(y), as

desired. O
Next we prove a Poincaré inequality for small balls.

Proposition 3.4 (Poincaré inequality on small balls). Suppose that U C RY is open, 1 < p < oo, and
0 < s < 1. Then there exists a constant ¢ = ¢(N,s,p) > 0 such that if f € L} (U), B(z,r) C U, and
E C B(x,7) is a Lebesque measurable set such that LN (E) > 0, then

ot ) — 1P
— falPdy < c / AT A1 S
/B(z,ﬂ'f O) =I5ty < CEXTEY Jpn S g —alpr i W

fp = EN /f

In particular, given a screening function o : U — (0,00] and z € U, if 0 < r < ry for r, given by
Lemma 3.3, then

serN p
(y+h) — )l

— felPdy <c dhdy.

/B(J:,T) |f(y) fE| V= / (z,7) /H(y ‘h|sp+N Y

Proof. For every y € B(x,r) we have that

1)~ 1 = gy LU0~ 160 = g [— st LU

|y

where
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Hence, by Holder’s inequality,

1 ) 0, NI = fR)P
S(ﬁWE»p(éwz“mwmpU“> o Ty -

PN fy) ~ JE)P
ST Jp Ay

Integrating both sides in y over B(z,r) then gives the bound

crsP N fy) = f()P
— Pdy < / dzdy,
/B(x,r) 7y) = foftdy < EN(E) B(z,r) JE ly — Z|SP+N Y

which proves the first inequality.

To prove the second inequality we observe that if 0 < r < r;, then Lemma 3.3 implies that 2r < 2r, <
o(y) for all y € B(z,r). Then for each y € B(x,r) we have the inclusions E C B(z,r) C B(y,2r)NU C
B(y,o(y)) N U, and we may thus estimate

cacly Y N OES (CLWH SHN/ [ e,
ﬁN(E) B(z,r) JE |y - Z|Sp+N LN (z,r) Y B(y,o )ﬂU ’y - Z|SP+N

sp+N + h)|P
< 7w / / |f T LR gy,
[’ (z,r) J H(y) ‘h| P

The second inequality then follows from this and the first inequality. O

\f(y) = fel’

With the small ball Poincaré inequality in hand, we can now prove a more general version. Although
this estimate is interesting in its own right, it will play a key role in proving completeness of WS ( )/R.

Theorem 3.5 (Poincaré inequality on connected unions of small balls). Suppose that U C RY is open
and connected, 1 < p < 00, and 0 < s < 1. Let o : U — (0,00] be a screening function. Further suppose
that there exist x, € U and rp, > 0 forn =1,...,m such that r, = ry, > 0 is given by Lemma 3.3 and

U= U B(xp,ry).

n=1

Then for every Lebesque measurable set E C U such that LN(E) > 0 there erists a constant ¢ =
c¢(U,E,p,s) >0 such that

If = fellLr@w) < C|f|W(Sf)’(U) (3.7)

1
fo = ey J, SO

Proof. First note that the triangle and Holder inequalities provide the estimates

I1f = felle@y < I = full ey + [ fo — fel(CLN (©))MP

LN (U))p
<1 = Sl + i = ol

N o)
<1 = follr + (g ~ fols

N 1/p
< (1 + m> If = full e

for all f € LL (U), where

loc

Thus, in order to prove the estimate (3.7), it suffices to prove that

If— fUHLP(U) < C|f’W(S[}z)’(U)- (3.8)
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Forn=1,...,mset B, = B(xp,7n/2) C B(xy,r,) C U. The triangle and Hélder inequalities again
allow us to estimate

If = folleey < I = ol + [ fo — fo, (LN (U))H?

Sﬂﬁ—ﬁMMMUSQENU—f&WMmmmW
n=1

From this we readily deduce that in order to prove (3.8) it suffices to prove that for n =1,...,m there
exists a constant k,, = k, (U, p, s) > 0 such that
||f - fBl ”LP( B(zn,rn)) k |f|WSp (39)

Note that if n = 1 then this inequality is true by virtue of Proposition 3.4, so we may further reduce to
proving (3.9) when n # 1.

Fix 2 < n < m. Since U is open and connected, it is polygonally connected, and so we can choose
a polygonal path in U starting at the center of By and ending at the center of B,,. Since the path
is connected and compact, we can choose open balls B} = B(z,sx) C U for k = 1,...,£, such that
B = B1, Bj = By, s = 12, /2 for r,, > 0 given by Lemma 3.3, and V}, := B} N By, # @ for each
1 <k </{,—1. We then use the triangle inequality to estimate

ln—1

1 = fB: o (B S I = FBllio By + D 1F5; = fo,, /(LY (Bl@n, )P (3.10)
k=1

For the first term on the right we can use Proposition 3.4 to bound
||f anHLP B(zn,mn)) < CTSp|f|WSf ) (3-11)

The remaining terms require more work.
Fix 1 <k </, —1 and note that, by construction, the set V};, = B;; N B}, ; is nonempty and thus has
positive measure. Then the triangle and Holder inequalities once again allow us to estimate

;= Iz J(EN (B, r)) P < | f3; = il (BN (B(@n, ra))YP + | vy, = Fz (LN (B, 7)) P
(LN (B(wn, )P (LN (B(an, )P

(CN(B) P ) (LN (B )P
The radii of the balls {B;} are such that we can apply Proposition 3.4. Doing so and chaining the
estimate together with the last inequality then provides us with the bound

ln—1

> g = Fp JEN (B, )P < enl fligo oy (3.12)
k=1

<If = fvilleeesy +If = fvillzes

for a constant ¢, = ¢,(U,p,s) > 0. Combining (3.10), (3.11), and (3.12) then proves that (3.9) holds
for all 2 < n <m, which in turn completes the proof of (3.8).
([l

Our next result is a technical lemma that will allow us to effectively use Theorem 3.5.

Lemma 3.6. Let U C RY be open and connected and o : U — (0,00] be a screening function. Then
there exists {V,,}5°, with the following properties.

(1) For each n € N we have that V,, C U is nonempty, open, and connected.
(2) For each n € N there exists £, € N, x1p,...2¢,n € U, and 1,...,7¢,n > 0 such that
Tkn = Txy,, 15 given by Lemma 3.5 and

e’ll

Vn = U B(xk,na rk,n)'
k=1

(3) For each n € N we have that V,, C Vy11.
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(4) We have that
U=V
n=1

Proof. For each x € U let 7, > 0 be as given by Lemma 3.3, which in particular means that B[z, r;] C
B(x,2ry) CU. Then {B(z,7s)}zcv is an open cover of U, and so by Lindel6f’s theorem we can choose
a countably infinite subcover {By}7° |, where By, = B(xy, k).

We now claim that if @ # I C N is a finite set and V' = | J;,c; Bg, then there exists a finite set J C N
such that I C J and the set W = |J,; B, is connected and satisfies V C W. To prove the claim first
note that ¥V C U is compact, so we can choose a finite set I C K C N such that V C Uker Br- Note
in particular that K must contain at least two elements since I is nonempty, and we may then write
K ={ky,...,kpn} for m > 2. Since U is open and connected, for j = 2,...,m there exists a polygonal
path between the centers of By, and By,. This path is connected and compact, so we can choose a
finite set J; C N such that kq,k; € J; and the set

W= ] Bx
kEJj

is connected. Set J = UT:Q J; C N and note that I C K C J. We have that By, € Wj for j =2,...,m,

so the set
m
j=2 keJ

is connected. By construction we have that V C W, so the claim is proved.

Now we define the sequence {V,}°°, inductively, starting with V; = B;. Suppose now that V;, =
Ukes, B is given for some @ # J,, C N, and that V,, is connected. We set In+1 = {1,...,max(J,)} CN
and use the above claim to produce J,+1 C N from I, 1. Set V41 = UkeJn+l Bj.. The claim guarantees
that In+1 C Jn+1, that

Vo= BeC |J Bec |J B |J Be=Var, (3.13)

keJn k€l k€lpt1 k€Jn+1

and that Vj,4; is connected. This inductively defines the sequence {V,,}°2, and it is clear that the

sequence satisfies all of the stated properties by construction.
O

In view of Proposition 3.2, to turn W(SUI)) (U) into a normed space we consider the following equivalence

1
loc

component of U. In the next proposition we show that the resulting quotient space W(Sl;’)’ (U)/R is a
Banach space.

relation: given f,g € Ly .(U), we say that f ~ g if f — g is equivalent to a constant in each connected

Theorem 3.7. Suppose that U C RN s open, 1 < p < 00, and 0 < s < 1. Let o : U — (0,00] be a

screening function. Then the space W(SC;’)’(U)/R is a Banach space with the norm

Mz @z = Wlwerwy:
Moreover, if 1 < p < oo, then W(SC;I)J(U)/R is reflezive.
Proof. In view of Proposition 3.2, the homogeneity of |'|W(S'$(U)7 and Minkowski’s inequality we have that

5 . . . . . . . 4 s,p .
| - HW(S[;’)’ (7)/R 1S @ norm. According to the discussion in Section 2.4, in order to prove that W(o) (U)/Ris

a Banach space, it is enough to show that W(Sf)) (U) is sequentially complete. Suppose then that {f,}5,

is a Cauchy sequence in W(SU’])? (U).
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Throughout the rest of the proof, which we divide into several steps, we will employ the notation

1

whenever 2 C U is a measurable set of positive measure.

Step 1 — Consequences of Poincaré’s inequality: Let {U,}qca denote the connected compo-
nents of U and note that A is countable. For each a € A let {V*}7° ;| be the sequence of open subsets of
U, given by Lemma 3.6. The lemma allows us to apply Theorem 3.5 on each set V;* with £ = V|* C V¢
in order to see that

”(fn - (fn)Vla) - (fm - (fm)Vf‘)HLp(V;f) < Ck,a’fn - fm‘W(SL;I;(Vka) < Ck,a‘fn - fm’Wé;g’(U)

Consequently, {fn, — (fn)ve ey is Cauchy in LP(V,®) and hence convergent to some gif € LP(V*). We
now aim to determine how g7 and gy’ are related when j #+ k.

Let c € Aand 1 < j < k < co. Lemma 3.6 shows that Vi C Vit and so both g7 and g are defined
on V. On V" we have that

0= (fn = (fn)ve) = (fo = (Fa)ve) = gf — gk in LP(V}) as n — oo,

and hence
(0%

g5 = gi almost everywhere in V*. (3.14)
Lemma 3.6 guarantees that U, = [Jr-; V&, and so once we have the functions {g{'}?2; in hand, we

may define the function f : U — R via
f(z) = gi (z) whenever z € V}* for some o € A and k € N. (3.15)

This is well-defined by virtue of (3.14). It’s clear that f is measurable, and since any compact subset
of U is contained in (J .5 V) for k large enough and B C A some finite set, we actually have that

ferl (U).
Step 2 — Passing to the limit: We define the set

I ={(z,h) eUxRY | he H(z)} CR?,

The function ® : U x RY — R x RY given by ®(z,h) = (o(x) — |h|,z + h) is clearly measurable, and
I'=®71((0,00) x U), so T' is £2N-measurable.
Then we define the measure p : B(I') — [0, 00| via

dh
/ / |h|sp+Nd$ (3.16)

and consider the space LP(T'; ). Given F € W( ”;(U), we define vp € LP(T; ) via vp(z,h) = f(x+h) —
f(z) and note that
|F|W(S(;’)’(U) = ||UF||LP(F;M)~ (3.17)

Consequently, for n,m € N we have the identity
|fTL - fm|V~[/(‘5(;?>7(U) = ||Ufn - ,UfnLHLp(F;M)?

and so {vy, } is a Cauchy sequence in LP(I'; 4). Hence, vy, — v in LP(I'; u) as n — oo.
Step 3 — Identifying the limit: We will now show that v = vy for the function f : U — R defined
by (3.15). Once this is established we may use the equalities

|f - fn|W(Sf;1)’(U) = ||’Uf - UanLP(F;,u) = HU - Ufn”LP(F;,u)

to conclude that f,, — f in VV(SJ’)’ (U) as n — oo, thereby proving the sequential completeness of W(ff)’ U).

We know from Step 1 that for each k¥ € N and a € A we have that f, — (fu)ve — gp in LP(V)Y) as
n — 0o0. As such, we may iteratively extract subsequences and then choose a diagonal subsequence to
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produce a single subsequence {f,, }>_; and a Lebesgue measurable set D C U with £V (D) = 0 such
that for all £ € N and a € A we have that

Jrm = (fr)ve = g pointwise on VP\D as m — oo. (3.18)

Next we use Fubini’s theorem to find a Lebesgue measurable set £ C U with £V (FE) = 0 and a further

subsequence, which up to relabeling we can still refer to as {fn,, }°o_;, such that if z € U \ E, then

Ii ‘fnm(x—i_h) _fnk(x)—'l)(ﬂﬁ,h)‘p
1m
m—oo H(z) ’h‘sp—&-N

dh = 0. (3.19)

Fix 2 € U\(DU E). According to (3.19), we can pick a measurable set G, C H(x) with LY (G,) =0
and a further subsequence { frim, }92, (both the set and the subsequence depend on the point x) such
that if h € H(z)\G,, then

frm, (@ +h) = fo,, (x) —v(x,h) = 0as £ — cc. (3.20)

Now let D, = —x+ D and note that for h € H(z)\D, we have that z+h € [B(z,o(x))NU]\D C U\D.
By the translation invariance of Lebesgue measure we have that £V(D,) = £V (D) = 0. In particular,
this means that £V (D, UG,) = 0 as well.

Fix h € H(z)\(Dy U Gy) and pick j,k € N and o € A such that z € Vi and z + h € V. We may
then write

Sy @ 1) = fr, () = [fri, (@ + 1) =, Jvie] = [, (2) = (Fr, Jve]:
According to (3.18) and (3.20) we may then send ¢ — oo and use the definition of f from (3.15) in order
to deduce that
v(, h) = g5 (x + h) — gii(x) = f(x + h) — f(2).

Thus v = vy for £2N a.e. (z,h) € T', which completes the proof of sequential completeness.
Step 4 — Reflexivity: Now assume that 1 < p < co. Since the space LP(I'; i) is reflexive, and the
mapping W ( )/R > [f] = vy € LP(I'; p) is an isometric isomorphism by (2.14) and (3.17), we can

identify Ws’p ( )/R with a closed subspace of LP(T"; ). It then suffices to observe that closed subspaces
of reﬂexwe spaces are reflexive. O

Now we show that the screened spaces possess the same interpolation properties as the usual Sobolev
spaces.

Proposition 3.8. Suppose that U C RY is open, 1 < p < 00, 0 < 81 < 59 < 1, and o : U — (0, 00]
is a screening function. If f € Wsl)’p(U) NW:2P(U) and s = sy + (1 — 0) sy for some 0 € (0,1), then

(o)
fe Wf)’(U) and

0 1-0
‘f‘W(S;’)’(U) < <|f|W<S(})’p(U)> <|f’W§1’P(U)> . (3.21)

(o)

Proof. For each x € U we use Hélder’s inequality to bound

|f(x+h)— flx)P |f(x+h)— f(x)|P 0 \f(z+h) — f(z)P 1-6
/H(x) [P+ dh_/H(x)< |h|NFsp > ( |h|N+s2p ) dh

6 1-60
|fl@+h)— f(=)P |fl@+h) = f(@)P
< (/H(m) |h|[NFsipdh > (/H(w) [N Fs2p dh) )

Then (3.21) follows by integrating over € U and applying Holder’s inequality again. ([l

Next, we show that spaces defined by different screening functions nest when the screening functions
are ordered.
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Proposition 3.9. Suppose that U C RN is open, 1 < p < o0, and 0 < s < 1. Suppose that o1,09 :
U — (0,00] are two screening functions such that o1 < o2 on U. Then for each f € Li (U) we have
that

|f’W<S(;’17)(U) < ‘f|W(S£>(U)' (3:22)
In particular, we have the subspace inclusion W(‘ZZ)(U) C W(‘ZI;)(U).

Proof. If 01 < 09 on U, then we have the obvious inequality

[f(z+h) = f()P // fl@+h) - f@)P
dhdx < dhdx
/U/Hal (@) ’h‘sp-‘r]\f 52(:1: ’h’sp—&-N

forall f € L] (U), where Hy () = (—2z+U)NB(0,04(z)). The result follows immediately from this. [J

Inclusion in LP(U) is not a requirement for inclusion in W(S‘;g’ (U). Our next result examines what
happens when we require both inclusions in the case when the screening function is bounded below.

Proposition 3.10. Suppose that U C RN is open, 1 < p < oo, and 0 < s < 1. Suppose that
: U — (0,00] is a screening function such that 0 < o_ = infyyo. Then there exists a constant
c=c(N,s,p,0_) >0 such that for each f € L (U) we have that

1 0evn + iz < 10wy + W liago <c(ufuLpU>+|frWspU)) (3.23)

In particular, we have the algebraic and topological equalities

WHP(U) = WP(U) N LP(U) = W (U) N LP(U).

Proof. The first bound in (3.23) follows immediately from Proposition 3.9, so it suffices to only prove
the second. To this end we first write

(y) — f(@)P // |f(y) = f(@)]P
‘f|W”’(U //a:a(w))ﬁU —x’Sp“LN e U\B(zo(@)) |y — 2PN dydz

fly) = f@)P
T / / VAT T dyda.
=7l Wiy @) U\B(z,0(x)) !y - SC\S”N
Next we estimate

_ p
o s
U\B(z,0(x)) !y — x|

’ f ()P _
<2p1// W)l dydx+2p1// — N gyda =: 20711 + IT).
U\B(z,0(x)) ‘y_x‘sp—&—]\f U\B(z,0(x) ‘y_x‘SZH_N ( )

We handle the first term with Tonelli’s theorem, a change of Vamables and spherical coordinates:

|/ (y )P
f:/ / Xly—alzo() () =t ‘spwdxd%//x“y w20} (D) e m|sp+Nd wdy

° dr
p o PN p
/ / B(0.o. ‘h‘SIH‘Ndhd HfHLP(U)ﬁN /a— rltsp SpO.S_P”fHLp U

We may similarly bound the second term:

p
1< / / ) ixJ)JNdhd:c
U JB0,o_) PP

The second bound in (3.23) then follows directly from these estimates.

O

Our next result establishes that the screened homogeneous spaces are strictly bigger than the standard
homogeneous spaces when the screening function is unity and the set U contains a ray in a set of
directions of positive HV~! measure.
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Theorem 3.11. Let 1 < p < co. Let T' € SV=1 be such that HYN~Y(T) > 0, p > 0, and define the
infinite cone-like set
Kr,={z €RY | p<|z| and z/|z| €T}.
Suppose that U C RN is open and that Kr p S U. Then there exists a function
we () WHHON | wer
0<s<1 0<s<1
In particular, if 0 < s < 1, then
e N
Ws p(U) ; %% p
Proof. Define f € C*°([0,00)) via
" dt
fr) = /0 2+ ) NP (log(2 + £))2/P’
and note that f is Lipschitz and satisfies
1

’f’0,1 = W-
We then let u € COH(RY) be given by u(x) = f(|z]). Let 0 < s < 1. We will prove that the restriction

of u to U (which we continue to denote by u) is such that u € W e ( W\W#P(U), from which the

conclusions readily follows. )
We begin by proving that u € W(Sl’g’ (U). Since u is actually defined on all of RY we may begin by

estimating

p
”LL| 1 Syp(U)

_ P
o] M e gy [ e £ 1) u@P g,
B(0,)nU JB(0,1)N({U~-2) |h[*P B(0,1)nU J B(0,1)N(U~z) LIRS

|f(lz+ hl) = F(=)P / / |f(lz + h[) = f(=))?
dhdx + dhdx =: T+ I1.
/ B(0,1)nU /B(Ol |h|sptN B(0,1)enU JB(0,1) |h|spN

To estimate the term I we use the fact that f is Lipschitz together with Tonelli’s theorem and a
change to spherical coordinates:

1< / Mot e — Bl st /1 e
- = anpN —_— .
B, J0,) RPN 01 FN=(—s)p

To handle the term I we observe that f’ is positive and decreasing on [0, 00), so for a,b € [0,00) we
have that

|f(a) = f(b)] < f'(min{a,b})|a — b].
On the other hand, for |z| > 1 and |h| < 1 we have that
|| = 1 = min{|z], |z| — 1} < min{|z[, [z + A},

SO
1

(1 + J2)N/P(log(1 + |=]))*/*”
Combining these and using Tonelli’s theorem and spherical coordinates then shows that

dz |h|P
II dh
= (/B(o,l)c (1 + [=])V (log(1 + \x|))2> </B(0,1) DEaR )
_ 32 * rN-1 1 N-1
- </1 (1+r)N<log(1+r))2dT> (/0 rN(ls)pd?“)
00 1 1 1
< ([, stoamp™) () ) <=

f'(min{lzl, [z + Al}) < f'(j2] = 1) =
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Assembling the above estimates, we see that

P _
|U|W(S£§7(U) =1+1I < oo,

and thus u € W(sl’? (U).
We now turn to the proof that u ¢ W*P(U). Let 0 < ¢ < 1 — s be such that N/p+ ¢ # 1 and choose
R. > max{2, p} such that if ¢ > R. then (log(2 4 t))?/? < (2 +t)°. Then for |z| > R. and |h| > 3|z we

may estimate

|f(lz+hl) = f(zDP = </Irl (2 + t)N/P(log (2 +t))2/p>

2zl dt P 20zl g P
Z</w <2+t>N/> Z</x| mw)

1 21—N/p—€ -1 p
— p—N—pe _. p—N—pe
2N+p€|x’ (1—N/p—€ 'C(N7p?€)’$‘ 9

Bl — p
/ / | f(|z + |S)+Nf(\$|)| dhda
B(0,R:)¢NKr, J B(03l2])*nKr, |h[sP

> (Npe) [

/ Y
—_— €T
B(0,R)°NKr., J BO3Ja))enkr, P
Netn2 [ N—1.p—N— o Nt
— eV w2 [Tt [

c(N,p,e _ © )
= ARR D ey [ T o

where ¢(N,p,e) > 0. Hence

p

‘U|Ws,p(U)

v

since p(1 — s —¢) > 0, and we conclude that u ¢ W*P(U).
O

Remark 3.12. The function u constructed in Theorem 3.11 clearly satisfies ‘llim u(x) = oo when
&T|—00

p < N and when 2 < N = p. In these cases we deduce that for U C RN as in the theorem,

we WHON U LU).

1<q<oo

In particular, this means that the classical Sobolev embeddings do not hold for the screened spaces.
However, it is possible that embeddings into other types of spaces may hold (for instance, weighted LP
spaces). We have not attempted an investigation of this interesting question in the present paper for the
sake of brevity.

3.3. Screened homogeneous fractional Sobolev spaces: further properties in RY. In this
subsection we restrict our attention to the special case U = RY and prove a number of interesting results
about the screened spaces. One particular advantage of this case is that we have H(z) = B(0,0(x)) for
all z € RY whenever o : RY — (0, 00] is a screening function.

Our first result shows that any two screening functions that are bounded above and below give rise
to the same screened spaces. This should be compared to Proposition 3.9.

Theorem 3.13. Suppose that o1,09 : RN — (0, 00] are two screening functions such that

0 <info; <supo; < oo fori=1,2. (3.24)
RN RN
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Then for 0 < s <1 and 1 < p < oo there ezists a pair of constants co(s,p, N,supoy/infoy) > 0 and
c1(s,p, N,supoy/info1) > 0 such that

CO|f’W<‘2§)(RN) < ’f‘W(st;zla)(RN) < Cl|f’W<‘Z§)(RN) (325)

for all f € LIOC(RN), and consequently we have the algebraic and topological equality
178,p N\ _ Yx1/S:p N
W(Ul)(]R ) = W(UQ)(]R ).

Proof. We divide the proof into steps.
Step 1 — Doubled constants: We now prove the result when o1 = r and o9 = 2r for some constant
. Let f € LL (RY). Then we may estimate

P 2h) — P
/ / et S e [ [ 420 = @
RN J B(0,2r)\ B(0,r) |h|5P 2% o~ J B0 )\B(0,r/2) |h|sP
p—1 _ p
2 So+2h) = e h
2°P JrN JB(0,)\B(0,r/2) |h|5P
p—1 _ D
2 / / |f(z+h)— f(z)] dhdz
2% JrN JB(0,r)\B(0,r/2) |h| 5PN

p(1—s) fla+h) = f@P
/RN/ sos RPN "

where in the first equality we have made the change of variables h — 2h and in the last inequality we have
changed x — x + h in the first integral. Thus we may decompose B(0,2r) = B(0,r)U[B(0,2r)\B(0, )]
in order to see that

p(1— s) $—|—h f( )‘ _ p(1—s) P
|f| SP(RN) (1+2 /RN /er R dhdxr = (1 + 2 )|f|Ws,p(RN).

(r)

This and (3.22) then prove (3.25) in this special case.

Step 2 — Pairs of constants: We now prove the result when oy = r; and o9 = ro for some
constants 0 < 71 < 19 < 0o. Choose k € N such that ry < 2Fr. The analysis from Step 1 provides us
with a constant ¢ = ¢(s,p) > 0 such that |f|V~V(s2,f) ®N) < C|f|W(ST,§)(RN) whenever f € L (R") and r > 0.

Applying this iteratively then shows that
|f|W5p (RN) |f|WSpRN)
From this and (3.22) we then deduce that
~ ~ o ~ k ~ o
|f’w(i;f)(RN) < |f|W(5T’§)(RN) < |f\w5£grl)(uafv) <c \f|w(;f)(RN)a

which is (3.25) in this special case.
Step 3 — The general case: Now consider general o1, 09 satisfying (3.24). Write

0<o4— 1nfa,§supaz—az+<ooforz—12
RN RN

Then from Step 2 we can find constants ca, ¢s > 0 such that
|f|I/T/(SL;;+)(RN) < CQ|f|W(‘ZZ’7)(RN) and |f|w(i;;+)(RN) < C3|f|W(S(;’1’}7)(RN)
for all f € L (RY). Using this and (3.22) then shows that
[ lwgr @) < |f|W(i;i+)(RN) < 02|f|W(SG’§Y7)(RN) < elflwer @) < C2|f|W(SC;§’+)(RN)
< 0263’]0“;[/(5;117,7)(]1%1\7) < 0263|f‘v~[/(‘211’)(RN)7

which proves (3.25).
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We can combine Theorems 3.11 and 3.13 to deduce the following interesting corollary.

Corollary 3.14. Let 1 <p < 00, 0 < s < 1, and suppose that o : RN — (0,00) is a screening function
that is bounded above. Then _ ~
WP (RY) G WEB(RY).

Proof. Write o = supgn~ 0 € (0,00). Then Theorems 3.11 and 3.13 may be combined with Proposition
3.9 to see that
, N S, N 175, N , N
WerRY) G WEPRN) = Wer (®Y) € WET(RY).
O

We now turn our attention to the issue of the density of smooth functions in the screened spaces.

Theorem 3.15. Let 1 < p < o0 and 0 < s < 1. Suppose that o : RN — (0,00) is a screening
function such that 0 < infgn 0 < supgny 0 < co. Then C®(RN) N WP (RN) is dense in W(S;’;(RN) and

5 R (o)
C®RN)N W(S(;I))(RN)/R is dense in W(sf)’(RN)/R.

Proof. In light of Theorem 3.13, it suffices to prove the result under the assumption that o = 1. For
h € B(0,1) write Apg = g(- + h) — g whenever g € L (RY). Since 0 = 1 we may use Tonelli’s theorem
to write

loc

1 1/p
i ) = (/ = lAngl, RN)dh> .

Let ¢ € CP(RY) be such that 0 < ¢ and [pnv pdr = 1. For e > 0 write ¢.(z) = e Vop(z/e).
Fix f € W(‘ZI)D(RN). For ¢ > 0 let fo = f x . € C®°(RY) be the usual mollification of f. Clearly
(ARf) * e = Ap(f * pe) = Apfe. Thus the usual properties of mollifiers show that

1ARfell Loy < [Anfll Loy and lm [[Apfe = Apfll e @) = 0. (3.26)
For 0 < € set ¢-,q : B(0,1)\{0} — [0, 00) via

1 1
ge(h) = ‘h‘sp_A'_N [Anfe — AthL,, RN) and q(h) = WHAMCHZE;’(RN)-
Then (3.26) shows that if h € B(0,1)\{0} then g.(h) < 2Pq(h) and ¢.(h) — 0 as € — 0. Since

— p
/B(O,l) 1= Wk oy < €

we can then apply the dominated convergence theorem to see that
0=1li h)dx = li — fI% s :
El_r}(l) B0.1) qe(h)dx al—r>I(1) | fe f|W{£§9(RN)

The stated density results then follow directly from this.
0

When the screening function is constant and p = 2 we can use Fourier analysis techniques to arrive
at another characterization of the seminorm on W(Sj(RN ). The proof is essentially the same of the one

given by Strichartz (see Theorem 2.2 in [34]) in the case N = 2 and s = 1/2. We present it here for the
convenience of the reader.

Proposition 3.16. Let0 < s < 1 and o : RN — (0,00) be a screening function such that 0 < infgy o <
supgn 0 < 0o. Then there exists a constant ¢ = ¢(N,s,0) > 0 such that if f : RN — R is in the Schwartz
class, then

ot [ min{eP ERHAQRE < 17, < [ mingle. A€ P

where f is the Fourier transform of f.
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Proof. In light of Theorem 3.13, it suffices to prove the result under the assumption that ¢ = 1. By
Tonelli’s theorem, Plancherel’s theorem, and standard properties of the Fourier transform, we may
compute

1
2. = R h) — 2dzdh
‘f‘W(Lﬁ(RN) /B(O,l) |h|N+25 /]RN ’f(m' + ) f(m)’ X

1 20 eN12) L 2miheE 2
= —_— e — 11*dédh
/B(o,l) |h|N+2s /]RN O "¢

X 2mih€ _ 1|2
2 le

= ——— dhd¢.

/RN )l /3(0,1) |h|N+2s “

Define m : RN — [0, 00) via

©= ot
m = .
By |hNT

ote that it A > 0 an =1, then by the change of variables ( = we get = an
Note that if A > 0 and |¢| = 1, then by the ch f variables ¢ = \h d¢ = AVdh and
|627riC~§ _ 1‘2 |€27ri<1 _ 1|2

m( :)\25/ e 0y :AQS/ ("
() By  [CINTE ¢ By GV ¢

where the second equality follows by invariance under rotation. It follows that for all A > 1/2,

|€27rz'§1 _ 1|2 m()\f) / |€27rig“1 _ 1|2
cl = d¢ < < —————d( =: 3 < 00,
/3(0,1/2) || NH2s A% O (4

which shows that
c1lé[* < m(€) < ealéf* (3.27)

for all ¢ € RY with |¢] > 1/2.
On the other hand, standard properties of the complex exponential show that

mlt| < 2™ — 1| < 27|
for all |¢t| < 1/2, and so
L)

S

for all £ € RV \ {0} with |£| < 1/2, where, again by invariance under rotation,

7 / (h-&)? 2 hi
€3 1= —— dh:w/ — L _dh < .
€12 JBo,1) AN F2s B(0,1) |AIN T2

< deg (3.28)

07

Since m(&) > 0 for all £ € RY \ {0} and m is continuous, it follows from (3.27) and (3.28) that there is
a constant ¢ = ¢(N, s) > 0 such that

e min{J¢, [} < m(&) < emind|¢[*, €7}
for all ¢ € RY. The stated estimate follows directly from this. ]
Remark 3.17. For 0 < s < 1 the Fourier version of the seminorm on WS’Q(RN) 18

JGREGIR T

Comparing this with Proposition 8.16 shows that in the screened spaces control is lost for low frequencies.



30 GIOVANNI LEONI AND IAN TICE

3.4. Trace spaces. We have seen in Theorems 1.2 and 1.4 that when Q has the form (1.3) the trace
space of W1P(Q) is given by pairs of functions in W(sa’)’ (RNV=1) whose difference is in LP(RY~1) where
o = a for some 0 < a < b. A similar result holds when  is of the form 1.1 (see Theorems 5.1 and 5.4)
Thus, we need to study these types of spaces.

Definition 3.18. Given a screening function o : RN =1 — (0,00), 1 < p < 00, 0 < s < 1, we define the
space X(SO’,Z)’(RNA) as the space of all pairs of functions (f~, fT) such that f* € WFU’:‘)’(RNA) and
/ [f* (@) — f~@P
rv-1 (o(2))Pt

dx’ < oo.

We set

- 1/p
Y ._ fr@) - fm@)P - +
‘(f ,f )|X(S(;I)7(RN—1) -— (/RN1 (U(l”))p_l dl’ "‘ ‘f ’W(SJ’I))(RN*U + ’f |W(SU’I)’(RN71)'

Note that we do not allow the screening function to take the value +o0o in this definition in order to
force 1/aP~1 > 0.

Thanks to Proposition 3.2 we know that if |(f~, f+)’X(S’I;(RN_1) = 0, then there exist ¢* € R such that

fE(2') = c* for LVN1 ae. 2/ € RV~ but in view of the first term in | - ’Xf”;(RNfly it must then hold

that ¢ = ¢=. Thus, (f~, f*) ~ (g, ¢") if and only if there exists ¢ € R such that f*(2') — g*(2') = ¢
for LN~1 a.e. 2/ € RV~1. With a slight abuse of notation we write the quotient space XZ’S(RN_l)/K

(see Section 2.4) as Xa’r’;(RN_l)/R. Our next result establishes that Xff)’(RN_l)/R is complete.
Theorem 3.19. Let o : RV=1 — (0,00) be a screening function, let 1 < p < oo, and let 0 < s < 1.
Then the space X% (RN~1)/R is a Banach space with the norm

(o)
||[(f77 f+)]”X(S£(RN—1)/R = |(f77 er)’Xfc;l;(RN_l)‘

Moreover, if 1 < p < oo, then X&S(’TI;(RN_l)/R is reflexive.

Proof. We divide the proof into steps.

Step 1 — Limits of Cauchy sequences: According to the discussion in Section 2.4, in order to

prove that X(S(f; (RVM=1)/R is a Banach space, it is enough to show that X(s(ﬁ (RV=1) is sequentially

complete. Let {(f,, f)}2%, be a Cauchy sequence in X (S(;I;(RN ~1). We then know that {f, }5°; and

n=1

{f.F}5°, are Cauchy sequences in W(SU’)’ (RN¥=1). In addition, we know that {f — f}°2, is a Cauchy

sequence in L'(RV =1 1), where v : BRY 1) — [0, oc] is the measure given by
1

v(E) ::/E(U(:v’))l’ldx/'

Using Theorem 3.7 and the completeness of LP(RN ~1:1), we deduce that there exist a pair f* €

W(S(;’)’(RN_I) and a function g € L*(RN~1;v) such that ff — f* in I/T/(S(;I;(RN_I) and f,F — f,7 — g in
LY (RN 1) as n — oo.

Step 2 — Identifying the limits: We will use the same notation for averages as in the proof of
Theorem 3.7. Let {V},}22, be the sequence of open sets given by Lemma 3.6 for Q = RMN=1. The Lemma

allows us to apply Theorem 3.5 on each set Vj in order to see that
(7 = Fav) = (FF = vl < elfi - fi\w(s;)(vk) <elfy - fi\w(sg)’(m—l)-

Consequently, for each k € N we have that ff — (f)y, — f= — (f5)y, in LP(V},) as n — oc.
Up to the extraction of a subsequence, which we continue to denote by {ff}°%; for the sake of
brevity, we may assume that there exists a measurable set D C RV~! with £LN¥=1(D) = 0 such that

ff — (fni)vl — fi — (fi)v1 and f;[ — f,, — g pointwise on ]RN_l\D as n — oo.
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Choosing any z € R¥Y =1\ D, we may then compute
(fuvi = (v = [ (@) = (fn] = U () = (f)wl = [fa (@) = fo (2)]
= [fT(@) = (Sl = f (@) = (f )l — g(a) as n — occ.
From this we deduce that there exists a constant C' € R such that
fT — f~ — g = C almost everywhere in RN,

Now, the fact that f, — f~ in W(‘Zi)’ (RN=1Y also implies that f, — f~+C in W(SUI)) (RV—1). This allows

us to make the replacement f~ +— f~ + C in order to see that
T + - 1mN—1.
9= B dn — g e € RTT),

from which we then deduce that (f~, f*) e X fal)’ (RN=1) and X (SU’)’ (RN=1) is sequentially complete.

Step 3 — Reflexivity: Assume that 1 < p < co. Write
I'={(z,h) e RV"Lx RNV | |n| < o(z)} € REV-D),
Consider the mapping

XeP®RN YRS, F 9] = (v yvpes fH = f7) € AT 1) x LP(T3 ) x LP(RN50),

where p is the measure defined in (3.16) and vy (2/,h') = f=(2' + &) — f¥(2/). This map is an
isometric embedding (see (3.17)), and by the previous two steps we can identify X (S(;’;(RN —1)/R with
its image, which is a closed subspace of the Cartesian product of three reflexive spaces. Since the

product of reflexive spaces is reflexive and closed subspaces of reflexive spaces are reflexive, it follows

that X Zf; (RNV=1)/R is reflexive. O

In view of the previous proposition and of the discussion in Section 2.4, when 1 < p < oo a bounded

sequence in XFUZ; (RV=1) admits a subsequence that converges weakly in XZ’TI;(RN ~1). In the next

theorem we study the relationship between this weak limit and the weak limit with respect to L C(]RN -1
convergence.

Theorem 3.20. Let o : RN — (0,00) be a screening function, 1 < p < o0, and 0 < s < 1. Let
(fo s fi) € XPHRYTY) forn €N, and let (£, f*) € XGHRNTY) be such that (f,, ff) = (f~, f+) in
ng;(RN_l) and f£ — gt in L? (RN71) asn — oo. Then there exist c* € R such that f*(2')—g*(2') =

ct for LNV a.e. ' € RN Moreover, if

1
da’ = 2
fooms T 2 = (3:29)
then (f=, f*) ~(97,97).
Proof. Let {V}32, be the sequence of open subsets of R¥~! given by Lemma 3.6. Fix k € N and

suppose that ¢ € C°(RV™!) are such that supp ™ C V; and [pn—1 9T (2') do’ = 0. Using these, we

define the linear functional T : Xaﬁ (RV=1) — R via

T(h™,h") ::/

RN-1

h= (2o~ (2') dx’ + / h (2ot (2)) da’. (3.30)

RN-1

By Holder’s inequality, the Poincaré inequality of Theorem 3.5 (which is applicable due to Lemma 3.6),
and the fact that [pn_, ¢*(2) do’ = 0, we have the estimate

P0G~ gl @+ [ il ]

RN-1
< ||90_||Lp’(1RN—1)Hh_ - hﬁ”LF(\@ + ‘|<P+‘|Lp’(RN—1)||h+ - hJ\ZHLP(Vk)

< C|h7‘W<SJaI>7(RN—1) + C|h+’W<‘;”;(RN—1) < C‘(hia h+)|X<SL;1’>’(RN—1)-
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This shows that T € (X fnl)o (RN¥=1))’ and it follows immediately that

T(fyfa) = T(f7,f7) asn— 0. (3.31)
On the other hand, the functionals 7% : LP(V}) — R defined by

T(h%) := | hE (@)™ (2)) da’
Vi
are continuous. Hence, by hypothesis T%(f¥) — T*(g%) as n — co. Comparing with (3.31), we arrive
at the identity
[ =@ @i+ [ (1 - g et @ e <o,
Vk Vk

Given the arbitrariness of ¢*, we deduce that there exist ¢ € R such that f*(2')—g*(2') = ¢ for LV~
a.e. 2’ € V. However, Lemma 3.6 guarantees that Vi, C Vi41 for k € N and that RV =1 = [ J22, Vi,
so we deduce the existence of a single pair of constant ¢t € R such that ckjE = ¢* for all k € N. Hence,
(@) — gt (2') = ¢* for LV ae. 2/ € RV~L. This proves the first assertion.

Now assume that (3.29) holds. Then since ff — ¢* in L} (RV~!) as n — oo, standard lower
semicontinuity results imply that for each k € N

A N\ |p + N _ f— /\|p
Vi (o(af))P n—oo Jy, (o(af))P
—+ N _ f— \|p
gliminf/ [ far (@) — fu () dx' := MP < oo.
n—oo JpN-1 (o(a))p—1
Thus
et = lo™ PP oy S I = gh) = (F =97 )o™ ||y,

<N =)o PPy + (gt = g7)o™ PP oy,

<N(fT =)o PP gy + M < oo,
which implies, upon sending k — oo, that ¢ = c¢™. ]

4. TRACES IN THE STRIP CASE

In this section we consider the special case in which € is a horizontal strip of the form (1.3).

4.1. The case m =1, p > 1. In this subsection we prove Theorems 1.2 and 1.4 and then derive some
extra information about homogeneous Sobolev spaces.

Proof of Theorem 1.2. For the sake of simplicity, we take b~ = 0 and we set b := b™.
Due to the absolute continuity results of Theorem 3.1, we may apply the fundamental theorem of
calculus to see that

w(x',b) —u(2’,0) = /Ob onu(z',zn) dry
for LN a.e. 2/ € RV~L Tt then follows by Hélder’s inequality that
u(a’, b) — u(@, ) < b1 /0  owule’, 2 Pday.
We then integrate in 2’ over RNV ~! and using Tonelli’s theorem to obtain the estimate
/ lu(z',b) — u(z’,0)Pdx’ < bp_l/ |Onu(z)Pdz.
RN-1 Q

This proves (1.6).
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We will prove (1.7) only for I'", as a similar argument establishes the corresponding bound on I'.
We again use the fundamental theorem of calculus (due to Theorem 3.1) to see that for LN~! a.e.
o € RN=L W € RN~ with |h/| < b, and 0 < 2y < b we have that

zN
uw(x' +h,0) —u(2',0) =ul@ + 1, zn) — w2, zn) — / Onu(x' + 1, s)ds
0

TN 1
- / Onu(z',s)ds = / Vou(z' +sh',zn) - hds
0 0

TN TN
- / Onu(x' + 1) s)ds — / Onu(x', s)ds
0 0

1
(e’ + 1, 0) — u(a,0)] < K / Ve + sk, ax)|ds
0

From this we may estimate

TN TN
+/ |Onu(z’ + 1, s)|ds +/ |Onu(a’, s)| ds.
0 0

We now take the LP norm in 2’ over RV~ on both sides of this inequality and apply Minkowksi’s
inequality for integrals (see, for instance, Corollary B.83 in [23]); using the change of variables 3’ =
' + sh/ and ' = 2’ + I/ in the first integral and second integral on the resulting right-hand-side, we
then obtain the bound

TN
Ju(- + 1',0) = u(, 0)|| Loen-1y < [W[IViul, 2n) || Loy -1y + 2/0 [Onu(-, s)|| Lo @-1)ds.

Next, we average in z over the interval [0, |h'|] to see that

/]
lu(- + 4',0) = u(, 0)[| Lorr-1) < 3/0 IVu(; 28l e ey-1ydey- (4.1)

In turn, this implies that

||U( +h/ ) ( )”Lp RN 1 3p Ih/|
|h/’p+N 2 < |h/’p+N72 /0 Hvu("xN)HLp(RN—l)d:CN

We then integrate in h’ over B’(0,b) and use spherical coordinates to estimate

/ lu(- + 4',0) = u(, )17y @n-1y )
B'(0,b)

|h/|p+N 2

3P h/] P .
< /B’Ob W /0 Hvu('va)HL:D(]RN—l)de dh

p
:3PBN—1/O 7"7’ </0 ||Vu(-,xN)||Lp(RN—1)d3}N> dr.

Applying Hardy’s inequality to the right-hand side (see, for instance, Theorem C.41 in [23]) and using
Tonelli’s theorem then yields the bound

Ju(- +4',0) = u(-, 0)[|7
/ Lp(RN-1) )i’ < 3 5N 1Pp/ V(o) Pdz,
B'(0,b)

’h/‘p—l-N—Q

which completes the proof of (1.7) and thus of the first two items of the theorem.

It remains to prove the integration-by-parts formula of the third item. For this it suffices to note that
if e W'?(Q) and ¢ € CH(RVN), then v € W'P(U) for any open set U C € with Lipschitz boundary
such that supp()) N Q C U. Thus the third item follows immediately from the usual trace theory in
Whe(U). O

Next we prove Theorem 1.4.
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Proof of Theorem 1.4. For the sake of simplicity, we again take b~ = 0 and we set b := b". Thanks to
Theorem 3.13 we may assume without loss of generality that 0 < a < b, at the expense of having all
constants depend on b. Let ¢ € C°(RY~1) be a nonnegative function such that fRN—l ey dy =1
and supp ¢ C B’(0,ab™!). Define u~ : 2 — R via

W@ = (o + ) = [0y (@ )

where ¢, is given in (2.3). Then for ¢ = 1,..., N we have that

o @)= [ 1) g e (= )

In view of Proposition 2.2, we are in a position to apply Proposition 2.3 to conclude that

- W) - fmE@)P
/Q|(9iu ($)|Pd:c§c/RN1/,($l o 7 -y dy'dz’.

This shows that v~ € W1?(2). Moreover, since by standard properties of mollifiers @, * f~ — f~ in
LP (RN=1) as zy — 0%, we have that Tr(u~) = f~ on I'". Similarly, if we define u* : Q — R via

loc
u™ (@) = (Po—ay * [1)(@"),

then a similar argument shows that ut € WhP(Q) with Tr(ut) = f+ on I't.
Now let 6 € C*°([0,b]) be such that # = 1 in a neighborhood of 0 and # = 0 in a neighborhood of b,
and define v : Q@ — R via

u(z) = 0(xy)u (z) + (1 - 0(zn))ut(z).

It is clear by construction that Tr(u) = f* on 't and Tr(u) = f~ on I'” and that the map (f*, f7) — u
is linear. For i =1,..., N — 1 we compute

Ou(z) = 0(zN)Ou (x) + (1 — O(an))Ou™ (x),
onu(z) =0 (zn) (v (z) —ut(2)) + 0(zn)Onu" (z) + (1 — 0(zn))Onu™ (z).
Since Vu® € LP(2) and 6 is bounded, in order to prove that Vu € LP(Q) it remains only to show that
0'(u= —ut) e LP(Q).

By the fundamental theorem of calculus (which can be applied since u~ and u™ are absolutely
continuous on £V~ a.e. line parallel to ey),

u (z) = f(2)) + /xN onu~ (', 5) ds,
Ob
ut(z) = fH(a) —/ onut (2, s) ds.
Hence,

b b
' (z) —u”(2)] < |f+(:n’)—f—(x’)|+/0 |aNu—(x’,s)\ds+/0 [Onut (', 5)| ds.

We may then apply Holder’s inequality to see that
b
ut(2) —u” ()P < 27 (") — f (@) + 2p—1bp_1/ (Ionu™ (2", s)IP + [Onu® (2, 5)|7) ds.
0
Since |0/ (zn)| < eb™L, it follows that

b
|0 (2N ) (u"(2) —u” (@) < b7 |fT(2") — £ ()P +cb-1/0 (Iovu™ (@', $)P + [Onu™ (2’ 5)[P) ds.
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Integrating both sides over 2 and using Tonelli’s theorem then shows that

/ 0 () (' (2) — ™ (2))Pda < cb"’“/ [f7(2') = f~ () Pda’
Q

RN-1
+ C/Q(|8Nu(x)\p + |Onu™ (z)|P) dz,

which completes the proof. O

Our next result establishes the existence of functions in W1 (Q) that cannot be extended to WP (RN).

Proposition 4.1. Let Q be as in (1.3). Then there exists a function u € WHP(Q) such that u cannot
be extended to a function in Wl’p(RN). In particular, there does not exist a bounded extension operator
E: WhP(Q) — WhP(RN)

Proof. Write f € W(ll) l/p’p(RNA)\Wlfl/p’p(RNfl) for the function constructed in Theorem 3.11. Ac-
cording to Theorem 1.4 we can choose u € W'?(Q) such that Tr(u) = f on I't and on '~ (i.e. we use
ft = f" = f in the theorem).

Suppose now, by way of contradiction, that there exists v € Wie (RN ) such that v = u a.e. on . We
may then use the trace theory for homogeneous Sobolev spaces on RV (see Theorem 18.57 and Remark
18.60 in [23]) to deduce that the trace of v onto I'™ belongs to W'~1/»?(RN=1). However, this trace

must agree with f, and so we arrive at a contradiction. Thus, there is no such v.
O

4.2. The case m = 1, p = 1. In this subsection we turn our attention to the proofs of Theorems 1.7
and 1.8.

Proof of Theorem 1.7. As in the proof of Theorem 1.2, we set b~ = 0 and b := b*. The inequality (1.11)
follows as in the proof of Theorem 1.2. On the other hand, from (4.1) we get

n|
/ lu(z" + 1',0) — u(2’,0)|dx’ < 3/ / |Vu(z)| dz'dx
RN-1 0 RN-1
3
< 3/ / |Vu(z)| da'dz .
0 RN-1

>
sup / lu(z’ + h',0) —u(2’,0)| dz’ < 3/ / |Vu(z)|dz'dzy — 0
|h’\§a RN-1 0 RN-1

Hence,

as € — 07 by the Lebesgue dominated convergence theorem, which can be applied since by Fubini’s

theorem,
b
/ (/ \Vu(x',a:N)]d:c'> dxy —/ [Vu(z)|dr < oo.
0 RN-1 Q

Similar holds on the upper surface {x = b}. This proves the first two items of the theorem, and the
third follows as in the proof of Theorem 1.2. O

We next prove the corresponding lifting result.

Proof of Theorem 1.8. Once again we set b~ = 0 and b := b for simplicity. Let g9 > 0 be such that

150 = Sup /RN ) [f5 (2" + B) = [ (2" da’ < 0.
€0 -

We construct a decreasing sequence &, — 07 such that

sup /RM @ W) — f @) e < £ (4.2)

W] <en A

and define f, := @, * f~, where ¢ € C°(RN1) is a standard mollifier.
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We claim that 9;f,, € L'(R¥~!). Indeed, since [pn_1 i (2') dz’ =0, we may compute

otn) = o [ e (S20) ay
L[ o () d
En JRN-1
L ) - e ()
n JRN-1

and so Tonelli’s theorem allows us to estimate

1
[oasela st [ ae@) [ @ ad) - @
RN-1 En B’(0,1) RN-1
< sup / lf~ (@ +h)— f(2)|da' < .
En |n/|<en JRN-1

Next we construct a strictly decreasing sequence {t,}, in (0,1) such that ¢, — 0 and

1 [P

ltn1 — tn| < (4.3)
2 Vbl + Vi [l + 1
and we then note that
o
t1= tn—tor1.
n=1
Using this sequence, we define the function v~ : RV~ x (0,¢1) — R via
th — @ TN —t .
tn - tn—l—l tn - tn—l—l
Then for ¢t,4+1 < xy < t, we can bound
0w~ ()| < [0ifpyy (&) +|0if, (2)| foralli=1,...,N -1,
fo (@) = f (&) (4.4)

|onv™ (z)] <

tn - tn+1

Hence, for i = 1,..., N — 1, we may use (4.3) and (4.4) to estimate

0; dr = / / ov | d "d
/IRN—lx(O,tl)‘ " ’ v Z tnt1 RN—1’ v ‘ v AN
=1
<Zmutd (O3t )]+ [0cfy (@)]) ' < 1710 Y o
n=1

On the other hand, from (4.4) we know that

0 dr = Oyv~| dx'd
/I;N—lx(o,tl)‘ N } e Zln+1 /RN—J Ne | TN

fopa (@) = fo (a') = /RN_I[f_(QUI —ent17) = [T(2 — )] (¢') d2'
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in conjunction with Tonelli’s theorem and (4.2) to see that

/]RNl ‘fn—Jrl (:U) —Jfa (37)‘ dx S/B/(OJ)SO(Z)/RN1 lf~ (2" —epp1?)) — f (2 —en2')|da'dz

<.
B/(()?

2
s [ e [ ) - e <
B'(0,1) RN-1 2

v (<) / |f7 (2" — epq12)) — f(a)| da'd?’
1) RN-1

Combining these, we deduce that

=1
onv™ | de <2||f~ —
/I%N_lx(o,tl) } e | v <2171 nz_:l 2n

Hence v~ € WHH RN x (0,11)).

The function v~ is not defined in all of €2, but by scaling we can arrive at a function v~ :  — R.
Indeed, we set v~ (z) = v~ (2, znt1/b) for z € Q. Clearly u~— € Wb (Q) and the trace of v~ on I'~ is
f~. Similarly, we can construct a function ut € Wb (Q) the trace of which is f* on I't. With u~
and u' in hand, we can now proceed as in the second part of the proof of Theorem 1.4 to construct the
desired function w. O

4.3. The case m =2, p > 1. In this subsection we study the traces of functions W2? (Q) when p > 1.

Proof of Theorem 1.9. As in the proof of Theorem 1.2, we take b~ = 0, set b := b™. Applying Theorem
3.1 and Proposition 2.4 (see in particular (2.10)) to u(:z:’ ) for LV ae. 2 € RVN~! we find that

w(x’,b) —u(a’,0) — (Oyu(z’,b) + Onu(z’,0)) / IRu(x', zn) (b — —) dxy.

Hence, by Holder’s inequality,
P

b b
u(x’,b) —u(2’,0) — (Onyu(z’,b) + 8Nu(:c',0))§ < b2p1/0 0% u(z’, 2 n)|Pdxy.

Integrating both sides with respect to 2’ € RV~! and using Tonelli’s theorem then shows that

for

which proves (1.16).
On the other hand, for i =1,..., N,

w(@,b) — u(a',0) — (Inula’,b) + dyula, 0))2

p
dz' < b2p1/ |0%u(z)|Pde,
Q

Ou(z’,b) — du(2’,0) / Nux xn)dry,
and so we may apply Holder’s inequality to see that
|0;u(x’,b) — Qu(x’,0)[P < bP~ / |02 Cyu(’, o) Pdzy,
which upon integration in 2’ € RN~! yields the bound
[ o't~ ot 0Pz < [ (o2t

This is (1.15).
Finally, since 9;u € WP (Q), the inequality (1.17) follows by applying Theorem 1.2 to O;u. O

Next we prove the corresponding lifting result.
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Proof of Theorem 1.10. For simplicity we again take b~ = 0 and set b := b*. Without loss of generality
we may assume that 0 < a < b. Let p € C°(RV~!) be a nonnegative even function such that
Jan—1¢(y)dy’ =1 and suppy C B'(0,ab™'). Define u™ : @ — R via

@)= [0+ I Wl () d
= /RN_l[fo_(x/ —an?) + fi (@ —an)zn]e () d7,

where the second equality follows by the change of variables 2/ =
(R¥=1) as zy — 07, so we deduce that

guarantee that for ¢ = 0,1 we have that ¢, * f; — f; in L}
Tr(u™) = fy onI'".

Fori=1,...,N — 1 we compute
0
O~ (r) = / Oify (&' —an2)p (7)) d2 +/ ff(y’)mNT(gpzN (' —y'))dy’
RN-1 RN-1 €I; (4 5)
_ 0 ’
=/ dify V) pay (2" =) dy’+/ i )xwa (pay (" =) Y,
RN-1 RN-1
while for i = N
0
oyu~ (z) = / —(Vufy (@ —zn2') - ) (z’) dz' +/ ff(y')a—(:ngoxN (a:' — y')) dy’
RN-1 RN-1 TN
z —
[ ) e (- ) (1.6)

_ 0
+ / fr @) [%N (2" —y) +ang— ey (Pon (2~ y’))] dy'
RN-1
In turn, for j =1,..., N — 1 we may compute

/ a / / / — / 82 / / /
07 ju” () Z/RN1 aif({(y)%j(% (2 =) dy +/sz il ):czvm(sow (@ —y))dy', (47)

while for j = N

_ _ 0
Ry @)= [ 0L ()5 (o (& /)
RN-1 TN
5 52 (4.8)
= (/) | I v /Y /
b [ IO [y (& =) o G (=)
Finally, when i = j = N we have that
_ _ o (2 —v
Ru(z) = / “Vifo (¥)- 3 ( 2 o (a;’—y’)> dy'
RN-1 N N (4 9)

62

5]
+ /RN1 @) [QM(%N (2" =) +$N%(m1vcpm (2 — y/))] dy'.

Owing to Proposition 2.2, we are in a position to apply Proposition 2.3 to conclude that for i =
1,...,N—1and j=1,..., N we have the bounds

2 0ifg (') — 0ify (2P
/Q\aiyj |Pda:<c/RN / o _y|N+§ W gyt

W)~ W
o Sy
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while for two N derivatives we have that

|V||f() ) Vuf(;( /)’p
/|8Nu |pd$<C/RN1/’x’a a:—y|N+p2 dy'dz’

@) =P,
dy'dz’,
/RN /< o | —y|N+p 2

/ /
r =Yy /

Yoy (2 =) dy

which shows that u= € W2?(Q).
Next we write

oy (@)= [ V)

— (] ! ! 1 x/_'y/ /
+/RN1f1 (y) [SO:BN ($ _y)+x%1¢N< N >] dy7

where 1) is given in (2.6). Standard properties of mollifiers imply that as xy — 07 we have that

onu~ (z) = =V, fy (2') - /RN—l Yo () d2' + f{ () {1 +/R PN (2) dz'} = fi ("),

N-—-1

39

where in the second equality we used the fact that ¢ is even to see that [pn_, 2'¢ (') dz’ = 0 and

Proposition 2.2 to see that fRN L YN (2') dZ" = 0. Hence, Tr(Onyu™) = f{ onT'~.
Similarly, if we define u™ : Q — R via

ut(z) = / W) + 1 Wb — 23 Ppen (2 — o) df,
RN-1

then we find that ut € W?P(Q) with estimates of the same form as above (with f;" replacing f;").

Moreover, Tr(u") = fi and Tr(Onu™) = ff on I'*.

Let 0 € C*°(]0,b]) be such that # = 1 in a neighborhood of 0 and # = 0 in a neighborhood of b and

define v : Q — R via
u(r) = 0(xn)u” (2) + (1 - 0(zn))ut(z).
Then for i, =1,...,N —

8Zju(fc) =0(x )32 u”(x) + (1 = ()0 ju (),
83Nu(37) =0'(xn)(Ou (2) — Qu™ (z)) + H(xN)azNu* () + (1 — G(mN))azNu+(x),
OFru(x) = 0"(zn) (v (z) — ut (2)) + 20'(2n) (Onu™ (z) — Ovu™ (2))

+0(zN)0%u" () + (1 — 0(zn))0%u™(z).

From these calculations and the above bounds for u® € W?2? (Q), we see that in order to prove the

desired estimate for u it suffices to estimate ¢'(Vu~™ — Vu™) and 6" (u™ —u™).
By Taylor’s formula applied to ™ (2/,-) and u™ (2, -), respectively, we have that

u (z) = fa(x') + fi (2)zn + ;/0 " 8]2\/u_(1:’,5)(xN — s)ds,

b
0 (@) = £ @)~ £ @) an) 5 [ Rt @)y - 9)ds

where we used the fact that Tr(u®) = fi and Tr(dyu®) = fi on I'*. Hence,
b

ut (@)~ (@) = I ) — g (@) — G (@) + 7 @)y — (@) — I @) — )

1 b 1 TN
— 2/ OXuT (2, s)(xy — 5)ds — 2/ O%u~ (2!, s)(zyN — s)ds.
TN 0
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From Holder’s inequality and the fact that [0”(zx)| < cb~2 we see that

bp

fo (@) = fo (@) = (f7 (@) + fi (@))5

10" (2n) (wF () — u™ (2))P < b~ 5

+eb P If (@) = fr @I

b TN
+cb! / |03 u™ (2, 8)[Pds + bt / |0%u™ (2, 5)|Pds.
TN 0
Integrating over x € €2 and using Tonelli’s theorem then shows that

/Q 0" () (' () — ™ (2))Pd < b2+ / fH @) — £y @) — (@) + £ ()

RN-1 2

p
dz’

v [ ) - @

—i—c/ |8]2Vu+(a;)\pdw+c/ |03 u™ (z)[Pdz.
Q Q

This is the desired estimate for 8”(u~ — u™).
Finally, we derive the estimate for #/(Vu™ — Vu™). By the fundamental theorem of calculus for every
i=1,...,N — 1 we have that

TN
o (z) = 0 fy (') +/ O?V’iu_(:nl, s)ds,
0

b
ot (x) = 0;f (') — / a?v’iqu(a:/, s)ds.
TN
Reasoning as above then shows that

/ 8 () (Ot (z) — Oy~ ()P < b P / 0:f5 (') — Bify (o) P’
Q RN-1

+e [ (@@ + 10k @) da.
Q
The term 260’(Onu~ — Onu™) can be estimated in a similar way, which completes the proof. O

4.4. The case m > 2, p > 1. Finally, in this subsection we treat the case in which m > 2 and
p > 1. Given a function u € WP (Q), we have that VFu € W™ %2 (Q) for every k = 1,...,m —
1 and thus by Theorem 1.2 there exists Tr(V*u). By a density argument, it can be shown that
Tr(VFu)(-,b%) € I/Vlgncfkfl’p(RN_l) for every k =1,...,m — 2 and that for every j=1,....,m —k — 1,
(V) Te(VFu) (-, b%) = Tr((V,)? (VFu))(-, b%), where we recall that (V)7 denotes the vector of all multi-
indices a = (o/,0) € NJ'™! x Ny with |a| = j. Thus, to characterize the trace space of WP (Q), it
suffices to study Tr(u) and the trace of the normal derivatives Tr((?]’i[u) fork=1,....,m—1.
In what follows we use the notation established in (2.1) and (2.2).

Theorem 4.2. Let Q be as in (1.3), m € N with m > 2, and 1 < p < co. There exists a constant
¢ = c¢(m,N,p) > 0 such that for every u € W™P (Q) the following estimates hold: for every i,l € Ny
with 0 <i+1<m-—1,

m—l—i—1 _KkIP
(_1)k % . k+lu ml + 1 \k+1lye r k+lu m’ — b+ —b x,
L] X SR w5 + (0o ) () | -

< (b — b)mmiclp-1 / V() P,
Q

and
]Tr(melu)(x’ + h’,bi) - Tr(melu)(x’, bi)\p /o /
dh'dx' <c V"™u(z)|Pdx. (4.11

/RNl /B’(O,b+—b) |h/‘p+N—2 Q‘ ( )| ( )
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Proof. As in the proof of Theorem 1.2 we take b~ = 0, set b := b™. Let [,i € No with 0 <I+i <m—1. By
Theorem 3.1 and Proposition 2.4 (in particular (2.10)) applied to Vidhu(a’, ) for LN ! a.e. 2’ € RVN~L
it follows that

OkHu(, b) + (~1)HVIOkHu(a, 0)) (;’)k

m—Il—i—1
t
( l ol / Vzam ‘a2 t) <b— 2) dt,
i

and so Holder’s inequality implies that

m—l—z—l
=0

m—l—z—l kP
> ek e o+ v o) (5)
k=0

b
Sb(mli)pl/ V™ u(z!, zy) Pda .
0

Integrating both sides with respect to 2’ € RV~! and using Tonelli’s theorem then shows that

Lo

P
/
dx

mflflfl

A

k
el ) + (P o) (5 )

k=0

< pm-1-ip-1 / V() P,
Q

which is (4.10). On the other hand, since V™u € wtr (Q;RMm), where M,,, is the number of multi-
indices of length m, inequality (4.11) follows by applying Theorem 1.2 to each component of V™u. O

Next we prove the corresponding lifting result. The proof is significantly more involved than the one
for inhomogeneous Sobolev spaces (see, for example, [12], [25], or [29]) because we only have control of
the screened homogeneous fractional seminorm of the traces of the derivatives of order m — 1 and we
have no control of the seminorm of the traces of the derivatives of order less than m — 1. Thus, we are
forced to employ several integrations by parts, which makes the proof quite technical.

Before stating the result, we establish some notation. Given fk e Wi~ 1=kp (RN=Y) fork = 0,. —
2, and fjE L € LP (RN71) we define

Qi,m,n(l',) = Z

k=0

k ) -0 ‘
Vi) + (CUIVIE (@ >><b > >

Theorem 4.3. Let a >0, m € N with m > 2, and 1 < p < 0o. Suppose that fk e Wi 1= k’p(RN b
fork=0,....m—2and f£ | € L? (RN-1) satisfy

loc

/ Qi ()| da’ < oo (4.12)
RN—l

foralln,i € Ng with0 <n+i<m—1 and

vm k—1 'R — m—k—1 £/ _/N\|p
[ ) VP ) VIR EOR
RN-1.JB(0,0) |h/ [N =
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for allk =0,...,m — 1. Then there exists u € W™P(Q) such that Tr(u) = fi and Tr(du) = f,;t on
I'* fork=1,...,m—1, and
m—1m—1-n
/|vmu(x)|pdl‘ <c Z Z (b+ - b_)(”+i—m)P+1/ |Qi,m,n($/)‘p dx’'
@ n=0 =0 RN -1
-1

+c dh'dz’
k=

/ / A S G O e v P €O ]
RN-1 /(07(1)

’h/|p+N—2

- O

m—
+c
k=0

VI ) VT
w1 S0 B2 ’

for some constant ¢ = c(a,m, N,p) > 0. Moreover, the map (f5 -, for_1sfo s 1) = u is linear.

Proof. For simplicity we again take b~ = 0 and set b := b*. Without loss of generality, we may assume
that 0 < @ < b. Proposition 2.1 provides us with a function ¢ € C™(RN~!) such that suppp C
B'(0,ab~1) and

/RN_1 p(y)dy =1 and / W) *e)dy =0

RN-1

for all multi-indices o € Név_l with 1 < |a| < m. We define u™ :  — R via

m—1 L

— x _

u (z):= Z —]Y /RN1 fe ) pan (2 —y') dyf
k=0
m—1 L
X _
-y / (@Yo () d

k=0 . RN-1

We divide the remainder of the proof into several steps.
Step 1 — Computing traces: We claim that Tr(u~) = f;” on I'" and that Tr(dyu~) = f; on '~

for 1 <1 < m — 1. By standard properties of mollifiers we have that ¢, * f;” — f; in LI, C(RN 1) as
zn — 07 for alli =0,...,m — 1. Hence, Tr(u™) = f; on I'". Next we compute 8§Vu_ for 1 <1 <m.
We have

m—1 1 l I ) .

ohu~(z) = Z = Z <2> N’ (mf{,) Iy </RN1 fi (@ —an)e () dz')
k=0 " i=0
1 . (4.13)
— Z ch’lx?V_l“@}V </ fo (@ —an)p (z’) dz') ,

k=0 i=max{0,l—k} RN

where ¢; . == %(i) (k_’*gﬂrz.)!. Note that
corg = 1. (4.14)

To compute O% ( [en—1 [ (z' — zn2)p () d2') we distinguish two cases.
Case 1: If 1 <i < m — 1 —k, then we use the fact that f,~ € W EP(RN 1) 46 see that

loc

8}\,/ fr (' —zn2)p (z’) d7 = / 8’; (fk_ (' — a;Nz’)) © (z’) dz
RN-1 RN-1 al’N (4 15)
=) ca 0% (2! — an2) ()% (2) d2' = > O fe(y )Wo' — o) dy/, ‘
|ar|=2 /RNl |ae]=1 /RNl

where ¥*(y') := co(y)%p (y') satisfies

/ P (y')dy' = 0. (4.16)
RN-1
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Observe that since [ — k < i < m — 1 — k, this first case only happens if [ < m — 1.
Case 2: If i > m — 1 — k, then we write
i (i (@ —an?) ¢ (2) de

i — (o] / / I _ i—(m—1—k)
8N/RN1fk (z :L‘Nz)go(z)dz oy /RN  oa

_ gi—(m—1-k) 8 _ 8 ! ’
6 Z 05/RNlﬁfk:E a2 )(Z) e () dz

|B|=m—1—k

amlk

N
oy Cﬂ/Nlaﬂfk <a3 y) pay (2" =) dy

|Bl=m—1—k

az (m—1-k) x/_y/ B , , ,
= Z CﬁANl z(mlk)(IL’N>(pr(x_y) dy

|Bl=m—1—k

1 )
= > 'L('rnlk)/ 0° fr(y Wi (2" — ) dy,

|,B\m1kN

where the last equality follows from Proposition 2.2, and where

/ WP () dy = 0. (4.17)
RN-1
By combining the two cases we can write
- m—1—k
hr@ =3 S kY [ rne -
k=0 i=max{0,l— k} |ar|=1

+$N“Z > / 0° fr(y )it (2’ — o) dy,

k=0 |B|l=m—1—Fk

where 10 := ¢ and
!

PRy = Yoo ().

t=max{0,m—k}

Assume now that 1 <1 < m—1. Then by (4.16) and (4.17), gN*aafk — 0if o # 0 and 1/15 Kl P fr— 0
in L (RN=1) as 2y — 0*. On the other hand, if o = 0, then 2% — 0 if k > [ as 2y — 07. Hence,
the only term in the first term that does not converge to zero is k: =l and i =0. In view of (4.14) and

of the fact that 1/° := ¢, we have that Tr(04u~) = f; onT™.

Step 2 — Derivative estimates: We claim that u~ € me(Q) We begin by estimating Oyju~.
Since Case 1 in Step 1 does not happen when [ = m, we can write

aﬁf 7’/)577@1 <x’—y’> dy'.
kzo 1B1=m Z / . o

Due to (4.17), we are in a position to apply Proposition 2.3 to conclude that jju~ € LP(Q), with

] N R Rt A CA L
/ |O% ™ (x)[Pdx < C/RN 1/B’(Oa N2 dh'dx’.
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On the other hand, if 0 <1 < m in Step 1, then for every multi-index v = (7/,0) with || = m — [ we
have
— m—1—k

8
876§Vu Z Z Ci k zIﬁC\; b Z /N ) 0% fr(y 87 (%b?N (' — y')) dy'
k=0 i=max{0,l—k} |ov|=i R

m—1

s S [ PR (v )

k=0 |B|=m—1—Fk

In the first term for every i < m—k—1 we write v = s;+t;, where |s;| = m—k—1—i and |t;| = k—1+i+1,
and integrate by parts m — k — 1 — 4 times to see that
- m—1—k

ot
OOy~ (x Z > cpry Y /R L) g (U8 =) dy

k=0 {=max{0,l—k} |ee|=1

b D Lo 2t (v =)

k=0 |B|=m—1—Fk

According to Proposition 2.2, we may write

— m—1—k
1 . !
Ou (z Z Z Ci ki)l Z/ 0T fi(y') NUJQ’“ (m y> dy’
k=0 N

i=max{0,l—k} |a|=i TN
m—1
Y / 0 fily wﬁ " ( ) dy,
k=0 |Bl=m—1—k /B TN
where [prno1 ¥ (y) dy' = [on-1 ¥?7(y') dy’ = 0. Hence, Proposition 2.3 tells us that 0704 u~ € LP()

with - -
VI (R = VTR ()P
/Q|373§VU z)Pdx < C/RN 1 /, 0a) . B[P N2 . dh'dx’.

Thus u~ € W™P(Q), as claimed.
Step 3 — Defining u™ and u: Reasoning as in Steps 1 and 2, we can show that the function
uT : 2 — R defined by

m—1

b—an)"

T(z) = kz (k,N) /RNl T @W)ep-ay (&' =) dyf
=0

belongs to W™P(Q), obeys the estimate

m—k—1 / N _ xom—k=1 ¢4/ /\|p
[1vmitte \pdmcz/ [ e )
N-1 ’Oa

1 gt
” |h/’p+N—2 dh'dz’,

and satisfies Tr(ut) = fi7 on I'" and Tr(0ut) = f;F on I't for 1 <1 <m — 1.
Now let 8 € C*°([0,b]) be such that # = 1 in a neighborhood of 0 and # = 0 in a neighborhood of b.
We then define u : @ — R via

u(z) == 0(zn)u” (z) + (1 — 0(an))u™ (z).
For every 1 <1 < m we have that

Oyu(z) = 9($N)8§vu*( )+ (1= 0(zn))dyu (z)

+ Z < > N) (O~ (x) — OyuT (2)).



HOMOGENEOUS TRACES 45

If 0 <1 < m, then for every multi-index v = (7/,0) with |y'| = m — [ we have
I o\u(z) = «9(:6N)8'75)§Vu_( )+ (1 —0(zn))d0\ut ()

+Z () 01— (2 5) (870 u" (z) — 9% ut ()

if { > 1, and
Ou(z) = 0(xn)0"u (x) + (1 — O(xn))u™ (z)
if I = 0. Since u®™ € W™P(Q), to prove that u € W"P(Q) it suffices to estimate the lower order terms
=704 (u™ — u™).
By Taylor’s formula applied to d4u~(2/,-) and d4ut (2, ), respectively, we may write

-1

A 1 4 1 oN .
Ot u~ — : — () k=1 + - / al - /’ A A aa d
vu () ,;(k—z)!f’“ () xy =T vu (2 s) (xn — 8) s
and
— b + k—1 1 k I .+ l—i+1
)b —an)" — / oyut (2, 8) (xny —8) 7" ds,
o (—i+)! ), N
where we have used the fact that Tr(u®) = £ and Tr(0%u*) = f,;t onT'*. Since fk e Wi I=kp(RN-1)

and v = (7/,0) with |[7'| =m—1 <m—1—k for k <1—1, we can apply 9”7 to both sides of the previous
two identities to see that
I-1

i 1 — —1 1 N — ! —1
oyu™ (z) = g mmfk (x )a:?v + =iz /0 Do\ u (2!, s) (xy — s)l s
and
' — (=D / k—i I—i+1
o oNuT () :kz::i (k_i)!87f,j(az)(b7$1v) - (Z—’L—l—/ o\ut (2 s) (zn — s) ds.

Hence

-1

) 1 ; ’ i — N k—i
0N (ut (z) —u (z) = Z =] [(—1)’“’167]”;(3: Y(b—an)t - If (x ):c]fv ]
k=i ’
b
- (l—zl+1)' OOt (2 s) (an — ) ds
- (5214'1)' xN Oohu~ (', s) (xy — s) T ds.
_ ' Jo
Now define
-1
1 ; ’ i — N k=i
P~ (x) = Z = [(—1)’“’@87]0,:(95 )(b— zn)F = I fy, (x )xﬁ‘v ]
k=i ’
and
/ = _l)k + / k+1 + / b g
Gl = X RO @) + o ) (5)
k=0 '

and note that (4.12) guarantees that Q;; € LP(RN—1). Using the facts that for j = 1,...,1 — 1, with
. ) (K — )
(b - an)) = (-1 LY

(k—9)!  h—ivj

k—iej A [ k—iy _
(b—zn)", Oy(an"") = i~



46 GIOVANNI LEONI AND IAN TICE

we have that
. b -1 . o AN
i (3) = ¥ oyl CV @) - 05 @ (5)

= ﬁ[(—l)nm :+j+i($,) - mfn_Jer(JU/)] <;> = Qj+i,l,7(x/)-

Also P; (:c’ , g) = Qi1 (2'). Hence, if we fix 2/ € RV~! and apply Taylor’s formula centered at % to
the function P;; (2, ), we get

k-1

- b b/ b\’
Pi,l,'y(x) = Zaj]vpi,l,'y <5L/7 2> <5UN - 2> = ZQj-i-i,l,'y(x/) (xN - 2) .
=0

Jj=0

In turn, Hélder’s inequality and the fact that |#¢=9 (zy)| < cb~ (=% imply that

k—1
00D (@n) 0O (u* () — u™ ()P < e bITHIIQy s ()P

j=0
b TN
vt [ ot @ spds et [ 000 (@ )P
TN 0

Integrating over 2 and using Tonelli’s theorem then shows that

k—1

/ 100D (@)l (ut () — u™ (2)) P < €3 pU—HIPHL / Q)i (2 Pda’
0 , RN-1
7=0

+c/ |Vmu+(:1:)|pdx—|—c/ V"™ (x)|Pdx.
Q Q

This completes the proof.

5. TRACES IN GENERAL STRIP-LIKE DOMAINS
In this section we consider the case in which 2 is as in (1.1). We define
I+ .= {z € RY |zy = ni(x/)} .
5.1. The case m = 1, p > 1. We begin with the case m = 1 and p > 1. First we prove the trace

estimate, the analog of Theorem 1.2.

Theorem 5.1. Let Q be as in (1.1), where n* : R¥=1 — R are Lipschitz continuous functions such
that = <n*. Set L:=|n"]o1 + |n" o1, and let 1 < p < co. There exists a unique linear operator

Tr: WHP(Q) — L. (99)

loc

such that the following hold.
(1) Tr(u) = u on I for all u € WHP(Q) N CO(Q)
(2) There ezists a constant ¢ = ¢(N,p) > 0 such that
/ | Tr(u) (2, 0" (2")) — Tr(u)(z’,n(2))]
RN-1 (n* () =~ (2"))p~!
| Te(u) (-, 0= () gr-1/mm vy S (L4 L)Pe | |[Vu(z)Pde (5-2)
W (RN-1) 0

((n+r=n7)/(2L))

P
da' < c/ |Onu(x)Pdz, (5.1)
Q

for all w € W'P(Q).
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(3) The integration by parts formula

/u@iv,/} dx = —/ Youdr + W Tr(u)y; dHN 1
0 Q a0

holds for all u € W'P(Q), allp € CHRN), and all i =1,...,N.

Proof. We will only prove the second item. The proof of the first and third follow as in the proof of
Theorem 1.2. We divide the proof into steps.

Step 1 — Special case of (5.1): Suppose for now that = = 0 and 1 := 1" and consider v € Wh?(Q).
By Theorem 3.1 and the fundamental theorem of calculus, for £LN~! a.e. 2’ € RV~! we have that

n(z’)
u(x’,n(a")) —u(2’,0) = / onu(z',zn) dzy.
0

It then follows from Hoélder’s inequality that

(=)

n
fu(a’, (') — u(e, O)P < ()P / Ovula’,ox) P,

By integrating in 2’ over RN¥~! and using Tonelli’s theorem, we then see that

/ lu(z!, n(z')) — u(z’,0)|? dx'S/ |Onu(z)|Pda.
RN-1 Ur

(n("))p~!
Hence,
’I‘I‘ / / _ T / D
[ A TP 4 gy
RN -1 (n(a)) Q
which proves (5.1) in the special case in which n~ = 0.

Step 2 — Special case of (5.2) : Again suppose - = 0 and = . Let u € W'?(2). We may

suppose, without loss of generality, that L := |n|o,; > 1. Let R > 0 and Mr > 2R + MaX g7y -

For 2/ € B'(0,R) we make two observations, both of which use the fact that L > 1. First,
B'(2',n(2")/2L) c B'(0, Mr/2). Second, if h' € B'(0,n(z')/2L) and 0 < zn < n(z')/(2L), then by
the Lipschitz continuity of 7,

n(@ + 1) > (') - LII| > In(@) > ay.

With these observations in hand, we may use Theorem 3.1 and the fundamental theorem of calculus for
LN=Lae. o € B'(0,R), k' € B'(0,n(2')/2L) and 0 < zy < |h'| < n(2’)/(2L) to see that

TN TN
u(x' +1',0) —u(2’,0) =u(@ + b, 2n) —u(a, zy) — / onu(z’ + 1/, s)ds — / Onu(a',s) ds
0 0
1 TN TN
= / Vou(x' +sh' zy) - h'ds — / onu(z’ + 1, s)ds — / onu(z', s) ds.
0 0 0
In turn, we may estimate
1 || |h/]
lu(z’ + K, 0) —u(2’,0)] < |h']/ ]Vu(ac'+sh’,:cN)]ds+/ |Vu(:v'+h/,s)|d5+/ |Vu(z', s)|ds.

0 0 0

By averaging both sides in 2y over the interval (0, |h/|) and raising to the power p we then find that

Wl v
(@’ + 1,0 — u(a’, 0)[P < 371 ( / / V(e + st xy)| dsd:vN>
0 0

IR ||
+ 301 (/ [Vu(z" + 1/, s)] ds) 4 3t (/ |Vu(z', s)| ds)
0 0

p p
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We now divide both sides by |h/[P*¥ =2 integrate in b’ over B'(0,n(x')/2L) and in 2’ over B'(0, R), and
use Tonelli’s theorem to arrive at the estimate

/ / $ + h‘/ ) - 'U/(.T)/’ O)|pdh/dlj
10,R) J B/ (0n(a')/2L) |h/|pHN=2
<3P1/ / = /l/hl| \Vu(z' + sh/,2n)| deyd pdh’d !
— 5 u\xr sn , & XL S xXr
- 10,8) JB (0.0 20) IMIPTN 2\ Jo Jo NATEN
p—1 1 I / ! ’ r gl
o '(0,R) JB'(0,n(a’)/2L) [pPHN=2 \ Jo IVula'+ K, s)lds | dhvda

1 |h/‘ p
+ 3p_1/ / _— / Vu(x',s)|ds | dh'dx’
B(0.R) J B (0m(ar)/2n) W [PTN=2\ Jo Vel 5)

= 3P~ 43T+ 3P T

By Holder’s inequality,

1 |7 1 |7 p 1/p
/ / |Vu(x' + sh',zy)| doyds < (/ (/ |Vu(x' + sh', zy)| de) ds) .
o Jo 0 0

In turn, by Tonelli’s theorem and using spherical coordinates b’ = ro’, where r > 0 and ¢/ € S¥~2, and
the change of variables 3/ = 2’ + sro’, we may estimate the first term by

n(z')/2L 1 r p
I<// / / </ ‘v“(xl“Lsmlva)\de) drdz'dH" % (c")ds
SN-2 /OR)
L L I ooy ([ 196 sr sl ) a2y
SN—2 '(0,R)
= BN‘l/ / X(O,n(y’))(r)*p (/ !VU(y',xN)|de> dy' dr
0o JB/(0,Mg) r 0
ny') 1 r / p /
:ﬁNl/ / sy (/ |VU(3/7$N)|dl’N> drdy’,
/(07MR) 0 L 0

where here we used the facts that n(z’)/2L < n(a' 4 sh’) for 2’ € B'(0, R) and |h'| < n(2)/2L and that
|2’ + sro’| < R+r < R+ n(2')/2L < Mpg. Applying Hardy’s inequality (see, for instance, Theorem
C.41 in [23]) to the right-hand side and using Tonelli’s theorem yields the bound

n(y")
I_ Bn- 1pp/ / IVu(y', zn)|Pdeydy’ < BN 1pp / [Vu(y)|Pdy.
"(0,MR)

Similarly,

w2 |
"= / / / (/ |Vu(z' + ro’, s)]ds) drdz’dHN2(0")
sV-2.JB'(0,R) JO
/ / / 0n(a)/2L)( 1p< [Vu(a' + 1o, S)d8> dz'drdHN ~2(0")
SN=2Jo B'(0
< Bn- 1/0 /B,(OM X(0n(y' )) </ |Vu(y', s |ds> dz'dr
) R
N / P (/ ‘Vu(yljs)‘ds) drdx’.
B/(0,Mp) Jo T 0
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Again by Hardy’s inequality and Tonelli’s theorem, we get
/BN 1pp / Vu(y)[Pdy.

The term I11 is even simpler and can be bounded from above by the same expression. Hence, we arrive
at the bound

/ _ / P
/ / el dh’daz/sz’#’ﬁN ”’p / [Vu(y)[Pdy.
1(0,R) J B'(0n(2")/2L) |h'|P

Letting R — oo and using the Lebesgue monotone convergence theorem gives (5.2) in this special case.
Step 3 — General case: Assume now that 2 is as in (1.1) and let

U={yeR¥[0<ynv <n*(y)—n ("}
Consider the Lipschitz transformation ® : Q@ — U given by
O(z) = (¢/,xn — 0~ (2)).
The function ® is invertible with Lipschitz inverse ®~!: U — € given by
o (y) = (v yn + 17 (1)).

Moreover, det.Jg-1(y) = 1 at each point y € U where ®~! is differentiable. Given u € Wh?(Q), we
define w : U — R via

w(y) = u(@ '(y) = uly,yn + 1" (y)).
Then we compute

ow, . Ou ou on~

v/ — (! / — () / ) — —
ayi(y)—axi(y,ywrn (y))+f8xN(y,yN+n (y))ayi(y)forZ 1,...,N —1and
ow ou B

%(y)zﬁ(y',y]v%—n ),

which shows that w € W'(U). Hence, by Step 1,

[ I ) T P
(@) — 1 (@)!
[ [DEnte) s ) o,
@)=

/|8Nw \pdy—/ |Onu(® \pdy—/\aNu )|Pdx,

where we used the fact that det Jg-1(y) = 1. This proves (5.1) in the general case.
Similarly, Step 2 shows that

/ / | Te(w) (&' + 0~ (a' + ) = Te(@) @ P
RN=1JB'(0,(n* (') —n~ (2))/(2L))

|h/|p+N72
! ! _ ! p
/ / | Tr(w) (@ +h/, OEN,?(U})(:C’O)' I
RN -1 JBr(0,(* (a/)—n~ (a))/(2L)) [P
§3P(BN “’p / \Vw(y)[Pdy < (1+ L)P (2N)1/2ﬁN /\v )[Pda.

This proves (5.2) in the general case for the lower trace. The analogous estimate for Tr(u)(-,77(-)) can
be obtained by flattening the top and arguing similarly. We omit the details for the sake of brevity. [

Remark 5.2. When n™ —n~ is either unbounded or vanishes at infinity, we do not know if the identity
(1.8) holds.
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Remark 5.3. In Step 1 we could have written instead

vz’ +h,0) —v(2,0) =v(@' + 1, 0) — v, |V|)+ v, |h]) —v(2,0)

1 |R|
= / Vo((@', |W]) + s(h',—|h'])) - (W', —|h'|) ds + onv(z' +H,s)ds.
0 0

This would have lead to the better estimate

| Tr(u) (2’ + 1/, 0) — Tr(u) (@, 0)P ., , -
/RN 1/,0,] L dh’dx SC(N,p)/Q!Vu(:c)! da.

|hl‘p+N—2

Howewver, the proof in Step 1 is simpler to extend to higher order Sobolev spaces.
Next we prove the corresponding lifting result, which is the analog of Theorem 1.4.

Theorem 5.4. Let Q be as in (1.1), where n* : RN=1 — R are Lipschitz continuous functions, with
n~ <ntand L :=|n"loq+ nT[oq. Let 0 < a <1andl <p < oco. Suppose that f+ € L (RN-1)

satisfy
fr@) = f@&)P
d 5.3
Lo v S < 53)
and
B +
|f | (la(;ip_z; ))(RN—l) < 00, |f |W(1a—(;_/~_p_71:7_))(RN_1) < 0. (5'4)

Then there exists u € WYP(Q) such that Tr(u)(z/,nE(z")) = fX(a') for 2/ € RN, and

) - P
Jvurar ey [l
+e(L+ LY 1 a1 +e(L+ LPIFR s

(a(mt—n=)) (a(nt—n7))

(RN-1) (®N-1)

for some constant ¢ = c(a, N,p) > 0. Moreover, the map (f~, f1) — u is linear.

Proof. We divide the proof into steps.

Step 1 — The case 1~ = 0: Assume first that n~ = 0 and n := 7 > 0. Given 0 < b < a, let
¢ € C(RM~1) be a nonnegative function such that [px_1 ¢(y')dy’ =1 and supp C B'(0,b). Define
u” : Q= Rvia

W @)= (o )@ =g [ 000 (T )

TN
N
As in the proof of Theorem 1.4, for every i = 1,..., N, we have that
c

8iuxp§/ () — f(2"|Pdy.
@ < e [ 1)~ @y

N

Integrating both sides over € and using Tonelli’s theorem shows that

Oiu~ (x)|Pdx < c/ / / =) = f(@)|Pdy dxydx’
[ 1o @) - N+p W) £GP
_ A n(z') 1 L
=¢ 7)) — (@) mdl“]vdydx
RN-1 /(I’,bn(:ﬂ’)) b— 1|:E y| xN

— AN — 7\ |p
RN-1 JBr(ar py(ary) |2 — Y[V FP

This shows that v~ € WP(2). Moreover, since by standard properties of mollifiers @, * f~ — f~ in
LP (RN=1) as oy — 01, we have that Tr(u~)(2',0) = f~(z') for 2’ € RN 1,

loc
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Step 2 — The general case Assume now that  is as in (1.1) and let U and ® be as in Step 2
of the proof of Theorem 5.1. Let v~ € WP(U) be the function constructed in the previous step with
Tr(v™)(y',0) = f~(v/) for v/ € R¥71. Set u™ : Q — R via

u(z) ==v (2(z)) = v (@), an —n~ ().
Then Tr(u~) (2,7~ (z)) = Tr(v™)(2,0) = f~(2') for 2’ € RV~ and
ou~ v~ ov~ N\ On~

_ / N ' L .
oz, (x) = o0 (x',xny —n (2))) ayN(x ,xn —n (2)) oz, (') fori=1,...,N — 1, and
ou~ ov~ _

Then Step 1 allows us to bound
/\8u )|Pdx < (1 + L)P /|Vv x))|Pde = c(1 4 L)P /\Vv y)[Pdy

p
<c(1+L)p/ / ) = PP g
V=1 B @ @) - @) [ =Y

/ O~ (2)Pdz = / O~ (®(2))|Pdz — / O~ () Pdy

W) = EP
<
C/RN 1// it 2)b) ’x/_y/|N+p—2 dy dz’,

which in particular means that v~ € Wl’p
Arguing similarly, we can construct a functlon ut € W'P(Q) such that Trut(«/,nt (")) = fH(z)
for 2/ € RV~! and which obeys the estimates

+ (/) _ £+ ()P
/ |0t () |Pdz < c(1 + L)p/ / |/ (/y ) - ]{H(iﬂ dy'dx’
o V=1 B @Gt @) - @) [ YN

|f+(y/)_f+($,)|p 1o
p
/ O™ (@)lde < C/]RN 1 // "t (z oy |2 =y NP2 Ay

Consider now a function ¥ € C*°([0,1]) such that 19 = 1 in [0,6] and ¥ = 0 in [1 — 4, 1], and define

f:Q — R via )
B xy —n (2
ey =9 <n+(x’) - n‘(ﬂf’)) '

and

and

We then define the function v : 2 — R via
u(z) = 0(x)u” (z) + (1 — 0(z))u™ (x).
Then for i =1,..., N,
Opu(x) = 9;0(x) (u™ (x) — u™ () + O(x)du™ (x) + (1 — 6())du™ (x).

From this and the fact that u® € W1?(Q) we see that in order to prove that u € W'?(Q) we must only
prove that 9;0(u~ —u™) € LP(Q).

Fori=1,...,N — 1, we compute
iy = o [N =0 (@) —0m_(z') (e —n (@)(@in" (&) — Oin”(«'))
Oib(w) =9 <n+(w’) - n—<x'>> [n*(w’) —r @) O @) — 7 (@)2 ’

while for i = N we compute

Y TN =1 (l‘/) 1
Onble) =5 (wx’) - n‘(w’)) @) @)
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Hence, for z € (,
c(l+ L)
nt(a’) —n=(a')
for some constant ¢ = ¢(N,d) > 0. By the fundamental theorem of calculus, which can be applied
thanks to Theorem 3.1, we have that

u (z) = f(2') + /j’ ) onu~ (2, s)ds
n=(x

[VO(z)| <

and
nt(z')
ut(x) = fH(2) —/ onu™ (2',5) ds.
TN
Hence,
nt(z") nt(z’
@)~ w @ I - @ [ v @s)lds+ [ ovat (@ sl ds
n~(2) n~(2)

In turn, we may use Holder’s inequality to bound
[ut(z) —u(2)]P < | fH (") = f ()P
n*(z")
+e(n” (@) - 77_(1"))”_1/ (Ionu™ (2", 8)[P + [Onu™ (2', 5)|P) ds
.
and it follows that

Ox)(uT(z) —u ()P < ¢ ‘( +($)—U_($))|p
’319( )(u™( ) ())‘ <c(l+L)P (nt(z") —n— ()P

ST = fmEDP c(1+ L) /W”"') . /
<c(l+ L) + onu~ (2, s)P + |Onu™ (2, 5)|P) ds.

( ) (mt(z") —n=(@)P ot (@) —n (@) Jy-@) ( @)+ (@, 5))
Integrating both sides over 2 and using Tonelli’s theorem gives

O(x)(u(x) —u (z))Pdx < ¢ P ‘f+(x’)—f_(x/)’p x!
/anle( )(u'(2) (2))Pdw < (1 + L) /RN_l (n+(x’)—77‘($’))”‘1d

be(14 Ly /Q (1Onu~ ()P + |Onut (@)P) da.

Thus u € W'P(Q), and the desired estimate follows readily from this and the above analysis.
O

5.2. The case m > 2, p > 1. Finally, in this subsection we consider the case m > 2 and p > 1. For

1 <n<m-—1, we define -
W) X Lo

al=n
We will study the linear mapping

we Wrr(@) o T o= (e, e (20 (220, (5.5

We begin with the case m = 2.

Theorem 5.5. Let Q be as in (1.1), where n* : RN™1 — R are Lipschitz continuous functions, with
n~<nt and L:=|n"|oa+[nT|o1. Let 1 < p < co. Then there exists a constant ¢ = ¢(N,p) > 0 such

that for every u € W2P (Q) we have the estimates

Tr(0;u)(x — Te(du) (', n~(z'))|P .
Z /RN R (;(( ))) n—<§:f>>p)—(1 T, [ IPutaras,




HOMOGENEOUS TRACES 53

1 (ot — o\ k[P
S (Tr(@ku) (@ n* (&) + (-1 T (@) ('~ (') (50
k=0 /
/RN—l (nt(a") —n=(a'))?~1 e
< [ V()
Q
and
5" [ | Tr(@hu) o+ o=+ 1)) — Te(@) & = @D
— Jrv-1 B0, (2) -0~ (1)) 2L) | N2

<(1 —I—L)pc/Q \V2u(x)[Pdz.

Proof. Since dju € WP (), the first and third inequalities follow by applying Theorem 5.1 to Jju. It
remains to prove the second inequality.

For LVN~! ae. 2’ € RV~! Theorem 3.1 allows us to use the identity (2.10) applied to the function
w(@',-+n~(2") with b =nT(2’) — n~(2') in order to compute

(@, n*(2") = ul@’,n(2") = @Onula’,n*(2") + Ovula’,n (x

nt (@) —n~(z') T Ny
:/ (et +n(2))) <” (z) =0~ (@) —t) dt.
0

From this we estimate

w(e (@) — u(es g (@) — Onu(@nt (@) + Oyule, (@
F (0 = (] nt(z')—n~ (z') (o = (o] nt(z’)

< T _n @) / Ot 4+ (o)) at = T J e
0 n~ ()

where in the second equality we have made the change of variables s = t + 1~ (2'). We then apply
Hoélder’s inequality to see that

(") — n(2') |P
ule! (@) e (2) — @l (2) + Ol (a) T

<

(/) = (@) e
),

n~ (')

|0%u(2’, 5)[Pds.

We then divide by (n*(2') —n~(2/))%~!, integrate over 2/ € RV~1 and use Tonelli’s theorem to arrive
at the bound
a0 (@) = ula 0~ (@) = @ula’, 7+ (@) + Oyulal,n~ (o)) L]
/IRN—l (n*(2") —n~ ()~
< | ihutrds,
Ur

which is the desired second estimate. O

dz’

Remark 5.6. We have not been able to prove the extension of Theorem 1.10 for domains of the form
(1.1), even assuming that n°= are more regular. If we follow the strategy of our proof of Theorem 5.4
and consider first the case in which n= =0 and n = n*, then the desired function v~ has the form (see
the proof of Theorem 1.10)

@)= [ U+ ey (=) d.
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However, to return to the general case (1.1) one should define u™ : Q@ — R wia
u (z) =v (2 an — 0~ (2)).
Then fori,j=1,...,N —1,

_ 8;);;_ (2, xn +1 (m’))%;( )+ ;;]2; (2, zn n_(x'))%l( ’)gz,j( )
- g;) (' xn — U_(ffl))a(zgxl ),
while
afjg;N 2) = ajja;N(x ay =1 (@) - %Zguﬂw - n‘<w’>>gg<x’>’
5;2&:“2];(37) - (Zj%\:(x’,aw —n~(z")).

These computations show that all the second derivatives of v~ are in LP, but unfortunately g;’;f s not in

general, so it is unclear if u™ € Wz’p(Q). Other types of lifting arguments (see, for instance, Proposition
7.8 in [25]) seem to present the same pathology.

Next we present the trace estimate in the general case m > 2.

Theorem 5.7. Let  be as in (1.1), where ™ : RN=1 — R are Lipschitz continuous functions, with
n~ <ntand L:=|n"o1+ 0 |oa. Letm € Nwithm > 2 and 1 < p < co. Then there exists a constant
¢ =c(m,N,p) > 0 such that for every u € WP (Q) and for every i,l € Ny with 0 <i+1<m —1,
P

M7

. . / — (ot k
‘ > _kl!)k (Vﬁ Tr(ajli;—i_lu)(%/,??—i_(fﬂ,)) + (—1)k+1Vﬁ Tr((?]’i,“u)(x’, 0 (ml))) (M)
/RNl (nt(a) — ni(x/))(miiil)pil
< c/ V™ u(x)|Pde,
Q

/ / | Te(V™tu) (2 + B pt () + 1)) — Te(V™ L) (2, = (2)) P AW da’
RN=1.JB/(0,(n* (') —n~ (a'))/(2L)) b/ |pTN=2

da’

<(1+ L)pc/Q VT u(z)Pd.

Proof. The proof is very similar to the that of Theorem 5.5, using (2.9) instead of (2.10). We omit the
details for the sake of brevity. O

6. APPLICATIONS

In this section we present some applications of the previous results to quasilinear elliptic PDEs in
domains 2 of the form (1.1) or (1.3).

6.1. Lagrangians. We record here some properties of Lagrangians that will be used to define our
quasilinear PDEs. We begin with a notion of admissibility.

Definition 6.1. Let Q C RN be open and 1 < p < co. We say that a function G : Q x RN = R is a
p—admissible Lagrangian if the following conditions are satisfied.
(1) For each ¢ € RYN the function G(-,€) is measurable on Q, and for almost every x € Q the
function G(z,-) is continuously differentiable on RN .
(2) For almost every x € Q) the function G(z,-) is conver on RY.
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(3) There exists a constant A_ € (0,00) and a function ¥ € LY(Q) such that
AP —_(z) < G(x,€) for almost every x € Q and every € € RY.
(4) There exists a constant A, € (0,00) and a function ¢y € L (Q) such that
IVeG(2,€)| <y () + AL |E[P™Y for almost every x € Q and every & € RY.
(5) G(-,0) € LY(Q).
The next lemma records an upper bound that follows from the assumptions in Definition 6.1.

Lemma 6.2. Let Q C RY be open and 1 < p < oo. If G : Q x RN — R is a p—admissible Lagrangian
in the sense of Definition 6.1, then

/

n (1+A4)
p

G (x,8)] < |G(x,0)] + |¢+](;U)|p

€17

for almost every x € Q and each € € RV,

Proof. The fundamental theorem of calculus and the fourth admissibility condition for G allow us to
estimate

1 1
GO < 66,001 + [ IlIVeGo.t)ldr < G, 0) + [ el ()] + Ao el
The stated estimate follows easily from this and Young’s inequality.
O

6.2. The Dirichlet problem. We now turn our attention to the Dirichlet problem associated to
p—admissible Lagrangians. Our main result, which is more general than Theorem 1.11 stated in the
introduction, establishes necessary and sufficient conditions for the solvability of the associated Dirichlet
problem.

Theorem 6.3. Let Q@ C RY be as in (1.3), a > 0, 1 < p < oo, and f* € LL (RN71). Suppose that
G: QxRN = R is a p—admissible Lagrangian in the sense of Definition 6.1. Then the quasilinear
Dirichlet problem

{ —div(VeG(-, Vu)) =0 in Q, (6.1)

u=f* on I'*

admits a solution in WYP(Q) if and only if f* satisfy (1.9) and (1.10). In either case, there exists a
constant ¢ = c¢(a, N,p, A_, Ay) > 0 such that

/ Vu(o)Pdr < c / (G (@, 0)] + [¢—(@)] + ¢4 (@) )dz + ¢ / ) — f @) P de!
Q 9] RN-1 (6.2)
+ c|f_|%(1a—>1/P7P(RN_1) + C|f+|%/(la—)1/P«P(RN—1)’

where V¥ are as in Definition 6.1, and w minimizes the energy functional F : {v € WP(Q) | Tr(v) =
[T onT*} = R given by

Flv) = /Q Gz, Vo())da. (6.3)

Proof. The proof is a standard application of the direct method of the calculus of variations. We present
it for the convenience of the reader. _

Assume that f* satisfy (1.9) and (1.10). Let X := {v € W'P(Q)| Tr(v) = f* on I'*} and note that
X is nonempty thanks to Theorem 1.4. Consider the functional F' : X — R given by (6.3), which is
well-defined in light of Lemma 6.2. Since G is p—admissible, we can bound

Flo) > /Q A_|Vo(a)Pde — /Q v (2)da.
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It follows that

¢:= inf F(v) > —o0
veX

and that if {uy,}nen 1S @ minimizing sequence in X, i.e.
lim F(uy) =4,
n—oo

then {Vuy, }nen is bounded in LP(Q; RY). By applying Poincaré’s inequality on an increasing sequence
of bounded Lipschitz domains and employing a diagonalization argument, we can find a subsequence,
not relabeled, and v € W'P(Q) such that Vu, — Vu in LP(€;RY). The p—admissibility conditions
guarantee that F' is sequentially weakly lower semicontinuous (see, for instance, Theorem 6.54 of [17]),
SO

F(u) < lim F(uy,) ="¢.
n—oo
On the other hand, by applying the Rellich—Kondrachov theorem on the increasing sequence of bounded
Lipschitz domains Q;, = (—k, k)N~ x (b=,b"), we can assume that u, — u in LP(Q4) as n — oo for
every k. Hence, u, — u in WP(Q), which implies that Tr(u) = f* on I't N 9. Since this is true
for every k, we have that v € X and so F(u) = ¢.
Since u is a minimizer of F' we may take variations to see that u satisfies

/ VeG(x,Vu) - Voder =0
Q

for every v € W'2(Q) with Tr(v) = 0 on T'=. This shows that u is a weak solution of (6.1).
Conversely, if u € WHP(Q) is a weak solution of (6.1), then since Tr(u) = f* on I'*, it follows from
Theorem 1.2 that f* satisfies conditions (1.9) and (1.10).
It remains to prove (6.2) when either (and hence both) of the equivalent conditions is satisfied. By
Theorem 1.4 there exists w € W'P(Q) with Tr(w) = f* on I'* and

”vaLP(Q) < C’(f77 f+)|X(1;)1/p’p(]RN*1)’

where we recall that '(la_)l/p’p(RN_l) is the space given in Definition 3.18, with ¢ = a. Then w € X,

and so by minimality, p—admissibility, and Lemma 6.2 we have that
/Q[A\VU(QE)I” — ¢ (z)ldr < F(u) < F(w) < /Q[IG(%O)\ + [4(@)[P + (1 + Ay ) | Vw(z)[P]de

Then (6.2) follows immediately by combining these bounds. O

Remark 6.4. Theorem 6.3 continues to hold for domains of the type (1.1), provided we replace (1.9)
and (1.10) with (5.3) and (5.4). The proof remains unchanged.

We can now present the proof of Theorem 1.11.

Proof of Theorem 1.11. We simply observe that the map G : Q@ x RN — R given by G(x, &) = |€P/p +
g(x) - £ satisfies the conditions of Definition 6.1, and so we may apply Theorem 6.3. O

6.3. The Neumann problem. We now turn our attention to the Neumann problem associated to an
admissible Lagrangian G, i.e. the problem

—div(VeG(+, Vu)) =9 in Q,
VeG(,Vu)-v=nh on 0N).

Assuming for the moment that wu, ¥, and h are sufficiently smooth and have the right decaying properties,
by multiplying the equation by v € C2°(RY) and integrating by parts we get

/QV§G(9U, Vu(z)) - Vu(z) de = /Qv(a:)w(x) dx + / v(x)h(z) dHN 7 (z).

o0



HOMOGENEOUS TRACES 57

More generally, we may replace the linear functionals

v»—)/vwdaj and v — vhdHN !
Q o0

with generic linear functionals

U W'P(Q) > Rand A : X(llf)l/P’p(RNfl) = Tr(WP(Q)) — R. (6.4)

Thus a weak solution u € WP (Q) of this generalized problem must satisfy
/ VeG(a, Vu()) - Volx) do = U(v) + A(Tr()) (6.5)
Q

for all v € WP(Q). Note that since a constant function v = ¢ belongs to WP(Q), from (6.5) we get
the compatibility condition
U(c)+Alc) =0 (6.6)

for every ¢ € R. This is the natural generalization to our unbounded domain of the compatibility
conditions for the solvability of the Neumann problem on bounded domains. Thus, if we define A; :
WhP(Q) = R via

Ai(v) == A(Tr(v)), (6.7)
then

U(w+c)+Ai(v+c)=T(v) + Ai(v)
for every v € WP(Q) and every ¢ € R, and so we can define ¥ + A; on the quotient space W?(Q)/R.
Given v € WhP(Q), we set
Trt (v) := Tr(v)|ps -

In view of Theorem 1.2, the pair (Tr™ (v), Tr™ (v)) belongs to ‘(1af)1/p,p(RN—1)’ where X(laf)l/p’p(RN_l)

is the space given in Definition 3.18 with ¢ = a for 0 < a < b. In what follows, with a slight abuse

of notation, we identify Tr(v) with (Tr~ (v), Tr*(v)). Conversely, given (f~, fT) € X(la_)l/p’p(RN_l) by

Theorem 1.4 we have that there is v € W'?(Q) such that Tr*(f) = f*. If we set

/ [ @) i eRNTL oy =0,

rtan) = { ) R R I (6.9

then f = Tr(v).

We can now state our main result on the Neumann problem.
Theorem 6.5. Let Q@ C R™ be as in (1.3), 1 < p < oo, and assume that ¥ : Wl’p(ﬂ) — R and
A lel/p’p(RN_l) — R are linear functionals satisfying (6.6). Suppose that G : Q x RV — R is a

1)
p—admissible Lagrangian in the sense of Definition 6.1. Then the quasilinear Neumann problem

—div(VeG(, Vu)) =V in Q, (6.9)

VeG(,Vu) -v=A on 0N '
admits a weak solution in Wl’p(Q) if and only if there exists ¢ > 0 such that

(W (v) + Ar1(v)] < e[Vl Lo (o) (6.10)

for every v € W'P(Q), where Ay is given in (6.7). In either case, there exists a constant ¢ =
c(a,N,p, A_) such that

P P
[ vu@ipds < e [ 1600 + 0 (a)lde + ¥ + Al (6.11)
and u minimizes of the energy functional F : Wl’p(Q) — R given by

F(v) = /QG(JJ, Vou(z))dx — ¥(v) — Ay (v). (6.12)
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Proof. Assume that ¥ and A satisfy (6.10). Consider the functional (6.12) defined for v € Wh?(Q). By
(6.10) and the p-admissibility conditions,

Fo) 2 [ A-o@Pde— [ v (@)de - Vollo)

We can now proceed as in the proof of Theorem 6.3 to show that there exists a minimizer v € W12 (Q)
of F. Using the continuity and linearity of A, taking variations we get that (6.5) holds for every
v € WHP(Q), which shows that u is a weak solution of (6.9).

Conversely, assume that u € WP(Q) satisfies (6.5). Since (p — 1)p’ = p, it follows from the
p—admissibility conditions and Holder’s inequality that

[W(v) + A (v)] < /Q(\M(x)\ + A4 V(@) P | Vo(@)lde < e(vr, u, AVl ooy

for every v € W'P(9Q).
To conclude the proof it remains to show (6.11). Using the p—admissibility conditions, we may bound
/[AVu(x)|p —Y_(z)ldr — (U(u) + A1 (u)) < F(u / |G(z,0)|dx.
Q
Then (6.11) follows directly from this and (6.10). O
We next record a corollary about the Neumann problem with ¥ = 0.

Corollary 6.6. Let Q@ C R" be as in (13), 0 <a <b"—b", 1< p < oo, and assume that A :
Tr(W'P(Q)) — R is a linear functionals satisfying A(1) = 0. Suppose that G : Q@ x RN — R is a
p—admissible Lagrangian in the sense of Definition 6.1. Then the quasilinear Neumann problem

—div(VeG(+, Vu)) =0 in Q, (6.13)
VeG(,Vu) -v=A on 0 ’
admits a weak solution in Wl’p( ) if and only if there exists ¢ > 0 such that
A<l F Mmoo (6.14)

for every (f~, f1) € X(laf)l/p’p(RN_l), where f is given in (6.8). In either case, there exists a constant
c¢=c(a,N,p, A_) such that

IVl < [ 1601+ - @)lde + AV,

where ]A| (L -1y is defined in (2.12).

R (6.15)

Proof. Since ¥ = 0 Theorem 6.5 tells us that (6.13) admits a weak solution u € W'?(Q) if and only if
[A1(0)] < || Vol ooy (6.16)

for every v € W'P(Q). Assume that (6.14) holds. By Theorem 1.2, given v € W'P(Q), we have
that (Tr~(v), Te* (v)) € X /PP (RN 1) with |(Te™ (v), T (v)|
(6.14),

X(l_)l/p’p(RNfl) < CHVUHLP(Q)7 and so by

[A1(v)] = [A(Tr(v))] < CI(Tr_(v),Tr+(v))|X(1—)1/p,p(RN_1) < | Vol e

This shows that the functional A; satisfies (6.16). Conversely, assume that (6.16) holds. Given
(f~,fh) e X(la_)l/p’p(RNfl) by Theorem 1.4 we can find v € W?(Q) such that Tr(v) = f and

HVUHLP(Q) <C’(f f )| 1)1/PP(RN N

It follows from (6.16) that
IA(H)] = [M(v)] < el Vwllee) < el(F7 F Nl XISy
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which shows (6.14).
To conclude the proof it remains to show (6.15). This follows from (6.11) once we observe that

ACTE())] < A ioaim oy (B (), T @) g1

< C’A|(X(1;>1/Pvp(RN71))/HVUHLP(Q)a
where the last inequality follows from Theorem 1.2. O

Remark 6.7. In view of Theorems 5.1 and 5.4, the previous corollary continues to hold for domains

of the type 1.1, provided we replace X(la_)l/p’p(RN_l) with X(ln_)l/p’p(RN_l), where n = (n™ —n~)/(2L).

The proof remains unchanged.
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