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Abstract

We study a class of non-stationary shot noise processes which have a general arrival process of noises
with non-stationary arrival rate and a general shot shape function. Given the arrival times, the shot noises are
conditionally independent and each shot noise has a general (multivariate) cumulative distribution function
(c.d.f.) depending on its arrival time. We prove a functional weak law of large numbers and a functional
central limit theorem for this new class of non-stationary shot noise processes in an asymptotic regime
with a high intensity of shot noises, under some mild regularity conditions on the shot shape function and
the conditional (multivariate) c.d.f. We discuss the applications to a simple multiplicative model (which
includes a class of non-stationary compound processes and applies to insurance risk theory and physics)
and the queueing and work-input processes in an associated non-stationary infinite-server queueing system.
To prove the weak convergence, we show new maximal inequalities and a new criterion of existence of a
stochastic process in the space D given its consistent finite dimensional distributions, which involve a finite
set function with the superadditive property.
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1. Introduction

We consider a class of non-stationary shot noise processes X := {X(¢) : ¢ > 0} described
as follows. Let A := {A(¢) : t > 0} be a counting process with arrival times {r; : i € N}. Let
{Z; 1 i € N} be a sequence of conditionally independent R¥-valued (k > 1) random vectors
given the event times {7; : i € N}. For each i € N, the distribution of Z; depends on 7; only.
To indicate the dependence of Z; on t; explicitly, we write Z;(t;) for Z;. The regular conditional
probability for Z;(t;) given that t; = ¢, t > 0, is given by

P(Zi(v) <xlt=1)=F(x), t>0, xeR (L.1)
where for two vectors x = (xq, ..., X)),y = (y1,..., V) € RF, x < y means x; < y; for each
i =1,...,k and F,(-) is a joint/multivariate cumulative distribution function (c.d.f.) for each

t > 0.Let H : R, x R — R be a deterministic measurable function representing the shot shape
or the (impulse) response function. See the precise assumptions on F;(-) and H in Assumption 2.
Define the non-stationary shot noise process X by
A1)
X(0)=Y H(t -7 Zit), t>0. (1.2)
i=1

In the literature the sequence of random variables {Z;} is often assumed to be i.i.d.,
independent of the arrival processes of shot noises (see, e.g., [9,12,13,18,26-28,31,40]). Limited
work has studied for the sequence {Z;} with certain dependence structures. For example, in [33],
{Z;} is modulated by a finite-state Markov chain and is conditionally independent with a
distribution depending on the state of the chain at the arrival time of the shot noise (also
modulated by the same chain). In [38], a cluster shot noise model is studied where {Z;} depends
the same ‘cluster mark’ within each cluster. However, the ‘non-stationarity’ of shot noises has
been neither explicitly modeled nor adequately studied, although it often occurs in stochastic
systems (see, e.g., [2,8,15,35,36,45] and references therein). In our model, the sequence {Z;} is
assumed to be conditionally independent given the arrival times and the distribution depends
upon the arrival times. We have explicitly modeled “non-stationarity” in the distribution of
shot noises. In addition, the arrival process is also allowed to be a general non-stationary point
process.

In this paper, we establish the functional weak law of large numbers (FWLLN) and functional
central limit theorems (FCLTs) for this class of non-stationary shot noise processes in an
asymptotic regime where the arrival rate is large while fixing the shot noise distributions F;(x)
and shot shape function H (see Assumptions 1 and 2). (It is often referred to as the “high
intensity/density regime” [4,17,19,37].) Here we assume that the arrival process satisfies an
FCLT with a continuous limiting process and a non-stationary arrival rate function. In the FCLT,
we obtain a non-stationary stochastic process limit for the diffusion-scaled shot noise process
(Theorem 2.2). The limit can be written as a sum of two independent processes, one as an integral
functional of the limiting arrival process, and the other as a continuous Gaussian process. When
the arrival limit is Gaussian, the limiting shot noise process becomes a Gaussian process. We
also consider a finite collection of shot noise processes as defined in (1.2) with a family of shot
shape functions but the same arrival process and noises, and prove their joint convergence in
Theorem 2.3.

We discuss the applications of the FCLT to a simple multiplicative model and the queueing
and work-input process for a non-stationary infinite-server queueing model (G,/G,/00) in
Section 3. The simple multiplicative model requires that the shot shape function H(¢, x) =
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H (t)p(x) for a nonnegative and monotone function H (¢) and a measurable function ¢ : R* — R.
When H(7) = 1 and ¢(x) = x for each x € Ry (k = 1), the model becomes a non-stationary
compound process, which is new in the literature. As a consequence of Theorem 2.2, we obtain an
FCLT for such non-stationary compound processes; see Theorem 3.1. The multiplicative model
has applications in insurance risk theory (setting ¢(x) = x for x € R_), in particular, modeling
the delay in insurance claim settlement [27]. It also has applications in physics [41], to study a
damped harmonic oscillator subject to a random force, which has the new feature that the random
forces depend on the arrival times.

For the non-stationary infinite-server queueing system, the queueing process requires that the
shot shape function H(t, x) = 1(¢ < x), while the work-input process has H(¢, x) = x1(t < x),
for x € R,. The G,/G,/oc0 queueing model has been recently studied in [36]. In some
sense, the class of non-stationary shot noise processes is a generalization of the non-stationary
infinite-server queueing model studied in [36], where functional limit theorems are established
for the associated two-parameter processes in addition to the total count process. Work-input
processes are studied in [30] using Poisson shot noise processes, where fractional Brownian
motion limits are obtained in the conventional scaling regime. We obtain an approximation for the
joint queueing and work-input processes, which is a continuous two-dimensional non-stationary
Gaussian process when the arrival limit is Gaussian.

To prove the FCLT, we employ a classical weak convergence criterion in the Skorohod
Ji topology, Theorem 13.3 in Billingsley [5]. It provides a sufficient condition involving a
modulus of continuity (see (5.2)), which requires the maximal inequalities in Theorems 10.3
and 10.4 in [5] to establish. Maximal inequalities are usually very challenging to prove. In many
applications, certain properties of the processes of interest (e.g., the martingale property) can
often lead to useful maximal inequalities. The power of Theorems 10.3 and 10.4 in [5] lies
in that sufficient conditions on the probability bounds for the increments of the process are
provided in order to obtain the corresponding probability bounds in the maximal inequalities.
Those conditions require that the probability bound involves a finite measure (see (5.4)), which
can be often induced from the moment bounds for the increment of the processes. However,
for the class of non-stationary shot noise processes, the probability bounds for the processes of
interest do not provide such a convenient finite measure (see Lemmas 4.4—4.5 and discussions in
Remark 4.2).

One main contribution of the paper is to prove new maximal inequalities involving a finite set
function with the superadditive property, which generalize Theorems 10.3 and 10.4 in [5]; see
Theorems 5.1 and 5.2. Their proofs in Section 7 are adaptations of the corresponding ones in [5].
We apply them to verify the sufficient condition with the modulus of continuity in Theorem 13.3
in [5] for the shot noise process in the proof of the FCLT. We also apply the maximal inequality in
Theorem 5.1 to prove the FWLLN for the shot noise process. In addition, a criterion to prove that
there exists a stochastic process in the space ID) given its consistent finite dimensional distributions
is provided in Theorem 13.6 in [5]. That criterion also relies on the maximal inequalities in
Theorems 10.3 and 10.4 in [5], and thus requires that the probability bound for the process
increments involves a finite measure. We prove a new criterion of existence in Theorem 5.3,
where the finite measure assumption in the probability bound for the increments of the process is
relaxed to allow a finite set function with the superadditive property. It is then applied to prove the
existence of the Gaussian limit process in the FCLT in the space D (in fact in C, which requires
additional continuity in mean square for the limit process; see the proof of Lemma 6.3). These
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generalizations of the maximal inequalities and the criterion of existence in the space D may be
useful in future research on weak convergence of stochastic processes.

1.1. Literature review

Shot noise processes have been extensively studied, and have many applications in physics,
insurance risk theory, telecommunications, and service systems. Functional limit theorems have
been established in two asymptotic regimes.

In the asymptotic regime where the arrival rate of shot noises (the intensity/density) becomes
large, only limited work has been done for some special classes of shot noise processes. One class
includes the queueing, workload and work-input processes in infinite-server queueing systems
with i.i.d. service times. For these models, the shot noises represent service times, and the shot
shape function becomes an indicator function for the queueing process; see, e.g., Chapter 10
of [44] for a review. Networks of infinite-server queues with shot-noise-driven arrival intensities
are recently studied in [29], in order to capture the strong fluctuations in the arrival process.
Weak convergence of a certain class of compound stochastic processes was studied in [19]
in this asymptotic regime. That paper includes a special class of shot noise processes with a
renewal arrival process and i.i.d. shot noises in which the shot shape function H(z, x) satisfies
some regularity conditions (see the assumptions in Theorem 4.3 in [19]). See also the relevant
discussions in Section 2.2. Our results are established for the most general setting with both
non-stationary arrival processes and shot noises.

Although not proving functional limit theorems, some important asymptotic analysis has been
also done for certain shot noise processes in this regime. Papoulis [37] first proved the normal
approximation and its rate of convergence for the standard shot noise process with a Poisson
arrival process and i.i.d. shot noises. Heinrich and Schmidt [17] studied multidimensional shot
noise processes and proved the normal approximation and its rate of convergence in that regime.
In both papers, the asymptotic behavior of the quantity (X(z) — E[X(1)])/(Var(X(1)))"/? is
studied, which is different from the nature of our analysis. Recently, Biermé and Desolneux [4]
studied the expected number of level crossings for the shot noise processes with a Poisson arrival
process and i.i.d. shot noises, which has a shot shape function H(z, x) = H(t)x, fort > 0 and
x € R, with a smooth function H(-) in this asymptotic regime.

The conventional scaling regime for shot noise processes is to scale up time and shot noises
simultaneously. There is a vast literature of studies in that regime. Kliippelberg and Mikosch [27]
proved an FCLT for explosive shot noise processes with a Poisson arrival process, which has
a self-similar Gaussian limit. Kliippelberg et al. [28] proved an FCLT for Poisson shot noise
processes which has an infinite-variance stable limit process. In [26], a fractional Brownian
motion limit is proved for Poisson shot noise processes that capture long-range dependence.
Iksanov [20] and Iksanov et al. [23] studied renewal shot noise processes where the shot shape
function takes the form independent of shot noises {Z;}, and proved FCLTs under various
conditions on the shot shape function. Iksanov et al. [24,25] recently studied renewal shot
noise processes with immigration and proved scaling limits and convergence to stationarity.
We refer to [21] for a thorough review on the subject. In [22], an infinite-server queueing
model with correlated interarrival and service times is studied in the conventional scaling
regime and a limiting Gaussian process is obtained in the FCLT assuming that the service time
distributions are regularly varying. We also refer to the work in [6,9,12,13,18,26-28,31,32,34,40]
and references therein for relevant asymptotic properties of Poisson shot noise processes, and
in [33,38,39,42,43] for more general shot noise processes, as well as their applications.
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1.2. Organization of the paper

We summarize the notations used in the paper in the next subsection. The model and main
results (FWLLN and FCLT) are presented in Section 2. We present the applications in Section 3.
Preliminary results on the probability and moment bounds for some prelimit and limit processes
are given in Section 4. We state the new maximal inequalities and criterion of existence in
Section 5 and their proofs are given in Section 7. We prove the FCLT in Section 6. We collect
additional proofs in Appendix.

1.3. Notation

Throughout the paper, N denotes the set of natural numbers. R¥ (Rﬁ) denotes the space of
real-valued (nonnegative) k-dimensional vectors, and we write R (R;) fork = 1. Fora, b € R,
we write @ A b = min{a, b} and a V b = max{a, b}. Let D* = D(R,, R¥) denote R¥-
valued function space of all cadldg functions on R,. (D, J;) denotes space D* equipped with
Skorohod J; topology with the metric d;, [5,11,44]. Note that the space DF, J))is complete
and separable. We write D for D* when k = 1. Let C be the subset of D for continuous functions.
When considering functions defined on finite intervals, we write ([0, T'], R) for T > 0. All
random variables and processes are defined in a common complete probability space ({2, F, P).
Notations — and = mean convergence of real numbers and convergence in distribution,
respectively. The abbreviation a.s. means almost surely. We use lower-case o notation for real-
valued function f and non-zero g, we write f(x) = o(g(x)) if lim,_ .| f(x)/g(x)| = 0.

2. Functional limit theorems

In this section, we state the FWLLN and FCLT for the shot noise process X defined in (1.2).
We consider a sequence of the non-stationary shot noise processes indexed by n and let n — oo.
In particular, in the nth system, we write A" and X" and the associated {z;'} while the variables
Z; and the distributions F;, t > 0, are fixed. We first make the following assumptions.

Assumption 1. The sequence of arrival processes A” satisfies an FCLT:
A":= n(A"—A)= A in D, J) as n— oo 2.1)

where A" .= n~'A", A .= {A(r) : t > 0} is a deterministic nondecreasing continuous function,
and A is a continuous stochastic process.

Note that Assumption | implies an FWLLN for the fluid-scaled arrival process A”:
A"=A in (D, J}) as n— oo. 2.2)

A large class of models has a continuous Gaussian limit process A. We provide several examples
of arrival processes with a Gaussian limit that satisfy Assumption 1. A special case is A(t) =
¢y B(A(t)) for a standard Brownian motion B and a constant ¢, capturing the variabilities in
the arrival process. When the process A" is a renewal process, ¢, represents the coefficient
of variation for the interarrival times. When the interarrival times are weakly dependent and
satisfying the strong «a-mixing condition, by Theorem 4.4.1 and Corollary 13.8.1 in [44], the
arrival process A" satisfies an FCLT with a Brownian motion limit, where the coefficient c,
captures the dependence among the interarrival times. When the arrival process is a Markov-
modulated Poisson process, the limit A is a Brownian motion with ¢, capturing the effect of
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the random environment (see Example 9.6.2 in [44] and also [1]). When the arrival process is
a stationary Hawkes process (a class of simple point processes that are self-exciting and have
clustering effect), whose intensity is the sum of a baseline intensity and a term depending upon
the entire past history of the point process, the limit A is a non-Markov Gaussian process with
dependent increments [14]. See also FCLTs with Brownian motion limits for nonlinear Hawkes
processes in [3,46].

To simplify notations, we define the following functions: foreachO < u < s <1,

G(t,u) = / H(t —u, x)dF,(x),
Rk

G,(t, u) :=/ H(t —u, x)’dF,(x),
Rk

G(t,u) == Ga(t,u) — G1(t, u)?,

él(t, S, u) = / (H(t —u,x)— H(s — u,x))dFu(x),
Rk

Got, s, u) == / (H(t —u, x) — H(s — u, x)) d F(x),
Rk

G(t, S, u) = éz(t, S, u) — él(t, s, u)z.

We now state the following regularity conditions on the shot shape function H and the c.d.f.
F,(-). Note that conditions (i) and (ii) in Assumption 2 imply that all functions defined above are
finite for 0 < s < r. We use the convention that H(#, x) = 0 fort < 0.

Assumption 2. For each t > 0, the c.d.f. F;(-) is continuous and has finite marginal mean.
The shot shape function H(-, x) € D is monotone for each x € RF. In addition, the following
regularity conditions are satisfied:

(1)
sup VJ(Gi(t, ) < oo, (2.3)
0<t<T
where VOT(Gl(t, -)) is the total variation of the function G(, -) in the interval [0, T], for

eachO0<r<T;
(i1) foreacht > 0,

sup G(t, u) < 00; (2.4)

O<u<t

(iii) foreachT >t > 0,

lim Ga(t,t — 8, u)d A(u) = 0. (2.5)

Remark 2.1. We remark that the convergence in (2.5) always holds as § 1 0 from the left given
that H(-, x) € D for each x € R*. Indeed, if § 1 0, then (¢t — 8) | ¢ for each t > 0. Since
H(-,x) € D for each x € R, we have H(r — u, x) — H(t — § — u, x) - 0 as § 1 O for each
0 <u<tandx € RF. By the bounded convergence theorem we have G,(¢,t — &, u) — 0 as
8 1 0 from the left for each u > 0. Using the bounded convergence theorem again, we obtain
the convergence in (2.5) as § 1 O from the left. Therefore, in condition (iii) we only require §
converges to 0 from the right.
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Note that the condition (2.5) implies that

lim Gi(t,t — 8, u)dA(u) = 0. (2.6)
5—0 [0,7]

Define the process X" = {)_(”(t) :t >0} by X"(t) == n~'X"(t) forr > 0.
Theorem 2.1 (FWLLN). Under Assumptions 1-2,
X"=X in (D Ji) as n— 0o, 2.7
where X := {X(t) : t > 0} is a continuous deterministic function, defined by

X(r)::/ Gi(t,u)dAw), t>0. (2.8)
[0,¢]

Define the process X" = {)A("(t) :t > 0} by
X"(1) = /n(X"(t) = X(1)), =0, 2.9)
where X (1) is given in (2.8).
Theorem 2.2 (FCLT). Under Assumptions 1-2,

X"=X in (D, J)) as n— oo, (2.10)

where }A(A = {}A( (1) : t = 0} can be written as a sum of two independent stochastic processes
X, ={X1(t) : t =0} and X, .= {X,(t) : t = 0}, with

X\ = AHG (¢, z)—/ Aw)dGi(t,u), t>0, .11
©0,1]

and X, being a continuous Gaussian process of mean zero and covariance function

Ry(t,5) := Cov(Xa(1), Xa(s)) =/ (Galt, s, u) — G1(t, )G (s, w))dAw),  (2.12)

[0,¢As]
with

Go(t, s, u) ::f Ht —u,x)H(s —u,x)dF,(x), t>u>0,s>u>0. (2.13)
Rk

Remark 2.2. We remark that the limit process X has sample paths in D under Assumptions 1-2.
See Lemma 6.1 and its proof. If, in addition, G (-, #) € C for each u > 0, then X, is continuous.

Remark 2.3. If A is a continuous Gaussian process with mean 0 and covariance function
R,(t, s), then X is a Gaussian process with mean 0 and covariance function

Ri(t,s) = Cov(X,(t), Xi(s)) = f
[

/ Gt )G (s, V)dRo(u, ), 1,5 > 0,
0,41 J10,5]

In the special case that A(t) = ¢, B(A(t)) is a time-changed Brownian motion, the covariance
function R,(z, s) becomes

Ri(t,s) = cgf Gi(t, )G (s, w)dA(u), t,s>0.
[0,2As]

It is worth noting that the limit X, in the FCLT only involves the fluid arrival limit A.
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2.1. Joint convergence with a family of shot shape functions

Consider a family of shot shape (impulse response) functions, { H ® - ke{l,...,K}} for
some K € N,. For each k, we denote the corresponding processes X"® and X®, X*® and
X®  and the functions Gf.k)(t, u), Cv;gk)(t, s,u),i =1,2,G®(t, u) and GP(z, s, u). Suppose that
the conditions in Assumption 2 hold for the associated functions with each k, which we refer to
as Assumption 2'.

Theorem 2.3. Suppose that Assumptions 1 and 2" hold. B B
@ (Xm0, X)) = (XD, XE) in (DX, Jy) as n — oo, where X® = {XP(r) :
t > 0} is a continuous deterministic function, defined by

XOr) = / G, wydAw), >0,
[0,¢]

fork=1,..., K.

) (X0, ..., X)) = (XD, ..., XK) in (DX, Jy)asn — oo, where X® == {X®)(r) :
t > 0} can be written as a sum of two independent processes X ik) = {X ik)(t) :t > 0} and
XP = (XP@):t=0). Fork=1,..., K, XV is defined by

X0 = A6V, 1) - /

AwdGP(t,u), 1>0.
0,1]

o(1 S(K)\ . .. . . .
(X; ), el X; )) is a continuous multidimensional Gaussian processes with mean 0 and the
covariance function

Cov(XP ), XY(5)) = / (G, 5,u) — GV, )GV (s, w))d Aw)
[0,zAs]

where

GED(t, s, u) = / HOG¢ —u, x)HP (s — u, x)d F,(x)
Rk

foreachk,j=1,...,K,andt>u >0, s >u>0.
Note that the statements in Remark 2.2 apply to each X® k=1,...,K.If Aisacontinuous
Gaussian process with mean 0 and covariance function R,(¢,s), then (Xgl), el X(IK)) is a

multidimensional Gaussian process with mean 0 and covariance function
ok 5 () k i -
Cov(XP(0), X(5)) = / / GOt )GV (s, v)d Ry (u, v)
[0,1] J10,5]

foreach k,j = 1,..., K, and t, s > 0. In the special case that A(t) = ¢, B(A(?)) is a time-
changed Brownian motion, the covariance function above becomes

2 / GV, )GV (s, wyd Au),
[0,7As]
foreachk,j=1,...,K andt,s > 0.
2.2. Discussions on the model with i.i.d. shot noises

When the shot noises are i.i.d. with the same distribution as a random vector Z having joint
c.d.f F, the regularity conditions (i) and (iii) in Assumption 2 are not required. Indeed, the
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condition (i) is always satisfied given the monotonicity of H(¢, x) in ¢t. As for condition (iii),
first by Fubini’s theorem, the left hand side of (2.5) becomes

lim/ f (H(t — u, x) — H(t — 8 — u, ) d Au)d F(x).
Rk J[0,T]

§—0

Next, since |H(t —u,x)— H(t —§ —u, x)| < |H(T, x)| Vv |H(,x)| fort,u € [0, T],5 > 0 and
x € R¥, by the bounded convergence theorem, to show the limit above is equal to 0, it suffices to
show that for each x € R,

lim (H(t —u, x) — H(t — 8 — u, x)) d A(u) = 0.
§—0 [0,7]

This equation holds since 4 € C and H(-, x) € D has at most countably many discontinuous
points for each x € R¥. However, in the i.i.d. case, we still require condition (ii), which holds if
and only if

E[H(t, Z)’] < 0o, foreach > 0.

We remark that in the i.i.d. case, with renewal arrivals, the model becomes a special case of
the compound stochastic processes studied in [19] (by setting £(z) = H(¢, Z)). Our assumptions
on the function H satisfy the conditions (iii) and (iv) in Theorem 4.3 in [19], where we can
change (t — s) to (V(t) = V(s)) in the upper bounds, for V(1) defined in (4.13) with a constant
arrival rate A, i.e., A(t) = At; see also the discussion in the last paragraph on page 24 of [19]. It
is worth noting that the assumptions on the increments of the process & in [19] are made so that
the maximal inequality involving a finite measure can be applied (see more discussions on the
weak convergence and maximal inequalities in Section 5).

3. Applications

3.1. A simple multiplicative model

We consider a simple multiplicative model in which the shot shape function
H(t, x) = Hp(x), >0, x € R,

where ¢ : R* — R is a measurable function.

We discuss what the regularity conditions on the function H in Assumption 2 imply for this
simple multiplicative model. First, we require that H is in ID, nonnegative and monotone. Note
that

Gi(t,u) = Hit —u)G (), G@t,u)= H(t —u)*G(u),
and

Gi(t,s,u) = (H(t —u) — H(s — w) G (w),

Got, s,u) = (H(t —u) — H(s — )’ Gaw),
where

Gi(u) = / P()dF,(x), Gau):= / P(x)*d F,(x),

Rk Rk
Gw) = Gr(u) — G1(w)?, u=>0.
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The condition in (2.3) requires that
sup. Vo (H(@t — G 1() < o0, (3.1)
<t<
while the condition in (2.4) requires that for each r > 0,
Osup I:I(t — u)é(u) < 0. (3.2)
<u<t

The condition in (2.5) requires that for each 7 > t > 0,

/ (H(t —u)— H(t — 8 — u))zég(u)d/l(u) —-0 as §—0,
[0,T]

which is satisfied under the condition that H is monotone and A € C. Thus, the regularity
condition (iii) in Assumption 2 is not needed for the simple multiplicative model.
The limit process X in Theorem 2.2 becomes

X)) = AWH(0)G, (1) —/ Awd(H@ —w)Gw), t=>0. (3.3)
0,1]

Note that X | is continuous if H () e (C; (See Lemma 6.1 and its proof.) If Aisa Qaussian process
with mean 0 and covariance function R,(¢, s), then the covariance function of X, is

Rit,s) = / H(t —w)H(s — v)G )G (v)dR,(u, v), t,5>0. (3.4)
[0,¢] J[0,s]

If A(t) = ¢,B(A(?)) is a time-changed Brownian motion, then the covariance function Iél(t, s)
becomes

Ri(t,s) = c,f/ H(t —w)H(s — )G (u)dA(u), t,s>0.
[0,£As]

The limit process X, has the covariance function
Ro(t,5) = / H(t — wH(s —w)Gw)d Aw), t,s > 0. 3.5
[0,1As]

There is one special case which is worth mentioning. Suppose that x € R, and ¢(x) = x forall
x € R. In addition, if the conditional mean of shot noises is zero, that is, Gl(u) fR xdF,(x) =
0 for each u > 0, then the fluid limit X(r) in (2.8) and the limit process X 1 in Theorem 2.2
(see also Eq. (2.11)) both vanish. Thus, the limit for Xn only has one component X >, which is a
continuous Gaussian process and has mean 0 and covariance function

R(t,s) = / H(t —uw)H(s — u)Gow)dAw), t,s >0,
[0,zAs]

with Gz(u) = fR x2d F,(x). It is somewhat surprising that in this special case, the stochastic
variability in the arrival process vanishes, and the variability in the limit for the process X is only
affected by the cumulative arrival rate function A(¢) from the arrival process.

We next discuss several special models.

3.1.1. Non-stationary compound process
Consider the following special case of the multiplicative model:

A(t)

X0)=>Zi(w). t=0, (3.6)

i=1
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where Z;’s are nonnegative as described above. Here H (t) = 1,t € Ry and ¢(x) = x for
each x € R,. This process can be regarded as a general non-stationary compound process with
both non-stationarity in the arrival process and the sequence of random variables {Z;(z;)}. As a
consequence of Theorem 2.2, we obtain the following theorem for the non-stationary compound
processes.

Theorem 3.1. Under Assumption 1 and assuming that for each t > 0, the c.d.f. Fi(-) is
continuous and has finite variance, (2.7) in the FWLLN holds with the limit X given by

X(@) = / Gi(w)dAw), >0, 3.7)
[0,7]

and (2.10) in the FCLT holds with the limit X = X\ + X, where X\ and X, are independent, X
is defined in (3.3) with H(-) = 1 and has continuous sample paths, and

>?2<t>=Bz( f G(u)dA(u)), 1>0, (3.8)
[0,7]

for a standard Brownian motion B,, with él(u) and é(u) being the conditional mean and
variance of {Z;(t;)}:

Gi(u) = / xdF,(x), Ga(u)= f x*d F,(x),
[0,00) [0,00)

Gw) = Gr(u) — G1(w)?, u=>0.

If A is a Gaussian process with mean 0 and covariance function R,(s,?), then X; is a
continuous Gaussian process with mean 0 and covariance function

ﬁl(t,s)=f f Gi1(w)G (v)dR,(u,v), t,5>0. (3.9)
[0,1] J0,s]

In the special case that A(z) = ¢, B(A(?)) is a time-changed Brownian motion, the covariance
function becomes

Ri(t,s) = cgf Gi(w)P?dAw), t,5>0. (3.10)
[0,tAs]

Observe that with i.i.d. random variables {Z;}, under Assumption I, we obtain the FCLT with
X2 being a time-changed Brownian motion, that i is, X 2(t) =0y Bz(/l(t)) foreach r > 0, where B,
is a standard Brownian motion, independent of X 1, and O’Z = Var(Z,). The covariance function
for X, in (3.8)

Rot,s) = f G(u)d Au), (3.11)
[0,71s]
is a natural generalization of that in the i.i.d. case.

3.1.2. Application in insurance risk theory

The simple multiplicative model has been used in insurance risk theory (see, e.g., [27]). Here
x € Ry since Z; represents the pay-offs of insurance claims, and ¢(x) = x for all x € R,.
Specific examples for the function H include:

@) I:I(t) =1— ¢ 7" for some y > 0. When x € R, this function is used to model delays in
insurance claim settlement, referring to situations in which the pay-off of each claim decreases
exponentially fast.
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(ii) H(r) = t¥ for some y > 0. When x € R, the function H is used to model the pay-off of
each claim that decreases polynomially fast.

When the arrival process has a Gaussian limit, the FCLT provides a Gaussian approximation
for the shot noise process, which can be then used to approximate the corresponding ruin
probability. Recall that the ruin probability can be represented as the first-passage-time (hitting
time) of a simple functional of the shot noise process; see Section 4.2 in [27]. Although the
first-passage-time (hitting time) of Gaussian processes is difficult to explicitly characterize [7],
numerical solutions can be easily obtained for the ruin probability by using the Gaussian
approximations. It is worth noting that in the conventional regime, functional limit theorems
are proved in [26—28] for Poisson shot noise processes, where the limit processes are Brownian
motion, a-stable process and fractional Brownian motion under the appropriate assumptions
upon the shot noises, respectively. See also Section 1.1 for relevant discussions.

3.1.3. Application in physics

In [41], the multiplicative model is applied to study a damped harmonic oscillator subject to a
random force, where the random forces are given by i.i.d. symmetric «-stable random variables
(o € (0, 2]). In the conventional scaling regime as reviewed in Section 1.1, the diffusion-scaled
shot noise process is shown to converge to a stochastic integral with respect to a Lévy process.
Here in the asymptotic regime with high intensity, our results provide a new limit under the
assumptions that the random forces are conditionally independent with Gaussian distributions,
having mean zero but the variance depending on the time when the forces occur. In addition, the
random forces can be multidimensional.

Specifically, suppose that the random forces have a conditional Gaussian distribution with
mean zero and covariance matrix %; such that the density of F;(x) is

_ 1 ( [ ) k
fix) = ————=exp| —=x" 2 x), xelR (3.12)

V2| %] 2
for each t > 0, where xT is the transpose of x € RF and | %, | is the determinant of X,. Then the
limit process X in Theorem 2.2 has the covariance functions Ii’l(t, s) and Iéz(t, s) in (3.4) and
(3.5), respectively, where

Gi(u) = / @(xX) fu()dx,  Ga(u) = f P(x)* fu(x)dx,
Rk Rk
for each u > 0, with f;(u) given in (3.12).

3.2. Queueing and work-input processes in non-stationary infinite-server queues

Consider a non-stationary infinite-server queue with a time-varying arrival process A" as in
Assumption | and service times {Z;} as described above, denoted as “G,/G,/00” [36]. The total
queue length process Q" := {Q"(¢) : t > 0} and the work-input process W" := {W"(¢) : t > 0}
can be written as

A1)
Q") =Y 1+ Zi(x))>1), =0, (3.13)
i=1
and
A"(1)
W' () = Z Z,eH(t + Zi(t]') > 1), t=0. (3.14)
i=1
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The work-input processes are studied in [30], as a general class of Poisson shot noise processes.
Functional limit theorems are proved under certain conditions, where the limit processes are
fractional Brownian motions. Our results are distinct in two aspects: first, the model itself is new
since the arrival process is more general, and non-stationarity lies in both arrival and service
processes, and second, the scaling is different, since we let the arrival rate or intensity get large.

It is worth noting that the work-input process W” is different from the remaining workload
process in the system at each time. The latter can be obtained from the two-parameter process
limits for the non-stationary infinite-server queueing model studied in [36]. The remaining
workload process is the integral of the two-parameter queueing process tracking the residual
service times with respect to the second time parameter.

For the queueing process Q", the shot shape function

HY(,x) =10 <x), xeR,,
and for the work-input process W”,
H?P@t, x)=x1(t <x), x¢€ R,.

Since the queueing process Q" has been studied in [36], we focus on the work-input process
and its joint convergence with the queueing process. It is also worth noting that the queueing
process is recently studied in [22] under the conventional scaling regime. Assuming that the
interarrival and service times form a sequence of i.i.d. two-dimensional random vectors with a
general bivariate distribution and that the service time distributions are regularly varying, they
have proved the weak convergence of the queueing processes to a Gaussian process.

We discuss the regularity conditions in Assumption 2. It is easy to see that for each x € R,
HW(t, x) and H®(t, x) are in D as a function of ¢, and they are nonnegative and nonincreasing
in t. For HV(¢, x), we have

GV, uy=Ft —u), GVt,u)=Ft—u), GV u)=F,(t—u)F—u),
and
G\, s,u) = Fu(s —u) — F,(t —u), G, 5,u) = Fu(t —u) — Fu(s — u).

Thus, conditions (i) and (ii) in Assumption 2 are always satisfied without additional assumptions
on the distribution function F,(-), and the condition in (2.5) becomes

/ (F,(t —u)— F,(t —8 —u)dA(u) —> 0 as & — 0,
[0,T]

foreach T > ¢t > 0. Since for each u > 0, F,(-) is continuous (see Assumption 2), the integrand
above converges to 0 as 6 — 0. Thus, by the bounded convergence theorem, condition (2.5)
holds. Therefore, for the queueing process, we impose the same assumptions on the arrival
process and service times as those in [36]. In particular, we do not require additional moment
conditions on the service times, which is distinct from the work-input process as shown below in
(3.17).

For H®(t, x), we have

GOt u) = / dF,(x), GOt u) = / PdF,(x), 3.15)
(t—u,00) (t—u,00)
2

GO, u) = / X2dF,(x) — ( / xdFu(x))
(t—u,00) (t—u,00)
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and

GO, 5, u) = —/ xdF,(x), égz)(r,s,u)zf X2dF,(x).
(s—u,t—u) (

s—u,t—u)

The condition in (2.3) requires that

sup V0T</ xdF,(x)) < 00, (3.16)
0<t<T (t—-,00)

while the condition in (2.4) requires that for each ¢t > 0,
sup / x2dF,(x) < 0. (3.17)
0<u<t J(t—u,00)

The condition in (2.5) requires that for each 7 > t > 0,

/ / x2dF,(x)dA@w) — 0 as §— 0, (3.18)
[0,7) J (t—8—u,t—u)

which always holds since F),(-) is continuous for each u > 0.

Let the fluid-scaled processes 0" .= {Q"(t) : t > 0} and W" := {W"(¢) : t > 0} be defined
by 0"(t) .= n~'Q"(t) and W"(¢) := n~'W"(¢) fort > 0, respectively. Define the deterministic
functions

o) = / Fo(t — u)d A(u), (3.19)
[0,1]

W) == / GO, wyd Au) = / / xd F,(x)d A(u), (3.20)
[0,¢] 0,¢] J (t—u,00)

for t > 0 and G(lz)(t, u) is given in (3.15). It is easy to check that O(t) and W(r) are continuous
functions. Let the diffusion-scaled processes Q” = {Q"(t) :t >0} and W = { W”(t) 1t >0}
be defined by 0"(1) = /n(Q"(t) — Q(t)) and W"(r) = /n(W"(t) — W()) for t > 0,
respectively. By Theorem 2.3, we obtain the following theorem for the queueing and work-input
processes.

Theorem 3.2. Under Assumption 1 and conditions in (3.16)—(3.18),
(Q", W)= (Q,W) in (D Ji) as n— oo,

where Q and W are defined in (3.19)—(3.20), and
(0", W)= (0, W) in (D% J)) as n— oo,

where the limits Q = {Q(t) t> 0} and W = {W(t) t > 0} are continuous and can be written
as Q Q1 + Q2 and W = W1 + Wz, Q1 and Qz are independent, W1 and W2 are independent,
Q1 and Wy are defined by

0.() = Ay + / AWdFy(t —u), 120,

0.7]

Wit) = AGP, 1) — /«) ]A(u)dG(f’(t,u), t>0,
N
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and (Qz, Wz) is a two-dimensional Gaussian process with mean 0 and covariance functions:

Cov(0s(t), 0a(s)) = / (FE(t As —u) — FE(t — w)FE(s — w))d Aw),

[0,2A5]

Cov(Wa(1), Wz(s))=/ (G v s, ) — GV, w)GP (s, w))d Aw),
[0,z1s]

Cov(Qx(t). Wa(s)) = / (Gt v s, u) — FE(t — )G (s, w)d Aw),
[0,¢As]

fort,s >0, where G(z) and G(22) are defined in (3.15).
It is evident that G(l)( u) € C and G(z)( u) € C, and thus, by Lemma 6.1, Q1 and
Wl are continuous. If A is a Gaussian process with mean 0 and covariance function R (s, 1),

then (Ql, Wl) is a two-dimensional continuous Gaussian process with mean 0 and covariance
functions: for ¢, s > 0,

Cov(0:(1), 01(s)) = / FS(t — u)FE(s — v)d Ry (u, v)
[0,7] J[0,s]

Cov(Wi(1), Wi(5)) = / (GP(t, )G (s, v))d Ra(u, v)
[0,¢] J[0,s]

Cov(Q1(1), Wi(s)) = / (FE(t — )GV (s, v))d Ry (u, v).
[0,#] J[0,s]

In the special case that A(t) = ¢, B(A(t)) is a time-changed Brownian motion, these covariance
functions become

Cov(Qi(1), 0i(s)) = ¢ f FE(t — u)FS(s — w)d Au),

[0,As]

Cov(Wy(1), Wi(s)) = ¢? / (G2, w)GP (s, w))d Aw),

[0,7As]

Cov(Q1(t), Wi(s)) = c},/ (FE( — wG (s, w))d Au),

[0.1As]
foreacht,s > 0.

4. Preliminaries

In this section we provide some preliminaries for the proof of Theorem 2.2. We first give a
representation for the process X", which follows from simple calculations.

Lemma 4.1. The process X" defined in (2.9) can be written as X" = )A('I’ + X2, where the
processes X' and X7 are given by

XU1) = / G(t, u)d A" (u)
0,1]

- A”(r)Gl(t,z)—/ A" u—)dG,(t,u), t>0, 4.1)
(0,1]

where A™(u—) denotes the left limit of A" at time u, and
A"(1)

X)) = NG D (HG =1 Zi(x]) — Gi(t. 7)), t=0. (4.2)
i=1
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By the covariance function ﬁz(t,s) of )A(Z in (2.12), we obtain the following moment
properties for the increments of the limit process X, (their proofs can be found in Appendix).

Lemma 4.2. Foreach0 <s <t,

E[|f(2(s)—)22(t)|2] =/ G(t,u)d/l(u)—i—/ G(t, s, u)d Au), 4.3)
(s,1] [0,s]
and
N A~ 4 ~ ~ 2
E[|Xa(s) — X (1) ]=3</ G(t,u)d/l(u)—i—/ G(t,s,u)d/l(u)) . (4.4)
(s,t] [0,s]

Similarly, for the prelimit process X”, we have the following moment properties for its
increments. The proof is given in the Appendix.

Lemma 4.3. Foreach0 <s <t andalln,

E[|R2s) - R20)['] = E|:/(

s,t]

G(t, u)dA™(u) + /

G, s, u)dA”(u):|, 4.5)
(0,s]

and
3 ) 2
G(,s, u)dA"(u):|>
(©0,s]

+o(1/n). (4.6)

Fix T > 0. Forany 0 < s <t < T, define a nonnegative function V : R; x R, — R, by

E[|R2s) - R20['] = 3<EU é(r,u)d/&"(uwr/
(5,1]

V(s 1) = C(A1) — A(s)) +/ Ga(t, s, u)d A(u)
[0,T]
= C(A@) — A())
+ / / (H(t —u,x)— H(s —u, x))zdFu(x)dA(u), “4.7)
[0,7] JRk

where C = supog.’ug@(t, u) < oo. To see that C is indeed finite, recall that G(¢, u) =
Go(t,u) — G%(t, u) and H(t, x) is assumed monotone in ¢ for each x. Then,
sup G(t,u) < sup Go(t,u) < sup {Go(T,u) vV G2(0,u)}. (4.8)
0<t,u<T 0<t,u<T O<u<T
Consider sup,_, .7 G2(T, u) first. We have
sup Go(T,u) = sup {G(T,u)+ GX(T,u)} < sup G(T,u)+ sup GX(T,u).
O<u<T O<u<T 0<u<T O<u<T
The first term is finite by Assumption 2(ii). By Assumption 2(i), we have sup,_, ,r|G1(t, u)| <
oo, which implies supOS,’usTG%(t, u) < oo, and thus, supy,.7G2(T,u) < oo. A similar
argument applies to supy., .7 G2(0, u). Thus, we have shown that C is finite.

Remark 4.1. Note that the function V (s, ¢) has the following properties:

(i) V(,t)=0foreachr € [0, T];
(i) V (s, t) is nondecreasing in ¢ for each s and nonincreasing in s for each ¢, and thus it is
evident that V(s,t) < V(s,T) < V(0,T) foreachs,r > 0;
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(iii) V (s, t) is continuous in both s and ¢. To see this, for any §;, 6, € R,

Vis,t) = V(s —61,t — )
= C(At) — At — 82) — (A(s) — A(s — 81)))

+ / (H(t — u, x) — H(s — u, x)) d F,(x)d A(u)
[0,T] JRk

— / (H(t —8 —u,x)— H(s —8; —u, x))zdFu(x)dA(u)
[0,7] JRk
= C(A@) = At — 82) — (A(s) — A(s — 81)))

+ f Galts 1 — 83, w)d Alu) + f Gals. s — 81, w)d Aw)
[0,T] [0,T]

—l—Z/ /[H(t—u,x)—H(t—(Sz—u,x)]
[0,7] JRK
X [Ht —8 —u,x)— H(s —u, x)|dF,(x)d A(u)
—2/ [H(s —u,x)— H(s — 81 —u, x)]
[0,7] JRK
x [H@t —u,x)— H(s — 8 —u, x)|dF,(x)d A(u). “4.9)

Note that the last two terms in (4.9) are bounded by

5 1/2 5 1/2
2</ Galt, t — &, u)d/l(u)) (/ Galt — 85, 5, u)d/l(u)) ,
[0,T] [0,7]

5 172 5 1/2
2</ Goy(s,s — 6y, u)d/l(u)> (/ Go(t,s — 61, u)d/l(u)) ,
[0,7] [0.T]

respectively, due to Cauchy—Schwarz inequality. By the continuity of A and Assump-
tion 2(iii) that for each T > ¢t > 0, lims_,¢ f[O,T] éz(t,t — 8, u)dA(u) = 0, it is easy
to verify that each term in (4.9) converges to 0 as |§;| + |62| — 0. Now the continuity of V
has been proved.

and

However, the function V (s, t) cannot be regarded as a measure defined on [0, 7] due to the
nonlinear integrand in (4.7), and cannot be written as the difference V(t) — V(s) for some
nondecreasing and continuous function V on R,. Thus, the standard approach to prove weak
convergence in D (e.g., Theorem 13.5 in [5]) and the existence of a stochastic process in the
space D given its consistent finite-dimensional distributions (e.g., Theorem 13.6 in [5]) cannot
be applied directly to the proof of the weak convergence )A(g = X, in (D, J;) as n — oo. This
motivates us to prove new maximal inequalities that are necessary to prove the weak convergence
in the next section. [J

We now state the probability bound for the increments of the limit process X5.

Lemmad.4. ForO <r <s <t <T andanye > 0,

. . . . 3
P(|X2(r) — Xa(s)| A | Xa(s) — Xo(0)| > €) < zV(r, SV (s, 1). (4.10)
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Proof. We have
P(|X2(r) — Xa(s)| A | Xa(s) — Xa(t)| = €)

1 ~ ~ N n
= S E[|%0) - Xa0)[* | Rals) — Xa(0)]]

172

Lo a2
= < (E[%00 - 26)[']) 7 (E[1R2t9) - 0] ])
= %(/ G(s,u)d/l(u)+/ Gs,r, u)dA(u)>

€ \J(rs] [0.r]

x(/ é(t,u)dA(u)+/ é(z,s,u)dA(u)>
(s,t] [0,s]

3
S _4V(ra S)V(S? t)a
€
where the equality follows from Lemma 4.2. [

_ Similarly, we obtain the following probability bound for the increments of the prelimit process
X5, whose proof is given in the Appendix.

Lemmad.5. ForO<r <s <t <T,alln>1,andanye > 0,

. . . N C
P(|X5(r) = X5()| A |X5(s) — X5()| > €) < SV VG0, (4.11)

where C > 0 is a constant.

Remark 4.2. Note that even when the sequence {Z;} is i.i.d., the function V (s, t) cannot be
regarded as a measure defined on [0, T'], unless certain regularity conditions are imposed on the
function H (see, e.g., Theorem 4.3 in [19]). For the exposition convenience in this remark, let us
assume that H (t, x) is nondecreasing in ¢ for each x € R, It is possible to bound the function
V (s, t) by another function V which can be regarded as a measure on [0, 7], where

V(s 1) = C(At) — A(s))

+ f / (H(T, x)— H(, x))(H(t —u,x)— H(s —u, x))dF(x)dA(u). 4.12)
[0,7] JRK

This function f/(s, t) can be written as the difference V(t) — V(s) for the nondecreasing and
continuous function V on R, where

V() = CA@t) + / (H(T,x)— H(O,x))H(t — u, x)dF(x)d A(u)
[0,7] JRK

= éA(z)+/ (H(T,x)—H(O,x))( H(t—u,x)dA(u))dF(x), (4.13)
RK

[0.7]
fort > 0.

It is easy to check that the function V(r) is continuous without imposing any regularity
conditions as remarked in Section 2.2. Thus, in this case, the weak convergence criterion in
Theorem 13.5 of [5] can be applied with this bounding function V(s, 7). See more discussions
on this approach in Section 5.

Similarly, in the special case of the simple multiplicative model in Section 3.1, we also observe
that the function V (s, ¢) cannot be regarded as a measure defined on [0, 7], but we can bound
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the function V (s, t) by a function \V/(s, t) which can be regarded as measure on [0, T'], where

Vs, 1) == C(A) — A(5))

+ (H(T) — H(0)) /[0 T](H(t —u) — H(s — ) Go(w)d A(u),
where é2(u) is given in (3.3). Here we assume H is nondecreasing for the convenience of
exposition. As above, we can also apply Theorem 13.5 of [5] directly without imposing additional
regularity conditions other than those in (3.1) and (3.2).

However, for our general non-stationary model, this bounding approach will give us the
corresponding functions \7(s, t) and V(t) in (4.12) and (4.13), respectively, where F is replaced
by F,. The continuity of V(z) is key in applying Theorem 13.5 of [5], which will require that

limf / (H(T,x)— H(0,x))(H( —u,x) — H{t — 8§ — u, x))d F,(x)d A(u) = 0.
840 [0,7] Rk

Instead of making this assumption, we choose to work with the function V (s, ¢) in (4.7) directly,
while assuming the regularity condition (iii) in Assumption 2 (the continuity condition only
requires (2.5)). Although under Assumption 2 we cannot apply Theorem 13.5 of [5], we are able
to prove the weak convergence by providing new maximal inequalities in the next section. [

5. A general maximal inequality and criterion of existence

A standard approach to prove weak convergence of stochastic processes X" = X in
(D([0, T1, R), J)) is stated as Theorem 13.5 in [5], which requires three conditions:

(i) convergence of finite-dimensional distributions, that is, (X" (1), ..., X"()) = (X (1), .. .,
X (t)) for continuity points {t; : | <i < k} of X
@) X(T)—X(T —8)=0inRass§ — 0;
(i) forO0<r<s<t<T,n>1lande > 0,

1
P(IX"(s) — X" (| A X"(1) — X"(s)| = €) < éTﬁ(l"(t) — F(r)™, (5.1
where 8 > 0 and @ > 1/2, and F is a nondecreasing and continuous function on [0, T'].

The proof of this criterion relies on the maximal inequalities in Theorems 10.3 and 10.4 in [5].
Specifically, the proof requires verifying the third condition in Theorem 13.3 in [5], that is, for
€ > 0 and n > 0, there exists a § € (0, 1) and ng such that

PW"(X",8)>€)<n, n=>ny, (5.2)

where w”(x, §) is a modulus of continuity of a function x € D defined by

w’(x,8) = sup  {lx(1) — x| A [x(r2) — x (@)}, (5.3)
1 <t<ty, th—t1 <6
with the supremum over all triples #;, ¢, #, in [0, T] satisfying the constraints. To verify the
condition in (5.2), the maximal inequalities in Theorem 10.3 and 10.4 of [5] play a key role.
They provide conditions under which the probability bound on the increments as in (5.1) will
imply the probability bound on the modulus of continuity as in (5.2).
We first review Theorem 10.3 of [5]. If 7 is a Borel subset of [0, T'] and u is a finite measure
on [0, T'] such that

1 o
P(IX(s) = XD A X () — X(5)| > €) < éTﬁ(M(Tﬂ (r. 1)), (5.4)
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forO <r <s<t<T,andfore >0,a > 1/2,and 8 > 0, then

K 20

P sup | X(s) = X(N| A 1X(@) = X(s)] =z € | = 2 (u(T)™, (5.5)
r<s<t, r,s,teT €

for € > 0 and K being a constant depending only on « and . Theorem 10.4 in [5] provides a

further inequality which restricts the time intervals to be within § distance. That is,

P( sup [X(s) — XM A 1X(@) — X(s) 26)
r<s<t,t—r<$§, r,s,teT
<K sup  (w(T NIt 1 +280)) 7, (5.6)

T et 0<r<T-2§

for € > 0 and K being a constant depending only on « and .

A critical condition in these maximal inequalities requires that x be a finite measure on [0, T],
and as a consequence, that results in the probability bound in (5.1) involving a nondecreasing and
continuous function F (by simply taking u(s, t] = F(¢t) — F(s)). However, as we have observed
in Lemmas 4.4-4.5, the probability bounds for X, and X % do not provide us a finite measure to
work with. We will next prove new maximal inequalities by relaxing the finite measure condition.
We give a definition of a set function below that will be used to replace the finite measure.

Definition 5.1. Let u be a set function from the Borel subset of R into R, U {co} such that

(i) w is nonnegative and u(¥) = 0;
(i1) w is monotone, thatis,if A € B C R, then u(A) < u(B);
(iii) w is superadditive, that is, for any disjoint Borel sets A and B, u(A) + w(B) < u(A U B).

By definition, the monotonicity implies that (s, ] < u(0, T]forany 0 <s <t < T, and
the superadditivity implies that (s, ] < w(0, t] — n(0, s], forany 0 < s <t < T. Itis evident
that if  is a measure, then the conditions (i)—(iii) are always satisfied.

Remark 5.1. The function V (s, ¢) defined in (4.7) naturally induces a set function v satisfying
the conditions in Definition 5.1. More precisely, for any Borel set A C [0, T'], define

V(A) :=sup{V(s,t): (s, t] C A}. 5.7

It is easy to check that v satisfies all the conditions in Definition 5.1 and v((s, t]) = V(s, t)
for 0 < s <t < T. In particular, the condition (iii) is satisfied because of the inequality that
Y xt < (Zl'.':lx,-)z for each n > 1 if all elements of {x; : 1 < i < n} have the same sign.
Note that V (s, ) is continuous in both s and ¢, while the continuity condition for the set function
w is not required in Theorems 5.1 and 5.2.

Let7 C [0, T] be a Borel set and {X(¢) : t € T} is a stochastic process on 7. We assume that
X(¢) is right-continuous in the sense that if for k > 1,1, € 7 suchthat# | t € T as k — oo,
we have X(#;,) — X(¢) a.s. as k — oo. The following two theorems generalize Theorems 10.3
and 10.4 of [5], respectively. The proofs of Theorems 5.1-5.3 are given in Section 7, which are
adapted from those in [5].

Theorem 5.1. Suppose that « > 1/2 and f > 0 and that p is a finite set function in
Definition 5.1 such that for any r,s,t € T withr <s <t and € > 0,

C «
P(IX(r) = XA IX(s) = X(0)] = €) < (T(;(M(Tm (r.t]))™, (5-8)
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where Cy is a positive constant. Then

C o
P( sup [ X(r) — X)) A |X(s) — X(@)| > 6) < T;(M(T))Z ) (5.9
r<s<t, r,s,te7T €

where Cy is a positive constant that depends only on a, B and C.

Theorem 5.2. Suppose that @ > 1/2 and B > 0, and foranyr <s <twitht —r < 25,8 > 0,
r,s,t €T and € > 0,

C o
P(1X(r) — X&) A 1X(s) — X(1)] > €) < ﬁ(u(Tﬂ (r, t]))2 , (5.10)

where [ is a finite set function in Definition 5.1. Then

P( sup  [X(r) — X()| A |X(s) — X(D)] = 6)
r<s<t, r,.c,IET

t—r<2§
<24 w(T) sup  (u(T N (1,1 +258]))

200—1
T e 0<r<T-28

(.11

Similarly, a standard criterion to prove the existence of a stochastic process with sample paths
in D given its finite dimensional distributions is given in Theorem 13.6 in [5]. That criterion also
requires a probability bound in the same flavor as (5.1), and its proof relies on the same maximal
inequalities in Theorems 10.3 and 10.4 of [5]. For our purpose, to prove the existence of the
Gaussian process X5 in the space D (in fact in C, see Lemma 6.3) given its finite dimensional
distributions, the probability bound for the increments of X, in Lemma 4.4 does not satisfy the
condition in Theorem 13.6 in [5]. Therefore, we also generalize Theorem 13.6 in [5] by relaxing
the condition on the probability bound for the increments of the process. We now state the new
criterion of existence in the following theorem.

Theorem 5.3. There exists a random element X in D([0, T], R) with finite-dimensional
distributions w5 forany 0 < t; < --- <ty < T, thatis, 7r;. 1 (X1, ..., %) = P(X(t)) <
X1,..., X)) <xp)forx; e R i =1,...,k, if the following conditions are satisfied:

(i) the finite dimensional distributions ;. ; are consistent, satisfying the conditions of
Kolmogorov’s existence theorem;
(i) foramyO<r <s<t<T,B>0,aa>1/2ande > 0,

c o
P(IX(r) = X A 1X(s) = X(0)] > €) < (T/Zg(/x(r, t)*, (5.12)

where C, is a positive constant, |u is a finite set function in Definition 5.1 and (0, t] is
continuous in t;
(iii) foranye > 0andt € [0, T),

lim P(1X(1) — X(t + 8)| > €) = 0. (5.13)
510

6. Proof of Theorems 2.1 and 2.2

In this section we prove Theorems 2.1 and 2.2.
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Proof of Theorem 2.1. We first prove the continuity of X.Foreacht > 0,let; > Obe a
sequence such that limy_, oy = ¢. We have

X)) —X(@t) = /

[0,7]

Gi(ty, w)d A(u) — / Gi(t, u)dA(u)
[0,7]

_ / (G (1, 1) — G (0, w)}d Adu) + / G (1, w)d Au)
[0,1]

(@,1]

= / [H(ty —u,x)— H(t —u, x)|dF,(x)d A(u)
[0,1] JRK

+ / H(ty — u, x)dF,(x)d A(u). 6.1)
(t.t] JRK

By applying Cauchy—Schwarz inequality twice, the first term on the right hand side of (6.1) is
bounded by

12
(A(t) G(t, 1y, u)d/l(u)) . 6.2)
[0,¢]

Under condition (2.5), it is easy to see that the quantity in (6.2) vanishes as k — oo (see also
Remark 2.1). For the second term in (6.1), Assumption 2(i) implies that ka H(ty —u, x)dF,(x)
has the same upper bound (and is thus integrable) for all k. By the continuity of A and the
absolute continuity of Lebesgue—Stieltjes integration, the second term also converges to 0 as
k — oo. Therefore, we conclude that X is continuous.

Since X is deterministic and continuous, to show that X" = X in D, J1) asn — oo, it
suffices to show that foreach T > O and € > 0,

lim P( sup | X"(1) — X(1)| > e) =0. (6.3)
n—00 t€[0,T]
By the definitions of X" and X, we have

X" (1) = X(0)]
A1)

=Y H(@ -1, Zi(t]) —/ G1(t, u)d A(u)
n [0,]

A1)

; Z (H(l — T,‘n, Zi(T,‘n)) -G (t, T,'”)) +/

0.1]

G(t, u)d(A" (u) — /l(u))’

i=l1

< [X50)] + |A"(1) = AD|IG1 (¢, )] + ‘ (A"(u) = Au)dGi (1, u)|, (6.4)

(0.1]

where 5(; = JL;)A(E‘ for )A(g defined in (4.2).

Recall that A” = A in (D, J;) in (2.2) and A € C, we have that for each 7 > 0 and € > 0,
lim P( sup |A"(t) — A(t)| > e> =0. (6.5)
n—00 1€[0,T]

For the second and third terms in (6.4), Eq. (6.5) together with the facts that sup, g 7G1(¢, 1)
and sup, (0.7 VOT(Gl(t, -)) are finite (recall (2.3)) implies that for € > 0

lim P( sup |A"(1) — AW)|IG (1, 1)] > e) =0,

n—00 tel0,T]
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and
lim P( sup (A™u) — Aw))dG,(t, u)| > 6) =0.
n=>00 \ref0,711 J0,1]
The proof now reduces to show that for € > 0
lim P( sup |X5(t)| > e) =0. (6.6)
n=>00 \/€[0,T]

Since forany 0 < ¢ < T, |X5(1)] < |X5(T)— X5(0)| + |X5(T)| and | X5(1)| < | X5+ |X5(T)I,
we have

IX5(0] < X5 AX5(T) — X5(0)] + | X5(T)].

Thus, to show (6.6), it suffices to prove that

lim P( sup | X5(0)| A |X5(T) — X5(1)| > e) =0, (6.7)
n—00 t€[0,T]

and
Tim P(|X5(T)| > €) = 0. (6.8)

To show (6.7), recall Remark 5.1 that the function V in (4.7) induces a finite set function v
such that v((s, t]) = V (s, t). By Lemma 4.5, condition (5.8) holds for X7 (witha = 8 =1,
T = [0, T] and € being replaced by \/n¢), that is,

A A A A ¢
P(|X30r) — X2(s)| A |X(s) = X2(0)| > /ne) < n2—24V(r, Vs, 1),

for some constant éo > 0. Thus, by Theorem 5.1, we obtain that as n — oo,

~

¢,
37 V30.7) 0,
n

P( sup | X5(r) — X3()| A |X5(s) — X3(0)| = Jﬁe> <

O<r<s<t<T

for some constant 6'6 > 0, which further implies (6.7) (by takingr =0,s =t andt =T).
"l:o prove (6.8), first note that by (6.5), there exists a large constant K > 2A(T) such that
P(A"(T) > K) — 0 as n — oo. We then write

P(|X5(T)| > €) < P(A™(T) > K) + P(L(A™(T) < K)|X5(T)| > ).
The second term on the right hand side is upper bounded by
1 - S 2
PE[l(A (T) < K)|X5(D)|]

= %E[I(A"(T) <K) G(T, u)dfi”(u)}
ne

0.7]

K -
< —5 sup G(T,u)— 0 as n— oo,

ne 0<u<T

where the equality follows from (4.5). Note that SupOSuSTG(T’ u) < +oo (see (2.4)). Thus, we
have shown that (6.8) holds, which completes the proof of the theorem. [

For the convergence of X", we need the following lemma, whose proof is in the Appendix.
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Lemma 6.1. Define the mapping ¥ on D: for z € D,

Y()() = z2(t)Gi(t, t) — / Z(u—)dG(t,u), t=>0. (6.9)

0.7]
Then the following hold:

(i) Foranyz € D, ¥(z) € D;
(i) If z € Cand G1(-,u) € C for each u > 0, then ¥ (z) € C;
@Gii) If z, € D for each n € N and z € C satisfy z, — z in (D, J;) as n — 00, then
Y (zy) = Y(z) in (D, J;) as n — oo.

Remark 6.1. The integral in (6.9) is understood as a Lebesgue—Stieltjes integral, since for each
t > 0, G(¢, -) is of bounded variation under Assumption 2(i) and z € ID. Thus, the mapping ¥
is well-defined.

Lemma 6.2. Under Assumptions 1-2, X 1= X 1in (D, Jy) as n — oo, where X | is as given in
Theorem 2.2.

Proof. The claim follows from (4.1) and Lemma 6.1, and applying the continuous mapping
theorem. [

We next prove the convergence of the processes X 5. This proceeds in the following steps:

Step 1: The existence of the limit Gaussian process X, with sample paths in C (Lemma 6.3).

Step 2: The convergence of finite dimensional distributions of X 5 to those of X, (Lemma 6.6).

Step 3: Verifying the convergence criterion with the modulus of continuity as in Theorem 13.3
of [5] and completing the proof (Lemma 6.7).

Lemma 6.3. The Gaussian process X, with mean zero and covariance Sfunction in (2.12) has
continuous sample paths.

Proof. We first show that X, € D by verifying the conditions in Theorem 5.3. The finite-
dimensional distributions of )A(Q are Gaussian with the covariance function Iég in (2.12). The
consistency condition (i) is satisfied because of the Gaussian distributional property. Condition
(i1) is satisfied by Lemma 4.4. To check condition (iii), it suffices to show that for all # € [0, T),

. A A 2
tim E[| X2t +8) = X[ ] = 0.

By (4.3) in Lemma 4.2, this holds since H(-, x) € D for all x € R¥. Thus we have shown that
)?2 e D.

Finally, to show that the Gaussian process )22 € C, given that Xz € D, it suffices to show
that it is stochastically continuous (Theorem 1 in [16]). It is well known that a real-valued
Gaussian process is continuous in quadratic mean if and only if it is stochastically continuous.
Continuity in quadratic mean holds by (4.3) and (2.6) under Assumption 2(iii). The proof is now
complete. [

To prove the convergence of the finite-dimensional distributions of )A(S to those of X, we
quote the following two lemmas in [10].
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Lemma 6.4. Let zy, ..., 2, and wy, ..., w, be complex numbers of modulus less than 1. Then

n n n
l—IZi_l_[wi < E |zi — wil.
ie1 i=1 i=1

Lemma 6.5. For x € R,

n

O S

m=0

) |x|n+l 2|x|n
< min s .
n+ D! n!

In particular, if b is a complex number with |b| < 1, then |e” — (1 + b)| < |b|*.
Lemma 6.6. The finite-dimensional distributions of the processes X 5 converge to those of X5.

Proof. We need to show that the /-dimensional random variables
(X3@),1<j<l)= (Xatp),1<j<l) in R as n— oo, (6.10)

forany 0 <t < .-- <t < T and! > 1. We first consider the case when [ = 1 (removing
subscript 1 in #; for brevity below).

Before proceeding to the proof, for each n > 1, let the set 7" be the collection of the
trajectories of {A"(t) : ¢t > 0} such that for each T > O, SUPOS;EHA"UN < n'/* and
maxi<;j<anr)|t, — 7'l — 0 asn — oo. It is evident that under Assumption 1, P(T") =
P(A" € T") — 1 asn — oo and A"(¢) increases without limit and is of order O(n) on 1.

Decompose Xg(t) as Xg(t) = )A(g(t)l(A” e T+ )A(g(t)l(A" ¢ 1) and observe that for
eache > 0

P(|5(;(t)|1(A" g1 >e)<PA" ¢ T)=1-P(I")—>0 as n— oo.

'{‘hus, we obtain that A)A(g(t)l(A” ¢ T") = 0 asn — oo. It then suffices to show that
X5(1(A" € T") = Xp(t)inRasn — oo.

By the continuity theorem (see, e.g., [10]), it suffices to show that the characteristic function
of )A(g(t)l(A” € T"), denoted by ¢]'(9), converges pointwise to thatAof )A(Z(t), denoted by ¢,(9),
and ¢,(0) is continuous at & = 0. Recall the covariance function of X, in (2.12). For each ¢t > 0,

X »(t) is a normal random variable with mean zero and variance f[o, . G(t, u)d A(u). Thus we have

2

0(0) = E[exp(i6X2(1))] = exp(—% f G(t, u)d/l(u)), (6.11)
[0,7]

and ¢,(9) is continuous at & = 0. For ¢!'(0), let A"(t) = o(A"s) : 0 < s < ) VN
where N is the collection of P-null sets. Recall the definition of X% in (4.2) and denote
H!(t) = H(t — 1", Z;(x]")) — ka H( — ri”,x)dFTf(x) and A"(t) .= A"()1(A" € T") for
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brevity in the calculations below,

¢l ©) = E[exp(i0X3(O1(A" € T")] = E[E[exp(i0X3()1(A" € T") | A"(1)]]

[ . 1 & Tn n n n
=E E_exp(lﬁﬁ Z H'O1(A" e T ))‘A (t)i|:|

An(t)
= E|E exp(IG% Z H”(t))‘A"(t)H

AN
. 1 Tn n

= EEl] exp<19ﬁHi (t))‘.A (t)]]
-A”(l‘) 1 5

= E_E E|:exp<10ﬁHi (t))‘.A (t)]:|

A"(r) 2 2 T ()3 An
0 - w07 JOELH (D) [A"(1)] | ~ "
E ]J [1 = 5. G T+ 51 mln{ 7 ,6G(1, r,.)” :

where [])_,x; == 1 for all x; € R whenever A"(r) = 0 and the last inequality follows from
the first part of Lemma 6.5. Notice that the minimum term above is smaller than 6G(¢, /') and

IA

converges to 0 as n — 00, and thus it is of order o(1/n) when being multiplied by 32 Therefore
we can write

A (1) 02 .
@/ (0) = E|:H [1 - %G(I, ) + o(n_l)j|:|.

i=1
Thus, for large enough n (specified below), we have

/' (0) — @ (D)

A (1) 92 _ . 92 _
= ‘E[H [1 =5, G, )+ on )H - exp(—E/MG(t, u)d/l(u))‘

i=1

<)

Ane) 02 An(e) 02 .
E [1 -G T+ o(n_l):| -T1 exp(—EG(t, r,."))H

i=l1

2
+ ‘E [exp (—%I(A” €T G, u)dA”(u)):|

[0.1]

2
— exp (—9—/ é(t, M)dA(M)) ‘
2J o

2
exp (-0 70)) - (1 G )H T Efo(1/mA(0)

92
+ ‘E |:exp (——I(A" eTr
2 [0,1]

2
— exp (_9_ / G(t, u)d/l(u))‘
2J 1o

G(t, u)dA”(u))i|
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4

< i—E [I(A" e Gz(t,u)d/i”(u)} +o(1)
n

[0.1]

2
+ ‘E |:exp <—%1(A” €T G(r,u)d/i"(u))]

[0,7]

2
— exp (_9_ / G, u)d/l(u))‘
2J jon

— 0, as n— oo. (6.12)

Here the first inequality is by subtracting and adding the same term and the triangle inequality.
The second inequality follows from Lemma 6.4. The third inequality follows from the definition
of A"(actually 7" and the second part of Lemma 6.5 for large n such that
92 92 N
— max G(t "y < — sup G(t,u) < 1.
2n 1<i<A"(t) n o<u<t
Under Assumption 2(ii), such a large n can always be found.
The final convergence to zero is implied by the facts that A" = A in D, P(T") — 1, the
continuous mapping theorem and the uniform integrability of the two sequences for each ¢ > O:
{I(A” er | G, wdA"u):n> 1} :
[0.7]
and

2
{exp <—%1(A" ) G, u)dA"(u)) ‘n > 1},

[0.7]

2
sup E |:1(A” € T”)(/IO ]G(t,u)d/i"(u)> } < 00

by the definition of 77" and Assumption 2(ii).
Therefore, we have shown that for each fixed ¢t > 0,

since

f(;’(r):f(z(t) in R as n— oo.

To generalize to the case [ > 1, we prove that for any (0, ..., 6)) € Rland0 <t < --- <
n<T,
I I
E[exp(iZ@ng(ti))] — E[exp(iZ@in(t,-)>:| as n — 0o,
i=1 i=1
and the limit is continuous at (0, ..., 0) € R. By definition, Zleei }A(z(ti) is a normal random

variable with mean zero and variance
I
ZZ@ 0, Ry(1:, 1)),
i=1 j=I1
for the covariance function R2 defined in (2. 12) Thus we have

1
E[exp(iZ@iﬁz(n)ﬂ = exp( ZZ@@ Ry(ti, ¢ ) (6.13)
i=1

i=1 j=I1

and it is continuous at (0, ..., 0) € R’.
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By definition,
! l 1 A1)
;&X’i(n) = ;@(ﬁ kX:; (H(li — 1, Zi(ry)) — /ﬂ;k H(t; — 17, x)sz;g(X)>>-

Thus, a direct calculation as in (6.12) shows that
i
E|:exp <i Z 6; X2 (1) 1(A" € T”))}
i=1

1 . L1 1AL _
= E|:1 - EI(A” € T”)ZZ@,»@,-[O (Ga(ti, tj, u) — G1(ti, WG (2}, u))dA”(u):|

i=1 j=1
+ o(n7h). (6.14)

The convergence of (6.14) to (6.13) can be shown in a similar way as in (6.12) by Lemmas 6.4—
6.5. This completes the proof of the convergence of the finite-dimensional distributions. [

Lemma 6.7. Under Assumptions 1-2, )A(g = X 2 in (D, Ji) as n — oo, where }A(g is as given in
Theorem 2.2.

Proof. Given the convergence of finite-dimensional distributions of )A(g in Lemma 6.6, by
Theorem 13.3 in [5], it suffices to show that for each € > 0

lim P (]XZ(T) — Xy(T —8)| = e) =0, (6.15)
and

lim lim sup P( sup | X2(r) — Xa)| A | X3s) — Xa(0)| = e) =0. (6.16)

- n 0<r<s<t<T

t—r<s§
(6.15) is implied by
. A A 2
;%E[|X2(T)—X2(T—5)| ]_0. 6.17)
By Lemma 4.2,
A A 2
E[ %) = 27 = 9)[']
=/ G(T, u)d/l(u)—i—/ G(T, T — 8, u)dAu). (6.18)
(T—8.T]

[0,T 6]

Recall that A(-) € C. The first term in the summation above vanishes as § goes to zero due to
absolute continuity of the Lebesgue—Stieltjes integral. The second term vanishes as 6 — 0 by
Assumption 2(iii).

Finally, (6.16) is easily implied by Lemma 4.5 and Theorem 5.2. Specifically, recall
Remark 5.1 that the function V induces a set function v such that v((s,#]) = V(s,?). By
Lemma 4.5, condition (5.10) holds for all )A(’z’ (withe = 8 = 1and 7 = [0, T]). Then by
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Theorem 5.2, we obtain that

P( sup [ X50r) = X5 A [X5() = X5 0] = e)
O<r<s<t<T
t—r<§

C/
< VO, T) sup V(,1+20). (6.19)
€ 0<r<T-28

By the uniform continuity of V, we obtain (6.16) holds. The proof is now complete. [

Proof of Theorem 2.2. We begin by defining an auxiliary process )23’ = {X;(t) 1t > 0} by
[nAD)]

Xt = — Z (H(t—ul,Z(u”))—/ H(t — u, x)d Fyn (x)> t>0, (6.20)

where [x] denotes the largest integer less than or equal to x, u] = A1 (’;) fori =1,...,[nA()],
and A~! is the inverse function of A defined by A~'(¢) := inf{u > 0 : A(u) > t} fort > 0.
Note that, comparing with the definition of X" (t)in (4.2), we replace A"(t) by [nA(¢)] and 7" by
u in the definition of X 5. Thus, the only source of randomness in X 5 comes from the sequence
{Z (u}),i > 1}. All the arguments in Lemmas 6.6 and 6.7 hold true w1th A" replaced by [nA] and
associated ;' replaced by u, since the only requirement on A" in those lemmas is Assumption 1,
which is obviously satisfied by taking A" = [nA]. Thus, we have

Xi=X, in D as n— ooc. (6.21)

Moreover, since {Z;(u}),i > 1} and A" are assumed to be mutually independent for each n, X 5
and X! are independent. Thus, we obtain the joint convergence

(X1, X3) = (X1, X2) in D* as n— oo, (6.22)

and the limits X 1 and X » are also independent.
Then, by Lemma 6.7 and (6.21), we obtain that for any ¢ > Oand 7 > O,

lim P( sup |X5(t) — X5(0)| > ;) =0.

oo \rel0.7]
Thus, we have proved the joint convergence
()A('l’, )2'”) = ()A(l, )A(z) in D> as n— oo.
By continuity of addition in D (e.g., Corollary 12.7.1 in [44]) and the continuous mapping

theorem, we obtain that Xn = X” + X" = Xl + Xz in D as n — oo. This completes the
proof. [

6.1. Proof of Theorem 2.3

In this subsection, we sketch the proof of Theorem 2.3. For each j = 1,..., K, BT
first decomposed into a summation of X T’(j ) and )2,21,(1' ), defined similarly as in Lemmas 4.1.
The weak convergence of )A(f’(j )10 X ij ) in D follows from similar arguments as that of )A('l’
to X, in Lemmas 6.1-6. 2, with the mapping ¢ modified accordingly to /). Thus, the joint
weak convergence of ( X ...,)A(;"(K)) follows from the continuity of the joint mapping

(v®, ..., v®) from ]D)K to DK since each component is continuous.
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Foreach j =1, ..., K, by similar arguments in Lemmas 6.6-6.7, )A(;"(j ) converges weakly to
)A((zj) in D. Thus, the tightness of the joint process ()A(;"(l), ey )A(;"(K)) follows from the tightness
of each component. It remains to show the convergence of finite dimensional distributions of
()A(;”(l), e )A(;’(K)), that is, for any / € N, we need to show that as n — oo,

XV 1<j<K1<m<l)= XV ), 1<j<K 1<m<I) in RX

We first consider / = 1 and write t; = ¢ for brevity. By Cramér—Wold theorem, it is equivalent
to prove that for any (6, j = 1, ..., K) € RX,

K K
Y0, X570 =) 0,X) in R as n— oo (6.23)
j=1 j=1

A simple algebra shows that (6.23) follows from the arguments in Lemma 6.6 with slight

changes. It is also evident that the case when / > 1 can be proved in the same way as its

counterpart in Lemma 6.6 with slight changes. That completes the proof of the finite dimensional
distributions.

By constructing auxiliary processes ()?’21’(1), ...,)?;"(K)) as in (6.20), we first obtain that
(5('21’(1), ...,)?;’(K)) converges to the same limit process as ()A(g'(l), el )A(;‘(K)). We can then
conclude the independence and continuity statements in the theorem similarly as in the proof of
Theorem 2.2, which completes the proof. [

7. Proofs of Theorems 5.1-5.3

Proof of Theorem 5.1. We adapt the proof of Theorem 10.3 in [5] and modify some arguments
for the relaxed condition on u being a finite set function with the superadditive property as given
in Definition 5.1. We consider three cases.

Case 1: Suppose that 7 = [0, T'] and (0, ¢] is continuous in 7.

Suppose further that (0, ¢] is strictly increasing in ¢. For each k € N, let Dy C [0, T] be the
set of {zl(-k) 1 > 0} such that zf)k) =0and

(0, 2] = o M(o T1. (7.1)

It is easy to see that for each k, the set Dy C Di4+q. Let By be the maximum of
| X(s) — X(r)| A |X(¢) — X(s)| over triples in Dy satisfying 0 < r < s <t < T. Let Ay
be the same maximum but with further constraint that r, s, ¢ are adjacent: 3i € N such that
(r,s, 1) = (Z,(k)l, ,(k), Zfi)l) For any t = z(jk) € Dy, define a point ¢’ € D;_; by

t ifr € Dy_1,
g S it g Doy and 1X() - XEP )1 < 1X0) - XE)I, 72
2 .
Z(,Zl]) ift € Di_yand [X(¢) — X(Z(k)1)| = 1X(1) — X(Z(k)1)|

2

Then | X(t) — X(¢')] < Ay fort € Dy. As in the proof of Case 1 for Theorem 10.3 in [5], we
obtain that

sup  [X(r) = X(s)] A [X(s) — X(t)|<2ZAk

O0<r<s<t<T k=1
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Now we need to control > ;- A,. Suppose that 0 < 6 < 1 and choose ¢ such that
¢y 1o 08 =1/2. Then

P( sup IX(F)—X(S)I/\IX(S)—X(t)I26)

0<r<s<t<T

o0 [e.¢]
<P (22Ak > e) <Y P(Ac = ceb)
k=1

k=1

o 2K
ZZ <|X(z(k) — XE)| A X0 = x| = ceek) . (1.3)
k=1 i=1

By assumptions and (7.1),

P(IXGE) - X A [XGP) - XE0)] = cett)

Co

- P
T (cefk)rp

(“(Z, 10 Zit1

< Cogrye (WO 2011 — 0.2 )

Co(2u©, T 1 1\
- - (94ﬂ22a) , (7.4)

where in the second inequality the superadditive property of the set function p in Defini-
tion 5.1(iii) is used. Therefore, (7.3) becomes

P( sup IX(F)—X(S)I/\IX(S)—X(I)IZE)

O<r<s<t<T

o i Co(210, TN 1\
= Z (ce)* 048720

o(ZM(O, " S 1\
(6‘6)4 k2=1:<04ﬁ22a_1> :

Since 48 > 0 and 2o — 1 > 0, there exists a @ € (0, 1) for which the series above converges, and
this shows how to define the constant C}.

If (0, t] is not strictly increasing in z. Consider first the set function (s, t] = u(s, t] +
k(t —s)forall 0 <s <t < T where « is a positive constant and then let ¥ go to 0.

Case 2: Suppose that T is finite. Without loss of generality, we may assume that 7 = {#; :
0 < i < v} such that

O=ty<th<---<t,=T.
Define the processes X' := {X'(¢) : t € T} by

) x@ ift; <t<tiy, 0<i<nv,
X = {X(T) ifr=T

It is easy to see that | X'(r) — X'(s)] A | X'(s) — X'(¢)] > O only if r, s and ¢ fall into different
subintervals of [#;, #;;1). Suppose that

(7.5)

reft, tiy1), selt,tjy), te€lt,tiy), i<j<k.
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Then by the definition of X’ in (7.5) and the assumption in (5.8),

P(IX'(r) = X'6)| A 1X(s) = X'(1)] > €)
= P(IX(1) = X()I A 1X (1) — X(0)] > €)

Co %
= 25 (T NG a)™ (1.6)
Now define an measure v on [0, T'] such that for each | <i < v—1, over the interval [#;, #;11],
v has a uniform distribution of mass ,u(T N (0, ti“]) — M(T N (0, t,-,l]), and over the interval
[0, 711, v has a uniform distribution of mass (7" N [0, #;]). Note that by definition,
(0, T1 < (T N (0, 1,]) + (T N (0, tu-11) = 2u(T). (7.7
Then by the property (iii) of the set function u in Definition 5.1,
w(T N (@, 1) < (TN, 14]) — w(T N, 4])
S v(ti-‘y-la tk] S V(r, t]

Then (7.6) implies that
C o
P(IX'(r) = X'(OIAIX'(s) = X'(1)] > €) < éT(;(v(r, t])2 ) (7.8)

Even though the assumption ¢ € [f, tx4+1) requires that # < T, the inequality above also holds
for t = T by similar arguments.
By Theorem 10.3 in [5], (7.7) and the definition of X’, we obtain that

P( sup IX(r)—X(S)I/\IX(S)—X(t)IZE)

O0<r<s<t<T
= P( sup  [X'(r) = X'()I A X'(s) = X'(1)] > 6)
O<r<s<t<T
22ac3 2
7 () ‘ (7.9)
where C3 > 0 is a constant depending only on Cj.
Case 3: Consider the general 7 and set function w. Let {7} be finite sets

C .
< E—j(wo, 7)™ <

T, :={Oztn,0<tn,1<"'<tn,v,,=T}s n €N,

such that 7, C T,y and US| T, is dense in 7. Let u, be a measure having a mass
(T N0, 1) — (T N (0, t,;—1]) at points 1, ;. Define the processes X" := {X"/(1) : 1 € T}
similarly as X’ above, that is,

Denote the event
E! = {0 sup T|X”'/(r) — X" (O A X () = X ()] > e}
<r<s<t<
for each n and € > 0. Then by Case 2,
PE?) < 2263 () = 26 (e, (a.11)

ep e*p
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Since X™’ and X are right continuous, by the construction of X"’ from X above, we have that

sup [ X™'(r) — X" ()| AIX™(s) — X ()]

O<r<s<t<T

— sup  |X(r)— X&) AIX(s)— X()| as. as n— oo. (7.12)

0<r<s<t<T

Thus, by (7.12) and Fatou’s lemma, for each € > x > 0,

P( sup IX(r)—X(S)IAIX(S)—X(t)IZE)

O<r<s<t<T
- . 220y
< P(llrr}lmee_K) < llmmfP(Eé o) < _ )4/3( (T))
where the last inequality follows (7.11) . The proof is complete by letting « go to 0. This
completes the proof. [

Proof of Theorem 5.2. Take v = [T/8],t; = i§ for0 < i < v and t, = T. Then, by
Theorem 5.1, we obtain that for € > 0, and foreach1 <i <v — 1,

C
P( sup  [X(r) = X(s)| A [X(s) = X ()] = 6) =< —( (T 0 (o 1111)) ™. (7.13)

li|Sr=s<t=<t;

For the upper bound, we have

v—1

Z(M(Tﬂ (ti-1, ti+l]))2a
i=1
v—1

=< (Tﬂ i1, t,+1]) X o max ( (Tﬂ (i1, ti+l]))2a71

<i<v-—1
1

2Ty x max (u(T N1, t:411) ", (7.14)

O<i<v—1

i

where the second inequality follows from the superadditive property of the set function w in
Definition 5.1(iii). We can then conclude the probability bound in (5.11). [

Proof of Theorem 5.3. We modify the proof of Theorem 13.6 in [5] by relaxing the condition
(13.15) with our condition (ii).

For each n € N, consider the points ¢! = iT/2" fori = 0,...,2", and let X" be a random
function that is constant over each [¢ |, /') and for which (f( ) s X "(t3:)) has the same
distribution of (X @), ..., X(t)). Thus, X" are elements of . We need to show that the
distributions of {X ”} are t1ght and X is the limit in distribution of some subsequence of {X "}. To
prove tightness of X", we apply Theorem 13.2 of [5] with the condition (13.5) replaced by (13.8)
using the modulus of continuity w” in (5.3).

We first provide a proof for the first condition in (13.8) of [5], that is, for each € > 0 and
n > 0, there exists a § € (0, 1) and an integer ng such that

P(w'(X",8)>¢€) <n, for n>ny. (7.15)

Now let Y” be the process X" with the time-set cut back to 7, = {t!'}. Let fi, be a finite
measure having mass w(0, '] — u(0, ¢ ] at ] fori =0,...,2". By (5.10),for0 <r <s <

-1
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(<T,
= = = Sn CO ~ 2a
P (\Y () = P"()| A |7"(0) — 7(s)| = e) = =5 ()™,

It follows by Theorem 10.4 in [5] that

P( sup |Y"(r) — Y"(s)| A [Y"(s) — Y"(0)] = e>
O<r<s<t<T
—r<§

C o
< 0, 7] sup (fin(r, 0 +281)""", (7.16)
€*h 0<r<T-28

for some constant C4 > 0.
By the definition of fi,,, we have that
2}1
(0. T1 = () = 3 (w0, 1] = (0, £,1) < (0, T1, (7.17)
i=0
which follows from the superadditive property of the set function p in Definition 5.1(iii).
By the construction of Y” from X", we obtain that when T /2" <4,
w'(X",8) < sup {|Y"0) = Y"()| A |Y(s) — Y(0)]}. (7.18)

O<r<s<t<T
t—r<2§

Now by the definition of ", we have that when 7'/2" < §,

Wt 48] = p (<t <t4+48) = > (w0, 41— w0, 1))

tf:t<ti" <t+48

< (0, ¢ + 48] — (0, t — T/2"]
< s SB(M(o, 1] — (0, s1). (7.19)

where the two inequalities follows from the superadditive property of the set function p in
Definition 5.1({ii).
Inequalities (7.16)—(7.19) together with the uniform continuity of (0, ¢] imply (7.15) holds.
Then, the verifications of the condition (13.4) in Theorem 13.2 of [5], and the second and
third conditions in (13.8) of [5] follow exactly the same arguments as in the proof of Theorem
13.6 of [5]. The proof is complete. [J
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Appendix. Proofs of Lemmas 4.2, 4.3, 4.5 and 6.1

Proof of Lemma 4.2. Recall the covariance function Iéz of the Gaussian process X » defined in
(2.12). We obtain that for0 < s < ¢,

E[|Xa(s) — £200)|]
= Ry(s, 8) + Ra(t, 1) — 2Ro(s, 1)

=/ (Gz(s,s,u)—G%(s,u))dA(u)Jr/ (Ga(t, t,u) — Gi(t, w))d Au)
[0.5]

[0,7]
- 2/ (Gz(t, s,u) — Gi(t,u)G (s, u))d/l(u)
[0,s1]
= / G(t, wdAu) +/ G(t,s, u)dA(u).
(5,11 [0,s]

Since X 2(s) — X »(t) is normal and the kurtosis of a normal random variable is 3, we obtain
A A 4 A ~ 29\2
E[|Xa(s) = Xa)] ] = 3(E[|X2(s) = X2(0)]'])

2
=3</ G(z,u)dA(u)+/ G(t,s,u)d/l(u)). 0
(s,t] [0,s]

Proof of Lemma 4.3. Let

Hi(s) = H(s — ", Z;(z")) — / H(s — ", x)dFm(x), i€N, s5>0.
RK !

(Note that we omit the dependence of I:Ii on n for brevity.) By definition, foreach 0 < r < s, we
have
R R 1 A" (s) . A(r) . .
X)) —X(r) = — Hi(s)+ — H;(s) — H;(r)). A.l
5(s) — X5(r) ﬁi:/w%ﬂ (s) ﬁ;(o () (A.D)

The two summation terms in (A.1) are independent, and the expectations of both terms equal to
zero. By conditioning and direct calculations, we obtain that

- 1 A"(s) . 2 . _
E(W Z H,~(s)>i|=E[/(.m] G(s,u)dA"(u)],

i=An(r)+1
and

r A™(r) 2
E(% > (His) - ﬁi(r))> } =E UM G(s,r, u)dA"(u)] )

i=1

For the fourth moment, we have

E[|%26) - 2200]']

1 A (s) . 4 1 A" (r) . 5 4
= ﬁE[( > H,-(s>> } + ;EKZ[Hi(s) - Hi(r)]) }
i=A"(r)+1 i=l1

A" (r)

(5 o) (S

i=A"(r)+1 i=1
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3 A" (s) 2 A" (r) 2 2
= —2<E[( > FL-(s)) + (Z[H,(s)—ﬁ,»(r)]) ])
n i=A"(r)+1 i=1
1 A (s) . 4 1 A(r) 5 . 4
+EE[< > H,~(s)> } + ;E[(Z[Hi(s) —~ H,-(r)]) }
i=A"(r)+1 i=1

i=I

3 A"(s) . 2 2 3 A"(r) . . 2 2
_E<E[( > Hi(s)> D —~ ;<E[<Z[H,~(s)—f1,~(r)]> D . (A2
i=A"(r)+1

By conditioning, we obtain that the first term in (A.2) is equal to

2
3<E|: / G(s, u)dA"(u) + / é(s,r,u)dA"(u)D. (A.3)
(r,s] [0,r]

Next, by conditional independence of ﬁi (s) and H i(s) fori # j given A" defined in the proof
of Lemma 6.6, and by the fact that the conditional expectations of H;(s) equal to 0, we have

| A (s) 5 4
(2 o) ]

i=A"(r)+1
1 A"(s) . 6 A"(s)
=;E[ > Hie) +;E[ > H,-(s>2H,-(s>2}, (A4)
i=A"(r)+1 - i, j=A"(r)+1, i#£j

and
A" (s)

3 5 222 3 A 2
G R C )
i=A"(r)+1 - i=A"(r)+1

3 A" (s) 5 . 6 A" (s) . .
:n—2E|: Z H;(s)* +;E[ Z Hi(s)ij(s)2i|. (A.5)

i=A"(r)+1 - i, j=AR(r)+1, i)

Thus, we obtain that

| A 4 3 A 244 2
el 2 o) (el 2, ) ])
i=A"(r)+1 i=An()+1

A(s)

) .
Z_EE[ 3 Hi(s)4]=0(1/ﬂ)- (A6)

= AR (r)+1

Similarly, we also have

1 A(r) . . 4 3 A"(r) . . 2 2
;EKZ [Hi(s) - H,»<r>]> } - ;(E[(Z [Hi(s) - H,(r)]) D
i=1 i=1
2 A”(r) 5 5 .
= —;E[Z [Hi(s) — Hi(r)] } = o(1/n). (A7)

i=1

Thus, combining (A.2)—(A.7), we obtain (4.6). [
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Proof of Lemma 4.5. First we observe that forany K € N, nK = A"(t,/x). On {A"(T) <nkK =
A'(t) )}, wehavet =t A1) fort < T.Thus, A"(t) = A"(t A 1, ) and X”(t) = X”(t ANTe)
on {A"(T) < nK}.
Now, for K € N such that K > A(T) and € > 0,
P(|X5(r) — X5)| A | X3(s) — X5(0)| = €)
< P(AY(T) = nK)
+P (A
< P(A"(T) = K)
1 _ A A 2 a4 A 2
+SE [I(A"(T) < K)- | R0 = Xas)|” - | R2s) — R2o)| ]

01 - K56)] A K306 = R30)] = €)

< P(ANT) > K)
1 on n on n 47\ /2
+ < (E[[R30 A g0 = 236 Aol ])
R . 4172
x (E[|xg(sAr,;’K)—xg(tm,;’K)| ]) , (A8)

where the last inequality is from Cauchy-Schwarz inequality and from the observation that
X5(t) = X"(t A T))fort < T on {A(T) < K). Since A"(T) = A(T)asn — oo by
Assumption 1, we have

P(AT)> K)— P(A(T)>K)=0 as n— oo
for the chosen K > A(T). Therefore, due to (A.8), Lemma 4.5 is implied by
E[|X5(r ATl) — X35 A zn"K)|4] < CsV(r, s), (A.9)
forn e N,0 <r <s < T and some positive constant Cs. By Lemma 4.3, we obtain
A A 4
E[1%50 At = K36 Aol ]
2
< 3<E[1(A"(T) < K)(/ G(s, u)d A" () + / G(s,r, u)dA"(u))D +o(1/n).
(r,s] [0,r]
On {A(T) < K},
EU G(s, u)d A" (u) + / G(s,r, u)dA"(u)]
(r,s] [0,r]

"z / G(s, u)dA(u) + / G(s, r, u)d A(u)
(r,s]

[0.r]

5/ é(s,u)d/l(u)+/ G(s, r, u)d A(u)
(r,s]

[0,7]
5/ Ga(s, u)dA(u)—i—/ Gols, r,w)d Aw) = V(r, s). (A.10)
(r,s] [0,T]
Here the convergence is implied by the uniform integrability of the sequence for each » < s:
{/ G(s, u)d A" (u) +/ G(s,r,u)dA"(u) :n > 1}
(r,s] [0,r]

under Assumptions 1 and 2(ii). (A.10) implies (A.9), which further implies Lemma 4.5. [
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Proof of Lemma 6.1. We first prove (i). Fix 0 < ¢t < T'. To show that ¥ (z)(¢) is right continuous
atz, let {#; : k > 1} converge to ¢ from the right (i.e., #; > t for each k) as k — oo and we prove
that ¥ (z2)(tx) — ¥ (z2)(t) as k — oo.

By the definition of v,

Y (2)(1) — ¥ (2)(@)
=Z(tk)G1(tk,tk)—/ 2(u—=)dG (1, u)

0,1]

—Z(I)Gl(l,l)+/ zZ(u—)dG(t, u)

0.1]

=Z(t)[G1(tk,l)—Gl(t,t)]—f 2(u=)d(G1(tx, u) — Gi(t, u))

(0.1]

+Z(fk)G|(lk,lk)—Z(l)G](lk,l)—/( ]z(u—)dGl(tk,u). (A.11)
1

Recall the definition of G(¢, u) = ka H(t — u, x)dF,(x) and the assumption that H(-, x) € D
for each x € R¥. It is easy (by the bounded convergence theorem) to see that G (-, u) € D for
each u > 0. Thus, the first term z(¢)[G(#, t) — G1(z, t)] converges to 0 as k — oo.

By Theorem 12.2.2 in [44], any function in D can be approximated by piecewise-constant
functions. In particular, for any € > 0, there exists finitely many points #; such that 0 = 7y <
H<- - <by1<tpy=t<tyy <--- <1ty =T and z, is constant on the intervals [;_1, f;),
1<i<M-—1,and [fy_1, T]suchthat ||z — z.||7 <e.

For the second term in (A.11), we can write

/(0 ]Z(u_)d(Gl(tkv u) = Gi(t, u))
=/0 2eu=)d(G(tg, u) — G1(t, u))
0.1]

+ (=) — z2.w—=)d(G(tx, u) — G(z, u)).
.11

By the definition of z., the first integral on the right hand side is equal to

> 2els)[G it 1) = Gt Big1) = (Gt ) — Gi(. 1)) ] (A.12)

i=0
Each summand above converges to 0 as k — oo by the fact that G(-, u) € D for each u > 0.
Thus the summation also vanishes when k — oo. For the second integral, it is bounded by

€2 sup V' (Gu(t. ),

0<t<T
where the coefficient of € is finite under Assumption 2(i). Since € is arbitrary, we have shown
that the second term in (A.11) converges to 0 as k — oo.
When k is large enough, we have (¢, #;] C [£,,(= 1), f,,41). In that case, z. is constant on [¢, #],

yielding 0 if we replace z by z. in the last line in (A.11). Observe that

(@) — z2eW))G 1k, tr) — (2(t) — 2.)G1(tk, 1) — / (=) — z.w—)dG(t, u)

(@11

< (2 sup Gi(t,u)+ sup Vj (Gi(t, ')))'E-

0<t,u<T 0<t<T
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The coefficient of € is finite under Assumption 2. Since € is arbitrary, this completes the proof of
right continuity.

The existence of a left limit for y(¢) at each 0 < ¢ < T follows the similar argument above.
In particular, if #, converges to ¢ from left, then the first term z(t)[G(#, t) — G (¢, )] in (A.11)
has a limit since G (-, u) € D for each u > 0. Similarly, each summand in (A.12) also has a
limit, so does the summation. The last line in (A.11) in this case still converges to 0 (and also has
a limit). Thus, 1r(z) has left limit at 0 < ¢ < T'. The proof for ¥(z) € D is complete.

The claim in (ii) follows directly from the above argument while imposing the conditions
z€ Cand G((-,u) € Cforeachu > 0.

For (iii), we need to show that for z, € D and z € C and for T > 0, if ||z, — z]lr — 0 as
n — oo, then dj, (¥ (z,), ¥(z)) — 0 asn — oo. Since the J; metric is bounded by the uniform
norm (see, e.g., Section 3.3 in [44]), it suffices to prove that || (z,) — ¥ (2)|l7 — 0 asn — oo.
Recalling that H(-, x) is monotone for each x € R¥, we obtain

1V (zn) = ¥ (2T
< llza = zly sup [Gi(t, Dl +llz, — zll7 sup Vy (Gi(z, -). (A.13)

0<t<T 0<t<T

Therefore, by the assumptions, the two terms in (A.13) converge to zero as n — oco. [

References

[1] D. Anderson, J. Blom, M. Mandjes, H. Thorsdottir, K. de Turck, A functional central limit theorem for a Markov-
modulated infinite-server queue, Methodol. Comput. Appl. Probab. 18 (1) (2016) 153-168.
[2] M. Armony, S. Israelit, A. Mandelbaum, Y.N. Marmor, Y. Tseytlin, G.B. Yom-Tov, Patient flow in hospitals: a
data-based queueing-science perspective, Stoch. Syst. 5 (1) (2015) 146-194.
[3] E. Bacry, S. Delattre, M. Hoffmann, J.F. Muzy, Scaling limits for Hawkes processes and application to financial
statistics, Stochastic Process. Appl. 123 (7) (2013) 2475-2499.
[4] H.Biermé, A. Desolneux, Crossings of smooth shot noise processes, Ann. Appl. Probab. 22 (6) (2012) 2240-2281.
[5] P. Billingsley, Convergence of Probability Measures, John Wiley & Sons, 1999.
[6] A. Budhiraja, P. Nyquist, Large deviations for multidimensional state-dependent shot noise processes, J. Appl.
Probab. 52 (4) (2015) 1097-1114.
[7] L. Decreusefond, D. Nualart, Hitting times for Gaussian processes, Ann. Probab. 36 (1) (2008) 319-330.
[8] J.-D. Deschénes, Non-Stationary Photodetection Shot Noise in Frequency Combs: A Signal Processing Perspective
(Ph.D. Disseration), Université Laval.
[91 R.A. Doney, G.L. O’Brien, Loud shot noise, Ann. Appl. Probab. 1 (1) (1991) 88-103.
[10] R. Durrett, Probability: Theory and Examples, fourth ed., in: Cambridge Series in Statistical and Probabilistic
Mathematics, Cambridge University Press, 2005.
[11] S.N. Ethier, T.G. Kurtz, Markov Processes: Characterization and Convergence, John Wiley & Sons, 1986.
[12] A. Ganesh, C. Macci, G.L. Torrisi, Sample path large deviations principles for Poisson shot noise processes and
applications, Electron. J. Probab. 10 (2005) 1026-1043.
[13] A. Ganesh, G.L. Torrisi, A class of risk processes with delayed claims: ruin probability estimates under heavy tail
conditions, J. Appl. Probab. 43 (4) (2006) 916-926.
[14] X. Gao, L. Zhu, A functional central limit theorem for stationary Hawkes process and its application to infinite-
server queues. Working paper, 2016. https://arxiv.org/abs/1607.06624.
[15] M. Gyllenberg, D. Silvestrov, Quasi-Stationary Phenomena in Nonlinearly Perturbed Stochastic Systems, De
Gruyter, Berlin, Boston, 2008.
[16] M.G. Hahn, Central limit theorem in D0, 1], Z. Wahrscheinlichkeitstheor. Verwandte Geb. 44 (2) (1978) 89-101.
[17] L. Heinrich, V. Schmidt, Normal convergence of multidimensional shot noise and rates of this convergence, Adv.
Appl. Probab. 17 (4) (1985) 709-730.
[18] E-W. Huffer, Inequalities for the M /G /oo queue and related shot noise processes, J. Appl. Probab. 24 (4) (1987)
978-989.
[19] D.L. Iglehart, Weak convergence of compound stochastic process, I, Stochastic Process. Appl. 1 (1) (1973) 11-31.


http://refhub.elsevier.com/S0304-4149(17)30145-X/sb1
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb1
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb1
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb2
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb2
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb2
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb3
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb3
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb3
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb4
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb5
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb6
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb6
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb6
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb7
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb9
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb10
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb10
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb10
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb11
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb12
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb12
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb12
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb13
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb13
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb13
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
https://arxiv.org/abs/1607.06624
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb15
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb15
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb15
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb16
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb17
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb17
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb17
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb18
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb18
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb18
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb19

544 G. Pang, Y. Zhou / Stochastic Processes and their Applications 128 (2018) 505-544

[20] A. Iksanov, Functional limit theorems for renewal shot noise processes with increasing response functions,
Stochastic Process. Appl. 123 (6) (2013) 1987-2010.

[21] A. Iksanov, Renewal Theory for Perturbed Random Walks and Similar Processes, Birkhouser, 2016.

[22] A.Iksanov, W. Jedidi, F. Bouzeffour, Functional limit theorems for the number of busy servers in a G/ G /oo queue.
Preprint 2016. https://arxiv.org/abs/161008662.

[23] A. Iksanov, A. Marynych, M. Meiners, Limit theorems for renewal shot noise processes with eventually decreasing
response functions, Stochastic Process. Appl. 124 (6) (2014) 2132-2170.

[24] A. Iksanov, A. Marynych, M. Meiners, Asymptotics of random processes with immigration I: Scaling limits,
Bernoulli 23 (2) (2017) 1233-1278.

[25] A. Iksanov, A. Marynych, M. Meiners, Asymptotics of random processes with immigration II: Convergence to
stationarity, Bernoulli 23 (2) (2017) 1279-1298.

[26] C. Kliippelberg, C. Kiihn, Fractional Brownian motion as a weak limit of Poisson shot noise processes - with
applications to finance, Stochastic Process. Appl. 113 (2) (2004) 333-351.

[27] C. Kliippelberg, T. Mikosch, Explosive Poisson shot noise processes with applications to risk reserves, Bernoulli
1 (1-2) (1995) 125-147.

[28] C. Kliippelberg, T. Mikosch, A. Schirf, Regular variation in the mean and stable limits for Poisson shot noise,
Bernoulli 9 (3) (2003) 467-496.

[29] D. Koops, M. Mandjes, O. Boxma, Networks of -/G /oo server queues with shot-noise-driven arrival intensities.
Working paper, 2016, http://arxiv.org/abs/1608.04924.

[30] T.G. Kurtz, Limit theorems for workload input models, in: EP. Kelly, S. Zachary, 1. Ziedins (Eds.), Stochastic
Networks: Theory and Applications, in: Royal Statistical Society Lecture Note Series, vol. 4, Oxford Science
Publications, Oxford, UK, 1996.

[31] J.A. Lane, The central limit theorem for the Poisson shot-noise process, J. Appl. Probab. 21 (2) (1984) 287-301.

[32] R.B. Lund, W.P. McCormick, Y. Xiao, Limiting properties of Poisson shot noise processes, J. Appl. Probab. 41 (3)
(2004) 911-918.

[33] C. Macci, G. Stabile, G.L. Torrisi, Lundberg parameters for nonstandard risk processes, Scand. Actuar. J. 6 (2005)
417-432.

[34] W.P. McCormick, Extremes for shot noise processes with heavy tailed amplitude, J. Appl. Probab. 34 (3) (1997)
643-656.

[35] T.M. Niebauer, R. Schilling, K. Danzmann, A. Riidiger, W. Winkler, Nonstationary shot noise and its effect on the
sensitivity of interferometers, Phys. Rev. A 43 (9) (1991) 5022-5029.

[36] G. Pang, Y. Zhou, Two-parameter process limits for an infinite-server queue with arrival dependent service times,
Stochastic Process. Appl. 127 (5) (2017) 1375-1416.

[37] A. Papoulis, High density shot noise and Gaussianity, J. Appl. Probab. 18 (1) (1971) 118-127.

[38] F. Ramirez-Perez, R. Serfling, Shot noise on cluster processes with cluster marks, and studies of long range
dependence, Adv. Appl. Probab. 33 (3) (2001) 631-651.

[39] J. Rice, On generalized shot noises, Adv. Appl. Probab. 9 (3) (1977) 553-565.

[40] G. Samorodnitsky, Tail behavior of some shot noise processes, in: R.J. Adler, R.E. Feldman, M.S. Taqqu (Eds.), A
Practical Guide To Heavy Tails: Statistical Techniques and Applications, Birkhéuser, Basel, 1998.

[41] E. Scalas, N. Viles, A functional limit theorem for stochastic integrals driven by a time-changed symmetric a-stable
Lévy process, Stochastic Process. Appl. 124 (1) (2013) 385-410.

[42] V. Schmidt, On finiteness and continuity of shot noise processes, Optimization 16 (1985) 921-933.

[43] M. Westcott, On the existence of a generalized shot-noise process, in: Studies in Probability and Statistics (Papers
in Honor of Edwin J.G. Pitman), North-Holland, 1976, pp. 73-88.

[44] W. Whitt, Stochastic-Process Limits. An Introduction To Stochastic-Process Limits and their Applications to
Queues, Springer, 2002.

[45] X.Zhang, W. Whitt, A data-driven model of an emergency department, Oper. Res. Health Care 12 (1) (2017) 1-15.

[46] L. Zhu, Central limit theorem for nonlinear Hawkes processes, J. Appl. Probab. 50 (2013) 760-771.


http://refhub.elsevier.com/S0304-4149(17)30145-X/sb20
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb20
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb20
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb21
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
https://arxiv.org/abs/161008662
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb23
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb23
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb23
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb24
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb24
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb24
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb25
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb25
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb25
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb26
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb26
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb26
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb27
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb27
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb27
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb28
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb28
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb28
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://arxiv.org/abs/1608.04924
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb30
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb30
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb30
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb30
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb30
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb31
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb32
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb32
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb32
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb33
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb33
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb33
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb34
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb34
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb34
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb35
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb35
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb35
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb36
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb36
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb36
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb37
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb38
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb38
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb38
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb39
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb40
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb40
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb40
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb41
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb41
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb41
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb42
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb43
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb43
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb43
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb44
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb44
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb44
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb45
http://refhub.elsevier.com/S0304-4149(17)30145-X/sb46

	Functional limit theorems for a new class of non-stationary shot noise processes
	Introduction
	Literature review
	Organization of the paper
	Notation

	Functional limit theorems
	Joint convergence with a family of shot shape functions
	Discussions on the model with i.i.d. shot noises

	Applications
	A simple multiplicative model
	Non-stationary compound process
	Application in insurance risk theory
	Application in physics

	Queueing and work-input processes in non-stationary infinite-server queues

	Preliminaries
	A general maximal inequality and criterion of existence
	Proof of Theorems 2.1 and 2.2
	Proof of Theorem 2.3

	Proofs of Theorems 5.1–5.3
	Acknowledgments
	Proofs of Lemmas 4.2, 4.3, 4.5 and 6.1
	References


