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The thermoelectric figure of merit reported for n-type Mgs(Sb,Bi); compounds has made these materials
of great engineering significance, increasing the need for accurate evaluations of their thermal con-
ductivity. Thermal conductivity is typically derived from measurements of thermal diffusivity and
determination of the specific heat capacity. The uncertainty in this method (often 10% or more) is
frequently attributed to measurement of heat capacity such that estimated values are often more ac-
curate. Inconsistencies between reported thermal conductivity of Mgs(Sb,Bi); compounds may be
attributed to the different values of heat capacity measured or used to calculate thermal conductivity.
The high anharmonicity of these materials can lead to significant deviations at high temperatures from
the Dulong-Petit heat capacity, which is often a reasonable substitute for measurements at high tem-
peratures. Herein, a physics-based model is used to assess the magnitude of the heat capacity over the
entire temperature range up to 800 K. The model agrees in magnitude with experimental low-
temperature values and reproduces the linear slope observed in high-temperature data. Owing to the
large scatter in experimental values of high-temperature heat capacity, the model is likely more accurate
(within +3%) than a measurement of a new sample even for doped or alloyed materials. It is found that
heat capacity for the solid solution series can be simply described (for temperatures: 200 K < T < 800 K)
by the polynomial equation:

o [jg*1l(*1] - % (1 +13%x104T-4x103 T*2>,
where 3NR = 124.71] mol 'K, My, is the molecular weight [g mol’l] of the formula unit
being considered, and T is temperature in K. This heat capacity is recommended to be a standard
value for reporting and comparing the thermal conductivity of Mgs(Sb,Bi), including doped or
alloyed derivatives. A general form of the equation is given which can be used for other material
systems.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

initiated a great effort to optimize this material [1—13]. One of the
origins of this high performance in the Mgs3(Sb,Bi), system is its

The high thermoelectric performance reported for n-type anomalously low thermal conductivity, which is attributed to the
Mg3(Sb,Bi); compounds has attracted much interest and has undersized Mg cation and the corresponding soft, anharmonic
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Mg—Sb bonds [6,14]. Because of the high thermoelectric perfor-
mance, this material possesses a large potential to be used for
practical thermoelectric applications, such as power generation for
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However, the heat capacity values of Mgs(Sb,Bi);, which are
required to calculate thermal conductivity, are inconsistent be-
tween studies [1,15—17]. At high temperature, the deviation of heat
capacity data is more than 10% among previous reports. Before
thermoelectric applications can be considered, it is vital to obtain
reliable and consistent thermal conductivity data in this system.
Temperature-dependent heat capacity data are required to calcu-
late thermal conductivity, k, through the relation:

k = pcpD, (1)

where Dim?s~1] is the thermal diffusivity and C, = pcp is the
volumetric heat capacity [Jm—3K~!], typically calculated from
experimental bulk density, p [kg m—3], and the mass specific heat,

cpll kg‘qu}. Although the various reports rely on the laser flash
method to measure D, different reports have used different values
of Cp.These different values of heat capacity directly correspond to
an overestimation/underestimation of the thermoelectric figure of
merit, zT, and leads to a loss of consistency among data reported
from different groups.

The problem with experimentally obtained Cp lies in the un-
certainty of the heat capacity measurement at high temperature
due to the difficulty of the calibration and temperature control
[18,19]. Because of this uncertainty, it is often more accurate to use
the Dulong-Petit value of heat capacity which is temperature in-
dependent. The Dulong—Petit value is often discussed as a specific
heat at constant volume C, because it not only contains contri-
butions to the specific heat from anharmonic effects [20] (e.g.
thermal expansion) but also ignores the heat capacity due to
electronic carriers, formation of vacancies, etc. Near room tem-
perature, these effects are typically smaller than 5% of the
Dulong—Petit value. At higher temperatures, however, these
temperature-dependent contributions to Cp can become appre-
ciable, such that estimates of zT can be affected by 10—20%. For
example, a =15% difference in zT at 725 K was obtained for an
Mgs(Sb,Bi), alloy depending on if the Dulong—Petit or an experi-
mental heat capacity was used (compare zT in Refs. [3,4]). Thus, for
systems such as Mgs(Sb,Bi), where 10% accuracy in thermal con-
ductivity (and zT) is desired, it is imperative to obtain reliable heat
capacity values for precise evaluation of the thermoelectric per-
formance, as has been done for PbTe [21].

In this study, we successfully establish a physics-based model to
evaluate C, at high temperature by considering the contribution
from thermal expansion combined with experimentally measured
low-temperature heat capacity. It is found that the high-
temperature heat capacity of the entire solid solution range can
be simply described by a single polynomial equation that should be
a new standard for calculating the thermal conductivity of
Mg3(Sb,Bi)2.

2. Methods

Single-phase n-type compositions of Mgs. 5(Sba-xBix)1.99Teo.01
(x = 0, 0.5, 1.0, 1.5, 2.0) were prepared by methods described
elsewhere [5]. In short, elemental Mg (turnings, 99.98%, Alfa Aesar,
99.9%, Alfa Aesar), Sb (shots, 99.9999%, Alfa Aesar, 99.9%, Alfa
Aesar), Bi (granules, 99.997%, Alfa Aesar, 99.9%, Alfa Aesar), and Te
(lumps, 99.999%, Alfa Aesar) were mixed in the appropriate stoi-
chiometric ratio, sealed in a stainless steel vial under argon atmo-
sphere, and high energy ball milling for 2 h followed by hot
pressing at 873 K and 45 MPa for 1 h. The resulting pellets had a
bulk density >94% of the theoretical value.

Low-temperature heat capacity was measured from 1.8 to 220 K
using a Quantum Design Dynacool physical properties

measurement system. Apiezon N grease was used to couple sam-
ples to the heat capacity option stage. A semi-adiabatic thermal
relaxation method as used, and data were collected on warming. A
Netzsch 404 F3 Pegasus differential scanning calorimeter was used
to measure the Mgs(Sb,Bi), samples from 375 to 750 K at a heating/
cooling rate of 10 K/min in Ar atmosphere. High-temperature heat
capacity was calculated by the ratio method using a sapphire
standard. The baseline signal of the aluminum crucible, measured
under the same conditions, was subtracted from both the sapphire
and sample measurements.

The linear thermal expansion coefficient of polycrystalline
samples was measured by dilatometry. The sample length was
measured as a function of temperature from 300 to 773 K at a
heating/cooling rate of 10 K/min in He atmosphere using a Netzsch
DIL 402c dilatometer with an alumina pushrod. In the isotropic
approximation for polycrystalline materials, the volumetric ther-
mal expansion coefficient is three times the linear thermal
expansion coefficient (i.e. ay =3 x 22.3 x 1076K-1),

Longitudinal and transverse speeds of sound [m s~1] (v and vr,
respectively) were characterized by pulse-echo ultrasound, using a
5-MHz transducer in a manner previously described [22]. The bulk

modulus was calculated as B = p<vf - %‘v%), the shear modulus

was calculated as G = pv%, and the Debye temperature was calcu-

1

3

lated as fp = (n/kg)(672n)/3vs, where vs = {; (\,Z%Jr‘}?_)] is an
average speed of sound and n is the number density of atoms [23].

The density functional theory (DFT) calculations [24] in this
study were performed using Vienna ab initio simulation package
(VASP) [25]. We have used Perdew—Burke—Ernzerhof (PBE)
formulation of the exchange—correlation energy functional derived
under a gradient-generalized approximation (GGA) [26]. Plane-
wave basis sets are truncated at an energy cutoff of 315 eV, and a
Gamma-centered k-point mesh with a density of ~8000 k-points
per reciprocal atom (KPPRA) was used. The phonon density of
states were calculated by performing frozen phonon calculation
implemented in the phonopy package [27]. The isotropic speeds of
sound were calculated using the Christoffel code [28]. The elastic
modulus tensor input for the code was calculated from the density
functional perturbation theory (DFPT) capabilities implemented in
the VASP code. The Mgs3Bi, structure exhibits imaginary fre-
quencies, suggesting a lattice instability at low temperatures
(T = 0 K). However, the density of states associated with the un-
stable modes was small in comparison to all the other modes of the
structure combined. As these modes will have a negligible contri-
bution to the heat capacity, the density of states at w = 0 is set to
zero by assuming a Debye-like w? dependence at low frequencies
using the calculated isotropic speed of sound.

A physics-based model for the full-range heat capacity at con-
stant pressure C, was constructed using the thermodynamic
relation,

Cp = Gy +BagT = Cy(1 + yoy T) . (2)

Here, the first-order difference between Cp and the heat ca-
pacity at constant volume, Cy, is the contribution due to dilation of
the material via thermal expansion, where «y is the volumetric
thermal expansion coefficient, B is the isothermal bulk modulus,
¥ = Bay/Cy is the Gruneisen parameter, and T is the absolute
temperature. Additional contributions to Cp, from electronic carriers
and vacancies were also considered, but not included in the model.
For one, no discernible electronic contribution to the heat capacity
was observed in low-temperature measurements, as is expected for
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carrier concentrations less than 102! cm—3. Furthermore, the

contribution from Mg vacancies can be estimated in the dilute limit

2
AH, . .
as CpﬁvaczR(Ag-F) e~ =", where AHy,c is the vacancy formation

energy (=53 kJmol~! for Mg vacancies in degenerate n-type
Mg3Sb, material [3]), resulting in Cp yac <0.2% of the Dulong—Petit
value at 800 K.

When the phonon density of states, g(w), can be considered as
temperature independent, C, can be calculated using

Cv = 3nkg T(%) <%)2 (@'ﬁ%’r) (ek% . l)*zduh
0

where n is the number density of atoms, g(w)/3n is the normalized
density of states (f;°[g(w)/3n]dw = 1), kg is the Boltzmann con-
stant, and % is the reduced Planck constant. This integral was
evaluated numerically using a spline fit of the DFT-calculated
normalized density of states (Fig. 2B).

Note that to convert the units of Eq. (2) from Jm—3K~! to
]mol’1l(*1, it is necessary to multiply by the molar volume,
Vim[m3mol ™!}, of the compound being considered. This can be
accomplished using the relationship between Vi,, molecular
weight, My [kg mol’l], and density, p [kg m~3]: Vi = My /p. Im-
plicit in this notation is that the molar quantity, mol, is really moles
of formula units.

3)

3. Results and discussion

The Mg3Sb, and Mgs3Bi; compounds are known to have soft
shear moduli and highly anharmonic bonding compared with other
isostructural compounds (e.g. CaMg,Sb,) [6,29]. These character-
istics contribute to the low lattice thermal conductivity that makes
Mg3Sb, «Bix alloys promising for thermoelectric applications.
However, the high anharmonicity present in these compounds
means that the use of the Dulong—Petit heat capacity is likely a
significant underestimate at high temperatures.

This study used low-temperature heat capacity measurements
to determine the Debye temperature for a series of Mg3Sb;_xBix
compounds (x = 0, 0.5, 1.0, 1.5, 2). By plotting Cp/T3 vs T, it is
possible to determine the so-called Debye level, . This horizontal
plateau is observed when atomic vibrations dominate the heat

capacity in the T—0K limit (i.e. g(w)xw?) and is related to the
1/3
Debye temperature using the relation fp = (%Tr“NR) g173,

where § has units of J mol 'K™#, N is the number of atoms per
formula unit, and R is the gas constant. In Fig. 1a, the experimental
values of C,/T? are plotted along with corresponding Debye model
fits of 8. The Debye temperatures obtained from pulse-echo speed
of sound measurements are in excellent agreement with those
determined from heat capacity (Fig. 1b). Clearly, there is an elastic
softening as Mg3Sby, is alloyed with Mg3Biy that appears to follow a
linear relation (Vegard's law) with composition. Interestingly,
although the Debye temperature decreases by 23%, the bulk
modulus remains nearly constant across the compositional range
(Table 1). This indicates that it is predominantly the shear modes
that soften during alloying.

Thermal expansion is an inherently anharmonic effect, such that
more anharmonicity tends to result in larger thermal expansion
coefficients. The volumetric thermal expansion coefficient «y,
determined by dilatometry (66.9 x 10~6K~1), is comparable with
that of other anharmonic thermoelectric materials such as PbTe
(59.1x 10-8K~') and SnTe (63.9x 10-6K~') [30]. However,
temperature-dependent X-ray diffraction results obtained herein
gave a 37% lower absolute magnitude of ay, likely resulting from a
systemic error in the temperature control. Nevertheless, the X-ray
measurements indicate that the thermal expansion coefficient is
independent of composition, within 10%. Previous experimental
and computational work on MgsSb, reported «y values of
51.9 x 1076K~! and 61.7 x 10~6K~! at 300 K [6]. These values are
larger than those for the isostructural compounds CaMg,Sb; and
CaMg;Bi, (and the Yb analogues), again due to the larger anhar-
monicity of Mgs(Sb,Bi),. Computational values as large as almost
90 x 10-6K~! were reported for MgsSb, at 600 K [6]. However,
experimentally, there is no indication of a significant increase in ay
from 300 to 720 K.

Experimental heat capacities of MgsSb, and Mg3Bi; from 2 to
220 K can be well described using Eq. (2) (Fig. 2a). The DFT-
calculated density of states (Fig. 2b, used in Eq. (3)) also shows
that MgsBi, is softer than MgsSb,, in agreement with the trend in
Debye temperatures (Fig. 1b). A constant value of
Baf =206.9] m~3 K~ is used based on the average measured value
of bulk modulus (46.2 GPa, Table 1) and the high-temperature
value for the volumetric thermal expansion coefficient (66.9 x
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Fig. 1. (a) Measured values of molar heat capacities plotted as C,/T? vs T (markers) for several compositions in the MgsSb,«Biy system, with corresponding Debye model curves
(dashed lines) and (b) the Debye temperatures obtained from the data shown in panel (a) and from pulse-echo speed of sound data, plotted vs nominal composition.



86 M.T. Agne et al. / Materials Today Physics 6 (2018) 83—88

>

120  Dulong-Petit

100 |

@
o

[ M938b2 - experimental
———— ng3Sb2 - Cv model
Mg:‘Sb2 - Cp model
A Mg,Bi, - experimental

Heat Capacity (J mol™ K")
B [«2]
o o

SRR Mg,Bi, - C, model

20+ M93312 - Cp model

100 150 200 250
Temperature (K)

300

v )

= [
[—Mg,Bi,

0.07 1

0.06 1

0.05

0.04 |

0.03

0.02 1

normalized density of states (meV'1)

0.01

0 5 10 15 20 25 30 35
hw (meV)

Fig. 2. (a) Measurements of low-temperature molar heat capacities of MgsSb, (grey circles) and MgsBi; (purple triangles) modeled by Eq. (2) (solid lines), using the linear dilation
term discussed in text and the constant volume heat capacity (dashed lines) calculated using (b) the DFT phonon densities of states of Mg3Sb, (grey shaded) and Mg3Bi, (purple

line) in Eq. (3).

Table 1
Physical properties of the Mg3Sb,_xBix system.

Mg;SbBl (X = ]0) Mg35b0_5Bi1_5 (X = 15) Mg3B12 (X = 2)

Compound MgsSb, (x = 0) Mg3Sb1 5Bigs (x = 0.5)

Bulk modulus, B (GPa) 45.9 47.5
36.4 (6]
42 [33]

Shear modulus, G (GPa) 16.0 164
15.7 [6]
19[33]

Poisson ratio, v 0.34 0.34
0.32[33]

Molar volume, Vi, (m3mol ™) 7.86E-05 7.98E-05

Debye temperature (K) 230 + 2° 216 + 4°
228 + 4° 218 £ 3°

453 - -
384 (6]
37 [33]
15.5 - -
134 (6]
15 [33]
0.35 - -
0.32[33]
8.09E-05 8.23E-05 8.35E-05
199 + 2° 191 + 1° 177 £ 2°
201 + 3° - -

2 Debye temperature determined from low-temperature heat capacity; error estimated from the range of heat capacity values.
b Debye temperature determined from speed of sound; error estimated from the error in the speed of sound measurements (<2%).

10-6K~1). The temperature dependence of ay, which is constant at
high temperature but goes to zero at 0 K, can be neglected because
the Boz%, term is already relatively small and is multiplied by the
absolute temperature (Eq. (2)), effectively suppressing the dilation
contribution below 150 K. As T increases, however, the dilation
term is necessary to account for the deviation of the measured Cp
from C, (compare dashed and solid lines in Fig. 2).

The success of using the physics-based model (Eq. (2)) to
describe the low-temperature heat capacity (Fig. 2) provides vali-
dation for using the model to describe the heat capacity over the
full temperature range (Fig. 3). Particularly, by demonstrating that
the model correctly captures the magnitude and curvature of Cp
leading up to 300 K means that extrapolation to higher tempera-
tures is self-consistent with low-temperature measurements.
Because the molar heat capacities of the entire compositional range
(0 <x <?2) are similar at low temperatures (e.g. the spread in
values is <5% of the mean at 220 K), the C;, model for Mg3Sb, can be
used as a good approximation for the entire system. For tempera-
tures from 100 to 220 K, the model is within 1% of the average of the
experimental values. Then, the error of the model can be estimated
from the range of the 5 data sets as approximately +3%. As can be
seen in Fig. 3, measurements of high-temperature (>300 K) heat
capacity in the Mg3Sb,_4Bix system vary substantially in magnitude
(=20% at 400 K, see Fig. 3). This is likely the result of the sensitivity

of measurement techniques (e.g. differential scanning calorimetry)
to baseline corrections/calibration. Nonetheless, the high-
temperature slopes of the measured Cp, values (dCp/dT) are quali-
tatively consistent with those predicted from the bulk modulus and
thermal expansion. This supports the idea that measurements are
prone to systemic errors that lead to differing absolute magnitudes
between studies, whereas relative magnitudes (i.e. dC,/dT) agree.
Thus, the model is likely a better estimate of the magnitude of the
high-temperature Cp, because it is consistent with the low-
temperature values and reproduces the linear slope observed in
the high-temperature measurements.

In recognizing that the molar heat capacities of the MgsSb,_«Bix
system are similar (Fig. 3) and can be estimated by a simple model
(Eq. (2)) over the full temperature range (grey line in Fig. 3), it is
advantageous to make the model values of C, accessible for engi-
neering applications. Herein, a Maier—Kelly [32] polynomial
expression was found to describe the model curve (normalized
RMS error of 0.2%), and thus estimate the magnitude of experi-
mental heat capacity +3% for the range 200 K < T < 800 K:

o[l g K] :M(1+1.3x 10797T-4x10°T2),  (4)
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Fig. 3. A compilation of experimental heat capacity values for MgsSb,_«Bix alloys over
the full temperature range. The low-temperature values (<300 K) measured herein,
x = 0 (grey circles), x = 0.5 (green squares), X = 1.0 (yellow triangles), x = 1.5 (orange
diamonds), x = 2.0 (purple triangles), have magnitudes within +3% of the MgsSb,
model curve (grey line) below 220 K. The experimental results of this study agree with
the low-temperature values reported for Mg3Sb, by Yoon [31] (open blue circles). The
reported values at higher temperature (>300 K) are more scattered, with the measured
values of this study (red dots) having the largest magnitude, but a slope in agreement
with theory. The experimental values of Shuai et al. [17] (open blue stars) and Tamaki
et al. [1] (green asterisk markers) agree best with both the magnitude and slope of the
model curve. Bhardwaj and Misra [15] (open triangle markers) and Chen et al. [16]
(gold X markers) report values somewhat lower in magnitude, but with similar
slopes as the others. Note that the linear dilation term is responsible for increasing
Cp=5% above the Dulong—Petit value by 600 K.

where 3NR = 124.71 ] mol 'K~ in which N = 5 (number of atoms
per formula unit) and R is the gas constant. My is the molecular

weight of the formula unit being considered (in units of g mol™!).
By the Neumann—Kopp rule, this same expression is expected to
hold when dopants/substitutions are introduced. In that case, an
appropriate My, should be used accordingly. Also note that Eq. (4) is
written in a way that the unit dimensions may be easily changed.
The dimensionless heat capacity Cp/3nkg is the polynomial term in
parenthesis in Eq. (4).

The excellent agreement of Eq. (4) even for the full solid solution
from Mg3Sb, to Mg3Bi; and its closeness to the Dulong—Petit value
(3NR/Myy) suggests that Eq. (4) should be a good estimate even for
doped (such as Te, Se, S, La n-type dopants [34,35] or Na, Li p-type
dopants [36,37]) or alloyed (Ca, Zn, Cd, etc. up to ~30%) samples.

It should also be emphasized that the approach undertaken in
this study to estimate C, at high temperature may be readily
applied to other material systems. Using a Maier—Kelly [32] poly-
nomial to describe the Debye model for C, (for T>0.50p) and

substituting in Eq. (2) gives
T
#A(g,)

ol o) ()
(5)

where A is the dilation term in units of Jg 1K™!, ie. A =
BVma?0p /My . Alternatively, A can be found directly from the slope
of high-temperature heat capacity measurements (A ~ 6p*dCp/dT).
The equivalence of Eq. (5) (fp = 282 K) with Eq. (4) for Mgs3(Sb,Bi),
compounds provides compelling justification for the use of Eq. (5)
to accurately estimate the heat capacity of other compounds at high

temperature. In fact, Eq. (5) is typically more accurate than even
experimental measurements not only for MgsSb,_«Biyx but also for
other single-phase materials [18].

4. Conclusion

Including the first-order anharmonic correction to the harmonic
phonon heat capacity provides an accurate description of experi-
mental heat capacity of Mgs(Sb,Bi); up to 800 K. The self-
consistency of the Cp, model with both low- and high-
temperature experimental results provides validation that it can
be used to estimate the magnitude of high-temperature C, where
experimental results are scattered. The model is likely to be more
accurate for a given new material than an individual measurement,
considering the typical uncertainties of high-temperature heat
capacity measurements. A simple polynomial expression is given
for the suggested heat capacity values over the 200 K< T < 800 K
range that is expected to be accurate within +3% for Mgs(Sb,Bi);
solid solutions even when considering dopant and alloying addi-
tions. The high anharmonicity of Mgs3(Sb,Bi), compounds leads to
deviations of Cp from the Dulong—Petit limit at high temperatures.
We recommend that the suggested values of Cp be used so that
thermal conductivity is not appreciably underestimated and to
improve accuracy of comparing results among different labora-
tories. The method is easily generalized to other materials.
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