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Preventive Maintenance Subject
to Equipment Unavailability

Zhicheng Zhu, Yisha Xiang

Abstract—Preventive maintenance has received considerable at-
tention in industries and the literature. Conventional preventive
maintenance models often assume that equipment is always avail-
able for maintenance activities. However, in many mission-critical
industries, equipment may not be available for scheduled mainte-
nance due to busy operational schedules. Forced shutdown of the
equipment may incur extra costs that cannot be offset by the bene-
fits from preventively maintaining the equipment. In this paper, we
propose innovative preventive maintenance policies to address the
challenges caused by equipment unavailability. Maintenance mod-
els with possible rescheduling are developed for both time-based
and condition-based maintenance policies, and the objective is to
minimize the long-run cost rate of all maintenance activities. The
proposed policies, with consideration of equipment unavailability
for prescheduled PM, are compared with the policies that ignore
this unavailability. Numerical examples are provided to illustrate
the proposed policies.

Index Terms—Age-based preventive maintenance (PM),
condition-based maintenance (CBM), equipment unavailability,
maintenance rescheduling.

1. INTRODUCTION

REVENTIVE maintenance (PM) has been extensively
P studied in the literature. PM is often implemented to pre-
vent or delay equipment failure. However, the majority of the
existing PM models assume that systems can be shut down for
maintenance whenever maintenance is needed. While this as-
sumption is appropriate in some industries, it is not valid in
many mission-critical industries. For example, it might not be
economical to shut down machines for maintenance activities
during production runs in many chemical plants, since such an
interruption will waste all raw materials being processed. Addi-
tionally, some equipment in busy shipping ports/terminals may
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not be readily available for PM due to the heavy traffic. Thus, the
assumption that equipment is always available for prescheduled
maintenance needs to be re-examined. In this paper, we develop
PM policies with rescheduling due to system unavailability, and
investigate the tradeoffs between failure costs, PM rescheduling,
and potential losses due to forced shutdown for PM activities.

The literature on the use of mathematical modeling for
analyzing and optimizing scheduled maintenance plans is
abundant. In order to keep the system operating at a desirable
condition, PM is often used to delay or prevent system failure.
PM activities can be generally classified into two categories:
time-based maintenance (TBM) and condition-based mainte-
nance (CBM). TBM schedules are typically determined based
on a probabilistic model of system failure. Reviews on TBM
can be found in [1]-[7]. CBM is a maintenance approach that
relies on advances in sensor technology to create data-driven
reliability models to develop strategies for condition monitoring
and maintenance. Reviews of CBM can be found in [8]-[10].
Most of the existing PM research overlooks the interrelationship
between maintenance planning and equipment work sched-
ules. As a result, maintenance planning is often done without
considering the interactions between these two activities.

The interdependence between PM planning and production
scheduling has received some attention in manufacturing indus-
tries. If PM planning does not take the production schedule into
consideration, equipment unavailability during production may
result in unsatisfied demands. On the other hand, unnecessary
failure costs may be incurred if production service does not
consider the time needed for maintenance activities and PM
is not performed in a timely fashion. Cassady et al [11],
[12] propose integrated models that simultaneously determine
production scheduling and PM planning decisions. These
models investigate how maintenance activities affect available
production time and how elapsed production time affects
the probability of machine failure. Fitouhi ef al. [13] and
Nourelfath et al. [14] develop joint PM and production planning
models with the objective of minimizing maintenance- and
production-related costs while satisfying all demands. Other
literature that addresses the interrelationship between PM
planning and production scheduling can be found in [15]-[17].
Similarly, the interdependence of production and maintenance
has been recognized in process and railway industries. Ashayeri
et al. [18] show that the nature of a production process such as
routing, flexibility, change-over time, and production equipment
makes the maintenance activities associated with these processes
more complicated. And therefore, highly automated production
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environments combined with complicated maintenance func-
tions necessitate the need to simultaneously plan production and
maintenance activities to improve productivity and efficiency.
According to Gorman et al. [19], the scheduling of railway track
maintenance projects is extremely complex, with numerous job
scheduling constraints, and this scheduling requires considera-
tion of efficient maintenance production routing around the rail
network while paying close attention to any train delay such
maintenance projects might cause. Several models have been
proposed to resolve the conflicts between train operations and
the scheduling of maintenance activities [19]-[21].

However, the majority of integrated production and mainte-
nance models either coordinate the production with maintenance
decisions, or plan maintenance activities with fixed produc-
tion/work schedules. The uncertainty in work schedules is
largely ignored. For example, production schedules are difficult
to predict when big variabilities in demands exist, causing equip-
ment proudction schedule to be less predictable. Consequently,
equipment may have to be in operation when PM actions need
to be performed according to predetermined schedules. When
equipment is unavailable for scheduled PM activities, it may
not be feasible to simply wait until the equipment is available,
since many maintenance activities are outsourced and require
maintenance service providers to send a team to the site, and it
takes time to mobilize the team and finish all necessary prepara-
tory work (e.g., set up tools) before performing maintenance
actions. All these activities require advanced scheduling. The
uncertainty of equipment availability for PM poses great chal-
lenges on maintenance planning and requires that maintenance
planning cope with work schedules to ensure the continuous
operations demanded. There are few studies that combine
maintenance planning with uncertainty in work schedules. As
more maintenance activities are being outsourced, especially for
complex equipment, models addressing PM with consideration
of equipment unavailability become more relevant.

To meet this need, we propose innovative PM policies that
allow rescheduling to deal with uncertainty in equipment avail-
ability. We consider the case in which equipment may be busy
and not available for scheduled maintenance activities and it is
not economical to immediately shut down equipment for main-
tenance. We propose two types of rescheduling policies which
are summarized as follows.

1) Type I Rescheduling: Reschedule PM action until the
equipment is available or the equipment fails, whichever
occurs first. A rescheduling cost is incurred every time PM
is delayed.

2) Type 2 Rescheduling: Reschedule PM actions to a later
time if the equipment is not available for maintenance.
However, unlike Type 1 rescheduling policy that allows
infinite number of PM attempts, this policy has an upper
limit on equipment operation time or on the degradation
level. Once the time limit or degradation level is reached,
the equipment is forced to shut down for PM. An additional
cost is incurred if the equipment is mandatorily stopped
for PM.

The two types of PM rescheduling are developed for both

age-based PM and CBM, separately. The main contribution of
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this paper lies in the new, novel PM policies that incorporate
rescheduling PM actions for equipment that face uncertain work
schedules. To the best of our knowledge, this is among the first
efforts that analyze the impacts of equipment unavailability on
maintenance strategies and coordinate maintenance activities
with uncertain work schedules.

The rest of this paper is organized as follows. Section II pro-
vides a detailed system description. Section III develops age-
based PM policies for both Type 1 and Type 2 rescheduling with
illustrative examples. Section IV develops CBM-based policies
for both Type 1 and Type 2 rescheduling. Section V concludes
this paper.

II. SYSTEM DESCRIPTION

NOTATION

Cpm Cost of PM.

Cem Cost of CM.

Cr Cost of PM rescheduling.

Ci Cost of inspection.

Cm, Cost of mandatory shutdown.

)4 Probability that equipment is available for PM at
any point in time.

h(p) PDF of p.

¥ Cost rate.

n Cycle length.

C Total cost in a renewal cycle.

s Failure threshold.

T Time when PM is first attempted under age-based
PM.

) Time when equipment is mandatorily shut down for
PM under age-based PM with Type 2 rescheduling.

w PM reschedule time interval.

1) Inspection interval under CBM.

13 PM threshold under CBM.

¢ Forced shutdown threshold.

g Probability density function (PDF) of time to failure.

X(1) Random wear accumulated in time interval [0,7].

F(x; xg, 1) Cumulative distribution function (CDF) of X(1),
Pr{X() <x, X (0) =xp}.

fix; xp, 1) Probability density function (PDF) of X(¥).

T(x) Random time for the wear to reach level x.

R(1) Reliability Function.

Pn Probability that PM is successfully performed upon
the nth PM attempts under age-based PM.

Gn Probability that failure is detected upon the nth PM
attempts under age-based PM.

Kn Probability that PM is first attempted upon the Ath

inspection and the PM is performed upon the nth

PM attempt under CBM with Type 1 rescheduling.
/fﬁ\m Probability that PM is first attempted upon the Ath

inspection and the PM is performed upon the nth
PM attempt under CBM with Type 2 rescheduling.
Probability that PM is first attempted upon the Ath
inspection and failure is detected upon the nth PM
attempt under CBM with Type 1 rescheduling.

0A,n
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Orn Probability that PM is first attempted upon the Ath /\ ;
inspection and failure is detected at the nth PM at- .
1
(a)

tempt under CBM with Type 2 rescheduling.

q;,n Probability that PM is first attempted upon the Ath
inspection and forced to shut down at the nth PM
attempt under CBM with Type 2 rescheduling.

In this paper, we consider equipment with uncertain work
schedules. Specifically, there is a probability p that the equip-
ment is available for PM at any point in time. This probability
can be a constant or modeled by some probability distribution.
In practice, the availability probability p is often associated with
some uncertainties, and therefore we assume that p is a random
variable with a PDF of &(p). For example, if p is normally dis-
tributed, then A(p) is the PDF of a truncated normal distribution
over (0,1)

- o(p; i1, 0?)
®) = ST 0% — 90 0%

where o(x; 11, 02) and (x; i, 0?) are normal distribution PDF
and CDF with mean £ and variance o2.

Two types of PM rescheduling policies are proposed to re-
solve issues caused by uncertainties in work schedules. Let w
denote the interval between two PM attempts. Under Type 1
rescheduling, if equipment is not available for a scheduled PM,
a PM action will be reattempted after a prespecified interval (w),
and a rescheduling cost of ¢, is incurred every time the PM is
rescheduled. The PM action will be reattempted every w time
units until either PM is successfully performed or the equip-
ment fails, whichever occurs first. Under Type 2 rescheduling,
a similar delay scheme is developed for PM actions. However,
under Type I policy, after the number of PM attempts reaches
either a maximum time or degradation threshold, the equipment
is forced to shut down for PM. If a forced shutdown occurs, an
additional shutdown cost (c;,,) is incurred. We integrate these
two types of rescheduling policies with TBM and CBM, respec-
tively. For TBM, a widely used age-based PM policy is chosen.
For CBM, a periodic inspection/PM policy is considered.

pe [Ov 1]

III. AGE-BASED PM WITH RESCHEDULING

Under a traditional age-based PM policy, equipment is pre-
ventively maintained if it functions without failure for 7 time
units. If a failure occurs before the scheduled PM, then CM
is performed immediately. Failures are assumed to be self-
announcing, and both PM and CM restore the equipment to
an as-good-as-new state. We first extend this traditional age-
based PM policy by incorporating Type 1 rescheduling. Under
Type 1 rescheduling policy, the first PM attempt occurs when
the equipment has functioned without failure for 7y time units. If
the equipment is not available for PM at time 71, the PM action
is delayed by w time units, and a rescheduling cost of ¢, is in-
curred. The delay interval w can be a random variable. However,
for mathematical simplicity, we assume the delay interval w is
fixed.

Fig. 1 illustrates some sample scenarios of the PM process
under Type 1 rescheduling. Fig. 1(a) shows that the equipment

A—/\ ‘

7 to **t ntm-2)o rtm-Ho  utne
(b)
S|
N t
()
t
7 7+ 7+(n-2)w n+(n-Ho
(d)

/\ Successful PM A Unsuccessful PM £3 CM

Fig. 1. Age-based PM with Type 1 Rescheduling. (a) PM successfully per-
formed at the first PM attempt. (b) PM successfully performed at the (n + 1)th
attempt. (c) Failure before the first PM attempt. (d) Failure between the (n —
1)th and nth PM attempts.

is available upon the first PM attempt. Fig. 1(b) illustrates that
the equipment is not available until the nth PM attempt, and
PM is successfully performed upon the nth attempt. Fig. 1(c)
demonstrates a sample scenario where the equipment fails before
the first PM attempt; and Fig. 1(d) shows that a failure occurs
after several PM attempts.

If a PM is successfully performed upon the nth attempt, the
renewal cycle time is 71 + (n — 1)w. If a failure occurs be-
tween the (n — 1)th and nth PM attempts, the cycle time is
71+ (n — 1)w + t, where 7 is the uptime of the equipment dur-
ing the failure interval. Let C represent the total cost in a renewal
cycle that includes PM, CM, and rescheduling costs, and let n
represent the cycle length which is the time interval between two
successive maintenance actions, either PM or CM. Our objective
is to minimize the expected cost rate by optimizing the first PM
attempt interval 7; and the PM rescheduling/delay interval w.

Model P1

71, w* = argmin {fy _EQ) (C)}
b En) [’
71>0,w>0
where E(C fo (Clp)h(p)dp and E(n fo (nlp)

h(p)dp. E (C | p) and E(n|p) are the expected cost and expected
renewal cycle length for a given p, respectively.

Given the probability of equipment availability p, the expected
maintenance-related cost is as follows:

E(Clp) =Y ((n—=1) ¢+ com) Pn
+Z((n71) CTJrCcm)qn

where the probability of PM successfully performed upon the
nth attempt is

pn=p(1—p)" 'R((n—1)w+m)
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Fig.2. Age-based PM with a mandatory shutdown.

and the probability of a failure between the (n — 1)th and the
nth attempts is

1-R(m), n=1
=13 1—p)" {R((n-2)w~+1)
—R((n—1)w+m)}, n>1

Next, we derive the expected cycle length for a given p. The

cycle length has four scenarios.

1) If the equipment is available for PM upon the first attempt,
the cycle time is 7.

2) If a failure occurs before 71, the cycle time is the actual
operational time ?.

3) The cycle time is 71 + (n — 1) w if the equipment is
available for PM upon the nth attempt.

4) The cycle time is (71 + (n — 2) w + 1) if the equipment
fails between the (n — 1)th and nth PM attempts for any
n> 1.

The expected cycle length given p is computed as follows:

+oo

E(nlp) = (r1 + (n — Dw)pn + / " tg(t)dt

n=1

+Z<1—p>”*/0w<n+<n—2>w+t>

x g(m1 + (n — 2)w+t)dt.

We next develop an age-based PM policy with Type 2
rescheduling. Under this policy, the PM will first be attempted at
time 7 provided the equipment has not previously failed. Sim-
ilarly as in Type 1 rescheduling, if the equipment is unavailable
for PM at time 74, it will be rescheduled every w time units. How-
ever, with Type 2 rescheduling, there is a maximum operation
time 75 (7o > 71). That is, if the equipment functions without
failure and is not available for PM prior to reaching the opera-
tional threshold, the equipment will be forced to shut down for
PM at time 7. Fig. 2 provides an illustrative example of Type 2
rescheduling.

The relationship between 71 and 75 can be expressed in the
following equation:

To =T+ jw+1 (1)

where j denotes the number of PM attempts between 71 and 79,
and ¢ is the equipment operational time between the (j + 1)th
PM attempt and time 7. With (1), the maximum operation time
allowed is converted to the maximum number of PM attempts.
The problem above is formulated as an optimization model
using renewal theory. The decision variables are 71, w, 75 for
age-based PM with Type 2 rescheduling. Therefore, we have

IEEE TRANSACTIONS ON RELIABILITY

Model P2
f e . { ()}
Ty, To,w = argmin< v = E)
71 >0,72>0,w>0

where FE(C fo (C|p)h(p)dp and E(n fo (nlp)
h(p)dp. E(C|p) and E(n|p) are the expected cost and expected re-
newal cycle length for a given p, respectively. We first derive the
expected cost given p. In addition to the rescheduling cost (¢;),
a mandatory shutdown cost (¢,,, ) is incurred if the equipment is
forced to shut down for PM. The total maintenance costs for the
cycle ending with a forced shutdown is (j + 1)¢, + cpm + Cpm.-
The expected cost given p in a renewal cycle is

j+1

> ((n=1) ¢+ Cpm) X Pn

n=1

E(Clp) =

J+1
D ((n=1) e+ em) X g+ ((F+ 1) ey

n=1
+ Cpm + m) X pur + (G + 1) & + Cem) X qur
where the probability of having a forced shutdown is

py = (1—p)"'R(m)

and the probability that the system fails after the (j + 1)th PM
attempt and before the forced shutdown

—p) (R (m + jw) = R(72)) .

Similarly, we derive the expected cycle length. If PM is suc-
cessfully performed on the nth attempt, the cycle time is 71
+ (n — Dw, n < (j+1). If the equipment operates without
failure until time 79, the cycle time is 79. If a failure occurs
between the (n — 1)th and nth PM attempts, the cycle time is 71
+ (n — 2)w + t, where ¢ is the uptime of the equipment during
the failure interval. The expected cycle length given p is given
as follows:

g = (1

Jj+1 T1
> (7 + (0= 1)w) pu + Tapar +/ tg (t) dt
0

n=1

E (nlp) =

Jj+1

+Z (1—p)™ 1/0 (4 (n—2)w+1) g () dt

) To—jw—T1
wa=p [T g
0

g (T + jw+t)dt.

To assess the effect of equipment unavailability on PM poli-
cies, the policies with rescheduling are compared with the poli-
cies that ignore equipment unavailability. The age-based PM
model without considering equipment unavailability is given by

Model P3

E(C)

szargmin{y: E(n}, 71 >0
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where

E (C) = Ccm (1 - R (71)) + CPHIR (Tl)

and

T1
E(n) = /O tf (t)dt+ R (m).

The optimization problems (P1 and P2) are mathematically
complex, and derivatives of the objective functions are difficult
to obtain. Therefore, numerical search without utilizing deriva-
tives is used to find optimal solutions. Rosenbrock’s algorithm
is used to search for optimal burn-in and maintenance policies.
The method of Rosenbrock does not employ line searches but
rather takes discrete steps along the search directions. At each
iteration, the procedure searches iteratively along n linearly in-
dependent and orthogonal directions (n is the number of decision
variables). When a new point is reached at the end of an iteration,
a new set of orthogonal vectors is constructed. An acceleration
feature is also incorporated by suitably increasing or decreasing
the step lengths as the method proceeds [22]. The method of
Rosenbrock using line searches converges to a stationary point
if the following assumptions are true: 1) The minimum of falong
any line in R,, is unique; and 2) the sequence of points gener-
ated by the algorithm is contained in a compact subset of R,,.
Since it is mathematically difficult to obtain the first and second
partial derivatives of the objective function, we do not analyti-
cally demonstrate whether the two assumptions are satisfied in
this study. Therefore, Rosenbrock’s algorithm does not guaran-
tee the global optimality in this paper. For detailed steps of the
method, we refer the readers to [22] and [23].

A. Illustrative Example

In this section, we provide two numerical examples to illus-
trate the two proposed rescheduling policies. Based on its wide
application in practice, we assume that the equipment’s time to
failure follows a Weibull distribution. Suppose the shape and
scale parameters of the Weibull distribution are 2 and 50, re-
spectively. The cem, Cpm, ¢, and ¢y, are 1000, 200, 40, and 400,
respectively.

Example 1: Assume that the distribution of p is a truncated
normal distribution with ;2 and ¢ equal to 0.5 and 0.5. The
optimal results are

1) PI: 71 =30.24, w = 2.65, and corresponding v = 18.98

for age-based PM with Type 1 rescheduling.

2) P2: 711 =29.94,w =0.05, 72 = 50.94, and v = 18.38 for

age-based PM with Type 2 rescheduling.

3) P3: 71, =25.53.

We can see that the first PM attempt time (71) is different
for the policies that consider equipment unavailability. This in-
dicates that equipment unavailability for PM cannot be ignored
and PM policies should be developed with the consideration of
uncertainty of equipment availability for PM activities.

Example 2: Assume that the distribution of p is a truncated
normal distribution with 1 and o equal to 0.2 and 0.5.

1) P1: 71 =32.14, w = 3.16, and corresponding v = 19.75

for age-based PM with Type 1 rescheduling.

2) P2: 711 =29.87,w=0.07, 72 = 69.93, and 7 = 19.08 for

age-based PM with Type 2 rescheduling.

3) P3:71y =2553.

We make similar observations in Example 2. The first PM
attempt time (71) is different from the policies that consider
equipment unavailability. This further confirms the necessity of
developing appropriate rescheduling policies when equipment
may be unavailable for scheduled maintenance activities. From
Example 2, we can also see that a lower equipment availability
for PM leads to larger rescheduling intervals. This is because the
incentive for rescheduling is less when the equipment is more
likely to be unavailable for scheduled maintenance.

B. Sensitivity Analysis

In this section, we conduct a sensitivity analysis to examine
the impacts of important model inputs. The parameters of in-
terests are rescheduling cost (¢, ), corrective maintenance cost
(¢em), and forced shutdown cost (¢, ). Numerical Example 1 in
Section III-A will serve as a baseline model to conduct the sen-
sitivity analysis. Policies 1, 2, and 3 in the sensitivity analysis
are associated with models P1, P2, and P3, respectively.

1) Effects of Rescheduling Cost: Three different levels of
rescheduling costs are examined ¢, = 4,20 and 100. Table I
summarizes the optimal results from the two types of policies
under different rescheduling costs. From Table I, we can see
that the rescheduling interval w increase as ¢, increases. This is
straightforward, since the increase in ¢, indicates rescheduling
is more expensive. The age-based PM interval (71) increases as
the rescheduling cost increases, in order to reduce the number of
rescheduling attempts. This confirms the necessity of account-
ing for the possibility that equipment may be unavailable for
prescheduled PM activities.

2) Effects of CM Cost: We now examine the impacts of CM
cost. Three levels of CM costs are considered: low (c.,, = 400),
medium (¢, = 1000), and high (c¢,, = 2000). Results of op-
timal policies under different CM costs are summarized in Ta-
ble II. From Table II, we can see that as c.,, increases, both
71 and w decrease rapidly. The PM interval (71) is reduced,
and PM is rescheduled more frequently, in order to avoid high
failure costs. For policy 2, the forced shutdown interval (75)
also decreases to prevent failures from occurring. It is also ob-
served that Policy 3 is significantly different from Policy 1 and
Policy 2, implying that it is imperative to consider equipment
unavailability when scheduling PM.

3) Effects of Forced Shutdown Cost: Similarly, we inves-
tigate optimal policies under three different forced shutdown
costs. Table III presents analysis for different forced shutdown
costs. The effects of ¢,,, are mainly on the intervals of forced shut-
down and rescheduling. Naturally, the more expensive a forced
shutdown is, the more likely we want to avoid such actions. As
¢, increases, rescheduling is attempted more frequently, with
the intention of performing PM action before reaching the forced
shutdown limit. And 79 also increases to delay the costly forced
shutdown.

Note that optimal cost rates from the two types of reschedul-
ing policies are also summarized and compared for all cases
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Advances in censor technology and data analytics have re-
sulted in an increase in the implementation of CBM which aims
to reduce maintenance wastes. It can be more beneficial to incor-
porate rescheduling into CBM for equipment that cannot strictly
follow predetermined PM schedules. We consider a periodic
inspection policy with possible rescheduling. We assume that
equipment failure can only be detected by inspection or dur-
ing PM rescheduling. The equipment is periodically inspected
with a fixed interval §. Upon each inspection, if the equipment
deterioration is above the maintenance threshold (&) but below
the failure threshold (s), PM is performed if the equipment is
available. If the equipment deterioration is below the mainte-
nance threshold, we do nothing. To address the issue of equip-
ment unavailability for PM, two policies that are similar to those
developed for the age-based PM are proposed. The first type of
rescheduling policy attempts the PM every w time units until the
equipment is available—if no failure occurs before a successful
PM. For the first policy, there is no limit on the number of PM
attempts. The second type of rescheduling policy is similar to
the first type of policy except that a forced shutdown threshold
is allowed. The equipment is mandatorily shut down for PM if

6 IEEE TRANSACTIONS ON RELIABILITY
TABLE I
ANALYSIS OF ¢, UNDER AGE-BASED PM
Policy 1 Policy 2 Policy 3
e
T [02) Y T1 (%) [02) y T V4
4 26.66 0.05 16.78 25.81 53.32 0.03 17.03 25.53 16.34
20 27.25 0.11 17.87 27.19 51.39 0.04 17.66 25.53 16.34
100 35.82 8.04 20.53 36.15 50.73 5.26 20.28 25.53 16.34
TABLE II
ANALYSIS OF ¢¢, UNDER AGE-BASED PM
Cem Policy 1 Policy 2 Policy 3
71 w Y 71 T w b T Y
400 | 70.25 20.23 | 8.98 70.11 383.84 |20.21 8.98 54.54 8.73
1000 | 30.24 2.65 1898 129.94 |50.94 |0.05 18.38 | 25.53 16.34
2000 | 17.47 0.04 29.16 16.88 31.17 | 0.01 27.85 16.82 24.22
TABLE III
ANALYSIS OF ¢;, UNDER AGE-BASED PM X X X % t
0 20 (A-1)0 6
o Policy 2 Policy 3 (a)
7 3 2 y T 4 \V/ \v4 Av4 A P
100 29.90 3248 144 | 18.20 25.53 16.34 JAY JAY A L\
400 29.94 50.94 0.05 18.38 25.53 16.34 0 20 (2-1)0 5
700 31.14 87.57 | 0.04 | 1841 25.53 16.34 (b)
Av4 R
X—X X—& B
considered in the sensitivity analysis. The optimal cost rate 5 2 s PP Sene
is dependent on maintenance-related cost parameters, such as ©
PM/CM costs, rescheduling cF)st, and forced shutdown .cost. v v v A ;
When both types of rescheduling are allowed, the one with a AJ A (Aﬁ; ‘w‘ i‘ém e
lower cost rate will be more cost beneficial. %
(d)
t
IV. CONDITION-BASED MAINTENANCE WITH RESCHEDULING X X X H O
s 26 o-1)0 W Wre  JSHN-Do

©
/\ Successful PM A Unsuccessful PM X Inspection
O Mandatory Shutdown  $3 CM

Fig. 3. CBM with rescheduling. (a) Failure detected at the Ath inspections.
(b) PM succeeds at the Ath inspection. (c) Failure detected at the (n + 1)th PM
attempt. (d) PM succeeds at the (n 4 1)th attempts. (e) PM forcibly performed
at the Nth attempt.

the equipment degradation level is between the mandatory shut-
down threshold (¢) and failure threshold (s). In addition to the
rescheduling cost, a forced shutdown cost is incurred. Fig. 3 il-
lustrates some scenarios for CBM with rescheduling. Fig. 3(a)
shows that the equipment failure is detected upon the Ath inspec-
tion and no PM has been yet attempted. Fig. 3(b) shows that PM
is first attempted and performed upon the Ath inspection. No
rescheduling is needed in the scenario illustrated in Fig. 3(b).
Fig. 3(c) shows that failure occurs during the rescheduling
process, Fig. 3(d) demonstrates that PM is performed after



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ZHU et al.: PREVENTIVE MAINTENANCE SUBJECT TO EQUIPMENT UNAVAILABILITY 7

several unsuccessful attempts. Fig. 3(e) illustrates the forced
shutdown.

We now develop a mathematical model for CBM with Type
1 rescheduling policy. Our objective is to minimize the ex-
pected total cost rate by optimizing the inspection interval
0, maintenance threshold &, and the PM rescheduling/delay
interval w.

Model P4:
. E(C)
0", &, w" =ar mm{ },
ST EM
6>0,£>0,w>0
where E(C fo (Clp)h(p)dp and E(n fo (nlp)

h(p)dp. E(Clp) and E(n|p) are the expected cost and expected
renewal cycle length for a given p, respectively. We first derive
the expected cost in a renewal cycle given the equipment avail-
ability p. Let k; ,, denote the probability that the first PM is
attempted upon the Ath inspection and PM is successfully per-
formed at the nth attempt, and let 6, ,, denote the probability
that the first PM is attempted upon the Ath inspection and CM
is performed at the nth inspection. For a given X, there are two
scenarios for maintenance costs. If the renewal cycle ends with
a successful PM, maintenance-related costs include inspection
costs, PM cost, and any rescheduling costs. If the renewal cycle
ends with a failure, maintenance costs include inspection costs,
CM cost, and any rescheduling costs. The maintenance-related
costs given p is as follows:

+

[o¢]

+

oo

E(C|p) = (Aei+(n—1) ¢ + cpm) X Kan

i
Il
-

1n
+ ()\Ci + (n — 1) cr + Ccm) X ok,n)

where the probability that PM is successfully performed at the
nth attempt is

b JE 1 (050,00~ 1)9)
(F (s;u,0) — F (§u,0)) du n=1
Ryn =
’ (1-p) ’pr(f f(w;0, (1 — 1) 5)
ff (v;u,8) F (s;v, (n — 1) w)dvdu, n>1

and the probability that CM is performed between the nth and
(n + 1)th attempts is

ek,n:

JEF (50,00 = 1)8) (1 = F (s;u,0)) du n—1
p)" S (1;0,(A — 1) 6) ) JE f( vuéf
f(zsv,(n—2)w) (1 — F (s;2,w)) dedvdu,  n > 1

The derivations for &, _, and 6, ,, under Type 1 rescheduling
policy are provided in Appendix I. Next, we derive the expected
renewal cycle length given the available probability. Given that
the first PM is attempted at the Ath inspection. If the renewal
cycle ends with a successful PM or CM upon the nth attempt,
the cycle length is (A + (n — 1)w). The expected cycle length

given p is as follows:

“+o0 +o00

ZZ )\.6"’ ’I’L-l )X“{A,n

r=1n=1
+ A+ (n—1)w) X 0;4).

Next, we develop the mathematical model for CBM with
Type 2 rescheduling. We have the same objective of minimizing
the expected cost rate, and the decision variables are inspection
interval (6), maintenance threshold (&), rescheduling interval
(w), and forced shutdown threshold (().

E(nlp) =

Model P5:
| . E(C)
5*75*7‘*}*74-* = argmin {’7 = } )
E(n)
0>0,w>0,>£>0
where E(C fo (Clp)h(p)dp and E(n fo (nlp)

h(p)dp. E(C’|p) and E(17|p) are the expected cost and ex-
pected renewal cycle length for a given p, respectively. Simi-
larly, we first derive the maintenance cost given the probability
of equipment unavailability p. The maintenance cost in a re-
newal cycle where at least one PM is attempted under Type
2 rescheduling is derived as follows. Given that the first PM
is attempted upon the Ath inspection, there are three scenarios
for maintenance-related costs. If the renewal cycle ends with a
successful PM, which means the degradation level is between
¢ and , the cost is Ac; + (n — 1)¢, + cpm. If the degradation
level is found between ( and s, a mandatory PM is performed
along with the cost Ac; + (n — 1)¢, + Cpm + ¢, If equipment
failed upon inspection, then CM is performed and the cost is
rci + (n—1)¢r + cem
400 +00

2.0

A=1n=1
(he; + (n—1)¢p + cpm) X Kam
+ (Aei + (n = 1) ¢p 4 cpm + Cm) ¥ q/x,n
+(ei+(n—=1)cr + cem) X 0sn

E(Clp) =

where the probability that PM is successfully performed at nth
attempt is

pJs £ (u:0, (2~ 1))
L) FGuy-FEusa  n=t
P @) e fE S (0. (- 1)6 g

f (w;u,0) F((; 7(n—l) w)dvdu, n>1

the probability that PM is successfully and forcibly performed
at the nth attempt is

G =
f(ff(U;O,()»*l)fs)(F(S;u, )* (G u,0)) du, n=1
(1—p>”*1xf§f< 5) I f (vsu.6)
fc n—2)w)(F(s;x,w)
-F (C,x,w))dmdudu, n>1
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and the probability that CM is performed at the nth attempt is
O =

(L=p)" " f5 £ (0,(x=1)6) £ f (v5u,0)
ff f(z;v,(n—2)w) (1 — F(s;z,w))dedvdu, n>1

n=1

Next, we derive the expected renewal cycle length give the
available probability. The maintenance cost in a renewal cycle
where at least one PM is attempted under Type 2 rescheduling
is derived as follows. Given that the first PM is attempted upon
the Ath inspection, there are three scenarios for cycle length.
Regardless whether the renewal cycle ends with a successful
PM, or ends with mandatory shutdown, or ends with failure, the
cycle lengths all equal to Ad + (n — 1)w. The expected cycle
length for a given p is as follows:

+00 +00
E(lp) =Y > (8 +(n—1)w) x (Kam + 00 + o).
rA=1n=1
To investigate the effects of equipment unavailability on
CBM policies, the policies with rescheduling allowed are also
compared with the policies developed without considering
equipment unavailability. The benchmark model considers
a conventional periodic inspection/PM policy with the same
objective of minimizing the long-run cost rate.
Model P6:
E(C)
0%, & = argmin {'y = } ,
E(n)
0>0,&>0.

The expected cost and cycle length are given by

> 13
E(C) =Z(cpm+/\ci)></0 £ (u;0, (A —1)8) (F (s;u,0)

A=1

— F(&u,0))du+ Y (Com + Acy)

=1

13
x / £ (50, (h — 1)6) (1 - F (& u, 8))du
0

and

0 3
Em) =3 15 / £ (@0, (0 — 1)8) (1~ F (& u, 8))du.
A=1

A. Illustrative Examples

Stochastic processes that are commonly used to describe dete-
rioration processes include Brownian motion, geometric Brow-
nian motion, and gamma processes. For illustrative purposes,
we consider a Gamma-process-based degradation model. We as-
sume that equipment deterioration can be described by a Gamma
process with shape parameter o and scale parameter /3. Let X(r)
represent the degradation increment over time interval [0, 7]. The
CDF of X(¢) is given by

F (Svl‘O)t) = /87m0 éxatile){p (_I> dﬂ:z
o  Dat)p B

IEEE TRANSACTIONS ON RELIABILITY

and the PDF of X(7) is

f(s;mo,t) = Wzat*lexp (—;) .

The mean and variance of X(f) can be expressed as o3 and
a3%. The CDF of the associated failure times is given by

I'(at, B (s — x0))
T (at)

where  T'(at,B(s —xq)) = f;?s,mo) y*le7¥dy is an
incomplete gamma function.
The PDF of failure times can be expressed as [24]

s o (52}

ozit
F (O(t7 S%m0> a(571‘0)
52Fh

B
' (at) I (at) (at)

G (t; S,QC()) =

1—

where p(z) = d/dzlogT'(z) is the digamma function and
oF5 represents the generalized hypergeometric function
or Barnes extended hypergeometric function oFh =1+
T (ai’ik)2 ((s—wig/ﬁi)" .

Two numerical examples are provided to illustrate the pro-
posed CBM with rescheduling. Suppose o = 1 and 8 = 3. The
Cems Cpm» Cr» Ci» and ¢y, are 1000, 200, 40, 20, and 400, respec-
tively. The failure threshold s is 200. Rosenbrock’s method is
applied to search for the optimal solution.

Example 3: Assume that p follows a truncated normal distri-
bution with . and o2 equal to 0.5 and 0.5. The optimal results
are as follows.

1) P4: £ =87.03, § = 26.32, w = 1.07, and corresponding

v = 6.53 for CBM with Type 1 rescheduling.
2) P5: & =7536, 6 = 26.65, w = 102, ¢ = 195.14, and
v = 7.11for CBM with Type 2 rescheduling.

3) P6: £ =104.41, = 26.20, and v = 4.93.

Example 4: Assume that p follows a truncated normal distri-
bution with z and 0% equal to 0.5 and 0.5. The optimal results
are as follows.

1) P4: £ = 8547, 6 = 52.80, w = 1.5, and corresponding

v = 6.74 for CBM with Type 1 rescheduling.
2) P5:&=288.09,0 =26.57, w=2.15¢=197.4,and v =
7.18 for CBM with Type 2 rescheduling.

3) P6: & =104.41,0 =26.20, and v = 4.93.

Results from these two numerical examples show that the
inspection intervals (J) and maintenance thresholds (§) with
consideration of equipment uncertainty are different from the
policies that ignore equipment unavailability (P6).

B. Sensitivity Analysis

In this section, we conduct a sensitivity analysis to examine
the impacts of important model inputs on CBM. The parame-
ters of interests are ¢, C.n,,, and ¢,,. The numerical example in
Section IV-A will serve as a baseline model to conduct sensi-
tivity analysis. Policies 4, 5, and 6 are corresponding to models
P4, PS5, and P6, respectively.
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TABLE IV
ANALYSIS OF RESCHEDULING COST UNDER CBM

. Policy 4 Policy 5 Policy 6
' 4 ) 2) Y 4 J o ¢ y £ s y
4 99.98 | 23.63 | 1.08 | 4.96 | 82.93 | 23.06 | 1.08 | 187.54 | 537 | 104.40 | 26.2 | 4.93
20 | 85.62 | 2438 | 1.03 | 5.80 | 78.93 | 24.48 | 1.01 | 193.75]| 6.15 104.4 26.2 | 4.93
100 | 62.22 | 5429 | 1.08 | 7.29 | 59.47 | 48.81 1.02 | 198.48 | 6.84 104.4 26.2 | 4.93
TABLE V
ANALYSIS OF CM CoST UNDER CBM
. Policy 4 Policy 5 Policy 6
S J © y ¢ o w ¢ Y ¢ J ¥
400 |99.92 | 55.53 | 69.98 | 4.06 | 86.19 | 27.70 | 69.98 | 172.49 | 5.01 | 117.13 | 28.64 | 4.55
1000 | 87.03 | 26.32 | 1.07 | 6.53 | 75.36 | 26.65 1.02 | 195.14 | 7.11 | 104.42 | 26.20 | 4.93
2000 | 84.94 | 24.78 | 1.03 | 6.75 | 71.98 | 23.24 | 1.02 | 198.86 | 7.24 | 99.89 | 25.15 | 5.12
TABLE VI
ANALYSIS OF FORCED SHUTDOWN COST UNDER CBM
Policy 5 Policy 6
C
" ¢ 0 (&) ¢ Y ¢ 0 y
100 103.65 27.01 5.77 171.42 5.74 104.42 26.20 493
400 75.36 26.65 1.02 195.14 7.11 104.42 26.20 493
700 72.56 20.95 1.24 199.61 7.23 104.42 26.20 4.93

1) Effects of Rescheduling Cost: Table IV summarizes the
optimal results of the various policies under different values of
c,. From Table IV, we can see that the rescheduling cost has
a large impact on inspection interval (9) and PM threshold ().
As ¢, increases, the inspection interval (§) increases and the PM
threshold (€) decreases. While this appears counter-intuitive at
first, our conjecture is that a higher rescheduling cost makes PM
more expensive and thereby provides less incentive to frequently
inspect the system. The rescheduling cost does not have the same
impact on the rescheduling interval length under CBM as it does
under age-based PM.

2) Effects of CM Cost: We now examine the impacts of CM
cost. Results under different levels of CM cost for CBM are
summarized in Table V. From Table V, we can see that the
rescheduling interval (w) decreases quickly as the CM cost in-
creases. More frequent PM rescheduling attempts are needed to
avoid failures and reduce high CM costs. The inspection interval
(9) and PM threshold () also decrease as a result of the increase
in CM cost.

3) Effects of Forced Shutdown Cost: Similar analysis is per-
formed on the impacts of cost of forced shutdown ¢,,, on optimal
policies of CBM. As ¢, increases, the inspection interval (9) and
PM threshold (§) decrease to initiate the PM attempts early, so
forced shutdown can be potentially avoided. The rescheduling
interval also decreases consequently to increase the chance of
performing PM rather than forced shutdown. The forced shut-
down threshold () also increases for the same purpose.

A common observation from Tables IV-VI is that optimal
results under Policy 4 and Policy 5 are different from those under
Policy 6. This shows that optimal CBM policies also need be
reoptimized when equipment may be unavailable for scheduled
PM activities.

V. CONCLUSION

In this paper, we proposed—a set of innovative PM mod-
els that consider uncertainty in equipment availability when at-
tempting to perform scheduled PM. Two types of rescheduling
policies are developed. A Type 1 rescheduling policy delays
a PM action repeatedly if the equipment is not available for
PM. Under this policy, an infinite number of delays are allowed.
Type 2 rescheduling policy was similar to Type 1 policy in terms
of delaying the PM action when the equipment is not available
for PM. However, under Type 2 policy, the equipment will be
forced to shut down for PM if a threshold on the time or deteri-
oration level is reached. The two types of rescheduling policies
are integrated with both age-based PM and CBM. Numerical
examples and sensitivity analysis are provided to illustrate the
proposed PM strategies. In order to examine the potential bene-
fits of the proposed models, the optimal policies with the consid-
eration of equipment unavailability are compared with the ones
that ignore such availability. Our results show that the policies
that consider equipment unavailability are significantly differ-
ent from those that do not. Thus, PM strategies should consider
equipment availability.

The present model assumes that the probability model for
equipment unavailability remains the same over time. One
extension is to consider time-dependent equipment unavail-
ability. For example, equipment may experience different
work schedules at different times, and consequently equipment
unavailability is different over time. Another useful extension
is to dynamically reschedule PM actions rather than utilizing
a fixed delay interval. Future work will examine a wider range
of model parameters to better assess the impact of model
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parameters on PM rescheduling due to unavailable equipment.
A full experimental analysis would be needed in such a case.
APPENDIX I

1) Derivation of the probability that PM is successfully
performed at the nth attempt (k; 5, ).
Suppose that the first PM action is attempted upon the ith
inspection. The probability that PM is successfully performed
upon the first attempt is straightforward, and is given by

k1 = Pr{PM successfully performed at the first attempt }
=pPr{X((A—-1)0) <ENE{<X (M) < s}

13 s
:P/O f(u;(),()»l)é)/f I (z;u,8)dzdu

13
=p/ f (0,00 — 1)8) (F (s, 6) — F (€:u,6)) du
0

If equipment’s first PM action is attempted upon the Ath
inspection, but not successful due to unavailable equipment,
and the equipment operates without failure until the second at-
tempt and becomes available for PM, then PM is successfully
performed at the second attempt. The probability that PM is
performed at the second attempt is given by

k2 = Pr{PM successfully performed at the second attempt }
=1 =p)pPr{X((* —1)6) <ENE < X (19)
<sNE<S X (M +w) < s}

3 s
=<1—p>p/0 f(u;07()\—1)5)/§ £ (v;,8)

/ f (x50, w)drdvdu

(1p)p/0£f(u;07(k1)5)/;

f(v;u,d) F (s;v,w) dvdu.

Next, we generalize it to the probability that PM is success-
fully performed at the nth attempt

Kan = Pr{PM successfully performed at the nth attempt}

pfy f(u;0,(x—1)5)
_ (F (s;u,0) — F (& u,d))du n=1
(1 —p)" ' [ f (u;0,(1 — 1)3) Je
f(v;u,0) F (s;0,(n—1)w)dvdu, n>1

2) Derivation of the probability that CM is successfully

performed at the nth attempt (6, ,,).

Suppose that the first maintenance action is attempted upon
the Ath inspection. The probability that CM is successfully
performed upon the first inspection is straightforward, and is
given by

05,1 = Pr {CM performed at the first inspection }
=Pr{X (A —1)9) <&ENX () > s}

IEEE TRANSACTIONS ON RELIABILITY

:/Off(u;o,()\—1)5)/:cf(x;u,5)dxdu

13
:/0 F 0,00 —1)8) (1 = F (s:u,8)) du.

Similarly, the probability that CM is performed at the second
inspection is given by

05,2 = Pr {CM performed at the second inspection }
= (1= p) Pr{X (A= 1)8) < £NE < X (10)
<sNX (A +w) > s}

13 s
:<1—p>/0 f<u;o,<x—1>6>/§ £ (v;,8)

/ I (z;u,w)dzdvdu

3 s
—(1— w0, (A —1)8
(=) [ fl0.0 ))/E

f(v;u,0) (1

Similarly, the probability that CM is performed at the third
inspection is given by

— F (s;v,w)) dvdu.

05,3 = Pr {CM performed at the third inspection }
— (1= P’ Pr{X (A= 1)8) S ENE < X (A3)
<sNESX (M +w) <sNX (A +2w) > s}

=(1—p)2/£f(w07(/\—1)5)/5

vu5/f1:vw/ I (y; u, w)dydzdvdu

(1-p /fu() ,\—1))/

1 (v;u,0) / f(x;v,w) (1= F (s;v,w)) dedvdu.

Next, we generalize it to the probability that CM is success-
fully performed at the nth inspection

05.n = Pr {CM successfully performed at the nth inspection}
f(ff(u;o,(/\— 1)5) (1 —F(s;u,d))du, n=1

n 1 fof . . f;
fvudf fxv(n—Q) )
(1= F(s;v,w))dzdvdu, n>1

3) Derivation of the probability that PM is successfully per-

formed at the nth attempt when forced shutdown is allowed

(K:/)L,n)-

Suppose that the first PM action is attempted upon the Ath
inspection. Considering the forced shutdown threshold ¢, the
probability that PM is successfully performed upon the first
attempt is straightforward, and is given by

#', . = Pr{PMsuccessfully performed at the first attempt }
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<CNX (A +w) > s}

(1p)p/§f(u;07(k1)5)/c

=pPr{X((»—-1)d) <ENE< X (1) < ¢}
13 ¢
:P/O f(u;o,()»l)é)/g f(z;u,d)dzdu

3
:p/ £ (30,00 — 1)8) (F (G, 8) — F (€ u,0)) du
0

f (v;u,0) / [ (z; v, w)dedrdu
If equipment’s first PM action is attempted upon the Ath in- (1- / Fu;0,(x —1) / f (v, )
spection, but not successful due to equipment unavailability,
and the equipment operates without failure until the second at- (1—F(s;¢,w)) dvdu.
tempt and becomes available for PM, then PM is successfully
performed at the second attempt. The probability that PM is
performed at the second attempt is given by

Similarly, the probability that CM is performed at the third
inspection is given by

¢';.3 = Pr {CM performed at the third inspection}
=([1—p)?Pr{X (A —1)0) <ENES X (AF) <(NE
<XM+w)<¢CNX (A +2w) > s}

13 ¢
:(1—p>2/ f(u;O,(k—l)é)/ f (vi,8)

/ f(z;v,9) +Oof(y,x w)dydxdvdu

1-p /qu (A—1)6 /fyua)

/ f(z;v,w) (1 — F(s;x,w)) dedrdu.

!
K a2
= Pr {PM successfully performed at the second attempt}
=1 -p)pPr{X ((A-1)0) <ENES X (M) <¢NE
<X (M0 +w) <}

3 ¢
=<1—p>p/0 f(u;O,()\—l)é)/E J (v, 8)

¢
/ f (x5 v, w) dedvdu

3 ¢
=<1—p>p/0 f(u;07(k—1)5)/6

f(w;u,0) F (¢ v,w) dvdu.

Next, we generalize it to the probability that PM is Next, we generalize it to the probability that CM is
successfully performed at the nth attempt successfully performed at the nth inspection

/ /
Ran 0 An
= Pr {PM successfully performed at the nth attempt} = Pr {CM successfully performed at the nth inspection}
- (F(¢—u;0,0) — F (£ —;0,9)) du n=1 (1—F(s—u0,9))du, n=1
(L=p)" 'p J5 F(w0,(x = 1)0) f§ f (viu,0) = (L=p)" " 5 f (w30, (A —1)0)
F(Gr,(n—1)w)dvdu, n>1 f; f (v;u,d) ff f(z;v, (n—2)w)
(1 - F (s;z,w))dzdrdu, n> 1

4) Derivation of the probability that CM is successfully
performed at the nth attempt considering mandatory

shutdown scenario (6';.). 5) Derivation of the probability that forced shutdown is per-

/
Suppose that the first maintenance action is attempted upon formed at the th atter'npt (¢5.). Lo
Suppose that the first maintenance action is attempted upon

the Ath inspection. Th.e P rObE.lblh.t y thaF Mis successfu}ly P the ath inspection. The probability that forced shutdown is
formed upon the first inspection is straightforward, and is given L
by performed upon the first PM attempt is given by

65,1 = Pr {CM performed at the firstinspection}
=pPr{X (A —1)0) <ENX (M) > s}

£ 00
:p/o f(u;07()»—1)5)/ f(z;u,6)dzdu
13
:p/o £ (@0, ( — 1)8) (1 = F (s;u,0)) du

Similarly, the probability that CM is performed at the second
inspection is given by

/
q i1

= Pr {forced shutdown performed at the first attempt }
=Pr{X(A—-1)0) <&ENC<X((A—1)0) < s}

13 s
= /0 fu;0, (0= 1) 5)/C f (v;u,0)dvdu
13
= [ 50,6~ )8) (F (s510.6) = F (G 6)) du

Similarly, the probability that forced shutdown is performed
at the second inspection is given by

6’52 = Pr {CM performed at the second inspection }
=1-pPr{X(A—1)0) <ENE< X (AI)

/
q 2



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

12

= Pr {forced shutdown performed at the second attempt }
—(1-p)Pr{X (A - 1)8) SENE< X (M) <CNC
<X (X +w) < s}

£ ¢
ﬂMAfW%@D@Af@%@

/‘ f (z;u,w)dxdodu
¢

£ ¢
OMLfW%@U@Lf@%@

(F (s;v,w) F (¢ v,w)) drdu.

Similarly, the probability that CM is performed at the third
PM attempt is given by

q/x,3

= Pr {forced shutdown performed at the third attempt}

=(1-p)’Pr{X((A—1)8) <ENE<X (W) <(NE
< XM +w)<CNE< X (M +w) <s}

:4Lmﬁffmau—anfm%®LUuwm

/ I (y; z, w)dydaxdvdu
(I-p /qu A—1) /fuu&/fa:uw
(F(s;z,w) — F((x,w)) dedvdu.

Next, we generalize it to the probability that forced shutdown
is performed at the nth PM attempt

q r,n

= Pr {forced shutdown performed at the nth attempt}

Jo £ (30, (.~ 1)8)
(F(S'U §) — F (C;u 8)) du n=1
= —-p)" 1f0 ,(A—1) fg (v;u,d)
fC (n — 2)w) (F (s;u,w)
—F (C;u,w))dwdydu, n>1
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