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ABSTRACT: We study the action of the CF'T total modular Hamiltonian on the CFT repre-
sentation of bulk fields with spin. In the vacuum of the CF'T the total modular Hamiltonian
acts as a bulk Lie derivative, reducing on the RT surface to a boost perpendicular to the RT
surface. This enables us to reconstruct bulk fields with spin from the CFT. On fields with
gauge redundancies the total modular Hamiltonian acts as a bulk Lie derivative together
with a compensating bulk gauge (or diffeomorphism) transformation to restore the original
gauge. We consider the Lie algebra generated by the total modular Hamiltonians of all
spherical CFT subregions and define weakly-maximal Lie subalgebras as proper subalge-
bras containing a maximal set of total modular Hamiltonians. In a CFT state with a bulk
dual, we show that the bulk spacetime parametrizes the space of these weakly-maximal Lie
subalgebras. Each such weakly-maximal Lie subalgebra induces Lorentz transformations
at a particular point in the bulk manifold. The bulk metric dual to a pure CFT state is
invariant at each point under this transformation. This condition fixes the metric up to
a conformal factor that can be computed from knowledge of the equation parametrizing
extremal surfaces. This gives a holographic notion of the invariance of a pure CF'T state
under CF'T modular flow.
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1 Introduction

The AdS/CFT correspondence [1] re-packages boundary CFT properties into an effective

higher-dimensional gravity theory. Understanding this equivalence from the CFT point of

view has been the focus of many studies. A relationship [2] which underlies the present
work is the identification between the bulk total modular Hamiltonian and the CFT total
modular Hamiltonian.! One aspect of this identification is that the CFT total modular

Hamiltonian should act on CFT representations of bulk fields in the same way that the bulk

total modular Hamiltonian acts on bulk fields in an effective bulk spacetime description.

From experience with weakly-coupled fields in flat space one expects that on the bulk

and its complement.

The total modular Hamiltonian, sometimes called the full modular Hamiltonian, acts on both a region



extremal surface the action of the bulk total modular Hamiltonian should be a boost in
the two dimensions perpendicular to the surface.

For this reason the CF'T representation of scalar objects localized at a bulk point should
commute [3, 4] with any CFT total modular Hamiltonian whose associated bulk extremal
surface (HRT surface [5]) passes through that point. This was used in [3] to construct
bulk operators using total modular Hamiltonians whose associated bulk extremal surfaces
intersect at a bulk point. It was shown that the resulting operators agree with the complex
coordinate representation of bulk operators constructed in [6-8]. In the process one also
gets an equation parametrizing the bulk extremal surface associated with each total CFT
modular Hamiltonian. In this framework one can view the transformation property of a
bulk scalar under the total modular Hamiltonian (namely that it commutes with it on
the extremal surface) as a kinematic organizing principle, so perturbative corrections to
the definition of a bulk scalar [9] will have to obey the same condition. However 1/N
corrections due to interactions with gauge fields and gravity [10, 11] involve Wilson line
dressing and do not commute with the total modular Hamiltonian. One might still hope
that there is an appropriate transformation law under modular flow that can be used to
constrain the form of these corrections, perhaps along the lines of [12, 13]. For other recent
uses of modular Hamiltonians in bulk reconstruction see [14-17].

As explained above, the condition that a CF'T operator commute with a family of total
modular Hamiltonians does not give a physical bulk scalar field.? But each such operator
can be associated with a point in the emergent bulk spacetime (the association is many-
to-one). We use this to show that the bulk spacetime can be identified with the space of
certain subalgebras of the Lie algebra generated by all total modular Hamiltonians. The
bulk spacetime encodes the properties and representations of these subalgebras.

To set the stage, in section 2 we compute the commutator of the vacuum CFT total
modular Hamiltonian with CFT representations of bulk fields, both scalars and vectors.
The computation shows that the commutator acts as a bulk Lie derivative. On the extremal
surface associated with a given total modular Hamiltonian the commutator generates a
boost in the two dimensions perpendicular to the surface. As shown in appendix C this
condition enables one to reconstruct bulk massive vector operators from the CFT. In
section 2 we also study the action of the total modular Hamiltonian on gauge fields and
metric perturbations in holographic gauge. The result is that the commutator is a Lie
derivative together with a compensating gauge transformation to restore the original gauge.
In section 3 we give a general discussion of how the Lie algebra generated by total modular
Hamiltonians of different boundary regions is related to the emergence of the bulk manifold.
In particular the bulk metric must be compatible with modular flow which constrains it
up to a conformal factor. The conformal factor can be determined from knowledge of the
equation parametrizing the extremal surfaces, obtained as in [3]. In section 3.1 we illustrate
these ideas for the special case of the CFT vacuum state. Most of the computations are
gathered in appendices A through E.

2Physical in the sense of respecting an appropriate notion of bulk locality.



2 Modular Hamiltonian as a bulk Lie derivative

In this section we look at properties of modular Hamiltonians for spherical regions in a
CFT in its vacuum state, corresponding to an empty bulk AdS geometry. We will find that
the modular Hamiltonian acts on scalar fields and fields with spin as a bulk Lie derivative
along the corresponding Killing vector, up to a compensating gauge transformation for
fields with gauge redundancy. This can be understood as a reflection of the unbroken
conformal symmetry of the vacuum state. Many of the results in this section can only be
generalized in a simple way to situations where modular flow is a local geometric operation
in the bulk and boundary, for instance as in [18]. Nevertheless the study will be illuminating
and will give some hints to the more general situation we discuss in the next section.

2.1 Scalars

Let us look at the modular Hamiltonian for a spherical region of radius R centered around
the origin in the vacuum of a CFT. It is given by [19]

1
Hmod =

o %(Qo - R’PRy) (2.1)

where @), are the generators of special conformal transformations and P, are the generators
of translations (see notation in appendix A). The action of the total modular Hamiltonian

on a scalar operator of dimension A is given by

1 1
55 [Hmoa, O(t, 7)) = —((t* + 2% — R®)0, + 220z + 2tA)O(t, %) (2.2)
T

The bulk operator is given by [7] (& = X + i)

2A —d
r(A-2+1) o 724+ (@ - X)?— (t' —T)?
md20(A —d + 1) Z

. 1 .
(2, X,T) = /dt’dngA(Z,X,T|f’,t’)(’)(t’,f’)

Ka =

y <Z2 + (@ - X (' - T)2>A_d 23)
Z
where O(x) is the step function. A computation in appendix A gives
%[Hmd, (7, X,T)] = i(z2 + X2 - R4+ T%)0r9(Z,X,T)
+ %(TZ@Z +TX0.)0(2Z,X,T) (2.4)
If we label the vector field ({Z,éi, ¢T) and define
o= (1TZ, Lrx i(z2 + X2 R+ T2)) (2.5)
’ R R 2R
then 1 B B
%[Hmod, O(Z,X,T)| = f’éoaufl)(ZX,T). (2.6)



On the RT surface (22 + X2 = R2, T = 0), the vector field vanishes and one has (see
also [4])
[Hmod, ®] =0 (2.7)

More generally for the total modular Hamiltonian of a spherical region of radius R centered
around Y;, i = 1,---d, equation (2.6) still holds with

- (1TZ lr®_7), L2+ RV - R+ TQ)) (2.8)

RY; R R "2R

In [3] it was shown that one can use (2.7) to construct a bulk scalar operator in AdSs, by
demanding that the operator ® obeys (2.7) for two different modular Hamiltonians based
on two different segments of the boundary. Similar calculations can be done in AdSgy1,
by demanding that ® commutes with d different total modular Hamiltonians based on
different spherical regions of the boundary. As a byproduct of the solution one also gets a
parametrization of the RT surface [20] in these coordinates [3], namely

Z?4+ (X -Y)?=R?> and T=0. (2.9)

Note that when solving (2.7) one only finds solutions up to a scalar function of the spacetime
coordinates.?

2.2 Massive vectors

We can now compute the action of the CEFT total modular Hamiltonian on the CFT
representation of bulk vectors.

The total modular Hamiltonian for a spherical region centered around the origin is
given by (2.1). The CFT representation of bulk massive vectors starts with a non-conserved
primary current j,, of dimension A. We label j, = m(-@o jo + 0;4i). The bulk massive
vector fields are then given by [21]

Z

ZV, = | Ka ju+ ———5—0 /K B
1 / A Ju Q(A—g—l—l)u A+1 ]

v, = / Ka J. (2.10)

where KA is given in (2.3). Computing the action of the total modular Hamiltonian on
this expression we get (see appendix B)

1 Z XV T
—|H 7,2, T) = &% —V.+——+—
2171'[ modvaO( » Ly )] §R706,uvb+ RV + R + R‘/O
%[Hmod, Vi] = f}lé’oauvi + fvo =+ EVZ (2.11)
1 " A T
E[Hmoda VZ] - §R7oauVZ + EVO + EVZ

3If we could demand that a result of the form (2.6) be satisfied throughout the spacetime for every total
modular Hamiltonian, then we could have fixed the overall spacetime coefficient and by that also fix the
&"’s. This works for the vacuum state of the CFT but not in general.



This can be written as

1 S
%[Hmod, Vu(Z,X,T)] = 5%08#1/,, + V,ﬁ,,ggo = (LV)o. (2.12)
Thus the action of the total modular Hamiltonian is just a bulk Lie derivative. On the RT
surface where the vector field 51‘% o vanishes and T' = 0, we can write this as

1
%[Hmoda Vi £ Vol = (VL £ W), [Hod, V)] = 0 (2.13)

where V|, V|| are the components perpendicular and parallel to the corresponding RT sur-
face. Thus we see that, as expected, the CFT total modular Hamiltonian acts on bulk
fields on the RT surface (represented as CFT operators) as a boost in the two dimensions
perpendicular to the RT surface. Equation (2.13) can be used to obtain the CFT repre-
sentation of a bulk massive vector field in a manner similar to the scalar case [3]. This is
done in appendix C.

2.3 Gauge fields

As we saw, the action of the vacuum CFT total modular Hamiltonian on vector fields
is given by (2.11). Acting on gauge fields in the bulk in the gauge Az = 0, one has to
combine the boost with a compensating gauge transformation to restore Az = 0 gauge.
The combined action should then be

1 . T X A
——[Hmod, A0(Z, X, T)| = &5 00, A0 + Ao+ —=— — QoA 2.14
55 Hmod; Ao )| = &roudo+ H Ao+ —5— — o (2.14)
1 > T X
—[H, A(Z, X, T) = &5 00, A + A+ —Ag— 0;
227T[ mod» ( s Xy ] fR,oa,LL + R + R 0 O\
where
Z
0\ = EAO’ (2.15)
or in condensed notation (a =0,--- ,d — 1)
1 -
%[Hmod,Aa(Z,X,T)] = (LeA)ala,—0 — OaX. (2.16)

One might get worried: the CFT total modular Hamiltonian does not know which gauge
we are in or even that there is a bulk gauge freedom, so how could it possibly reproduce
this? The point is that in the CFT it is the CFT representation of a bulk gauge field which
depends on the gauge choice while the CFT total modular Hamiltonian is fixed.

For example the representation of a bulk gauge field in AdS;y1 in Az = 0 gauge is [21],
with & = X + i/

N 1 oo (2@ -X2- -T2\ .,
ZAO(Z,X,T)—VOI(Sd_l)/dtdy5< 57 Jo(t', @)
a _ 1 1= Z2+(f/_)?)2_(t/_T)2 T



We compute in appendix D [Hyyod, 4a(Z, X, T)] and find as expected

1 ,
%[Hmod,Aa(Z,X,T)] = (LeA)a|la,—0 — OuA (2.18)

So also in this case the CFT total modular Hamiltonian reproduces the correct result. Note
that on the RT surface this is just a boost perpendicular to the RT surface followed by a
compensating gauge transformation to restore the original Az = 0 gauge.

2.4 Gravity

The expression for a bulk metric perturbation in holographic gauge hzz = hz, = 0 (where
a,b range over 0,1,--- ,d —1) is [21]

22, — d/2) / it © <z2 + (7 - X)? - (¢ — T)2> Tt 7) (2.19)

27d/2 27

One can compute the action of the CFT total modular Hamiltonian on bulk gravitons to
be (see appendix E)

1 . 2T X, X,
%[Hmod, hij(Z,X)] = 5;‘%708”1115 + ﬁhij + fhoj + ﬁhio 2RZ2 (6 € + 0 62)
1 S 2T X7 X;
ﬂ[Hmoda hoi(Z, X)] = &g ¢Ouhoi + Ehoz + Ehji + fhoo 2RZ2 (Ose0 + Ooei)
1 S 2T X7 X; 2
%[Hmoda hoo(Z, X)] = &g ¢Ouhoo + ﬁhoo + 2}@0 + fh 0~ 5p 555000  (2.20)
where
_dI'(d/2) o (224 (@ = X)? = (' —T)?
€q = 5d)2 /dtdy@ 57

7 -0~ (' - T))Toa(t', @) (2:21)
parametrizes a diffeomorphism which satisfies
1
ﬁazea = 2Zhg, (2.22)

and thus restores holographic gauge after the boost. In condensed notation (£# = 51‘% 0)

1

%[Hmoda hao(Z, X)) = (E"0hap + 0l hyuy + & hap) |hyy=h =0 — Oa€p + Opeq)
(2.23)

The first term on the right is a Lie derivative evaluated in holographic gauge,

2RZ2(

(Lehab)|hyy=hy.—0, while the second term is a diffeomorphism restoring holographic gauge.
On the RT surface (5%0 =0, T = 0) we again get the expected result of a boost perpen-
dicular to the RT surface plus a compensating diffeomorphism.



3 Emergence of the bulk spacetime

In this section we describe how the bulk spacetime (dual to some state |¥) in the CFT)
arises from considerations involving CFT total modular Hamiltonians. We do this by
considering the Lie algebra generated by the total modular Hamiltonians of the CF'T state
for different regions and their representations.

Take the set of total modular Hamiltonians (appropriate for the state |¥)) associated
with spherical regions in the CFT (this is not crucial, one can pick any other fixed shape).
We label these total modular Hamiltonians by d + 1 parameters, say the centers of the
spheres Y;, i = 0,...,d — 1 (including time) and their spatial radii R. We start with this
set and generate by repeated use of commutators? and linear combinations a Lie algebra AY
(probably infinite-dimensional in the general case). All members of the algebra annihilate
the state, AY|¥) = 0. We then look for what we call weakly-maximal Lie subalgebras G'p
of AY. Weakly-maximal means that G% is a proper subalgebra that contains the largest
possible number of total modular Hamiltonians associated with spherical CFT subregions.
The label P parametrizes these Lie subalgebras if they exist. From now on we drop the
label ¥ for convenience.

One way to define subalgebras is to look for the objects (CFT operators) which they
leave invariant. Thus given a modular Hamiltonian Hy,,q(Y;, R) we look for operators in
the CFT which are solutions to the equation®

[Hyoa(Yi, R), ®] = 0. (3.1)

Note that in a holographic theory bulk operators that live on the extremal bulk sur-
face will obey this condition [3, 4]. It is possible for ® to commute with more than one
modular Hamiltonian. From the bulk perspective this happens if the extremal surfaces
intersect. Given such a ® we define Hg as the set of total modular Hamiltonians that leave
® invariant.b

Now let’s count parameters. It’s simplest to work on a fixed-time slice of AdSzy1 /
CFT4. Modular Hamiltonians for spherical regions are then labeled by d parameters, the
centers of the spheres and their radii, and RT surfaces have codimension 1. Requiring that
a given bulk point lies on an extremal surface is therefore one condition on d parameters,
so we expect a (d — 1)-parameter family of modular Hamiltonians that leave the point
invariant. We are interested in weakly-maximal subalgebras so this is the case we will
consider: we expect an operator ® associated with a bulk point to be invariant under a
(d — 1)-parameter family of total modular Hamiltonians.” Moreover since RT surfaces are

4CGenerally the commutator of two total modular Hamiltonians is not the total modular Hamiltonian of
any region.

5One could relax this condition and only require that the commutator vanish inside a code subspace. In
the analysis that follows it does not seem that anything is gained by this generalization.

As shown in [22] ® may not be a completely kosher operator. But |®) = ®|¥) is a well-defined state,
so strictly speaking we should define Hg as the set of modular Hamiltonians that annihilate |®). For
notational convenience we will overlook this subtlety.

"CFT operators associated not with points but with higher-dimension regions of the bulk could be
invariant under smaller families of modular Hamiltonians.



codimension 1 it generically takes d modular Hamiltonians to specify a bulk point. This
seems like d? parameters, but d(d — 1) of these parameters are redundant and correspond
to the same bulk point. So not surprisingly we find a d-parameter family of bulk points on
a spatial slice.

The operator ® is associated with a bulk point. But many other operators are associ-
ated with the same point, since for example we can build a bulk scalar from any spinless
primary operator in the CFT. All these operators will be invariant under the same Hg,
so what is uniquely associated with a bulk point is Hy. Thus we can regard the bulk
spacetime as the space of Hg. Restoring time, we expect the space of Hg to have d + 1
parameters. Let’s call these parameters ()? ,Z,T). These parameters define a coordinate
system for the bulk spacetime. We will use these parameters both to label the sets H ¢

X,2T
and to label operators <I>(X , Z,T) that are invariant under H ¢

X,Z,T
At this stage each point of the bulk manifold is associated with a set Hg , ... The
condition (3.1) guaranties that taking commutators and linear combinations will turn this
set into a Lie subalgebra G ¢ , ;. that leaves @(X: , Z,T) invariant,
[GX',Z,T7 o(X,Z,T) =0. (3.2)

We conjecture that these subalgebras are weakly maximal and that all weakly-maximal
subalgebras are produced in this way.® The smoothness of the bulk manifold is inher-
ited from the smoothness of the space of total modular Hamiltonians with respect to its
parameters (Y;, R). Bulk coordinate transformations are just a re-labeling of the weakly-
maximal subalgebras.

A note of caution. All these considerations are appropriate for theories with a holo-
graphic dual. Theories where the above structure and properties of the total modular
Hamiltonians are not present do not have a holographic dual. Even theories which do have
the above properties are not guaranteed to have a useful dual since it is not guaranteed
that there is a macroscopic bulk with a well-defined low-energy theory. We would also
like to stress that operators @()Z , Z,T) which satisfy (3.1) are not CFT representations of
physical bulk scalar fields: scalar fields interacting with gravity (or gauge fields) do not
commute with the modular Hamiltonian, rather they only commute with it to leading order
in 1/N. So we are not trying to construct physical bulk fields. Instead we are only using
solutions of (3.1) to parametrize the bulk spacetime.

In a holographic theory the bulk metric represents in some way the CFT state |W).
The pure state |¥) is annihilated by the total modular Hamiltonian of any subregion (that
is, |¥) is invariant under modular flow). Some expression of this invariance should apply
to the metric. But in general modular flow is not geometric so what should we expect? To
see what happens we look at the representations of the weakly-maximal Lie subalgebras

G ¢ , p on the CFT Hilbert space. On the extremal surface the action of the total modular

X.Z,

80ur results do not rely on this conjecture, since in practice it is the property of leaving ® invariant,
not the maximality, which will be important in what follows.

9Tt is however possible that the action of the modular Hamiltonian on physical bulk fields can be
kinematically constrained (as in [12]) and used as a guiding principle for arranging a perturbative expansion
for bulk fields.



Hamiltonian on CFT representations of bulk fields is expected to be a boost in the two
dimensions normal to the surface. We saw an example of this in section 2.2, where for a
bulk vector field and the CFT vacuum we found operators (V4, V) in the CFT such that
on the extremal surface

1
ﬂ[Hmody Vi] — :tvia [Hmod7 ‘/|] =0 (33)
More generally we expect

[Hmodv VM(Xv Z, T)] ’extremal surface — AMVVV (X, Z, T)|extrema1 surface (3'4)

where A" ()Z' ,Z,T) is a matrix representation of a Lorentz boost generator. One could
work out the explicit representation of these boost generators by constructing a bulk scalar
@(X ,Z,T) and evaluating [Hped, 0, ®P], as explained in the paragraph below (3.8). In
carrying out this construction note that, having chosen parameters X ,Z,T" on the space
of weakly-maximal subalgebras, we are now using these parameters to define a coordinate
basis for the tangent space.

While modular Hamiltonians are mapped to boosts, when acting on CFT representa-
tions of bulk fields with spin their commutators are mapped to rotations. Thus there is a
map (usually many to one) from G g ,
a “local” Lorentz algebra at each bulk spacetime point. This is of course not the usual local

to the Lorentz algebra. This structure gives rise to

symmetry of the tetrad formalism: each element of G X2 induces a rigid transformation
(generically non-geometric) throughout the spacetime and is not a gauge symmetry. But
it still reduces to the Lorentz algebra at the associated bulk point.'°

Hence the action of the modular Hamiltonian on fields with spin on the extremal
surface is geometric as in (3.4). One can expect that the metric at each point will be

invariant in the sense that

—

AKX, 2, T g (X, Z,T) + A NX, Z,T)gua( X, Z,T) = 0 (3.5)

where AMO‘(X , Z,T) are Lorentz generators corresponding to an element of G X227 This
equation fixes the metric at each point up to a conformal factor. This can be understood as
follows. Given a codimension-2 spacelike surface we can parametrize spacetime by Gaussian
normal coordinates (¢*,#%). The surface is at 2% = 0 and the ¢’ parametrize the surface.

The metric near the surface has the form
ds? = datda™ + yi;dg'dg’ + O(x%). (3.6)

Thus the metric on the surface is invariant under a boost in the z* directions. Given
a point it has many surfaces going through it and the matrix A,” in (3.5) encodes the
relationship between the different boosts at the same spacetime point, i.e. the relationship

°0One may think of the modular Hamiltonians as acting on Lorentz indices of bulk fields in a fixed choice
for the non-coordinate (tetrad) basis. This also provides a way to define fermions on curved space, and one
would expect the CFT total modular Hamiltonian to act on the Lorentz indices of the CFT representation
of bulk fermions.



between the normal and parallel directions of the different surfaces. Thus one has the
angles between the different normal and parallel vectors which fixes the metric up to a
conformal factor.

Another avenue to define a metric is to look for a natural metric on the set of Lie
subalgebras {G X Z7T}. Since to each member in this set there is an associated CFT state

|®(X, Z,T)), we can use the overlap of theses states as a measure of the distance between
the Lie subalgebras. If the overlap was not divergent we could have tried to use the
Fubini-Study metric as in [23], and this is still possible if one finds a natural regularization.
Instead as in [24] we use the singular limit as a measure for the metric, which is aided
by a natural identification of the overlap (in the leading 1/N expansion) with the CFT
two-point function of local bulk scalars. Then as (X, Z,T) — ()2 ' 7', T") the overlap will
behave as

(X, 2,T)|®(X', 72, T") - (3.7)

ogd—1

where 02 = g, (¥ — 2’)*(z — 2/)" and a is some constant. However since solutions to (3.1)
are determined only up to an overall position-dependent coefficient, the metric cannot be
uniquely extracted from the singularity structure. Only the metric up to a conformal factor
can be extracted from the expected singularity.!’ As we show now these two notions of
the metric, under some reasonable assumptions, are compatible.

The modular Hamiltonian acting on a bulk scalar field is expected to induce a non-
local transformation on the scalar field. However it seems natural (and can be seen in some
simple cases) that near the extremal surface it still obeys!?

[Hiod, ®(X, Z,T)] = £#9,8(X, Z,T) + less singular (3.8)

where “less singular” means that the Lie derivative part is the leading contribution near
the extremal surface when evaluated inside a two-point function with another scalar on
the extremal surface. In addition we expect that the Lorentz boost matrix associated with
the total modular Hamiltonian is given by A,"” = 0, |extremal surface- Using (3.8) in a two-
point function with a scalar field ®(X/, Z’,T") that sits exactly on the extremal surface
one gets

0 = (¥|®(X;, Z,T)[Hioa, ®(X;, Z', T")]|¥)

(U|[®(X;, Z,T), Hnoa|®(X,, Z', T")| W)
—£Y0,(V|®(X;, Z, T)®(X!, Z', T')|¥) + less singular (3.9)

Labeling the difference of bulk coordinates as (x — 2’)* and using
£ = A (z— 2" )" +O((x - z')?) (3.10)

and also (3.7) we get
A gup(z — )Pz — 2/ =0 (3.11)

"'The conformal factor can be deduced by introducing additional assumptions. See [24].
2Similar considerations were used in [4, 25], see also [26].

,10,



where gos and A,” are evaluated at the point on the extremal surface (X7, Z’,T"). Since
this is true for any (z — 2’)® one gets on the extremal surface,

A,uagoa/ + Ayag,u,a = (Efg,u,z/)’extremal surface = 0 (312)

which is just (3.5).

We saw that the metric, up to a conformal factor, can be extracted from the structure
and representations of the weakly-maximal subalgebras. To get the conformal factor we
can proceed as follows. There are special bulk surfaces associated with each total modular
Hamiltonian. These are codimension-2 surfaces with the property that they are made
from a (d — 1)-dimensional continuous family of points (X, Z, T), such that the given total
modular Hamiltonian Hy,,q is a member of all the weakly-maximal subalgebras G X2
appearing in that family. These surfaces are identified with the bulk extremal surfaces that
intersect the AdS boundary on the boundary of the region associated with the given Hpoq.

To fix the conformal factor we require that the extremal surfaces deduced using the
modular Hamiltonians have vanishing mean curvature (that is, the trace of their extrinsic
curvature is zero). Since each surface has codimension 2 it has two independent normal
vectors and thus has two mean curvatures h(y), hy). We can choose the normal vectors
n‘é) to be orthogonal to each other. Under a conformal transformation g,, = e?f g the
mean curvature of the surface transforms to

iL(l) = e_f <h(l) + (d - l)n?i)aaf) (3.13)
where ng) are the unit normal vectors to the surface in the original metric and (d — 1)
is the dimension of the surface. This determines the normal derivatives of the conformal

factor for each extremal surface passing through the bulk point, which should be enough
to fix the conformal factor uniquely.!?

3.1 Special case: CFT vacuum

In this section we show how the reconstruction procedure of section 3 works for the vacuum
state of the CFT. Beginning from the CFT vacuum we derive the algebra of modular
Hamiltonians of different spherical regions and obtain the corresponding bulk metric. For
simplicity we work in AdS3 but identical conclusions hold in higher dimensions.
For the vacuum state of a two-dimensional CF'T the total modular Hamiltonian for
a segment (y1,y2) of the boundary at time 7' = 0 is (see appendix A for conventions for
conformal generators)
1 e

1
27THm0d = Yo — 11 (QO +y1y2 o + (yl + y2)M01)- (314)

We can identify modular Hamiltonians whose extremal surfaces intersect by looking for
solutions to the equations
[HY2 @] = [H>? & =0 (3.15)

mod’ mod”’

3There may not be a solution to these equations in which case there is no bulk spacetime.
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This was done in [3] by explicitly constructing the operator ®, with the result that the
two extremal surfaces intersect at a bulk point (Zy, X, T = 0) implicitly determined by

the conditions*

Z§ = (y2 — X0)(Xo — y1) = (4 — Xo)(Xo — y3) (3.16)

We can think about this result in two ways. If we imagine holding Zy and X fixed, we see
that (3.14) defines a one-parameter family of intersecting modular Hamiltonians provided
the parameters y; and ys are related by Z3 = (y2 — X¢)(Xo — 1). On the other hand
we can hold y; and yo fixed. Then we can read off the RT surface associated with H. iﬂg 4
namely the bulk semicircle Z2 = (y2 — X)(X — y1).

The commutator of two total modular Hamiltonians is

1

H[HLQ HYY ] = —ia (Q1 +2XoD + (23 + X3)Py) = 2iaZy] (3.17)

mod’ " mod

where X and Zj are determined by (3.16) and

o= Y3 +ya — (1 +y2)
(yz - y1)(3/4 - y3)

(3.18)

Note that in AdS3 any two modular Hamiltonians whose RT surfaces intersect at the same
point have the same commutator up to an overall coefficient. Given that there is only
one rotation generator in 2 + 1 dimensions, this is consistent with the expectation that
modular Hamiltonians generate boosts about the RT surface with a commutator that is
proportional to a rotation J about the intersection point.'®

To put the algebra in a standard form we allow y; and yo to be arbitrary and de-
fine Ky = %H 1,2

g With (Zy, Xo) corresponding to some point on the extremal surface

associated with Hiigd we define Ky = %Hﬁ’ﬁd with
1
= 272 + X2) — X, — Zo(ys —
Y= 9% — n +y2)( (Zy + X5) — Xo(y1 + y2) — Zo(y2 — y1))
1
Y4 (2(25 + X§) — Xo(yr + y2) + Zo(y2 — 11))

©2Xo— (1 +12)

Using J from (3.17) with parameters (Zy, X() one finds
(K1, J] = iKy, [Ko,J]= —iK1, [Ki,Ko]=iJ (3.19)

Thus starting from modular Hamiltonians whose RT surfaces intersect at a point, we
obtain through commutators and linear combinations all generators of the Lie algebra
so(2,1). This Lie algebra can be exponentiated to SO(2, 1), which becomes in this case the
stabilizer group that leaves the intersection point invariant. As shown in section 2, at each
point of the RT surface the CFT operators that correspond to bulk scalar and bulk vector
fields form a representation of the associated Lorentz algebra.

Y71f the RT surfaces do not intersect then Zy becomes imaginary.
15This expectation can be explicitly verified by computing [J, V,,] which shows that J acts as a rotation
in the (Z, X) plane.
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If we started with all possible total modular Hamiltonians based on single segments
(i.e. whose RT surfaces do not necessarily intersect at a common point) then it is easy to
see that we would get a Lie algebra spanned by six independent generators Py, Pi, Qo,
Q1, D, My;. These generate the Lie algebra so(2,2), and by exponentiating we get the
group SO(2,2) which in this case can be identified with the isometry group of AdSs. Thus
so(2,1) is a weakly-maximal Lie subalgebra of so(2,2). As discussed in general in section
3, each bulk point is associated with such a weakly-maximal Lie subalgebra.

In the special case of the vacuum state of the CFT, the weakly-maximal Lie subalgebras
associated with different bulk points are isomorphic: they are related by conjugating by an
element of SO(2,2). This can be traced to the fact that in empty AdS, given any ®(Z, X, T)
and ®(Z', X', T") which are invariant in the sense of (3.15), there is an element g of SO(2, 2)
such that g®(Z, X, T)g~' = ®(Z', X', T"). The space of weakly-maximal Lie subalgebras
is therefore the coset space SO(2,2)/SO(2,1), which of course is a copy of AdSs. That is,
bulk points in AdSs label the different possible embeddings of so(2,1) into so(2,2). This
quotient construction is special to the vacuum state of the CFT, as in general the union
of all weakly-maximal subalgebras does not cover the Lie algebra generated by all total
modular Hamiltonians.

As discussed in section 3, in general one expects that the bulk metric will be invariant
under transformations generated by modular Hamiltonians. We saw that the total modular
Hamiltonians for the vacuum of the CFT act on bulk fields as Lie derivatives everywhere
in the bulk. It is thus reasonable to expect that the bulk metric will obey'6

/ng/u/ = faaag;w + auéagou/ + 8V£agua =0. (3.20)

This is indeed satisfied by the empty AdS metric for any of the vector fields (2.8) asso-
ciated with a vacuum modular Hamiltonian as in (2.6) and (2.12). In fact requiring the
invariance (3.20) under the vector fields (2.8) fixes the bulk metric to be that of empty AdS.

Alternatively one could use the generally-applicable condition (3.5), namely that on
the extremal surface the metric should obey at each point

MK, Z,T) g (X, Z,T) + AKX, Z,T)gua(X, Z,T) =0 (3.21)
where A,Y = 0,8 |RT surface- The solution to this equation with {# given by (2.8) is
Guw = UZ, X, T) - (3.22)

From solving the intersecting modular Hamiltonian equations we know that the equation
for the extremal surface is Z2 = (y2 — X)(X — y1) [3]. In the flat metric this surface has
mean extrinsic curvature in the normal spatial direction h(;y = 1/R where R is the radius
of the circle and mean extrinsic curvature i) = 0 in the normal time direction. In the
correct metric it should have zero mean curvature in all directions. To achieve this we
use (3.13) which fixes the conformal factor to be that of AdS,
l2
ANZ,X,T) = 72

16This is a much stronger statement than was possible in the non-vacuum case, where the similar equa-

tion (3.12) only held on the extremal surface.
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where [ is an undetermined constant. The same computations can be done in the vacuum
state of a higher-dimensional CFT and lead to the same result.

4 Conclusions

To summarize, in this paper we have proposed an algebraic approach to bulk reconstruction.
We considered the algebra generated by all modular Hamiltonians in the CFT and argued
that the bulk spacetime emerges as the parameter space of weakly-maximal subalgebras.
For the CFT vacuum this reproduces the standard quotient-space construction of empty
AdS as a maximally-symmetric spacetime. Away from the vacuum it suggests a geometric
notion of bulk modular flow, as a type of non-local symmetry associated with non-vacuum
states. But close to an extremal surface modular flow becomes a local geometric operation
— a boost in the perpendicular directions — and this allowed us to recover the bulk metric
from the CFT.

There are many ways in which the construction presented here could fail. In particular
there’s no guarantee that the requisite weakly-maximal subalgebras exist or that they can
be assembled to form a smooth (d + 1)-dimensional manifold. Such a breakdown is in fact
expected whenever the CEF'T state does not have bulk dual. Even if the algebraic construc-
tion goes through there are still things to check: that the bulk theory is approximately
local, and that quantum fluctuations are not too large. The 1/N expansion is crucial for
these properties but may not be sufficient. It would be very interesting to delineate the
necessary and sufficient conditions in more detail.
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A Scalar fields
The modular Hamiltonian for a spherical region of radius R centered around the origin in
the vacuum of a CFT is given by

1

1
%Hmod = E(Qo - R’Py) (A.1)
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We use the convention [27]

Pog(x) = i0,9()
Maypd(x) = (i(2a0p — Tp0a) + Xap) P(T)
Do(z) = i(A + z%0q)p(x)
Qud(z) = <i(x28a — 224278y — 2Azy) — 2beab) é(z). (A.2)

Y4 are spin matrices that depend on the spin of the primary field ¢(x) and A is the
conformal dimension of ¢(x). The action of the modular Hamiltonian on a scalar operator
of dimension A is given by

1 1
S Hinoa, Ot 8)] = o2 (2 + 72 — B0, + 2470, + 20)0(,7)  (A3)

We now compute the commutator of the total CFT modular Hamiltonian on the CFT
representation of a bulk scalar operator. A bulk scalar operator is given by

¢(Z,X,T:O) :CA/dt/dg@(Z2+(f’_f)2_ (t’)2)

Z

} <Z2+(:E’—f§— (T_t')2)A‘dO(t,,f,) (A4)

I(A—d/2)
27d/2T(A—d+1)
and integrating by parts one gets (for A > d)

where cp = and 7 = X +iy. Commuting with the total modular Hamiltonian

1 . A —d
[Hiod, 9(Z,2,T)] = ca

/ dt'dg O (o) (o)2 "4 toW, &),

2im
72 + (f’ _ j’)Q _ (T _ t/)2
g =
Z
1 -
I = E(( TN 22+ RP4T?) + T(Z2+ X2~ +(T—t’)2))
This can be seen to correspond to
1 1 .
55 [Hinoa, (2,3, T)] = 55 (2% + & = R+ T%)0r¢(Z, X, T)
T -,
E(ZBZ + X0g ¢)0(Z,X,T) (A.5)

A.1 A =d case

In this case one can not ignore the d(0) one gets after integration by parts. So after
integration by parts we have

2i[}]moda¢(z X T)]

2 Lol L.
_cd/dtdy5 7 ( T)(t"? o R2+2m’(X—3:'))+2Ta:’(X—:U’))

,15,



Because of the (o) we can just add inside the brackets (Z2 + (& — Z)? — (T —t')?) to obtain

1 R _ L / —
5 Fod, 92,2, T)] = s / iSO, #) L

-2
I = Z<< TN+ B - R+ T+ T(Z2+ X2~ (T — t’)2))
which once again gives (A.5).

A.2 A =d-—1 case

In this case

2 SN2 (N2

I'(d/2)
(d—2)md/2"

ing by parts and using §(c) = —0d’(0) we get

where ¢q_1 = Computing the action of the modular Hamiltonian, after integrat-

i - . Ed—l /1 / =/

X ((t’—T)(Z2+£2—R2+T2)—|—T(Z2—|—)?2—a?’2—|—(T—t’)2))
(A.6)

which again can be seen to be (A.5).

B Massive vector fields

The action of the total modular Hamiltonian (2.1) on a primary CFT current of dimension

A is given by

1 . . 1 _, R . R
ﬂ[Hmod,jo(t,x)] = 3R (((t2 + 7% — R?)0; + 2tT - 0z + 2tA)jo + 27 -])
1 . . 1 i . . .
%[Hmodh]i(ty l‘)] = ﬁ (((t2 + 72— Rg)at + 2t% - Oz + QtA)]i + 21'1']0) (Bl)
Defining j, = ﬁ@’{jﬂ one gets
1 1
55 Hmod 72 ()] = 5= ((# + 2% — R*)O, + 2t7 - 0z + 2t(A + 1))j. +2j9)  (B.2)

Note that the commutator of the total modular Hamiltonian looks like the one for the
scalar case plus another term.
Bulk vector fields are represented in terms of CF'T operators as [21]

ZVM = /KA j'u—i— 2( d /KA—H Jz

. T(A-£+1) 72+ (7 - X)? — (' = T)?
fa ™ (= )

md/20(A —d + 1 Z
x <22 + (@ - X - (¢ —T>2>A‘d
Z
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Note that Ka are the smearing functions used for primary scalars. We start with the
simple case of [Hpod, Vz]. From (B.2) we see that the commutator looks like that for a
scalar operator of dimension A plus two terms, one proportional to j, and one to jo.

1 = 1
E[Hmod,VZ(Z,X,T)] = (scalar result) 4+ 3R <2/KAjO +2/KAt/jz> (B.3)
where
(scalar result) = & (0, V7. (B.4)
Noting that
Z . .
2(A—dj2 + 1)8T/KA“‘7Z B /KA(t/ ~ i (B-5)
we find that 1 P T
— [Hypoa, V2(Z, X, T)] = £~ 0, Vy + = ~Vy. B.6
22-7_‘_[ d Z( )] gR,O i Z+RVO+R A ( )

Now [Hpoq, Vi] involves two terms. Each term has a contribution from the scalar-like
transformation plus another part,

1 1 1 X; 1
 Hog = | Kajil = =2 0, | Kngi+ =L [ Knjo+ — | Ka(@ — X)jo (BT
57 de/ aJil = ZE€ro u/ AJ +RZ/ A]0+RZ/ Az )jo (B.7)
1

and (Wlth o = Q(T%-‘rl))
1

. . a )
M[Hmod,a@/KAH]z] = a0; <f§%03u/KA+1]z> + 2R8i/KA+1]0 (B.8)

The last term the above expressions cancel each other. Using this and the known expression
for & , one finds

1 = T X;
%[Hmoda Vi(Z,X,T)] = f}éyoauv% + EW + ﬁzVO (B.9)
A similar but slightly longer computation also gives
1 . T X, Z
—|H, Vo(Z, X, T)] =& 00.Vo+ =Vo+ =V + =V, B.10
57 Hmod; Vo(Z, X, 1] SroduVo+ o+ V4 2Vz (B.10)

If the center of the sphere is at position Y;, then in (B.9) and (B.10) one just shifts
X, — X;—Y;, and 5%0%5;%3/1

C Reconstructing massive vectors in AdS;

Our goal here is to use intersecting modular Hamiltonians to represent a massive bulk
vector field in terms of the CFT.

We label the vector field perpendicular to the RT surface in the spatial direction as
V., the vector field parallel to the RT surface as V)|, and the time component of the vector
field as V4. Then the total modular Hamiltonian acts as

1

1
% 7[Hm0d7 VL} — ‘/07 [Hmoda ‘/|] = 0 (Cl)

Hm y = 5 .
[ od VO] VL %
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which is of course

1
%[Hmoda Vi Vol =£(VL £ V), [Hmod, V)] =0. (C.2)
However what is perpendicular or parallel to a given RT surface at a given point
depends on the RT surface. In AdS3 an RT surface and the modular Hamiltonian associated
with it can be labeled by its two end points (y1,y2). Thus the above equation is more
correctly written as
12 12 12
S [HOD, (Vi & V)02 = (v £ 1)1, [HOZ, V12 = (C3)
Imagine we have another RT surface labeled by (y3,y4) which crosses the RT surface labeled
by (y1,y2). At the intersection point the parallel and perpendicular vectors to the two RT
surfaces are at some angle « to each other. This angle depends only on the conformal metric
so can be easily computed from the results of the intersecting modular Hamiltonians for
scalar operators. So we can write

VL(IQ) = cos aVL(M) + sin onH(M), Vo(m) 1/0(34), V||(12) = cos anA) — sin aVH(34) (C4)

From this we see that
-1

-1
= 7D ({7 O] = cosaVP (C.5)

4
[H(12) [H(S) VL(H)H :cosonfQ), ﬁ[ mod’ ¥ mod>

mod’ mod’

So we can write the following equations,

1
—[HD (V) £ 19)12)] = £V + V)12

2T mod”’
-1
s [ [, (Vi V0) 0] = cosa(Vy =+ 1p) (02 (C.6)
s

which are decoupled equations sufficient to determine (VJ_:H/('))(H) at the intersection of the
two RT surfaces. However these equations determine (V =+ V5)(?) only up to a coefficient
which can depend on the bulk spacetime coordinates and can be chosen differently for
(Vi + Vg)(lz) and (V| — Vo)12). To recover the correct V0(12) and sz) (up to the same
overall coefficient) we need another condition. We will use the fact that Vy (but not
V) satisfies

139 039 112 (12)
B m[HmOd7 [ mod’ ‘/0 ]] = VE) (07)
Thus requiring that some linear combination of the solution to (C.6) corresponding to Vj

(12)

obeys this, means that we can get the correct Vo and V"™, up to an overall coefficient

which is the same for both. Then to get VII( ?) we use

1

— [H(34) Vol = VL(34) = cos aVL(lz) — sin aV|(12) (C.8)
i

mod’ |

(12)

from which with the knowledge of sz) we can read off VII and the corresponding overall
coefficient.
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C.1 Practicalities

It remains to see how to solve (C.6).
Is is convenient to use as independent boundary operators the combinations QL =

Oaz1 ax1 = j1 £ jo, since their commutators with the modular Hamiltonian are diagonal.
2 2

B2, 0] = (F e +3) + AE - £ (E+)

2im
(€= )2 — 0% — (- 1)y — ) Os. (C9)

We then write an ansatz

(Vo + V)1 = /dpdq S+, )0+ (p.q) +/dpdq 9+(p.9)O_(p,q),  (C.10)

(Vo — V)1 = /dpdq f-(p,9)O+(p, q) +/dpdq 9-(p,9)O-(p,q) (C.11)

Then (C.6) becomes, upon integration by parts, differential equations for fi(p,q) and
9+ (p, q). Let us define differential operators £(12), Egm) by

/dpdq F (0, ) [Ho, O (pq /dpdq p.q))O0+(p,q)  (C.12)
5 | drda g(p. 9 H\0, O-(p.q)] = / dpdq (L g(p,q))O0—(p,q)  (C.13)
Thus
£ = —— (=) + A =20-0)+(0+a)
—(a =) — D9 + (0~ y1) (2 ~ 1)y )
£ = — ((y2 +y1)+(A=2)(p—q)—(p+q)

— (= y)(y2 — )9 + (P —y1)(y2 — p)ap)
With this, equation (C.6) becomes

e =afe, £8P0V 1 = cosafs

5(912)% = +gy, 5(912)55,34)% =cosafi

The first equation in each line is a first-order partial differential equation while the second
equation is a second-order partial differential equation. However this can be simplified
since £§}2)£§c34) = 5;34)5;12) + [5(12) £(34)] and f, g are eigenfunctions of [,( % Thus we
can write

£§12)£§c34)fi = cosafy — ([£;12)’£(34)] + [,( ))fjE =cosaft

£§12)£§34) g+ = cosag+ — ([Eém), £§34)] + £§34)) g+ = COS Qg+
which are now first-order partial differential equations. Thus we have reduced the con-

straints on f4, g+ to two linear first-order partial differential equations, just as in the
scalar case.
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C.2 Example

As an example let us solve for f for the case y; + y2 = 0.
We start with the equation 5;12) f+ = f+. The most general solution to this equation
using the methods of characteristics is

- A2 — — 12,
Fo(p.0) = Fo ) tpu) ) a) - 7 (L2 D=0y e

(C.14)

where f+ is any function of the variable

_ (@a—y1)(p—w1)
T -9y —p) (C.15)

One can then insert this into the second equation ([Egcw), 5;34)] +£§c34)) f+ = cosafi where

Y3 — Y3ya

COSx = .
Y2(ya — y3)

(C.16)

We then get an equation for f+(s). Doing this results after some algebra in an equation

1dfy (A-3) s—8

- = C.17
fi ds 2 s(s+p) ( )
on is f — o) (D) R _ 3ta _ Y5+ysya . .
whose solution is f (s) = c(y;) (= where § = T2, Xo = 27 is the spatial

coordinate of the intersection of the RT surfaces, and cy(y1, y2,y3,y4) is an overall coeffi-
cient that could depend on the boundary segments. This gives a result for fi(p,q), namely

F+(p.a) = e+ (i) (2% + (p — Xo)(a — X0))2 (0 + y2)? (C.18)

where Z? = (Xo — v1)(y2 — Xo) is the bulk radial coordinate of the intersection of the
RT surfaces.

D Gauge fields

Let’s see what we get by letting the modular Hamiltonian act on the CFT representation
of a bulk gauge field in the gauge Az = 0.
The modular Hamiltonian for a spherical region is given in (2.1). The action of the

modular Hamiltonian on a boundary current (jo,7) is given by (B.1) with A =d — 1. The
representation of the bulk gauge field is (7' = Z + i¥))

1 24 (@ -2 -t —T)*\ .
ZANZ,2,T) = ——7—~ "dij i
W2.8.7) = g [ avais g a2
- _ 1 ! 3= Z2+(f/_f)2_(t/_T)2 gl =
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Thus

1 Lo X;
57 Himod, ZAi(Z, X, T)] = &p 00u(24:) + 5 vol( Sd 1 /5 a/2)jo
1 1
- - 2)(zh — X;)j D.2
o [ /= X (D.2)

The third term is just

B 1 1 y o (2P (F D)2t —T)? ) = 70,

where )\ satisfies

7 —
Oz = EAO(Z,X,T). (D.4)
So overall one gets
1 —» T X;
. — cH A I — O
5 [Hmod, Ai(Z, X, T)] Er0Oudi + RAZ + i Ag — 0. (D.5)

The computation of 27” [Hmod, Ao] follows a similar track. Here one needs to use
conservation of the CFT current which implies

2 7 _ 72 2
/dt'dgé(z + (& 2)Z (-7 )((t’—T)]O(t’ D+ (@ —-2)- 5, 7)) =0 (D.6)

Then one finds

—

1 > T X -
%[Hmod, Ao(Z,X,T)] = 51‘%08#%10 + EAQ + EA — O\ (D.7)

Thus we see that the modular Hamiltonian acting on a CF'T representation of a bulk
gauge field in Az = 0 gauge gives exactly what we would expect. In particular it automat-
ically generates the compensating gauge transformation needed to restore Az = 0.

In AdS3 gauge fields have a simple representation [21], A,(Z, X, T) = j.(X,T). In this
case one can see (since dpj1 = 01j0) that (B.1) with A = 1 is equivalent to (D.5) and (D.7)
with A(Z, X, T) = Z2jo(X, T).

E Gravity

The action of the total modular Hamiltonian (2.1) on the CF'T stress tensor is given by

1 1
%[Hmodv Tij(ta f)] = ﬁ ( - Rz)at + 2t2 - Oz + 2dt>Tij + 2$iT0j + 2iji0)
1 1 ,
%[Hmoda TOz'(tu f)] = ﬁ ( 2 - Rz)at + 2t - 8@ + zdt)TOi + 2.ZL'JTji + 2.’B7;T00)
1 1 A
ﬂ[Hmoda TOO(tv f)] = ﬁ ( 2 - R2)8t + 2t% - Of + th)TOO + 4x]Tj0) (El)
Using (a, b range over 0,1---d — 1)
dr(d/2) Z24+ (@ —X)2—(t' = T)2 .
2 o /3 ! =l
Zhay = = 45 /dt dij© ( S Ty, @)  (B.2)
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one finds

1 3§ X; X,
%[Hmodyz2hij(ZyXaT)] = £é7oau(z2hij) +— /KdTOj + 2 /KdTOi
1
+R/Kd($;— TOJ /Kd Tgl
dr(d/2) [ 22+ (# — X)? — (¢ —T)?
K; = E.
47 Tond/2 @< 27 (E.3)

Let us define (with @ = X + i7)

€ = dF(d/Q)/dt’dg@ <Z2+<f/_)?>2 - T>2> (22 + (@ = X)? = (' = T))Toa(t',2')

27rd/2 27
(E.4)
which satisfies
Dzea = 2Z%h0q. (E.5)
Then the result above can be written as
1 - 2T X X; 1
%[Hmod, hij(Z, X, T)] =&k oOuhij + fhij + #hio + Eh i~ 3R (Oiej + Oj¢;) (E.6)

Next we consider

1

. X; X
%[Hmod,ﬁhOi(Z’X,T)] = &5 00u(Z%hoi) + 7J/KdToo + = /Kdei

R/Kd T00+/Kd Xj)TJZ

To identify the last term we use conservation of the stress tensor

72+ (7 - X)2—(t' —T)?
! 37—
/dtdy@( 57

X (Z2 + (f’ — X)Z — (t/ — T)2)(—80T0i(t’, l’/) + 8]'Tji(t/, l’l)) =0

Then integration by parts gives
1 ' - 1
= K42V — X7)Tj; = —==0r¢€; (E.7)

so overall we have

1 . T X; X7
ﬂ[Hmoda hol'(Z, X, T)] :gfwa#hm + Ehm + fhoo + fhji 2RZ2 (8 €o + 0061) (ES)
A very similar computation gives
1 > 2T 2X7 1
ﬁ[Hmodv hoo(Z, X, T)] = &g ¢Ouloo + ﬁhoo + Th]‘o R ——0o€o (E.9)

In AdS3 a metric perturbation has a simple representation [21], h.(Z,X,T) =
T (X, T). Using the fact that the stress tensor is traceless and conserved (E.1) is equivalent
o (E.6), (E.8), (B.9) with ¢, = £ T,0.
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