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Abstract We prove the existence and determine some invariants of a Hilbert-type bivariate quasi-polynomial
associated with a difference—differential field extension with weighted basic derivations and translations. We also
show that such a quasi-polynomial can be expressed in terms of univariate Ehrhart quasi-polynomials of rational
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1 Introduction

Hilbert-type functions in differential and difference algebra have been extensively studied since 1960s when Kolchin
[8](seealso [9, Ch.1I, Sect. 12]) introduced a concept of a differential dimension polynomial associated with a finitely
generated differential field extension. The corresponding characteristics of difference and difference—differential
field extensions were introduced in [11, 18]. The important role of differential, difference and difference—differential
dimension polynomials is determined by at least three factors. First, adimension polynomial associated with a system
of algebraic differential (respectively, difference or difference—differential) equations expresses the strength of such
a system in the sense of Einstein. In the case of a system of partial differential equations, this concept, introduced in
[5]as aqualitative characteristic of a system, was expressed as a certain differential dimension polynomial in [20]; the
corresponding algebraic descriptions of the concepts of strength of systems of difference and difference—differential
equations were obtained in [10, Sect. 6.4], [15, Sect. 7.7], and [16]. Second, a dimension polynomial associated
with a finite system of generators of a differential, difference or difference—differential field extension carries certain
birational invariants, numbers that do not change when we switch to another system of generators. These invariants,
which characterize the extension, are closely connected with some other of its important characteristics, e. g., with
the differential (respectively, difference or difference—differential) transcendence degree of the extension. Finally,

A. Levin (X)
Department of Mathematics, The Catholic University of America, Washington, DC 20064, USA
e-mail: levin@cua.edu

Published online: 05 July 2018 W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11786-018-0361-5&domain=pdf

A. Levin

properties of dimension polynomials associated with prime differential (respectively, difference or difference—
differential) ideals provide a powerful tool in the dimension theory of the corresponding rings (see, for example,
[7], [10, Ch.7], [12] and [19]).

The existence theorems on differential and difference dimension polynomials were recently generalized to the
cases of differential and difference algebraic structures with weighted basic operators (derivations or translations),
see [4,17]. These results show that the corresponding dimension functions are univariate quasi-polynomials that
can be expressed as linear combinations of Ehrhart quasi-polynomials associated with certain conic polytopes. It
was also proven that the degrees and the leading coefficients of such dimension quasi-polynomials are birational
invariants of the differential (or difference) field extensions they are associated with.

In this paper, we prove the existence and determine invariants of a bivariate dimension quasi-polynomial asso-
ciated with a difference—differential field extension with weighted basic derivations and translations. In order to
obtain these results, we generalize the classical method of characteristic sets to the case of two natural rankings in an
algebra of difference—differential polynomials where the basic operators are assigned positive integer weights. Then
we use properties of characteristic sets with respect to two rankings to describe bivariate difference—differential
dimension quasi-polynomials.

2 Preliminaries

In what follows Z, N, @, and R denote the sets of all integers, nonnegative integers, rational numbers, and real
numbers, respectively. If m € Z, m > 1, then by the product order on N we mean a partial order <p such that
(ar,...,am) <p (ay,...,a,,)ifand only if ¢; < a] fori =1,...,m.

By aring we always mean an associative ring with unity. Every ring homomorphism is unitary (maps unity onto
unity), every subring of a ring contains the unity of the ring.

By a difference—differential ring we mean a commutative ring R considered together with finite sets A =
{61,...,0n}ando = {ay, ..., o, } of derivations and automorphisms of R, respectively, such that any two mappings
of the set A | Jo commute. The set A | Jo is called the basic set of the difference—differential ring R, which is
also called a A-o-ring. If R is a field, it is called a difference—differential field or a A-o-field. In what follows, we
will often use prefix A-o- instead of the adjective “difference—differential”. Furthermore, we assume that every §;,
1 <i < m, (respectively, every aj, I < j < n) is assigned a positive integer weight v; (respectively, w;). We set
V=W,...,u)and W = (wy, ..., wy).

Let T be the free commutative semigroup generated by the set A | o, that is, the semigroup of all power products

=80 kot (ki e N).

The numbers

m n
ordpa T = Zviki and ord, T = ijlj

i=1 j=I
are called the orders of T with respect to A and o (and with respect to the given weights). Furthermore, for every
r,s € N, we set

T(r,s) ={teT|ordpt <r, ordy, T < s}.

A subring (ideal) R( of a A-o-ring R is said to be a difference—differential (or A-o-) subring of R (respectively,
a difference—differential (or A-o-) ideal of R) if Ry is closed with respect to the action of any operator of A | Jo.
In this case the restriction of a mapping from A [ J o to Ry is denoted by the same symbol. If a prime ideal P of R
is closed with respect to the action of A | J o, it is called a prime difference—differential (or A-o-) ideal of R.

If R isa A-o-field and Ry a subfield of R which is also a A-o-subring of R, then Ry is said to be a A-o-subfield
of R; R, in turn, is called a difference—differential (or A-o-) field extension or a A-o-overfield of Ry. In this case
we also say that we have a A-o-field extension R/Ry.
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If Ris a A-o-ring and § € R, then the intersection of all A-o-ideals of R containing the set S is, obviously,
the smallest A-o-ideal of R containing S. This ideal is denoted by [S]; as an ideal, it is generated by all elements
tn where T € T, n € S. (Here and below we frequently write t#n for (n) for elements t € T, n € R.) If the
set S is finite, S = {n1, ..., np}, we say that the A-o-ideal I = [S] is finitely generated (in this case we write
I =[m,...,npl)and call ny, ..., n, difference—differential (or A-o-) generators of /.

If K¢ is a A-o-subfield of a A-o-field K and § C K, then the intersection of all A-o-subfields of K containing
Ko and S is the unique A-o-subfield of K containing K¢ and S and contained in every A-o-subfield of K containing
Ko and S. It is denoted by Ko(S). If § is finite, S = {n1, ..., np}, then K is said to be a finitely generated A-o-
extension of K¢ with the set of A-o-generators {11, ..., n,}. In this case we write K = Ko(n1, ..., np). Itis easy
to see that the field Ko(n1, ..., np) coincides with the field Ko({ztn;|t € T, 1 <i < p}).

Let R and S be two difference—differential rings with the same basic set A | J o, so that elements of the sets A
and o act on each of the rings as derivations and automorphisms, respectively, and every two mappings of the set
A |J o commute. (More rigorously, we assume that there exist injective mappings of the sets A and o into the sets
of derivations and automorphisms of the rings R and S, respectively, such that the images of any two elements of
A |J o commute. For convenience we will denote the images of elements of A | Jo under these mappings by the

same symbols 81, ..., 8y, &1, ..., &,). A ring homomorphism ¢ : R — S is called a difference—differential (or
A-o-) homomorphism if ¢ (ta) = t¢(a) forany t € A|Jo,a € R.
If K is a difference—differential (A-o-) fieldand Y = {y1, ..., y,}is afinite set of symbols, then one can consider

a countable set of symbols 7Y = {ty;|t € T, 1 < j < p} and the polynomial ring R = K[{ry;lt € T,1 < j <
p}] in the set of indeterminates 7Y over the field K. This polynomial ring is naturally viewed as a A-o-ring where
O(tyj) = (@r)y; forany 6 € A Jo,t €T,1 < j < p, and the elements of A Jo act on the coefficients of
the polynomials of R as they act in the field K. The ring R is called the ring of difference—differential (or A-o-)

polynomials in the set of difference—differential (A-o-) indeterminates y1, ..., y, over K. This ring is denoted by
K{y1,...,yp} and its elements are called difference—differential (or A-o-) polynomials. If f € K{yi,...,yp}
and n = (91,...,1np) is a p-dimensional vector with coordinates in some A-o-overfield of K, then f(») (or
f(m1,...,np)) denotes the result of the replacement of every entry ty; in f by tn; (t € T, 1 <i < p).

Let R be a A-o-ring and ¢/ a family of elements of some A-o-overring of R. We say that the family U/ is
A-o-algebraically dependent over R, if the family TU = {tu |t € T, u € U} is algebraically dependent over R
(that is, there exist elements uy, ..., u; € TU and a nonzero polynomial f in k variables with coefficients in R
such that f(uq, ..., ur) = 0). Otherwise, the family / is said to be A-o-algebraically independent over R.

If K is a A-o-field and L a A-o-field extension of K, then a set B C L is said to be a A-o-transcendence
basis of L over K if B is A-o-algebraically independent over K and every element a € L is A-c-algebraic over
K (B) (it means that the set {ra | T € T} is algebraically dependent over the field K (B)). If L is a finitely generated
A-o-field extension of K, then all A-o-transcendence bases of L over K are finite and have the same number of
elements (one can easily obtain this result by mimicking the proof of Proposition 4.1.6 of [15]). This number is
called the A-o-transcendence degree of L over K (or the A-o-transcendence degree of the extension L/K); it is
denoted by A-o-trdegy L.

3 Dimension Quasi-polynomials of Subsets of N7

Afunction f : Z — Qiscalled a (univariate) quasi-polynomial of period g if there exist ¢ polynomials g; (x) € Q[x]
(0 <i <q —1)suchthat f(n) = g;i(n) whenevern € Z and n =i (mod q).

An equivalent way of introducing quasi-polynomials is as follows.

A rational periodic number U (n) is a function U : Z — Q with the property that there exists (a period) g € N
such that

U(n) = U(n') whenever n =n' (mod q).
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A rational periodic number is usually represented by a list of the ¢ its possible values enclosed in square brackets:
Un) = lao, - - -, aq—l]n

where U(n) = a; (0 <i < g — 1) whenever n =i (mod q).

1 3 1
For example, U (n) = [5, T 1] is a periodic number with period 3 such that U (n) = 3 if n = 0 (mod 3),
n

3
Umn) = 7 ifn=1@mod3),and U(n) =1if n =2 (mod 3).
A quasi-polynomial of degree d is defined as a function f : Z — Q such that

fn) =camn® + - +cimn +co(n) (n €

where ¢; (n)’s are rational periodic numbers and c4(n) # O for at least one n € Z.

One of the main applications of the theory of quasi-polynomials is its application to the problem of counting
integer points in polytopes. Recall that a rational polytope in R? is the convex hull of finitely many points (vertices)
in Q. If all vertices of a rational polytope P have integer coordinates, P is said to be a lattice polytope.

Equivalently, a rational polytope P C R is the set of solutions of a finite system of linear inequalities

Ax < b,

where A is an m x d-matrix with integer entries (m is a positive integer) and b € Z", provided that the solution set
is bounded.

Let P € R? be a rational polytope. (We assume that P has dimension d, that is, P is not contained in a proper
affine subspace of R?.) Then a polytope

rP ={rx|x € P}

(r € N) is called the rth dilate of P. (Clearly, if vy, ..., v are all vertices of P, then r P is the convex hull of
Vi, ..., TVk.)

Given a rational polytope P, let L(P,r) = Card(r P N 74), the number of integer points in r P. The following
theorem of Ehrhart (see [6]) shows that L(P, r) can be expressed as a certain quasi-polynomial.

Theorem 3.1 Let P C RY be a rational polytope of dimension d. Then there exists a quasi-polynomial ¢p(r) of
degree d such that

(i) ¢p(r) = L(P,r) forallr € N.
(i1) The leading coefficient of ¢ p (r) is a constant that is equal to the Euclidean volume of the polytope P.
(iii) The minimum period of ¢ p (r) (that is, the least common multiple of the minimum periods of its coefficients) is
a divisor of the number D(P) = min{n € N |nP is a lattice polytope}.
(iv) If P is a lattice polytope, then ¢ p(r) is a polynomial of r with rational coefficients.

The main tools for computation of Ehrhart quasi-polynomials are Alexander Barvinok’s polynomial time algorithm
and its modifications, see [1-3]. In some cases, however, the Ehrhart quasi-polynomial can be found directly from
the Ehrhart’s theorem by evaluating the periodic coefficients of the quasi-polynomial (by computing L (P, r) for
the first several values of » € N and then solving the corresponding system of linear equations, see [17, Example
1]).

In what follows, )Lg/vm) (#) will denote the Ehrhart quasi-polynomial that describes the number of integer points in
a rational conic polytope in R™ defined as
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m
(1) €R Y wixg <1, x5 20 (1< j <m))
i=1

where W = (wy, ..., wy,) is a fixed m-tuple of positive integers. It follows from the Ehrhart’s Theorem that k%) (1)

1
is a quasi-polynomial of degree m whose leading coefficient is T — A polynomial time algorithm for
mlwy ... wy
computing )»E,Vm)(t) can be found, for example, in [3].
A k-dimensional periodic number is a function U : Z¥ — Q with the following property: there exists a k-tuple

q=(qi,...,qx) € N* g; > 0, such that for any (P10 (DY -5 PY) e 7k,
Upt.....pr) =Upy. ..., pp) if pi = pj(modg;), 1 <i <k.

Such a vector q = (q1, . . ., qk) is called a k-period of U.
For example, [[1, %]pz: [0, %]pz: [—1, ‘1—‘]1,2]1,1 is a 2-dimensional periodic number with a 2-period q = (3, 2).

A polynomial in k variables py, ..., px, where each coefficient is a multidimensional periodic number on a
subset of {p1, ..., pk}, is called a k-variate quasi-polynomial (in py, ..., pr).

In what follows, for any m, n € N and for any A € N we set

Xa ={x=(x1,..., Xmyn) | Xis not greater than or equal to any a € A with respect to the product order <p on
Nm+n}_

Let us fix two vectors V = (vq, ..., vy) € N"and W = (wy, ..., w,) € N" (“weight vectors”) and define the
orders of an (m + n)-tuple a = (ai, ..., amin) € N with respect to these vectors as

m n
ordy a = Z via; and ordwy a = Z Widm,+i, respectively.
i=1 i=1

Furthermore, for any set A C N7+ and any r, s € N, let

A(r,s)={a€ Al ordya <r, ordy a < s}.

Theorem 3.2 With the above notation, for any set A € N there exists a bivariate quasi-polynomial ¢X’ W (t1, 12)
such that

@) ¢>X’W(r, s) = Card X 4 (r, s) for all sufficiently large (r, s) € N2, (It means that there is (rg, So) € N2 such that
the equality holds for all integers r > ro, s > s0.)
(i) degt1 qﬁX’W <m and degt2 qbX’W <n.
(iii) deggpy" =m +n ifand only if A = 0.
(v) o1V (11, 1) = 0ifand only if 0, ..., 0) € A.

Proof Let A C N"™" and X4 = {x = (x1, ..., Xm4n) € N"™" |a £p x forany a € A}.
Clearly, if one replaces A with the finite set of all its minimal points with respect to <p, this replacement does
not change X 4. Therefore, we can assume that A is finite:

A=1{aW,. .. a P} where a) = (a;1,... aimin), 1<i<d.
d m+n
We are going to prove the theorem by induction on n and y (A) = Z Z ajj.
i=1 j=1

If n = 0, the statement is true by [17, Theorem 2].

Letn > 1.1fx = (x1,..., Xm, Y1, ..., Yn) € Xa(r,5), then either y, = 0 and
n n—1
Zw,-y,- <s, or y,=y,+ 1with y, eN andZwiyi +wpy, <5 — wy.
i=1 i=1

Let Ag ={(a1,...,am,b1,....,by_1)|(ay,...,am,b1,...,b,_1,0) € A} and
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Al :{a=(a13"-7am7b15"-7bn—17 :1)ENern|(a17'-'5aI’nab]’~-'5bn—15b;/1+1)GA’
orb, =0and (ay,...,am, b1,...,by_1,0) € A}.
If forany B C N7 and r, s € N, we set

m n
Np(r,s) = Card{x = (x1, ..., Xm, V1,--.,Yn) € XB | Zvixi <r, ijyj < s},
i=1 j=1

then it is easy to see that
Na(r,s) = Nay(r, ) + Na, (r, s — wy).

Since |Aj| < |Aland Ay C Nmtn=1 n A0 (1, 8) and Ny, (r, s —wy,) are expressed by bivariate quasi-polynomials
¢o(t1, ) and ¢ (21, t2) with degt1 ¢o < m,degt2 ¢o < n— l,degtl ¢1 < m,and degl‘2 ¢1 < n.Itfollowsthat N4 (r, s)
is expressed by a bivariate quasi-polynomial satisfying the conditions of Theorem 3.2. O

Definition 3.3 The bivariate quasi-polynomial qﬁ(‘g’)w (11, 1) whose existence is established by Theorem 3.2 is called

the (m, n)-dimension quasi-polynomial of the set A C N"+" associated with the weight vectors V = (v, ..., vy)
and W = (wy, ..., wy).

Example Letm =2,n=1,A={2,1,1),(0,2,1)} C N3andv; =1, v = 3, w; = 2.

Then Ag = ¥ € N? and A; = {(2,1,0), (0,2,0)} € N3, In this case Na(r,s) = Na,(r,s) + Na, (r, s —2)
where

N, (r, s) = Card{(x, y) € N> |x + 3y < r}and

N, (r, s —2) = Card{(x, y,2) e N*[(2,1,0) £p (x,y,2), (0,2,0) £p (x,y,z)andx+3y <r, 2z < s—2}.

Clearly, N, (r, s) = Na,(r) is the number of integer points in the closed triangle A, with vertices (0, 0), (r, 0),
and (0, r/3):

w3

By the Ehrhart’s theorem, N4, (r) is a quadratic polynomial of r whose leading coefficient is equal to the area
of the triangle A1, that is, to 1/6. Therefore,

1
NAO(r) = 6r2+ [asb»c]rr + [dv es f]r

for some a, b, c,d, e, f € Z. In order to find these integers, we can count the number of integer points in the
triangles A, withr =0, 1,2, 3,4, and 5 and get N4,(0) =d =1,

1 2
NA0(1)=g+b+e=2; NA0(2)=§+20+f=3;
3 8
NA0(3):§+3d+d=5; NA0(4)=§+4b+e:7;
25
Npy(3) = — +5c+ f =09.
6 s )
Itfollowsthata:b:cz—,d:ezl,andfz5’50

)}

1, 5 2
Nay(r,s) = Nay(r) = gr +6r+ 1’1’§
,

forall r € N.
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The direct computation of the number of integer points in X 4, (r, s — 2) gives

Na,(r,s —2) = lrs + |:O, —l] r+ zs + |:0, —g]
2 2 | 2 2 |

whence
Na(r,s) = l}"2 + lrs + |:§ li| r+ Es + |:O, 0, —li| + [1, —l] .

6 2 6 3] 2 31 2 {5
Thus,

VoW 1, 1 51 3 1 1

by (11, 12) = 5l + Sl + |:6 §i|t2 f+ > + |:0, 0, —g]tl + |:1, —§i|[2 .

1 1
Note that the free term in the expression for qbX’ W (t1, t2) isa2-dimensional periodic number |: |:1 ,— —j| , |:1 ,— —i| ,
%) %)

2 5 . .
-, —= with period (3, 2).
364,
n

As it was mentioned at the beginning of the proof of Theorem 3.2, the (m, n)-dimension quasi-polynomial of the
set A € N"*" coincides with the (m, n)-dimension quasi-polynomial of the finite set of all minimal points of A with
respect to the product order on N"'*"_ The following theorem gives a formula for computing the (m, n)-dimension
quasi-polynomial of a finite subset of N”**"*_ It can be obtained by mimicking the proof of the corresponding result
for (m, n)-dimension polynomials of finite subsets of N7 (see [13, Theorem 3.3]) with the replacement of the
formula

m m—+n r+m s+n
Card{(al,...,am+n)€Nm+"|z;aifr, Z a;fs}:( " )( , )
=

j=m+1
with the formula
m m-+n
Card{(@1.....amn) €N"" [ Y via < v Y wja; < s} =207 (A ().
i=1 j=m+1

(The univariate quasi-polynomials of the form A(\fn) are defined after Theorem 3.1.)

Theorem 3.4 Let A = {a(l), c,aP) be a finite subset of N and let a® = (a;, ..., aim+n) (1 <i < p).
Furthermore, foranyl € N, 0 <1 < p, let T'(I, p) denote the set of all l-element subsets of the set {1, ..., p}, and
foranyy e T'(l, p) let ay; = max{a;;li € y} (1 < j <m+n) b, =3 ay;, and c; = ZTJZ-H&V./' Then,
with the notation of Theorem 3.2, one has

14
o)=Y (=D" > AP = by (1 —cy). 3.1)

=0 yel',p)

4 The Main Theorem
Let K be a A-o-field and let L = K(n1,...,n)) be a A-o-field extension of K generated by a finite set n =
{n,....np}.Foranyr,s e N,let L,y = K({tr(;) |t € T(r,s), 1 <i < p}).

Theorem 4.1 With the above notation, there exists a bivariate quasi-polynomial CD;YI’(W) (t1, to) such that

@) ¢§]ka) (r, s) = trdegg L, for all sufficiently large (r, s) € N2,
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(ii) deg,, cpfﬂv;(W) <m = Card A and deg,, q>f7lv;(w> <n = Card o.

(ii1) @;‘l/[’{w) is an alternating sum of bivariate quasi-polynomials of the form g(t1)h(t2) where g(t1) and h(ty) are
(univariate) Ehrhart quasi-polynomials associated with rational conic polytopes.

Definition 4.2 The bivariate quasi-polynomial @;“/kw)(tl, t>) whose existence is established by Theorem 4.1 is
called a A-o-dimension quasi-polynomial of the A-o-field extension L/K associated with the system of A-o-
generators 7 (and the weight vectors V and W).

Theorem 4.1 generalizes the theorem on a bivariate dimension polynomial of a finitely generated difference—
differential field extension (see [14, Theorem 5.4]) and also allows one to assign a bivariate quasi-polynomial to a
system of algebraic difference—differential (A-o-) equations with weighted basic derivations and translations

(fi e R=K{y1,...,yp} (1 <i <g),where K{y1, ..., yp}isthering of A-o-polynomialsin p variables over K)
such that the A-o-ideal P of R generated by f1, ..., f; is prime (e. g., to a system of linear difference—differential

equations). Systems of this form arise in connection with systems of PDEs with weighted derivatives (see [21,22])
and their finite difference approximations.

In this case, the reflexive closure P* of the A-o-ideal P is also prime, so one can consider the quotient field of
R/P* as a finitely generated A-o-field extension of K: L = K(ny, ..., n,) where ; is the canonical image of y;
in R/ P*.

The corresponding bivariate dimension quasi-polynomial Q;“/I’(W) (t1, t2) can be viewed as the Einstein’s strength
of the system (4.1) in the sense of the corresponding concepts for systems of partial differential and difference
equations (see [20] and [15, Sect. 7.7] for detailed descriptions of these concepts and their expressions as dimension
polynomials).

Proof of the Main Theorem (Theorem 4.1)

Let K be a difference—differential (A-o-) field, with A = {81, ...,8}and o = {«1, ..., a,}. Let T be the free
commutative semigroup generated by A Jo, and R = K{yi, ..., y,} the algebra of A-o-polynomials over K.
(As we have seen, R can be viewed as a polynomial ring in the set of indeterminates 7Y = {ry;|lt € T, 1 <i < p}
over K with the natural extension of the actions of §; and «;; elements of the set T'Y will be called terms.)

As before, if T = 811” ...Sl,f{”alll ...a,l{’ € T (k;, I; € N), then the numbers

m n
ordpa T = Z vik; and ord, T = Z w;l;
i=1 j=1

are said to be the orders of T with respect to A and o, respectively. We also set T = 811” e 851’" and 7, = ail e af,".

Consider two well-orderings < and <, of T such that

r=8Y . shnall ab <p v =81, skrall ol ifand only if the (m + n + 2)-tuple

(orda 7,01ds T, k1, ... ki, 11, ..., 1) 18 less than the corresponding (m + n + 2)-tuple for T/ with respect to the
lexicographic order on N”"*"+2_ The order <, is defined similarly: T <, 7’ if and only if the (m + n + 2)-tuple
(ordy T, 0rda T, 11, ..., 1y, k1, ..., ky) is less than the corresponding (m + n + 2)-tuple for T/ with respect to the

lexicographic order on N#+7+2,

The orders < and <, on the set T induce similar well-orderings of the set of terms 7Y (denoted by the same
symbols): if ty;, t’y; € TY, then ty; <a(respectively, <,) t’y; if and only if  <a(respectively, <) 7’ or
t=1'andi < j.

If A € K{y1,...,yp}\K, then the highest terms of A with respect to <A and <, are called the A-leader and
o-leader of A, respectively; they are denoted by u 4 and v 4, respectively.
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If A is written as a polynomial in u4, A = Id(uA)d + 154 (uA)d_1 + - -+ Iy, where all terms of I, ..., I; are
less than u 4 with respect to <a, then I; and dA/du 4 are called, respectively, the initial and separant of A; they
are denoted by /4 and Sy, respectively.

If A, B € K{y1,...,yp}, then A is said to have lower rank than B (we write rk A < rk B) if either A € K,
B ¢ K, or the vector (14, deg, LA ords va) is less than (up, deg, s B ord, vp) with respect to the lexicographic
order (14 and up are compared with respect to < ).

If the vectors are equal (or A, B € K) we say that A and B are of the same rank and write rk A = rk B.

If A, B € K{y1,...,yp}, then B is said to be reduced with respect to A if

(i) B does not contain terms tu 4 such that tp # 1, and ord, (tv4) < ord, vp.
(i1) If B contains a term tu 4 with to = 1, then ord, v < ords(tv4), or ord, (tv4) < ord, vp and degmA B <
deg,, A.

If B € K{y1,...,yp}, then B is said to be reduced with respect to a set © C K{y1, ..., yp}if B is reduced with
respect to every element of X.

Aset A C K{yi,...,yp}is called autoreduced if A() K = ¢ and every element of A is reduced with respect
to any other element of this set.

The proofs of the following four statements (Propositions 4.3 - 4.6 below) can be obtained by repeating the
arguments in the proofs of the corresponding results (Propositions 5.4, 5.5, 5.7, and 5.8) of [16]. (Despite the fact
that the term orderings introduced above involve weights of the elements of the basic set A | J o the arguments of
the proofs of the statements of [16] are still valid.)

Proposition 4.3 Every autoreduced set is finite.

Proposition 4.4 Let A = {Ay, ..., Ay} be an autoreduced set in the ring R = K{y1,...,yp} and let I} and Sy
denote the initial and separant of Ay, respectively. Furthermore, let I(A) = {X € K{y1,...,yp}| X =1lor X is
a product of finitely many elements of the form t (Ii) and ©(Si) where t, ©' € T}. Then for any A-o-polynomial B,
there exist By € K{y1, ..., yp}and J € I(A) such that By is reduced with respect to A and J B = By (mod[A])
(that is, JB — By € [A]).

With the notation of the last proposition, we say that the A-o-polynomial B reduces to By modulo .A.

In what follows, elements of an autoreduced set will be always arranged in order of increasing rank. If A =
{Ay,..., A4} and A’ = {By,..., B,} are two autoreduced sets in K{yi, ..., yp}, we say that A has lower rank
than A’ if one of the following two cases holds:

(1) There exists k € N such that k < min{d, e}, rk A; =rk B; fori =1,...,k — 1 and rk Ay < rk By.
2)d>eandrk A; =rk B;fori =1,...,e.

Ifd =eandrk A; =rk B; fori =1, ...,d, then A is said to have the same rank as A’.

Proposition 4.5 In every nonempty family of autoreduced sets of A-o-polynomials there exists an autoreduced set
of lowest rank.

Let J be any ideal of the ring K{y1, ..., y,}. Since the set of all autoreduced subsets of J is not empty (if A € J,
then {A} is an autoreduced subset of J), the last statement shows that the ideal J contains an autoreduced subset of
lowest rank. Such an autoreduced set is called a characteristic set of the ideal J.

Proposition 4.6 Let A = {Ay, ..., Ay} be a characteristic set of a A-c-ideal J of the ring R = K{y1, ..., y,}.
Then an element B € J is reduced with respect to the set A if and only if B = 0.

Given a characteristic set A of a A-o-ideal J in K{y, ..., yp}, the last proposition, together with Proposition
4.4, allows us to decide whether a A-o-polynomial B belongs to J. First, we reduce B to a A-o-polynomial By
modulo A (we use the notation of Proposition 4.4; the process of reduction is similar to the corresponding process
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of reduction for standard difference—differential polynomials, see [10, Theorem 3.5.27]). Then we use the result of
Proposition 4.6: B € J if and only if By = 0.

The proof of following proposition can be obtained using the same arguments as in the proof of Theorem 3.1 of
[16].

Proposition 4.7 Let L = K(n1,...,np) and P the defining A-o-ideal of the A-o-field extension L/K (i. e.,
P = Ker(K{y1,...,yp} = L), yi = n;i). Let A = {Ay,..., Agq} be a characteristic set of P and for any
r,s €N, let
U,(fg) =f{ueTY|ordau <r,ordyu <sandu # tuy, foranyt € T,1 <i <dj},

U,(?s) ={u € TY|ordpau < r,ordyu < s and for every t € T, A € A such that u = tupa, one has
ord, (tva) > s}, and

Uns =00 U2,

Then l_]m = {u()|u € U, s} is a transcendence basis of the field K(U'T . T(r,s)n;) over K.
]:

Now, in order to prove the main theorem, one has to evaluate Card U, = Ur(i) Uu (2). By Theorem 3.2,
Card U,(IS) is expressed by a bivariate quasi-polynomial whose degrees with respect to » and s do not exceed m
and n, respectively. Furthermore, using the principle of inclusion and exclusion, one can express Card U,( § as an
alternating sum of bivariate quasi-polynomials that describe the numbers of points (k, . .., ky, 1, ..., I,) € N
satisfying the inequalities

m n
E viki <r —a, s—b<§ wilj <s
i=1 j=1

where a, b € N. (a and b appear as the orders of the A- and o- leaders of elements of the characteristic set A with
n
respect to A and ¢.) It follows that for all sufficiently large (r, s) € N2, Card U, = trdegg K (U T(r,s)n;)is

expressed by a bivariate quasi-polynomial (Dnl X )(tl 1) whose degrees with respect to #; and #» do not exceed m
and n, respectively. The last statement of the main theorem follows from the fact that the bivariate quasi-polynomial
that expresses Card U,(};) is the value at (t1,7) = (r,s) of an alternating sum of the (m, n)-dimension quasi-
polynomials of the form A(‘;")(n — a))\gl,) (tp — b) with a, b € Z (see Theorem 3.4) and Card U,(,ZS) is expressed as a
similar alternative sum. |

We conclude with a theorem that gives invariants of the A-o -dimension quasi-polynomial of a A-o -field extension
L = K{n1,...,np) (we use the notation of Theorem 4.1), that is, numbers carried by the quasi-polynomial

de”KW) (t1, 1) that do not depend on the set of A-o-generators n = {ny,...,n,} of L/K.

Theorem 4.8 With the notation of Theorem 4.1, let E (CIJ;YI’(W) ) be the set of all pairs (i, j) € N? such that

the monomial titzj appears in <I>(‘|/I’(W)(t1, ty) with a nonzero coefficient. Let n = (1, w2) and v = (v, vp) be

the maximal elements of E (CD( )) with respect to the lexicographic and reverse lexicographic orders on N2,

respectively. Then |, v, the coefficients of the monomials t“ : t“ % and tf ! t;z in <I>;| X )(tl, t2), as well as the total

degree d of the quasi-polynomial CD;l r ~ and the coefficient of t{'t} in this quasi-polynomial do not depend on the
system of A-o-generators n = {n1,...,np} of L/K.

Proof Let L = K(n1,...,np) = K(¢1,...,¢y) where n = {n1,...,np}and ¢ = {¢1, ..., {4} are two finite sets
of A-o-generators of L/K.Let N = (N1, N») be a minimal (with respect to the product order) element of N2 such
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that if (e, e2) is a 2-period of a nonzero coefficient of CD}(?\‘/ W)(t1 ) or (D§|K (t1, 1) (such a coefficient is a 2-
dimensional periodic number), then e divides N and e; divides N,. Then there exist 2N N; bivariate polynomials
gij(ti, 1), hij(ti, ) € Qt1, ] (0 <i <Ny —1,0 < j < Ny — 1) such that

q>f7|VKW)(r 5) = gij(r,s) and @i‘K '(r,5) = hij(r, s)

if r =i (mod N1),s = j (mod N»).

Since n € K(¢1,...,¢y)and ¢ € K(ny, ..., np), there exists d € N such that
q 14
nCK (U T(dN, sz)g) and ¢ C K (U T(dNy, sz)nk) :
=1 k=1
Then

p q
K (U T(r, s)nk> CK (U (r +dNy,s + sz)Q) and
. o
(U T(r, s)§l> CK (U T(r+dNy,s + sz)m)

I=1

for every (r, s) € N2,
Therefore, for all (i, j) € {0, 1,..., Ny — 1} x {0, 1, ..., Np — 1} and for all sufficiently large (, s) € N2, one
has

gij(r,s) §hij(r+dN1,s+dN2) 4.2)
and
hij(r,s) < gij(r +dN1,s +dN>) 4.3)

forall (i, j) € {0,1,..., Ny — 1} x {0, 1, ..., Np — 1} and all sufficiently large (7, s) € N2,
Since g;; and h;; are numerical polynomials (that is, polynomials with rational coefficients that take integer
values for all sufficiently large integer values of their arguments), they can be written as

gij(t, h) = ZZ (u)(ll +k> (Q;rl) and h;j(ty, 1) = ZZ},“”(” +k> <t2;rl>7

k=0 1=0 k=0 [=0

respectively, where a,?/ ), b(” ) € 7. Let

E(gij) ={(k,) eN*|0 <k <m,0<[<n and a(iﬂ#o}’
E(hl])—{(k Z)GN2|O<k<m 0<l<n and b(l]);é()}

Furthermore, let (11;;, ai;) and (vi;;, v2ij) (respectively, (M’lij, ,LL’Zij) and (viij, véij) ) be the maximal elements of
E(g;;) (respectively, of E(h;;)) relative to the lexicographic and reverse lexicographic orders on N2, respectively.
Then, as it is shown in [13, Theorem 5.4], the polynomials g;; and h;; have the same total degree, alis) — plil) ang
also (Mlij’ MZl]) = (M/lll’ M/le)’ (vlij’ V2ij) = (viij’ véij)’ a/(’:{i)j,u%j b/(’:{l)j,ubj ’ and a‘(flgj?vb] b‘(}llle)VZl/

Since these equalities hold for all pairs of polynomials 8ij and hij (0 <i <N —1,0=<j < N;—1)that

represent the bivariate quasi-polynomials <I>17| X )(tl, 1) and oY tIk W) (1, 12), respectively, we obtain all statements
of our theorem. O
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